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1 Introduction

The fractional calculus, which is engaged in integral and differential operators of arbitrary orders, is as old
as the conceptional calculus that deals with integrals and derivatives of non-negative integer orders. Since
not all of the real phenomena can be modeled using the operators in the traditional calculus, researchers
searched for generalizations of these operators. It turned out that the fractional operators are excellent tools to
use in modeling long-memory processes and many phenomena that appear in physics, chemistry, electricity,
mechanics and many other disciplines. Here, we invite the readers to read [1-10] and the reference cited
in these books. However, targeting the best understanding more accurate modeling real world problems,
researchers were in need of other types of fractional operators that were confined to Riemann-Liouville
fractional operators. In the literature, one can find many works that propose new fractional operators. We
mention [11-16]. Nonetheless, the fractional integrals and derivatives which were proposed in these works
were just particular cases of what so called fractional integrals/derivatives withe dependence on a kernel
function [2, 5, 17]. There are other types of fractional operators which were suggested in the literature.

On the other hand, due to the singularities found in the traditional fractional operators which are thought
to make some difficulties in the modeling process, some researches recently proposed new types of non-
singular fractional operators. Some of these operators contain exponential kernels and some of them involve
the Mittag-Leffler functions. For such types of fractional operators we refer to [18-27].

All the fractional operators considered in the references in the first and the second paragraphs are
non-local. However, there are many local operators found in the literature that allow differentiation to a
non-integer order and these are called local fractional operators. In [28], the authors presented what they
called conformable (fractional) derivative. The author in [29] proposed other basic concepts related to the
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conformable derivatives. We would like to mention that the fractional operators proposed in [12, 13] are the
non-local fractional version of the local operators suggested in [28]. In addition, the non-local fractional
version of the ones in [29] can be seen in [16].

It is customary that any derivative of order 0 when performed to a function should give the function itself.
This essential property is dispossessed by the conformable derivatives. Notwithstanding, in [30, 31], for skae
of overcoming this obstacle, the authors proposed a new definition of the conformal derivative that gives the
function itself when the order of the local derivative approaches 0. In addition to this, the non-local fractional
operators that emerge from iterating the above-mentioned derivative were held forth in [32].

In this article, we extend the work done in [32] to introduce a new fractional operators relying on the
proportional derivatives of a function with respect to another function which can be defined in parallel with
the definitions discussed in [30]. The kernel obtained in the fractional operators which will be proposed
contains an exponential function and is function dependent. The semi-group properties will be discussed.

The article is organized as follows: Section 2 presents some essential definitions for fractional derivatives
and integrals. In Section 3 we present the general forms of the fractional proportional integrals and deriva-
tives. In section 4, we present the general form of Caputo fractional proportional derivatives. In the end, we
conclude our results.

2 Preliminaries

In this section, we present some principal definitions of fractional operators. We first present the traditional
fractional operators and then the fractional proportional operators.

2.1 The conventional fractional operators and their general forms

For w € C, Re(w) > 0, the forward (left) wth order Riemann-Liouville fractional integral is defined by
X
W _ 1 _ L, w-1
@00 = s [ x-we fdu, 1)
a

The backward (right) wth Riemann-Liouville fractional integral reads

b
U200 = ﬁ / (u - 0 Lf(u)du. 2.2

The forward wth order Riemann-Liouville fractional derivative, whre Re(w) > 0 is given as

w _ d\" n-w _
DN = () N0, n=[w]+1. (23)
The backward wth order Riemann-Liouville fractional derivative, where Re(w) = O reads
w _( _ d\" n-w
0ENO = (- 5;) TN (24)
The forward Caputo fractional derivative has the following form
EDUHE) = (I"fP) ), n=[w]+1. 25)
The backward Caputo fractional derivative reads

EDLHM = ()" (). 26)
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The generalized forward and backward fractional integrals Katugampola setings [12] are given respec-
tively as

w,0 1 r X
WP - s / @)
and
w,0 _ w-1
1P - s / oyt 4 @3)

The generalized forward and backward fractional derivatives in the sense of Katugampola [13] are defined
respectively as

w,0 _ ng m-w,0 _ 'Vn f X -u® -1
@D 7100 =20 = s [ 29)
and
(D°P0) = ()T P00 = ”w) / (X oty A (2:10)

where 0 > O and v = xl“’d%. The Caputo modification of the forward and backward generalized fractional
derivatives are proposed in [14] in the following forms respectively

(ED 00 = W™ "0 = s [yt G eSl)
and

(212)

b
€D = (I ()00 = F(nl— ) / .-

For w € C, Re(w) > 0 the forward Riemann-Liouville fractional integral of order w of a function f with respect
to a continuously differentiable and increasing function v has the following form [2, 5]

I9Vf(x) = ﬁ / (V(X)—V(u))w_lf(u)v'(u)du. (213)

For w € C, Re(w) > 0 the backward Riemann-Liouville fractional integral of order w of f with respect to a
continuously differentiable and increasing function v has the following form [2, 5]

b
197 f(x) = ﬁ / (vaw - V(X)>w_1f(u)v’(u)du. (2.14)

For w € C, Re(w) = 0, the generalized forward and backward Riemann-Liouville fractional derivatives of
order w of f with respect to a continuously differentiable and increasing function v have respectively the
forms [2, 6]

1 oa)"x
D00 = (s Y e - M [ (vo0-ve) ™ v wa @)

V() dx w)
and
DY) = (=t ) 00 - (- chae) / (v -viw)" " fov du, @16
b T\ v(x)dx I'(n-w) ’ :

a
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where n = [w] + 1. It is easy to observe that if we choose v(x) = x, the integrals in (2.13) and (2.14) becomes
the left and right Riemann-Liouville fractional integrals respectively and (2.15) and (2.16) becomes the left
and right Riemann-Liouville fractional derivatives. When v(x) = In x, the Hadamard fractional operators are
obtained [2, 5]. While if one considers v(x) = %”, the fractional operators in the settings of Katugampola [12, 13]
are derived.

In forward and backward generalized Caputo derivatives of a function with respect to another function
are presented respectively as [17]

EDVF00 = (I f) () @17)

and
Dy f00 = (oI V1) 00, (2.18)

1 d
v/ (x) dx

where fM(x) = ( )nf ).

2.2 The proportional derivatives and their fractional integrals and derivatives

In [28], the authors introduced The conformable derivative. More properties and a modified type of this
derivative were explored in [29]. [30], Anderson et al. proposed a modified conformable derivative by utilizing
proportional derivatives. In fact, they proposed the following definition.

Definition 2.1. (Modified conformable derivatives) For g € [0, 1], let the functions pg, U : [0, 1] xR — [0, oo)
be continuous such that for all t € R we have

lim pi(o,t) =1, lim po(o,t) =0, lim ui(o,t) =0, lim po(o,t) =1,
o—0* o—0* og—1" g—1"

and p1(0,t) #0, 0 €[0,1), po(o,t) #0, o< (0, 1]. Then, the modified conformable differential operator of
order o is defined by

DPf(t) = pa(o, OF () + polo, OF (B). (2.19)

For details about such derivatives we refer to [30, 31].
Asaspecial case, we shall consider the simplest case and restrict our work to the case when 4 (0, t) = 1-0
and po(o, t) = 0. Therefore, (2.19) becomes

Df(t) = (1 - o)f (1) + of (D). (2.20)

Notice that limy_,o+ D°f(t) = f(t) and limy,_,1- D°f(t) = f'(t). It is obvious that the derivative (2.20) is
generalizes the conformable derivative which does not yieldo the original function as o approaches to 0.
The associated fractional proportional integrals are defined as follows.

Definition 2.2. [32] For o > 0 and w € C, Re(w) > 0, the forward fractional proportional integral of f reads

(aI*"f)x) = ow;(w) / TN (g (221

and the backward one reads

Iy 7)) =

o?T

b
1(w) / e (& )0 (2 e, 2.22)
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Definition 2.3. [32] For o0 > 0O and w € C, Re(w) = 0, the forward fractional proportional derivative is defined

as
(DPOF)0) = D™ (00 f() = D" / T (- oy (§)de. (2.23)
om-9T(n - w)
The backward proportional fractional derivative is defined by [32]
n,o b
_ D™ o-1(g_ —w—
(DYNx) = D™ I f(x) = ——2 e E(& - f(§)dE, (2.24)

o"9I'(n - w)
where n = [Re(w)] + 1 and (5 D°f)(t) = (1 - 0)f (t) - of (b).

Lastly, the left and right fractional proportional derivatives in the Caputo settings respectively read [32]

G100 = ("™ D™F) () = e / IO NEAE (229)

and

DY of)(x) = (Iz*“”" eD""’f) () = e 6 ) (SDMf)E)dE. (2.26)

3 The fractional proportional derivative of a function with respect
to another function

Definition 3.1. (The proportional derivative of a function with respect to anothor function)
For g € [0, 1], let the functions pg, U1 : [0, 1] x R — [0, o) be continuous such that for all t € R we have

lim pi(o,t) =1, lim po(o, t) =0, lim ps(o,t) =0, lim po(o,t) =1
g—0* o—0" o—1" og—1"

and u,(o,t) #0, 0 €[0,1), polo,t) #0, o< (0, 1]. Let also v(t) be a strictly increasing continuous function.
Then, the proportional differential operator of order o of f with respect to g is defined by

o,V _ f'(t)

D70 = a0, OF(O) + ol0, O 5. (31)

We shall restrict ourselves to the case when p4 (0, t) = 1 — 0 and uo(0, t) = 0. Therefore, (3.1) becomes

o f(t)
Df() = (100 + o LS. (2
The corresponding integral of (3.2)
t

@)= 5 [ €SO Dps s, (3)

a

where we accept that oI>?f(t) = f(t).

To generalize a more general class of fractional integral based on the proportional derivative, we use
induction and changing the order of integrals to show that

t {1 {nfl

1 o= o1 _
W0 = / FOOVEN /(£ dg, L / FUEVE/ (£,)d, - - / e T MEDVED (£, (E) dén
a

a a
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t
= a"l{(n) / ea%l(v(t)fv(f))(v(t) _ V(f))nilf({)v/({)d.{, G

Based on (3.4), we can present the following general proportional fractional integral.

Definition 3.2. Foro € (0,1], w € C, Re(w) > 0, we define the left fractional integral of f with respect to g
by

IO =

t
=L v(0)-v(&) B -1 ,
0T (w) / € w(6) - V(N V' (§)dé. (3.5)

The right fractional proportional integral ending at b can be defined by

b

/ FOVO () - v(O) OV (€)dE. (3:6)

t

Iy "N =

awF(w

Remark 3.1. To deal with the right proportional fractional case we shall use the notation

o (1 _ 0]
(eD”YN(®) := (1 - 0)f(t) TR (3.7)
We shall also write
(@Dn’a’vf)(t) = (@DU’V 9D0’V e @DU’Vf)(t). (38)
n times

Remark 3.2. The integrals in (3.5) and (3.6) coincide with the integrals (2) and (3) in [33] and the integrals in
(6) and (7) in [34]. If one sets v(t) = Int (3.5) and (3.6) coincide with the integrals (2.5) and (2.6) in [35].

Definition3.3. Foro > 0, w € C, Re(w) = 0 and v € Cla, b], where v'(t) > 0, we define the general left
fractional derivative of f with respect to v as

Dnav

(DO = D oI O = e =

/ e"7 VOV () - vV ()dE  (B9)

and the general right fractional derivative of f with respect to g as

eD;‘l,(.‘l’,v
o"“I'(n - w)
t

(DL OVE)E) = oDV COVf(E) = €7 VOO (&) - w(e)" U F )V (§)dE, (3.10)

where n = [Re(w)] + 1.

Remark 3.3. Clearly, if we let 0 = 1 in Definition 3.2 and Definition 3.3, we obtain

the Riemann-Liouville fractional operators (2.1), (2.2),(2.3) and (2.4) if v(t) = t;
u
the fractional operators in the Katugampola setting(2.7), (2.8), (2.9) and (2.10) if v(t) = %;

the Hadamard fractional operators if v(t) = In t [2, 5];
(t-a)¥

— the fractional operators mentioned in [16] if v(t) =

Proposition 3.1. Let w, n € C be such that Re(w) = 0 and Re(n) > 0. Then, for any ¢ > 0 we have

= (@ (J0e T OV0) - V@) (0) = rrdzre ™ OWD) - v(@) !, Re(w) > 03

— (b) (129Ve TV (y(b) - v(x))T 1) (D) = F(,{ff,))aw e 7 YOu(b) - v(t)“*1!, Re(w) > 0;

- (©) (DT OWR) - V(@) ) (0) = T e TV OMH - V@), Re(w) 2 03
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— (@) (DY e TV OI(w(b) - ()1 (8) = %((Z) ~TYOW(b) - Gu(E)TY, Re(w) > 0.

Proof. The proofs of relations (a) and (b) are very easy to handle. We will prove (c) while the proof of (d) is
analogous.
By the definition of the left proportional fractional derivative and relation (a), we have

(. D*"e’ i) - V@)™ ) (0 = D 1MV T w0 - v(@)" ) (0
_ pn,o,v F(n) CLy(t) _ n-w+n-1
=D We’ (v(6) - v(a)) 1

o'TMn-w+n-1)n-w+n-1)---N-w) oty 1-w
o"0T(n-w+1) xe v(t) - v(a)"

w o
= LW w0y ) - y(ayyro,
Ir'(n-w
O v
g0°
Below we present the semi-group property for the general fractional proportional integrals of a function
with respect to another function.

Here, we have used the fact that DU’V< (e *V(t)> O

Theorem 3.1. [33] Let 0 € (0, 1], Re(w) > 0 and Re(n) > 0. Then, if f is continuous and defined for t = a or
t < b, we have

aIw,U,V(aIn,a,vf)(t) — aIn,a,V(aIw,af)(t) — ( alwm,a,vjc)(t) (3'11)
and

IR0 = TE TR0 = 0 PLo. G12)

Theorem 3.2. Let 0 < m < [Re(w)] + 1. Then, we have
DIV TV(E) = (IO G13)
and

D™ T = W) G14)

Proof. Here we prove (3.13), while one can prove (3.14) likewise. Using the fact that D‘t”ve”%rl("(t)“’(f)) =0), we
have

t
e’ VOO (y(6) - v(E) 2 f(EV (§)de.

m,o,v w,0,V m-1,0,v/ 0o,V w,0,V _ m-1,0,v 1
DI OD DO () = Dt
a

Proceeding m-times in the same manner we obtain (3.13). O

Corollary 3.1. Let 0 < Re(n) < Re(w) and m - 1 < Re(n) < m. Then, we have
aDV?Y IV TVf(E) = (1T TVf(E) (3.15)

and
DY7VLOVE() = I, TVf(). (3.16)

Proof. By the help of Theorem 3.1 and Theorem 3.2, we have

aDn,a,v al(u,a,vf(t) zDzn,a,vItrzn—rz,a,vlw,u,vf(t)
—pmov alm—nﬂu,a,vf(t) _ aIw—n,U,vf(t)'

This was the proof of (3.15). One can prove (3.16) in a similar way. O
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Theorem 3.3. Let f be integrableont = aort < b and Re[w] > 0, o € (0, 1], n = [Re(w)] + 1. Then, we have
oD oI V() = £ G17)
and
DI () = . (318)

Proof. By the definition and Theorem 3.1, we have
aDa),o,v aIa),o,vf(t) _ Dn,o,v aIn—cu,U,v aIa),U,vf(t) _ Dn,a,v aln,o,vf(t) _ f(l’) O

4 The Caputo fractional proportional derivative of a function with
respect to another function

Definition 4.1. For ¢ € (0, 1] and w € C with Re(w) > 0 we define the left derivative of Caputo type as

t
(ng,a,Vf)(t) - In—w,a,V(Dn,a,Vf)(t) _ Un—wrin — /e”%,l(v(t)fv(s))(v(t) _ V(S))YHUA(Dn’g’vf)(s)vl(s)ds.

(4.1)
Similarly, the right derivative of Caputo type ending is defined by

(CDZJ,Uf)(t) _ Iz_w’g’v(gDn’g’vf)(t) _ m / e%l(v(s)—v(t))(v(s) _ V(t))n—w—l( eDn’O’Vf)(S)V/(S)dS,

(4.2)

where n = [Re(w)] + 1.

Proposition 4.1. Let w,n € C be such that Re(w) > 0 and Re(n) > 0. Then, for any ¢ € (0,1] and n =

[Re(w)] + 1 we have
L (D7 e O - (@) (0) = & B e OO - (@), Re(n) > n;
2. ("D oYe T OWb) v (0 = e T OWb) ~ vy, Re() > n.
Fork=0,1,...,n-1,we have
( D¥%e s VO(y(x) - v(a)* )()=0 and (CD‘”’”’V "%V(X)(v(b)—v(x))k)(t) =0

In particular, ($D“%e” FV)(f) = 0 and (CD‘” =G V) () = 0.

Proof. We only prove the first relation. The proof of the second relation is similar. We have
(ED* " () - v@)" () = o™ 7D [ O(0) - @)

= oI [0"( - D0 -2)... (1~ 1= MO - V(@) e T

0"n-1)(n-2)...n-1-nI'(n-n) W(E) - (@)t L%V
F(n - w)on-w

_ 0 F(’]) Ly(t) _ n-1-w
" To-w) ) (v(t) - v(a)) . O

5 Conclusions

We have used the proportional derivatives of a function with respect to another function to obtain left and
right generalized type fractional integrals and derivatives involving two parameters w and ¢ and depending
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on a kernel function. The Riemann-Liouville and Caputo fractional derivatives in the classical fractional
calculus can obtained as o tends to 1 and by choosing v(t) = t. The integrals have the semi-group property and
together with their corresponding derivatives have exponential functions as part of their kernels. It should be
noted that other properties of these new operators can be obtained by using the Laplace transform proposed
in [17]. Moreover, for a specific choice of v, the proportional fractional operators in the settings of Hadamard
and Katugampola can be obtained.

Acknowledgement: This research was funded by the Deanship of Scientific Research at Princess Nourah
bint Abdulrahman University through the Fast-track Research Funding Program.
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