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Abstract: In this paper, we present a rough set model based on fuzzy ideals of distributive lattices. In fact, we
consider a distributive lattice as a universal set and we apply the concept of a fuzzy ideal for definitions of
the lower and upper approximations in a distributive lattice. A novel congruence relation induced by a fuzzy
ideal of a distributive lattice is introduced. Moreover, we study the special properties of rough sets which
can be constructed by means of the congruence relations determined by fuzzy ideals in distributive lattices.
Finally, the properties of the generalized rough sets with respect to fuzzy ideals in distributive lattices are also
investigated.
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1 Introduction

It is well known that the real world problems under consideration are full of indeterminacy and vagueness.
In fact, most of the problems that we deal with are vague rather than precise. In the face of so many
uncertain data, classical methods are not always successful in dealing with them, because of various types of
uncertainties presented in these problems. As far as known, there are several theories to describe uncertainty,
for example, fuzzy set theory, rough set theory and other mathematical tools. Over the years, many experts
and scholars are looking for some different ways to solve the problem of uncertainty.

Rough set theory was first introduced by Pawlak [1] which is an extension of set theory, as a new
mathematical approach to deal with uncertain knowledge and has attracted the interest of researchers and
practitioners in various fields of science and technology. In rough set theory, rough sets can be described by
a pair of ordinary sets called the lower and upper approximations. However, these equivalence relations in
Pawlak rough sets are restrictive in some areas of applications. To solve this issue, some more general models
have been proposed, such as quantitative rough sets based on subsethood measure, generalized rough sets
based on relations and so on [2, 3]. Nowadays, rough set theory has been applied to many areas, such as
knowledge discovery, machine learning, approximate classification and so on [4-6]. In particular, many
researchers applied this theory to algebraic structures. Wang [7] investigated the topological characterizations
of generalized fuzzy rough sets. Zhu and Hu [8] introduced the notion of Z-soft rough fuzzy BCI-algebras
(ideals), which is an extended notion of soft rough BClI-algebras (ideals) and rough fuzzy BCI-algebras
(ideals), and investigated roughness in BCI-algebras with respects to a Z-soft approximation space. Shao et al.
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introduced the notions of rough filters, multi-granulation rough filters, and rough fuzzy filters in pseudo-BCI
algebras [9]. The lower and upper approximations in various hyperstructures were also discussed by many
authors in many literatures [10-12]. Furthermore, some authors considered rough sets in a fuzzy algebraic
system, such as [13, 14] studied some types of fuzzy covering rough set models and their generalizations over
fuzzy lattices. The generalization of Pawlak rough set was introduced for two universes on general binary
relations. Thus, equivalence relations should be extended to two universes for algebraic sets. It follows from
this point of view that Davvaz [15] and Yamak et al. [16] put forward the notion of set-valued homomorphism
for groups and rings, respectively.

In particular, Davvaz applied the notion of fuzzy ideal of a ring for definitions of the lower and upper
approximations in a ring and studied the characterizations of the approximations [17]. In 2014, Xiao et al. [18]
studied rough set model on ideals in lattices. In [18], let I be an ideal in a lattice L. Then 0; is a joint-congruence
on L. 6; is a congruence on L if and only if L is distributive. Based on these congruences, they discussed the
algebraic properties of rough sets induced by ideals in lattices. Since fuzzy set is an extension of classical
set, it is meaningful to use fuzzy set instead of classical set. Be inspired of [17, 18], we focus on discussing
the algebraic properties of rough sets induced by fuzzy ideals in distributive lattices. A novel congruence
relation U(y, t) induced by a fuzzy ideal u of a distributive lattice is introduced. Some properties of this
congruence relation are also investigated. Further, we discuss the lower and upper approximations of a subset
of a distributive lattice with respect to a fuzzy ideal. Some characterizations of the above approximations are
made and some examples are discussed.

This paper is organized as follows. In Section 2, we recall some concepts and results on lattices, fuzzy sets
and rough sets. In Section 3, we study the rough sets which are constructed by a novel congruence relation
U(u, t). In particular, in Section 4, we introduce a special class of set-valued homomorphism with respect to
a fuzzy ideal and discuss the properties of the generalized rough set.

2 Preliminaries

In this section, we recall some basic notions and results about lattices, fuzzy sets and rough sets. Throughout
this paper, L is always a distributive lattice with the minimum element 0.

Definition 2.1. [19] Let L be a lattice and () # I C L. Then I is called an ideal of L if it satisfies the following
conditions: for any x,y € L,
(1) xclandy c IimplyxVvycI;
(2) xcLandx <yimply x € L.
Let A, B be subsets of L, we define the join and meet as follows:
AvB={avblacA,beB}andAAB={aAblacA,b e B}.

Let I, ] be ideals of L, then I v J is an ideal of L [18].

Definition 2.2. [19] Let L be a lattice. A relation R is called an equivalence relation on L if forall a, b, c € L,

(1) Reflexive: (a, a) € R;

(2) Symmetry: (a, b) € R implies (b, a) € R;

(3) Transitivity: (a, b) € R, (b, ¢) € R implies (a, c) € R.

An equivalence relation R is called a congruence relationon L, if foralla, b, c,d € L, (a, b) € R,(c,d) €R,
then(avc,bvd)cRand(anc,bnrnd)cR.

Definition 2.3. [20] Let u be a fuzzy set of a lattice L. Then u is called a fuzzy sublattice of L if u(x A\y)Au(xvy) =
U A u(y), forallx,y € L.
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Let u be a fuzzy sublattice of L. Then u is a fuzzy ideal of L, if u(x v y) = u(x) A u(y) forall x, y € L.

Proposition 2.4. [20] Let u be a fuzzy sublattice of a lattice L. Then u is a fuzzy ideal of L if and only if x < 'y
implies that p(x) = u(y), forall x,y € L.

Proposition 2.5. [21] Let u be a fuzzy set of a lattice L. Then p is a fuzzy ideal of L if and only if any one of the
following sets of conditions is satisfied: for all x,y € L,

(1) u(0) =1and u(x v y) = u(x) A u@y);
(2) pu(0) =1, u(x vy) 2 u(x) A uly) and pu(x Ay) = p() v u(y).

Let u be a fuzzy subset of a lattice L and ¢ € [0, 1]. Then the set p; = {x € L|u(x) = t} is called a t-level subset
of u.

Remark 2.6. A fuzzy set u is a fuzzy ideal of a lattice L if and only if every subset u; is an ideal of L for all
t o, 1].

Definition 2.7. [1] Let R be an equivalence relation on the universe U and (U, R) be a Pawlak approximation
space. A subset X C U is called definable if R«X = R*X; otherwise, X is said to be a rough set, where two
operators are defined as:

RX={xeUllxlgCX},RX={xe U|lxlgnX#0}.

Definition 2.8. [1] Let X and Y be two non-empty setsand B C Y. Let T : X — 2°(Y) be a set-
valued mapping, where 2"(Y) denotes the family of all non-empty subsets of Y. The lower and upper
approximations T(B) and T(B) are defined by

I(B)={x € U|T() C B},
T(B) = {x € U|T(x) N B # 0},

respectively. If T(B) # T(B), then the pair (T(B), T(B)) is said to be a generalized rough set.

3 Anovel congruence relation induced by a fuzzy idealin a
distributive lattice
In this section, we introduce a novel congruence relation U(u, t) induced by a fuzzy ideal y in a distributive

lattice. We define the join and meet of two non-empty subsets in a lattice as follows: AVB = {aVvbla € A,b €
B}, ANB={anblacA,bec B}

Definition 3.1. Let u be a fuzzy ideal of L. For each t € [0, 1], the set
Up, t) = {(x,y) e LxL|\/{pu(@)lavx=avy,JaecL}>t}
is called a t-level relation of u.

Example 3.2. LetL = {0, a, b, c, 1}. We define the binary relation < in the following Hasse diagram. It is easy

to check that L is a distributive lattice. Let y = % + % + % + 074 + % Then it is clear that p is a fuzzy ideal

of L. Choose t = 0.9, then we have U(u, 0.9) = {(0, 0), (a, a), (b, b), (c, ¢), (1, 1)}. Thus U(u, 0.9) is called a
0.9-level relation of p.
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Now we prove that U(u, t) is a congruence relation on L.
Lemma 3.3. Let u be a fuzzy ideal of L and t € [0, 1]. Then U(y, t) is a congruence relation on L.

Proof. Itis easy to see that u(0) = 1and foranyx € L, \/ pu(a) =\/ p(a) = u(0) = 1 = t. From Definition
avx=avx

3.1, we get that (x, x) € U(u, t), i.e., U(u, t) is reflexive. Obviously, U(y, t) is symmetric. Let (x,y) € U(y, t)
and (y, z) € U(u, t). Then we have

V ua@z=t, \ ub)z=t,

avx=aVvy bVvy=bvz

and so ( V y(a)) A ( \V y(b)) > t. Since y is a fuzzy ideal of L, we obtain that

avx=avy bvy=bvz
( v y(a))/\( v u(b))= Y (y(a)Ay(b))= V. uavb).
avx=aVy bVy=bVz avx=aVvy,bVy=bVz avVx=aVy,bVy=bVz

Foravx=avy,bvy=bvz,wehaveavbVvx=avbVvy,avbvy=avbvz.Thusavbvx=avbVz,
i.e.,cVx=cVvz wherec=aVb e L.Itfollows that

t< \Y ulavb)s \/  ulo),

avx=aVy,bVy=bVz cVx=cVz

andso \/ pu(c) = t. According to Definition 3.1, we get that (x,z) € U(y, t). Therefore, U(y, t) is an
cVx=cVz
equivalence relation on L. Now we show that U(u, t) is a congruence relation on L. Let (x,y) € U(y, t) and

(u,v) € U(u, t). Then
V u@=t V  oub)z=t

avx=avy bVu=bVvv

and so

< \Y y(a))/\( \Y y(b))zt.
avx=avy bVy=bVz

Further, we have
( v y(a)) A ( v y(b)) -y <u(a)/\u(b)) -V uavh.
avx=avy bvu=bvv avx=aVy,bVu=bVv avx=aVvy,uVy=bVvv

Foravx=avy,bvu=bvv,wehaveavbVv(xvu)=avbVv(yvv),ie,cvxvu)=cV(yVv),where
c=aVbc L.Hence,

ts< \Y ulavb) < \ u(o).
aVvx=aVy,uVy=bVv cV(xVu)=cV(yVvv)
Consequently, \V u(c) = t, which implies that (x v u,y v v) € Uy, t).

cV(xVu)=cV(yVvv)
Further, let (xq, y1) € Uy, t) and (x2, y2) € Uy, t). Then

Voou)=zt, \/ ulo=t.

bVx1=bVy, cVx=cVy>

So

( V y(b)) A ( V y(c)) >t
bVvxi=bVy, cVxa=cVy,
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Forbvx,=bVy; andcV x, = cV y,, we have
(bvx1)A(cvxa)=(bVyi)AlcVya).
On the other hand, since L is a distributive lattice, we have
[(BAC)V X1 AV AD)| V(X1 AX)=[(bAC)V VLI ACV (2 AD)] V(Y1 AY2).
Since (b v x1)Ac=(cVyi)Acand(cVxy) Ab=(cVy,)Ab,wehave
(brc)vVxi AV Ab)=(bAc)V (Y1 AC)V (y2 ADb).
Notice that u is a fuzzy ideal of L, we get that
ulb Ac)v(xy Ac)V (xa Ab)] =pu(bAc)Aulxy Ac)Aulxz Ab).
It follows from b Ac< b, xy Ac<c,x; Ab < b that
u(b A ) Apu(xa Ac) Aplxa A b) 2 u(b) A plc).
Thus

tS( \V u(b))A< \V u(c))

bVx1=bVy; cVxa=cVy,

_ \ (mmAu@Q

b\/X1=b\/y1,C\/X2=CVy2

< \/ U Ac)Aulxy Ac) Aulxa A b))

bVx1=bVy1,cVx,=cVy,

< \/ <}1(b Ac)Auxy Ac) Aulx A b))

[(BAC)V(x1 AC)V (2 AD)IV (X1 AX2)=[(BAC)V (1 AC)V (V2 AD)IV (Y1 AY2)

< V u(a),

aVv(x1Ax2)=aVv(y1Ay2)

and therefore (x; AX3, Y1 AY2) € U(u, t). According to the above discussing, we get that U(u, t) is a congruence
relation on L. O

Remark 3.4. In Lemma 3.3, we say x is congruent to y mod p, written x =¢ y (mod u) if

Vo ul@=t.

avx=aVy

It follows from Definition 3.1 and Lemma 3.3 that we can get many useful properties of these congruence
relations. We denote by [x](”y ¢ the equivalence class of U(u, t) containing x of L.

Lemma 3.5. Let u be a fuzzy ideal of L and t € [0, 1]. Then forall x,y € L,

) [X](y,t) \ [yl(y,t) Clxv y](u,t);
@) Koo ANl € XA Yg,o-

Proof. The proof is easy, and we omit the details. O

Let u be a fuzzy ideal of L and ¢ € [0, 1]. Then U(y, t) is a congruence relation on L. Thus, when U = L
and R is the above equivalence relation (congruence relation), then we use (L, y, t) instead of approximation
space (U, R).

Definition 3.6. Let u be a fuzzy ideal of L, t € [0, 1] and ) C X C L. Then

UG, H(X) = {x € LIlxg, C X}
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and
U(u, OX) = {x € L|[xlg,.0 N X # 0}

are called the lower approximation and the upper approximation of the set X with respect to y and t, respectively.
It is easy to know that U(u, t)(X) C X C U(y, )(X).

Lemma 3.7. Let y and v be two fuzzy ideals of L such that y C vand t € [0, 1]. Then [x](y,t) C [x],p for all
xeL.

Proof. Leta € [x](y,t). Then we have (a, x) € U(u, t),i.e., \/ u(b) = t.Since u C v, we have u(b) < v(b).
bVva=bVx
Thus \/ wv(b)= \/ u(b)=t, whichimplies that (a, x) € U(v, t), i.e., a € [x], ,. Therefore, [x](y,t) -
bVa=bVvx bVa=bVvx
[X](V,t)' O

From Lemma 3.7, we get the the following conclusion easily.

Lemma 3.8. Let u and v be two fuzzy ideals of L such that u C v, t € [0, 1] and ® C X C L. Then
(1) U, (X) € Uy, (X);
) U, D(X) € U(v, H(X);
B) U, HX) v U, H(X) € U(unv, H(X);
(4) Uunv, )(X) C U, H(X) N U, HX).

The following example shows that the containedness in (3) and (4) of Lemma 3.8 need not be an equality.

Example 3.9. Consider the lattice L in Example 3.2, let yu = % + % + % + OT'4 + %

Then it is clear that y and v are fuzzy ideals of L. Choose t = 0.8, then we have

0.8 0.5 03 O
T+ =,
c 1

Ol

V=

U(u, 0.8) = {(0, 0), (a, a), (b, b), (c, c), (1, 1), (0, b), (a, )},
U(v, 0.8) = {(0, 0), (a, a), (b, b), (c, c), (1, 1), (0, a), (b, O)}.

Thus
U(unv,0.8) ={(0,0),(a, a), (b, b),(c,c), (1, 1)}.

IfX = {0, c}, then

UG ), £X) = {0, ¢}, Ulw, (X) 1 U, (X) = {0, a, b, c}.

Therefore U(u N v, )(X) & Uy, )(X) N U(v, t)(X). Further, if X = {c, 1}, then

U, H(X) U U, O(X) = {1}, U n v, (%) = {1, c}.

Hence U(u, )(X) U U(v, )(X) & U(unv, )(X).

The following definition is from Zadeh’s expansion principle.

Definition 3.10. Let yu and v be two fuzzy sets over L. Define y v v over L as follows:

uvvx)= V (y(a) A v(b))

x=aVhb

forallx € L.
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Now we investigate the operations of lower approximations and upper approximations of the set X with
respect to y and ¢, respectively.

Proposition 3.11. Let p and v be two fuzzy ideals of L, t € [0, 1] and ® C X C L. Then
1) U vy, )X) C Uy, )X) N U, )X);
@) TG v, HX) 2 UG, HX) U T, HX).

Proof. Since L is a distributive lattice, we have that y Vv v is a fuzzy ideal of L. Let x € L. Then (u v v)(x) =

V' (u(a) Av(b)) = u(x) A v(0). Notice that v is a fuzzy ideal of L, we obtain that v(0) = 1. It follows that
x=aVhb

(uVvv)x) = \/ (u(a) A v(b)) 2 u(x) Av(0) 2 u(x) A v(0) = u(x)
x=aVvhb

and so u C u Vv v. In a similar way, we have v C u Vv v. According to Lemma 3.8, we get that U(u Vv v, t)(X) C
Up, )X) N U(v, )(X) and U(u Vv v, )(X) 2 Uu, )(X) U U(v, )(X). O

Proposition 3.12. Let p and v be two fuzzy ideals of L, t € [0, 1] and ) C X C L. Then
(1) Uu, t) nU(v, t) is a congruence relation on L;
) U, )N U, H(X) 2 Uy, HX) U U, H(X);
3) U(u, )0 U(v, H(X) € Uy, HX) N U, HX).

Proof. 1t is straightforward. O

Theorem 3.13. Let u and v be two fuzzy ideals of L, t € [0, 1] and ) C X C L. Then
@) Unv, )X) = U, ) n U, H(X);
) Uunv,)X) = Uy, t) n U(v, H(X).

Proof. (1) We first show that U(u, t) N U(v, t)(X) C U(unv, )(X). Letx € U(u, ) nU(v, t)and y € [X](yﬂv,t)'
Then (x,y) e U(unv,t),

V @nv)a)=zt,ie, \ (y(a) A v(a)) >t

aVvy=avx avy=avx

Thus,

V u@=z=tand \/ v(a)=t.

aVvVy=aVx avVy=aVvx

Hence, y € [x](y,t) and y € [x],,p.Soy € [x](y’t)ﬁ(v’t), and therefore y € X, which implies that x ¢
U(u N v, t)(X). Therefore, Uy, t) N U(v, )(X) C U(unv, t)(X).

Next we show that U(u nv, )(X) C U(u, ) n U(v, )(X). Letx ¢ Uunv, )(X)and X’ € [x](y’m(v’t). Then
x" € [X]g,pand X" € [x], ¢, i,

V ul@=z=tand \/ v(b)=t.

avx'=avx bvx'=bVvx

Foravx' =avxand bV x' = bV x, we have
(avx)AbVvx)=(@vx)AbVx).
Since L is a distributive lattice and y and v are fuzzy ideals of L, we have

x'v(aAb)=xV(anb)and u(a A b) > u(a), via A b) 2 v(b),
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i.e.,

ts( \/ y(a))/\( \/ v(b))

avx'=avx bVx'=bVx

Vo (wn)

x’V(anb)=xV(anb)
\/ (y(a A b) Av(a A b))
x"V(anb)=xV(anb)

\/ (unv)(aADb).

x’V(anb)=xV(arb)

IN

IN

Thus x’ € [X](,ry,p, then X’ € X, which implies that x € U(y, t) 0 U(v, )(X). Thus
U, ) n Uy, )(X) € Uunv, H(X).

Therefore, U(u Nv, )(X) = U(u, t) n U(v, t)(X).

(2) Let x € U(u nv, t)(X). Then there exists x’ € Xl 0nw,n N X, ie., x' € Xand (x,x") € Uunv,t), so

\/ unv)a)=t, ie., \/ (y(a) A v(a)) >t.

aVvy=avx avy=avx

Thus,
\/ u(a) = tand \/ v(a) = t.

avx=avx’' avx=avx’'

Hence, x’ € [x](y,t) and x’ € [x], ¢, which implies that x € U(u, t) N U(v, t)(X). So

Ulunv, (X) € U, ) N U(v, O)(X).

In a similar way, we have U(u N v, t)(X) 2 U(u, t) N U(v, t)(X). Therefore, U(u N v, )(X) = U(u, t) N U(v, t)(X).
O

Theorem 3.14. Let u be a fuzzy ideal of L and t € [0, 1]. Then

Uy, )(ue) = pe = U, O)(ue).

Proof. Itis easy to know that U(u, £)(u¢) C ue € U(u, £)(ue). Now we show that U(u, )(ue) € pe € Uu, £)(uy).
Let x € U(y, t)(u¢). Then [x](u,t) N U¢ # (0, which means that there exists y € yrand y € [x](u’t), ie,uly) =t

and \/ u(a) = t. So there exists a € L such that u(a) = t satisfying a vV y = a v x. Then we have a € ;.
avy=avx

Since p is a fuzzy ideal of L, we have y; isanideal of Land aVy € p;. Thus aVv x € y;. Since x < a Vv x, we have
X € uyt, which implies that U(u, t)(u¢) C u¢. Therefore, U(u, t)(u¢) = uq. Further, let x € yyand y € [x](y,t).
Then (x,y) € U(u, t),i.e., \/ u(b) = t. So there exists b € L such that u(b) = t satisfyingb vy = b v x.

bvx=bVy
Then we have b € yrand b vy € y;. Sincey < aVvy, we havey € u;. So [x](y,t) C ut, which implies that
x € Uu, t)(ue). Hence p¢ C U(u, t)(uy). From the above, Uy, £)(ue) = ue = U(u, )(ue). O

Theorem 3.15. Let u and v be two fuzzy ideals of L and t € [0, 1]. Then p¢ = U(, t)(u N v)¢.

Proof. 1t is easy to know that (u N v); = u¢ N ve. Now we show that ¢ = U(u, t)(ue N ve). Let x € Ue, y € e
Then u(x) = t. Since p is a fuzzy ideal of L, we have y; is an ideal of L. Further, x Ay < xand x Ay < y, we have

XAy € yrand XAy € vy, ie., XAY € peNve. Since x Vx = xV(x Ay), we have V u(a) = u(x) = t, which
avx=aV(xAy)

implies that x Ay € [x](y’t). Thus [x](u,t) N (e Nve) # 0.So x € U, )(ue N vy), thatis, ue € U, (e N vy).
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On the other hand, it is easy to see that U(u, t)(us N v¢) C U(u, t)(u). Moreover, it follows from Theorem 3.14
that U(u, t)(ue) = pe. So U(u, )(ue Nve) C pe. Therefore, ue = Uy, £)(pe N vy, i€, ue = U, £)(u N v)e. O

Corollary 3.16. Let p and v be two fuzzy ideals of L and t € [0, 1]. Then vy C U(u, t)(u¢ V vy).

Proof. Since p and v are two fuzzy ideals of L, we have u; and v; are ideals of L. Further, since L is a distributive
lattice, we have p; v v; is an ideal of L. Let x € y;andy € vi. Then x Vy € p¢ Vv v¢. On the other hand,

\Y u(b) = u(x) = t, which implies that xvVy € [x](u,t).Thus [x](uyt)m(ytVVt) #0.Soy € U, )(ueVvvy).
bVvx=bV(xVy)

Therefore, vi C U(u, t)(ue V vy). O

In the following discussion, we denote by | a = {x € L|x < a} fora € L.

Theorem 3.17. Let u be a fuzzy ideal of L, t € [0, 1]. Then

(1) U(u, ) a) = u¢ foreach a € yy;
2 U U, 0 a) C pe.

acue

Proof. (1) Since u is a fuzzy ideal of L, we have y; is an ideal of L. It follows from the definition of | a that | a
isanideal and | a C u; for each a € ;. It follows from the Theorem 3.15 that U(u, t)({ a) = u;.
(2) Let a € p¢. Then | a C ;. It is easy to see that Uy, t)(. a) C U(u, t)(u¢). Follows from Theorem 3.14,

we obtain that U(u, t)(u¢) = u¢. Thus Uy, t)(} a) C p;. Therefore, |J Uy, ) a) C y¢. O
acus

Theorem 3.18. Let u and v be two fuzzy ideals of L and t € [0, 1]. Then the followings are equivalent:
1) pcv;
@) ve = U, Ove);
3) ve=Uy, O(ve).

Proof. (1) = (2) Let u C vand x € U(u, t)(v¢). Then [x](y’ ¢ N Ve # 0. This means that there exists a € v¢ such
thata ¢ [x](y,t), ie.,

\/ u(b) = t.

bVva=bVvx

\/ v(b) = \/ u(b) > t.

bVa=bVvx bva=bvx

Since u C v, we have

So there exists b € L such that v(b) > t satisfyingbv a = b Vv x,ie.,,b € vi.SobV a = bV x € v Since
x < bV x, we have x € v¢. Hence, U(u, t)(v¢) C v¢. On the other hand, it is easy to see that v C U(u, t)(v¢).
Therefore, v = Uy, t)(vy).

(2) = () If vy = Uy, t)(vy), it follows from Theorem 3.14 and Theorem 3.15 that p; = Uy, t)(ue N ve) C
U(u, t)(v¢) = v¢. Therefore, u C v.

(2) = @) Letve = Uy, t)(ve), x € veand a € [x]y, . Assume that a ¢ v¢, then a ¢ U(p, O)(ve). Thus,
[x](y,t) Nv; = O, this implies that a ¢ U(y, t)(v¢) = v¢, which contradicts with x € v;. Thus a € v;. Hence,
[x](}l, ¢ C Vi, this means that x € U(u, t)(v¢). Thus v¢ € U(u, £)(v¢). On the other hand, it is easy to see that
U(u, t)(v¢) C v¢. Therefore, v = Uy, t)(ve).

(3) = (2) Assume that v; = U(u, t)(v¢). Let x € U(u, t)(v¢). Then [x](u,t) Nv; # 0, which means that there exists
a € vy such thata € [x](y,t). Since v = U(u, t)(v¢), we have [x](y,t) = [a](y,,) Cvy,sox € U, )(ve) = vy, iee,
U(u, t)(v¢) C v¢. On the other hand, it is easy to see that v; C U(u, t)(v¢). Therefore, v, = U(u, t)(vy). O
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Theorem 3.19. Let u, v and w be fuzzy ideals of L such that u C w and t € [0, 1]. Then

U, (U, H(wn) = Uy, (we) = U, )(U, (w)).

Proof. Since yu C w, we have y; C wy. It follows from Theorem 3.14 that U(y, t)(w¢) = w;. So U(v, t)(w) =
U(v, )(U(u, t)(w¢)). Next we show that U(u, t)(U(v, t)(w¢)) = U(v, t)(w¢). First of all, we prove that U(v, t)(w;)
is an ideal of L. Since w is a fuzzy ideal of L, we have w; is an ideal of L. On the other hand, it is easy to see
thatav b € U(v, t)(w¢) forall a, b € U(v, t)(ws). Let ¢ € L,d € U(v, t)(w¢) and ¢ < d. Then there exists
e € [d],n Nwe. Now let f € [c]y . Thene A f € [d], o Alcly,p C [cAdly,y = [cly,p- Since e A f < e, we
have e A f € w;. Thus [c](, ;N A # 0, this means that ¢ € U(v, t)(w¢). Thus U(v, t)(w;) is an ideal of L. Further,
Ut € we C U(v, t)(wy). It follows from Theorem 3.14 that U(u, t)(U(v, t)(wy)) = U(v, t)(wy). O

Theorem 3.20. Let u, v and w be fuzzy ideals of L such that y C w and t € [0, 1]. Then

U, ) N U, )(we) = U, O(we) N U, (w;).

Proof. Letx € Uy, t)(w)NU(v, t)(w). Since p and w are two fuzzy ideals of L and y C w, we have p; C wy. It
follows from Theorem 3.14 that x € wNU(v, t)(w¢) = w¢ C U(v, £) N U(v, t)(w;). So U, H(w)NU(v, t)(w) C
U(u, t) N U(v, t)(wy). It follows from Proposition 3.12 that U(y, t) N U(v, t)(w¢) = U, )(w) N U, H(we). O

Theorem 3.21. Let y and v be two fuzzy ideals of L such thaty Cvandt € [0,1]. If) C A C L, then

U(,Ll, t)(Vt N A) = U(H’ t)(Vt) N U(H’ t)(A)

Proof. Itiseasytoseethat U(u, t)(vinA) C U(u, )(ve)NU(u, t)(A). Now we show that U(u, t)(v)NnU(u, t)(A) C
U(u, t)(vinA). Let x € U(u, )(ve)nU(u, t)(A). Since vis a fuzzy ideal of L, we have v; is an ideal of L. It follows
from Theorem 3.14 that x € v; N U(u, t)(A). Thus x € v¢and x € Uy, t)(4), i.e., [x](u’t) N A # (. Thus there

exists a € A such thata € [X](u,t)’ which implies that \/  u(b) = t. This means that there exists b € L
bVa=bVvx

such that u(b) = t satisfying b va = b v x, i.e., b € p;. Since u C v, we have y; C v¢. Thus b € v; and

bva=bvxev.SinceasbVa, wehavea € v¢. Soa € AN vy, it follows that x € U(u, t)(v¢ N A). And

therefore U(u, t)(ve N A) = U(u, t)(ve) N Uy, t)(A). O

Theorem 3.22. Let u be a fuzzy ideal of L and t € [0, 1]. If A, B are ideals of L and u; C A U B, then

(1) Uy, )(A) v U(u, )(B) = Uy, t)(A V B);
() U(u, )(A) v U(y, t)(B) € U(u, t)(AV B).

Proof. (1)Letx € U(u, t)(A)vU(u, t)(B). Then thereexisty € U(u, t)(A) and z € U(y, t)(B) such thatx = yvz,
ie, [yly,n NA # 0and [z], N B # 0, which means that there exist a € A and b € B such thata ¢ [yl
and b € [Z](u,t)’ ie.,

Vooou)=t, V ou@E@)=t.

y'va=y’'Vy z/Vb=z'Vz
Fory'va=y' vy,zZvb=2z vz,wehave yy vZ)Vv(avb)=0'vZ)v(yvz)=((' vz)Vvx Thus

ts< \V y(y')>A< \V u(Z’))

y'Va=y'Vy Z/Vb=z'Vz
< \/ (;u(y’) A ;1(2’)>
' vz')v(avb)=(y'vz')V(yVz)

< \ uy' v 2).

(y'Vvz/)V(avb)=(y'Vz')Vx
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Soavbe [x](y,t). Thus [x](y’t) A(A vV B) #0,ie., x € UQu, t)(A Vv B). Therefore, U(u, t)(A) v U(u, t)(B) C
U(u, t)(A v B). Next we show that U(u, t)(A v B) C U(u, t)(B). Since A and B are ideals of L and L is a
distributive lattice, we have AV Bis also an ideal of L. Since y; C AUB, we have y; C AUB C AV B. According
to Theorem 3.14, we get that U(u, t)(AVvB) = AVB C U(u, t)(A)vU(u, t)(B). Therefore, U(u, t)(A)vU(u, t)(B) =
U(u, t)(A Vv B).

(2) It follows from Theorem 3.15 that U(y, t)(A v B) = A v B. Since U(y, t)(A) v U(u, t)(B) C A v B, we have
Uy, )(A) v Uy, t)(B) C Uy, )(A V B). O

Let u and v be two fuzzy ideals of L and t € [0, 1]. The composition of U(u, t) and U(v, t) is defined as follows:

U, 6)* U, ) = {(x, y)eLxL

3z € L such that (x,z) € U(u, t) and (z, y) € U(v, t)}

It is not difficult to check that U(u, t)* U(v, t) is a congruence relation on L if and only if U(u, ) * U(v, t) =
Ulv, ) * U(u, t).
Theorem 3.23. Let u and v be two fuzzy ideals of L, t € [0, 1] and U(u, t) * U(v, t) = U(v, t) * U(u, t).

(1) If A is a non-empty subset of L, then U(u, t) * U(v, t)(A) C U(u, t)(A) N U(u, t)(A).

(2) If Ais a sublattice of L, then U(u, t)(A) N U(u, t)(A) C U(u, t) * U(v, t)(A).

Proof. (1) Letx € Uy, t) * U(v, t)(A) and a € [x](, - Since x € [x](, , we have a € [X](, o,n- Thus a € A.
So x € U(y, t)(A). In a similar way, we have x € U(v, t)(A). Therefore,

U, t) * U(v, t)(A) C Uy, )(A) N U, H)(A).

(2) Let x € U(p, )(A) N U(k, t)(A). Then there exist y, z € A such thaty € [x],  and z € [x], ¢, i-e.,
V o u@=t, \/ via)=t

avy=avx bVz=bVx

Foravy=avx,bvz=bvx,wehave(zVvy)va=(zVvx)Vva,(zVx)Vvb=xVb.Hence

V ua= V pa=t,
(zvy)vVa=(zvx)Va avy=avx
and

\ vz \/ vib)=t.

(zvx)Vb=xVb zVb=xVb
Thus (zVy) € [z V Xl g, (zV X) € [Xly,p, i, (2 V y) € [X],prw,n- Since A is a sublattice of L, we have
zvy € A.Thusz vy € Xl pe,p N A, ie, x € U, t)* U(v, t)(A). Therefore, U(u, t)(A) N Uy, t)(A) C
U(u, t) * U(v, t)(A). O

The following example shows that the containedness in Theorem 3.22 (2) and Theorem 3.23 need not be
an equality.
0.8 0.6 %+9 1 0.7 0.8
1

. .. 1 .
](E)x:mple 3.24. Consider the lattice in Example 3.2. Let u = 0 gt p t andv = ot gt t

-t % Then it is clear that u and v are fuzzy ideals of L. Choose t = 0.8, then yu; = {0, a} and v; = {0, b}.
Nowlet A = {a,b}, B={0,b}. Thenwe have y; CAUBand AV B = {a, b, c}. Thus

U(u, t)(A) v U(u, t)(B) = 0 and U(u, t)(A v B) = {b, c}.

Therefore,

U, )(A) v Uu, )(B) € U, )(A V B).




DE GRUYTER Rough sets based on fuzzy ideals in distributive lattices =—— 133

Let A ={a, b, c}. Then Uy, t)(A) = {b, c}, U(v, t)(A) = {a, c}, and

Uy, ) * U(v, t)(A) = 0, Uy, )(A) N U(v, )(4) = {c}.

Therefore, U(u, t) * U(v, t)(A) C U(u, t)(A) N U(u, t)(A).
Let A = {a, c} be a sublattice of L. Then U(u, t)(A) = {0, a, b, c}, U(v, t)(4) = {a, c}, and

UG, D(A) N UG, H(A) = {b, ¢} and UGu, ) * UW, H(A) = {0, a, b, c}.

Therefore, U(u, t)(A) N U(y, t)(A) C Uy, t) * U(v, t)(A).
Theorem 3.25. Let u and v be two fuzzy ideals of L, t € [0, 1], U(u, t) * U(v, t) = U(v, t) * U(u, t) and A be an
ideal of L.

(1) If e C A, then U, £) * U(v, H(A) = Uy, )(A) N U(v, £)(A).

(2) If ut, ve C A, then U(u, t) * U(v, )(A) = U(u, t)(A) N U(v, t)(A).

Proof. (1)Letx € U(u, )(A)NU(v, t)(A)and x’ € [X](u,+(v,6)- Then there exists y € L such that x' e [Vl and

yelxlyp-So V u(d)=tandy e A, which means that there exists d € L such that u(d) > t satisfying
x'vd=yvd

x'vd=yvd.Thusd c ;. Since A is an ideal of L and u; C A, we get thaty v d € A. Further, since x’ v d =

yvd>x',wehavex’ € A.Sox € U(u, t) * U(v, t)(A). Therefore, U(u, t)(A)NU(v, t)(A) C U(u, t) * U(v, t)(A).

On the other hand, it follows from Theorem 3.23 that U(y, t) * U(v, t)(A) = U(u, t)(A) N U(v, t)(A).

(2) Let x € U(u, t) * U(v, t)(A). Then there exist X' € Aand y € L such that x’ ¢ [y](y,t) andy € [x] p-
Soy € U(u, t)(A). Since A is an ideal of L and y; C A, it follows from Theorem 3.15 that U(y, t)(4A) = A.
Soy € A. Thus x € U(v, t)(A). Since U(u, t) * U(v, t) = U(v, t) * U(u, t), we have x € U(u, t)(A). Therefore,
Uu, t)* U(v, t)(A) C U(u, )(A)NU(v, t)(A). From Theorem 3.23, we get that U(u, t) * U(v, t)(A) = Uy, )(A)N
U(v, t)(4). O

Proposition 3.26. Let u be a fuzzy ideal of L and t € [0, 1]. Then
1) [O](y,t) is anideal of L;
) [Ol,p = e

PTOOf. (1) Letx,y € [0](}1’0. Then x Vy e [O](y,t) \Y [0](}1’0 - [0 \Y O](y,t) = [0](}1’0. Thus, x v y € [O](y,[). Now let
xeLl,ae [0](%,) and x < a. Then (a,0) € Uy, t),ie., \ p(c)=t.Foravc=0vc,wehavex<a=c.

aVvc=0Vc
Thus \/ u(d)=zu(c) =t ie,xe [0](%0. Therefore, [0](,“) isanideal of L.
xvd=0vd
(2) We first show that y; C [O](u’t). Let x € p¢. Then p(x) = t. Thus \/  u(a) = p(x) = t. It follows from

aVx=aVv0
Definition 3.1 that (0, x) € U(y, t), i.e., x € [O](y’t). Therefore, [0](}1’[) C u¢. Now we prove that [O](P,t) C U

Lety € [0], 4. Then (y,0) € U(u, 0),i.e., \/ p(a)=t.Foravy=av 0, weknow thaty < a.Since pisa
aVy=aVvo0
fuzzy ideal of L, we have u(y) = p(a). Thus u(y) = \/  u(a) = t,ie., y € ;. Therefore, [O](u,t) C ue. O
aVvVy=aVvo0

4 Generalized roughness in distributive lattices with respect to
fuzzy ideals

In this section, we investigate generalized roughness in a distributive lattice L with respect to a fuzzy ideal
u and t, where t € [0, 1]. Let J be a distributive lattice and n : L — 2#"(J) be a set-valued mapping, where
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2"(]) denotes the family of all non-empty subsets of J. Let u be a fuzzy ideal of J, t € [0,1] and X be a
non-empty subset of J. We denote nj(x) = {b € [alg,pla € nGO} for all x € L. Obviously, Ny is a set-
valued mapping from L to 2" (J). Further, n(x) C n(x) for all x € L. Thus, n4(X) = {x € Ln,(x) C X} and

@(X) = {x € LIn}(x) N X # 0} are called generalized lower and upper approximations of X with respect to u
and t, respectively. In this section, J is always a distributive lattice and 22" (J) denotes the set of all non-empty
subsets of J.

Definition 4.1. Letn: L — %" (J) be a mapping. Then

(1) nis called a v-homomorphic set-valued mapping if n(x) v n(y) C n(x vy) forallx,y € L.
(2) nis called a A-homomorphic set-valued mapping if n(x) An(y) C n(x Ay) forallx,y € L.

n is called a homomorphic set-valued mapping if it is both a V-homomorphic set-valued mapping and a A-
homomorphic set-valued mapping.

Theorem 4.2. Let u and v be fuzzy ideals of ], t € [0,1] and n : L — 2"(J) be a homomorphic set-valued
mapping. Then
(1) nL is a homomorphic set-valued mapping.

(2) n!, N nY is a homomorphic set-valued mapping.

Proof. (1) Letx,yc Landz ¢ n}ﬂ(x) v rlf,(y). Then there exist x’ € n,ﬂ(x) andy’ € nL(y) such thatz=x"vy'.
It follows from the definition of nf, that there exist a € n(x), b € n(y) such that x’ € [al,,s and y € (Bl
i.e.,
\/ u(o) = t, \/ u(d) = t.
x’'Vc=aVvc y’vd=bvd
Forx'vc=avc,yvd=bvd,wehave (x' Vy)Vv(cvd) = (aVvb)Vv(cVd).Since uis afuzzy ideal of J, we
get that u(c v d) = u(c) A u(d). Thus,

t<C \/ uAC \/ )

y’vd=bvd y’'vd=bvd

< \ (u(0) A p(d)
vy )V(cvd)=(avb)V(cvd)

= \ u(c v d),

vy )V(cvd)=(avb)Vv(cVvd)

andsoz=x'Vvy e€lav b](y,t). Since 7 is a homomorphic set-valued mapping, we have a v b € n(x) v n(y) C
n(xvy).Thus z = X' vy’ € ny(x v y). Therefore, nj,(x) v n;,(y) € ni(x v y). In a similar way, we have
nL(x) A ny(y) C nli(x Ay). Hence, nj is a homomorphic set-valued mapping.

(2) Letx,y € Land z € (n} N ny)(x) v (ny N ny)(y). Then there exist x' € (n, N nH)(x) and y’ € (5 N nH)y)
such that z = x' v y’, which means that there exist a, b € n(x) and c, d € n(y) such that x" € [al(, » N [b] ¢
andy’ € [clgi,p N [d] - Thus

X' v y/ c ([a](y,t) \ [C](y,t)> n ([b](v,t) \Y [d](v,t)) - [(1 \ C](}l,t) n [b V d](v,t)'

Since n is a homomorphic set-valued mapping, we have a vV ¢, b v d € n(x) v n(y) € n(x v y). It follows
that z € (n, N nH)(x v y), and so (n} N L)) v (1l N L)) C (1% N ny)(x v y). In a similar way, we have
() A (N nb)(y) € (ny N nd)(x A y). Therefore, nj, N n} is a homomorphic set-valued mapping. [

Theorem 4.3. Let u be a fuzzy ideal of ], t € [0, 1] and 1 : L — 2" (J) be a homomorphic set-valued mapping.
IfOC X, Y CJ, then
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(1) nuX) v ni(Y) C nh(X Vv Y);

) nL(X) Anp(Y) C np(X A Y).
Proof. Let ¢ € ni(X) v n(Y). Then there exist x € n},(X) and y € nj,(Y) such that ¢ = x v y. Thus there exist
x' € X,y € Yand a € n(x), b € n(y) such that x’ ¢ [a](w),y’ € [bl,p- So xXvy elav bl,» N (AN B)and

avb e n(x)vnly) C nxvy).Hence, n;,(x vy) N (ANB) # 0, i.e., c € n’(X v Y). Therefore, n(X) v nj(Y) C
¢
X v y).

(2) The proof is similar to that of (1). O

Proposition 4.4. Let u and v be fuzzy ideals of J, t € [0, 1] and n : L — 2"(J) be a homomorphic set-valued
mapping. If 0 C X C Jand y C v, then

@ 150 € nh(X).
@ n4X) S niXx).
Proof. 1t is straightforward. O
According to Proposition 4.4, we can get the following result easily.
Corollary 4.5. Let y and v be fuzzy ideals of ], t € [0,1] and  : L — 2"(J) be a homomorphic set-valued
mapping. If § C X C ], then
(1) 10 UNYX) C (XD
@ by (X) S LX) N b(X).

Lemma 4.6. Let u and v be fuzzy ideals of J, t € [0,1] and  : L — 2"(J) be a homomorphic set-valued
mapping. Then

() € 13,00 Ny (0)
forallx € L.

Proof. Letx ¢ Landa € rzfmv(x). Then there exists b € n(x) such thata € [b](mv’t), ie, V nv)c)=t.
avc=bVvc
On the other hand,

=V aovo- V (i0m)-(V ao)( Vv,
avc=bVvc avc=bVvc avc=bVvc avc=bVvc

that is,
\/ u(c) = tand \/ v(c) = t,

avc=bVvc avc=bVvc

whichmeans thata € [b], »and a € [b], . Andso, a € n;,(x)Nn}(x). Therefore, 1, (X) € 1, 0)NNL(X). O
From Lemma 4.6, we get the following result.

Theorem 4.7. Let u and v be fuzzy ideals of ], t € [0,1] and n : L — 2°(J) be a homomorphic set-valued
mapping. If ) C X C ], then

(D niewX) 2 nb N nbo.

@) nryX) € nf N k).

Lemma 4.8. Let u be a fuzzy ideal of ], t € [0,1] and n : L — 2" (J) be a homomorphic set-valued mapping.
Let x € L. Then the following statements are equivalent:
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@) nl) C pe;
@) () = pe.

Proof. (1) = (2) Leta ¢ HL(X)- Then there exists b € n(x) C y; such thata e [b](y,t), thatis, \/ pulc)=t,
avc=bVc
which means that there exists ¢ € J such that u(c) = tsatisfying avc = bvc.Thusc € yrandave = bvc € yq.

Since a < avc,wehave a € y;. Therefore, q,ﬂ(x) C p¢. Next we show that p; C rl,ﬂ(x).Letf € u¢. Since n(x) # 0,
we have there exists d € n(x) C uy, ie., u(d) = t. On the other hand, since u be a fuzzy ideal of J, we have
ufvd) =pu()ruld=t.Thus \ ple)=u(fvd)=t.Sof e [d](y’t). Hence, f € n,ﬂ(x), ie, ur C nL(x).

fve=dve
Therefore, nj(x) = ys.

(2) = (1) Let g € n(x). Since g € [g],,, we have g € 1n1:(8) C . Therefore, n(x) C p. O

Theorem 4.9. Let u and v be fuzzy ideals of J, t € [0, 1] and n:L— 2*(J) be a homomorphic set-valued
mapping. If s C X C J and n(x) C p; forall x € L, then n}ﬂ(x) =ni(x) = L.

Proof. According to Lemma 4.8, we get the conclusion easily. O

Theorem 4.10. Let u and v be fuzzy ideals of J, t € [0,1], u C vandn : L — 2"(J) be a homomorphic
set-valued mapping. If x € n(x) for all x € L, then the following are equivalent:

(1) n(x) Cveforallx € vy
@ @(Vt) = V.

Proof. (1) = (2) Let x € n(v¢). Then ni(x) C vy. Since x € n(x) C nj(x), we have x € v¢. Now let a’ € v;.

Then forany y € rz,ﬂ(x), there exists a’ € n(x) such thaty € [a’](y,t), ie, V (W(c) =t which means that
yVc=a’'Vc

there exists ¢ € J such that u(c) > t satisfying y v ¢ = a’ v ¢. Thus ¢ € p;. Since u C v, we have p; C v¢. On
the other hand, since n(x) C v, wehave a v ¢ € v¢. Soy € v;. Thus, n}ﬂ(vt) C v¢. Therefore, nfl(vt) = V¢

(2) = (1) Let x € v¢and y € n(x). Since n(x) C UL(X), we have y € n,’,(x). On the other hand, n{,(vt) = V¢, We
have nlﬂ(x) C v¢. Thus y € v;. Therefore, n(x) C v, for all x € v;. O

5 Conclusion

The study of rough sets in the distributive lattice theory is an interesting topic of rough set theory. In this
paper, we introduce the special class of rough sets and generalized rough sets with respect to a fuzzy ideal in
a distributive lattice, that is the universe of objects is endowed with a distributive lattice and a congruence
relation is defined with respect to a fuzzy ideal. The main conclusions in this paper and the further work to
do are listed as follows.

(1) A novel congruence relation U(u, t) induced by a fuzzy ideal u of a distributive lattice is introduced.

(2) Roughness in distributive lattices with respect to fuzzy ideals are investigated,

(3) Generalized roughness in distributive lattices with respect to fuzzy ideals are investigated.
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