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Abstract: The construction of parametric curve and surface plays an important role in computer aided geo-
metric design (CAGD), computer aided design (CAD), and geometric modeling. In this paper, we define a new
kind of blending functions associated with a real points set, called generalized toric-Bernstein (GT-Bernstein)
basis functions. Then, the generalized toric-Bézier (GT-Bézier) curves and surfaces are constructed based on
the GT-Bernstein basis functions, which are the projections of the (irrational) toric varieties in fact and the
generalizations of the classical rational Bézier curves/surfaces and toric surface patches. Furthermore, we
also study the properties of the presented curves and surfaces, including the limiting properties of weights
and knots. Some representative examples verify the properties and results.

Keywords: Bernstein basis functions, basis functions, Bézier curves and surfaces, curve and surface design,
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1 Introduction

In Computer Aided Geometric Design (CAGD) and Computed Aided Design (CAD), Bézier curves/surfaces play
the central role [1, 2]. They were firstly described by French engineer Pierre Bézier to design automobile bodies
in 1962 [3]. From the viewpoint of algebraic geometry, Bézier curves/surfaces are projections of real toric
varieties from higher-dimensional space. In 1992, Probably Warren [4] was the first who noticed that the real
toric variety can be applied in CAGD. In 2002, Krasauskas [5] proposed a kind of rational multisided surface,
namely toric surface, which is conncened with a finite set of integer lattice points based on the toric ideals and
toric varieties. The toric surface is degenerated into rational Bézier curve if the lattice points set is constrained
to a one-dimensional integer points. What’s more, the tensor product Bézier surfaces and Bézier triangles are
also special cases of the toric surface. Garcia-Puente et al. [6] indicated that limiting surface of toric patch
is the regular control surface when all weights tend to infinity, which is called the toric degeneration. Since
toric surface patches are a muliti-sided generalization of Bézier surfaces, compared with the Bézier scheme,
they require fewer surface patches in applications such as data fitting, blending surfaces, hole-filling and so
on, and the overall smoothness is better.

In recent years, the parametric curves/surfaces construction based on different basis functions have been
studied by many scholars. Zhang [7, 8] investigated curves in the space span{1,t, cost,sint}. Chen and
Wang et al. [9, 10] defined the C-Bézier curve and the C-B spline curve (NUAT B-spline curve) by extending
the space of mixed algebra and trigonometric polynomial. Oruc and Phillips [11] defined the g-Bézier curve
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based on the g-Bernstein operator which was constructed by Phillips [12]. Han et al. [13] presented the
generalizations of Bézier curves and the tensor product surfaces. These curves and surfaces are based on the
Lupas g-analogue of Bernstein operator. Cai et al. [14] presented a new generalization of A-Bernstein operators
based on g-integers and established a statistical approximation theorem. Hu et al. [15] presented a novel
shape-adjustable generalized Bézier curve with multiple shape parameters and discussed its applications
to surface modeling in engineering. Hu and Wu [16] presented a kind of generalized quartic H-Bézier basis
functions with four shape parameters. And the expression and some properties of the corresponding curves
were discussed. Schaback [17] gave an introduction to certain techniques for the construction of surfaces
from scattered data, which emphasis is putting on interpolation methods using compactly supported radial
basis functions. Goldman and Simeonov [18] studied the properties of quantum Bernstein bases and quantum
Bézier curves by introducing a new variant of the blossom. Zhou and Cai [19] constructed a triangular Meyer-
Konig-Zeller surface based on bivariate Meyer-Konig-Zeller operator. Zhou et al. [20] constructed two kinds of
bivariate S - A basis functions, tensor product and triangular S — A basis functions by means of the technique
of generating functions and transformation factors. Moreover, the corresponding two kinds of S — A surfaces
were studied. Salvi and Varady [21] described a new patch that extends the concept of generalized Bézier
patches [22] to concave polygonal domains.

Most of the basis functions constructing curves and surfaces defined above are represented in non-
negative integer power forms. At present, some researchers have put many efforts on the construction of
curves and surfaces based on basis functions with rational or irrational number powers . The multiquadric
(MQ) function is a radial basis function (RBF) with the rational number power form, which is widely used
in numerical analysis and scientific computing [17]. In 2015, Zhu et al. [23] extended the Bernstein basis
functions and then constructed af8-Bernstein-like basis with two exponential shape parameters a and 8 with
real number degrees.

Garcia-Puente and Sottile [24] showed that tuning a pentagonal toric patch by lattice points A (see
Figure 1(b)) instead of A (see Figure 1(a)) to achieve linear precision, where A contains three non-integer
points. In 2008, Craciun et al. [25] studied the theory of toric varieties defined by generally real lattice sets,
which were applied in algebraic statistics known as toric model [26] and studied the geometric properties
of toric surfaces. In 2015, Postinghel et al. [27] presented the degenerations of real irrational toric varieties
defined by generally real number set. Pir and Sottile studied the theory of irrational toric varieties in [28]. Li
et al. preliminarily studied the T-Bézier curve constructed by the real points in [29].
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Figure 1: Lattice points A and A.

In this paper, inspired by above methods, we define a new kind of blending functions associated with a
real points set, called generalized toric-Bernstein (GT-Bernstein) basis functions. The degree of GT-Bernstein
basis functions is an arbitrary real number. Then, the corresponding generalized toric-Bézier (GT-Bézier)
curves and surfaces are constructed, which are the projections of the (irrational) toric varieties in fact and
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the generalizations of the classical rational Bézier curves/surfaces and toric surface patches. Furthermore,
we also study the properties of the presented curves and surfaces, including the limiting properties of weights
and knots. We generalize the lattice points in the definition of toric surface patches to the real points in this
paper, and this leads to construct a wider range of shapes for applications. We may construct GT-Bézier
surfaces with linear precision for barycentric coordinate construction (as Figure 1 shows), we can apply
the limiting properties of weights for shape deformation, computer animation and costume designing as
[30] did, and we also can construct multisided surface patch from a given points by progressive iteration
approximation (PIA) by method in [31].

The rest of this paper is organized as follows. In Section 2, the generalized toric-Bernstein basis functions
are defined and the properties of the basis are studied. And then a class of generalized Bézier curve is
constructed in Section 3, which is the generalization of the classical rational Bézier curve. In Section 4,
we construct a new kind of multisided parametric surface by bivariate generalized toric-Bernstein basis
functions. At last, we conclude the whole paper and point out the future work in Section 5.

2 Generalized toric-Bernstein basis functions

It is well known that toric Bernstein basis functions depend on the finite set of integer lattice points A and
boundary functions of the convex hull(lattice polygon) A 4 of A. When the lattice polygon A 4 is a standard
triangle or a rectangle, if we take appropriate coefficients, the toric Bernstein basis functions degenerate into
the classical Bernstein basis functions after the parameter transformation. So they are the generalizations of
the classical Bernstein basis functions. In this section, we generalize the toric Bernstein basis functions to
finite set of real points, and give the definitions of generalized toric-Bernstein basis functions in one and two
dimensions.

2.1 Univariate generalized toric-Bernstein basis functions

Consider A = {ag,a;,-+-,an} C Rwithag < a; < -+ < ay_1 < an, and Ay = [ag, an]. Obviously, the
endpoints of A 4 are points ag and a, and we assume ag < an. Set ho(t) = ko(t — ap) and hy(t) = ky(an - t),
where ko, k1 are positive real numbers such that ho(t) = 0, h{(t) 2 0, t € A 4. Then, basis functions indexed
by A can be constructed as follow.

Definition 1. Let A = {ag,a;, - ,an} C Rwithag < a; <+ < ay-1 < an and ag < an. Then, for any point
a; in A, we define the generalized toric-Bernstein (GT-Bernstein) basis functions as

Bai () = caiho @ hy (@), t e Ay, (1)
where coefficient cq; > 0 and a; is called knot.

The rational form of the GT-Bernstein basis B4, (t) is

waiﬁai(t)

Ta» = S=n . 5 o8
l(t) Z?:O waiﬁai(t)

tely, )]

where wg; > 0 is called weight.

Remark 1. The GT-Bernstein basis {Bq;(t)} defined by equation (1) depends on the selection of the coefficients
ko and k. Since any positive real numbers can be selected, if there is no special explanation, we set kg = k1 = 1.
We will show that the curve defined by {Ba;(t)} is independent of ko and k, in Section 3.
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Example 1. Letag = 0, a; = %,az =1a5= 4,@ =landcq = 3,¢ca, =1,¢a, = 3,05 = %5, Cay = 15-

By (1), we have
Bao(0) - 2(1 0, Bay(0 = ¥ (1- 07,
3

1 1 _\2 9
ﬁaz(t) th 2 18113(0 = 71' 2 (1 )1 2, Ba4(t) = Et’

and the basis functions Bq,;(t) on A, = [0, 1] are shown in Figure 2. The changes of basis function Ba, (t) while
coefficient cq, varying as shown in Figure 3 (the coefficients of curves from bottom to top are 0.1,0.7,1.5,1.9
respectively), which shows that the coefficient mainly affects the function value of the basis function at each
point. However, the changes of the basis function Bg,(t) when its corresponding knot changes are shown in
Figure 4 (the knots corresponding to curves from left to right are \f, %, V5 respectively), which means that

the knot mainly affect the positions of the maximum point of the basis functzon.
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Figure 2: GT-Bernstein basis. Figure 3: Effect of coefficient Figure 4: Effect of knot changing on
changing on GT-Bernstein basis. GT-Bernstein basis.

From Definition 1 and rational form (2), some properties of the basis functions {Tg,(t)} can be obtained
directly as follows.

Theorem 1. The rational GT-Bernstein basis functions defined in (2) have the following properties:

(@) Nonnegativity. Tq,(t) 20,t € Ay,i=0,1,-+-,n

(b) Partition of the unity. [ Ta,(t) = 1.

(c) Normalized totally positive (NTP). The rational GT-Bernstein basis {Tq;(t)}} is a NTP basis. This property
is proved recently by Yu et al. [32].

(d) Endpoints property. At the endpoints of [ag, an], we have

1,i=0, 1,i=n
Tai(ao)={0 P40 Tai(an)={0 i4n

(e) Degeneration property. The GT-Bernstein basis {Ba4,(t)} degenerates to the classical Bernstein basis for
A={0,1,---,n}or A = {O, matt 1} after proper parameter transformation, and to toric-Bernstein
basis for A C Z. Therefore, the rational GT-Bernstein basis degenerates to rational Bernstein basis for

A={0,1,---,n}orA={0,1 s+, 1} after proper parameter transformation.

Yu et al. [32] presented the following result for GT-Bernstein basis.

Theorem 2. Suppose ko = k1 = kand set ag < tg < ty < --- < tn < an to be an any increasing sequence. Then
the collocation matrix of {Ba,(t)}Lg at to <t < -+ <ty

M (ﬁ . ;:) - Ba ()L G)

t()a"' , tn
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is a strictly totally positive matrix.

Since the basis {fq4;(t)}}, defined by equation (1) may do not hold the property of partition of the unity on

A 4 for arbitrary positive coefficients, we present a method to choose coefficients by Theorem 2, which makes

the basis {B4,(t)} has partition of the unity on a given increasing sequence ap < to < t; < -+ < ty < an.
Given an increasing sequence ag < to < t; < -+ < ty < an, we have the following system of equations:

n
>~ Bay(t) = caoho () ha (6)" ) + - + ca, ot hy () = 1, i =0, ,n. )
=0
If we write C = (Cqg, * -+ , Cq,)T and 1 = (1, ---, 1)7, then we obtain
M(B“°""’B“")C=1. (5)
tO’ ) tn

It’s clear that the basis {B4;(t)}}, satisfies the conditions of Theorem 2, then the matrix M is a strictly
totally positive matrix and system of equations (5) has a unique solution. For the bivariate generalized toric-
Bernstein basis in Section 2.2, the method for selection of the coefficients is similar to the univariate case.

2.2 Bivariate generalized toric-Bernstein basis functions

Consider a finite set of real points A = {ag,a;, -+ ,an} C R2, Let A 4 be the convex hull of A. The lines
defined by edges ¢; of A 4 are h;(u, v) = &u +n;v + p;, where (&, ;) is the normal vector of ¢; towards inside
of A, such that h;(u,v) = 0,(u,v) € Ay,i = 1,---,r. We construct the generalized toric-Bernstein basis

functions as follows.

Definition 2. Let A = {ag,a;, -+ ,an} C R? be a finite collection of real points, and set A , to be the convex
hull of A. Then, for any point a; in A, we define the bivariate generalized toric-Bernstein (GT-Bernstein) basis
function as

Ba;(u, V) = cahy (u, VM@ e (u, M@ (u,v) € Ay, (6)

where ca, > 0 is the coefficient and a; is called knot.

The rational form of the GT-Bernstein basis function Ba,(u, v) is

waiﬂai(u’ V)

Tai(u’ V) = E;LO waiﬁai (u’ V) )

(u,v) e Ay. @)

where wa, > 0 is called weight.

Remark 2. In (6), the basis function depends on the choice of coefficients, and the coefficients can vary from
case to case. If there is no special explanation, we set ca, = 1.

Example 2. Let A = {(0,2),(1,2),(0, £),(3, $),(2,1),(0,0), (£, 0), (2, 0)} (see Figure 1(b)). By (6), the GT-
Bernstein basis defined by A are given as belows

Bo,2) (W, v)=(3 —u - v)(2 - u)’v?, B1,2)(u, v)=(2 - wviu, B(O,g)(u, V=2 -v)3G-u-v)32-us,
ﬁ(gyg)(u, V=2 - v)g(3 —u-vy(2- u)%vgug, B, 1fu, =(2 - v)vu?, Bo,ofu, V=(2 - VY3 - u-vy(2 - u)?,
B,y V=2 -G -u- VEQ2-wiud, Bu.ou,)=2-v2G-u-vl.

Three of the basis functions are shown in Figure 5. We further set each weight wa, = 1, then the rational forms
of these three basis functions on A 4 are shown in Figure 6.
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Figure 5: GT-Bernstein basis functions.
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Figure 6: Rational GT-Bernstein basis functions.

Suppose edges ¢;(i = 1, --- , 1) of the convex hull A 4 are ordered counterclockwise and let V; be vertex
of A, where two edges ¢; and ¢;,1 meet, (i = 1,---,r). The indices will be treated in a cyclic fashion: for
instance, ¢g = ¢r, P,+1 = ¢1 and so on. Denote by ¢31~ = ¢; N A the intersection of A and ¢;. Note that { V;}]_,
and ¢3,~ are subsets of A respectively,i=1,:--,r.

From Definition 2 and rational form (7), we can obtain the following properties of the basis functions
{Ta;(u, v)} directly.

Theorem 3. The rational forms of the GT-Bernstein basis functions defined in (7) have the following properties:

(@) Nonnegativity. Ta;(u, v)=0, (u,v)eld 4,i=0,1,---,n.

(b) Partition of the unity. "1 Ta,(u, v) = 1.

(c) Boundary property. When (u, v) is constrained on the edge ¢; of A, all basis functions a;(u, v) and
Ta,(u, v) with indices a; € A\ <l3j vanish, that is:

Ba(u,v) =0, a; € A\ ¢;,
(u,v) e ®;,
Baiu,v) #0, a; € §, ®
Ta;(u,v) =0, a; € A\ (l;j,
X (u,v) € ¢;.
Ta,(u,v) # 0, a; € ¢;,
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(d) Corner points property. At the vertices of A 4, we have

Ta(V) =1, a; =V, ©)
Tai(Vi) = Oa a; # Vi'
(e) Degeneration property. For A = {ag,a;,-++ ,an} C 72, the basis defined by (6) degenerates into toric-

Bernstein basis defined in [5]. In particular, the GT-Bernstein basis degenerates to the bivariate triangular
Bernstein basis for A = {(i, ]) € Z? |i+j<k,i=0,j= 0}, and to the tensor product Bernstein basis for
A={({,j) e Z*|0<i<m,O0<j= n},if coefficients selected properly.

3 Generalized toric-Bézier curves

For given control points and weights, we can use the Bernstein basis functions to construct the classical
rational Bézier curve. The classical rational Bézier curve has many good properties, such as convex hull
property, boundary property, and affine invariance. In the same way, the basis functions defined by (2) can
be used to define a new class of rational curves.

Definition 3. Given real points set A = {ao, a,, -+ , an}, control points B = {bg, | a; € A} C R?, and weights
w ={wq > 0] a; € A}, the rational parametric curve
n
Wa; ,Ba (t)
P = bgTg(t)=) byy=f—-—""—, tcA (10)
I N R L e ALY

is called the generalized toric-Bézier curve (GT-Bézier curve for short) of degree n.The n-edge polyline polygon
is obtained by sequentially connecting two adjacent control points of B with a straight line segment, is called
control polygon.

Remark 3. Although the GT-Bernstein basis defined by equation (1) depends on the selection of the coefficients
ko and kq, the GT-Bézier curve is independent on the choice of these two parameters. It can be known from the
results in [27], the GT-Bézier curve defined by the equation (10) is obtained by the projection (the projection is
related to the weights and the control points) of the high-dimensional real projective toric variety defined by the
A ={ap,ai, -, an}. Given point set A, for different coefficients ko and k1, after unitizing the corresponding
toric variety and eliminating the constant in the projective space, the toric varieties are identical, then the GT-
Bézier curve defined by point set A is also the same. For more Details refer to [6, 27].

The degree of n of curve in Definition 3 is just the number of forms in the curve, one less than the number of
knots of A, not exactly the polynomial degree of curve in general sense. If A C Z, then this degree is exactly the
polynomial degree of curve .

Example 3. Let A = {ap = 0,a; = Q,az = %,ag = @,al‘ = 1} as show in Example 1, weights wq, =
1, Wa, = 10, wq, = 20, Wa, = 6, Wa, = 5 and control points by, = (0, 0), by, = (0.4,1.3),bg, = (2,2),bg, =
(3.7,1.5),bg, = (4, 0). Suppose cq; = 1(i = 0, - - - , 4), then the quadratic GT-Bézier curve is
4
P.A,(U,(B(t) = Zba,- Tai(t), t S [Oy 1]s

i=0

and the curve is shown in Figure 7.

From the properties of the GT-Bernstein basis functions associated with A = {ag, a1, -+ , an} C R, some
properties of the GT-Bézier curve can be obtained as follows:

(a) Affine invariance and convex hull property. Since the basis (2) have the properties of nonnegativity
and partition of the unity, these show that the corresponding GT-Bézier curve (10) has affine invariance
and convex hull property.
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Figure 7: Quadratic GT-Bézier curve.

(b)

Endpoints interpolation property. This property follows directly from the endpoints property of the
basis (2), thatis P4 ¢, 5(ao) = ba,, P4, e, 5(an) = ba,.

(c) Progressive iteration approximation (PIA) property. The GT-Bézier curve has PIA property from the

(d)

(e)

result in [31] because its basis { T4, (t)}., is @ NTP basis.

Degeneration property. If a; = i (or a; = %), (i=0,1,---,n)and ko = k; = n, then the GT-Bézier curve
(10) degenerates into the classical rational Bézier curve after reparameterization and coefficients selected
properly. For A = {ag, a1, , an} C Z, the GT-Bézier curve (10) is the toric Bézier curve defined in [33],
which is exactly the one-dimensional form of the toric surface defined in [5].

Endpoints tangent vectors. For
1 k 1

Tai-ap) ' an—an’

ko

the tangent vectors at the end points of GT-Bézier curve are

_k kq
T _a
’ \ Ca, k()k1 0 (an—ao) ko Wa, (bal—bao)
PA,aJ,B(aOI_ ’
CayWa,

ko k (1D
— % _Z0
Ca, 1 kiky ! (ana0) ® wa,, (ba,Dq, ;)

Ca,Wa,

Pl/l,w,'B(an)=

We can see the tangent vectors at the end points of curve P4 ,, 5(t) are parallel to bg,bs, and bg,_,ba,
respectively. And this property can be used to construct G continuous piecewise GT-Bézier curve.

(f) Multiple knot property. When a knot in A tends to its adjacent knot, the following results describe the

limit property of the GT-Bézier curve, which also show the resulting GT-Bézier curve defined by A with
multiple knots.

Theorem 4. Suppose cq; = 1(i =0, --- , n). When knot a; (0 < k < n) approaches to its adjacent knot a1,
the limit of GT-Bézier curve P4 , 5 (t) of degree n defined in (10) is exactly the GT-Bézier curve P ; - 5 (¢) of
degree n - 1, defined as

lim PA B(t)=f)~ ~(t)_21(=_01 waibaiﬁai(t)+ajak+1gak+llgak+1 (t)+z?=k+2 waibaiﬂai(t)
W, A,0,B

- — , (12
Wi Qe Y Zf:ol waiﬁai(t)+wak+lﬁak+1(t)+2;l=k+2 waiﬁai(t)

where

Way 4 Wa

ay bak 19
Way +Way,, Way + Way,, '

Way,=Wa t Way,;» bak+1=
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A={a0,"'9 ak—l) ak+19"'y an}, ‘B={ba0, o ,bak_l,bak+1,bak+2,"' ,ban},

wz{waoa s Wapy s Wagyy s Wag,ys **° wan}'

Proof. When a;, (0 < k < n) tends to ay.,, we have

lim Bq, ()= hm (t— ao) % (an - )% = (t - ag) ™" (an - ) 1= Bg,,, (0.
ax—

A —> A1

Thus,

lim Zba,Ta,(f) 25,50 = lim Z bgwa o (8)

A —>Aisq Aj— Ajar ZFO Wq; ﬁal (t)
_ Zi#k,kﬂ (Uaibaiﬁa,-(t)"'wakbakﬁam(t)+wak+1bﬂk+1ﬁﬂk+1(t)
Zi#k’lﬁlwa,—ﬁa,—(t)+Wakﬁam(t)"'wakqﬁﬂm(t)
_ Zi#k,lﬁl waibaiﬁa,-(t)*'(wakbak + wak+1bak+1 )Bakn(t)
Zi#k,lﬁl waiﬁai(t)+(wak+wak+1)ﬁak+1(t)

~ ng w, w, .
Let Wqy,, = Way + Way, s Pay,, = g——ba, + —5+—bg,,,, We can obtain
0 St 51 L St 351
. Zi#k,kﬂwaibaiﬂai(t)*'wambflmﬁﬂm (t)
llm P.A,w,ﬁ(t) P.A U) 3(1.)_ ~ ’
A= Ajes1 Zi#k,k+1 wWa;Balt)+Way., Bay,, (£)

where

A= {ao, trt y Ap—1s Afeg1s s an}, B= {bao, Ty, bak,l, bam, bamy Ty, ba,,}y

w = {wﬂo’ e Way s &V)akﬂ’ Wag,ys s wﬂn}'
This leads to prove the result. O

Example 4. Consider the curve P, ,, 5(t) defined as in Example 3. Let knots A = {ap =0, a; = ?, a, =

%, as = @, a, =1}, weights wa, =1, Wa, =10, Wa, =20, Wa, =6, Wa, =5, control points bg, = (0, 0), bg, =
(0.4,1.3),bg,=(2, 2),ba; =(3.7,1.5),bg, =(4,0) and cq, =1 (i=0, - - - , 4). If a1 approaches a,, then the
changes of the GT-Bézier curve are shown in Figure 8. We can see that the limit curve lima, a, P4, ¢ 5(0)
coincides with the target curve P 5.5 (t), which verifies the Theorem 4.

bau

(a) Initial curve (b) Limit curve

Figure 8: Limits of the quadratic GT-Bézier curve of single knot.

Theorem 4 indicates that the GT-Bézier curve of degree n degenerates into the GT-Bézier curve of degree
n - 1 with knots A = {ag, **, ay_1, Ays1," * *» An}, control points B = {bay,* * *, ba, ;> Pay.1> Payyst s Ban }
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and weights @ = {Wag,* s Way 1> Wag,; s Wag,ps* * s Wa, } When ay = ay, 1. The following corollary general-
izes Theorem 4, and gives the limit of GT-Bézier curve with multiple knots. The proof of the corollary is
similar to Theorem 4 and will be omitted here.

Corollary 1. Supposecq; =1(i=0,---,n). Whenknots aq, agi1,++ ,ag.k-2(0<q<n,1<k<n+1-q)
approaches to the knot ag._, the limit of GT-Bézier curve P4 ,, (t) of degree n defined in (10) is exactly
the GT-Bézier curve of degree n—-k+1 as

Z?i) waibaiﬂai(t)+¢7’amﬁaqmﬁaqm(t)+2?:qg< waibaiﬂai(t)
Z{t](.) waiﬁai(t)+(Flv1aq.k_1ﬂaq.k_1(t)+2?=qg< waiﬁai(t)

aq,---,t};*Tﬂaq,P;{l’w’B(t) = Pﬁ,@,ﬁ(t) = ,

where
~ ™ waq waq+k71
waqérkfl:waq + waq+1 toeeet waq+k71 ’ baq+k71:"’7baq+ ceet a)ibazﬁkfl ’
Agik-1 Agik-1
‘A = {aO’ Y aqfly aq+k—]_’ MY an}, 3={b(10’ e ’baqq’ baq”(,l, baq+k, DY ba"},
W={Wap,*** » Way 1 Wag > Wagys>*** »Way}-

Example 5. Consider the curve P, , 5(t) defined as in Example 3. If a; — a, and as — a,, then the
changes of the GT-Bézier curve are shown in Figure 9. The limit curve is constructed by knots A= {ap =
0,a; = %, a, = 1}, control points B = {bq, = (0,0), l;a2 = (%, g—é), by, = (4,0)} and weights w
{Way = 1,Wa, = 36, wa, = 5}. We can see that the limit curve coincides with the target curve together,
which verifies the result of Corollary 1.

bau

(a) Initial curve (b) Limit curve

Figure 9: Limits of the quadratic GT-Bézier curve with multiple knots.

(g) Toric degeneration property. For each t € A 4, we have the limiting property of GT-Bézier curve while
a single weight of curve tends to infinity, that is

bg, t = ao,
hm PA,w,'B(t) = ba,- te (aOs an),
Wg;—>+00
ban t= an.

And this property can be derived from weight property of rational Bézier curve directly. Figure 10 shows
the limit curve of GT-Bézier curve defined in Example 3 with wg, — +oo.

Next, we consider the property of GT-Bézier curve if all the weights tend to infinity.
Let A : A — R be a lifting function to lift the points a; of A to (a;, A(a;)) € R%. We denote P, =
convi{(a;, A(a;)) | a; € A} the convex hull of the lifted points. Each edge of the convex hull P, has a
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bau ba

Figure 10: Limit of GT-Bézier curve with wq, — +oo.

normal vector pointing to the outer side. We call it the upper edges of P, if the last coordinate of the
normal vector is positive. If we project these upper edges back vertically into R, they can cover A 4 and
form a regular subdivision I'y of A 4 induced by A [6].

We group together the points of A that are in the same subset of the I'j and on the same upper edge
of the P,. Then we get a decomposition of A, which is called regular decomposition S, of A induced
by A. For each subset F of 8;, we can use the weights w|g = {wq, | a; € F} and the control points
Blg = {bg | a; € I} to define a new GT-Bézier curve Py |, 5|, ondg = conv{a; € F | a; € A} by
Definition 3. The union of these curves

P u,5(8) = U Py w85
FeS8)
is called the regular control curve of P4,  induced by regular decomposition 8;.
We can use lifting function A to get a set of weights with a parameter x, w;(x) := {x"(“")wai | a; € A}.
These weights are used to define the map

1o XM wg b, Ba,(8)

P t) = s
Aan0.30) Yito XMW wa,a (8)

tEAA. (13)

The image of A 4 under this map is a GT-Bézier curve with a parameter x, denoted as P 4 ,, (), 5. We have
the following result.

Theorem 5. The limit of the GT-Bézier curve P4 ,, () 5 as X — oo is the regular control curve induced by
regular decomposition 8, that is

xh—>n<}o PA,wA(x),B = PA,w,B(SA)-

Proof. According to the theory of real irrational toric varieties in [27], the GT-Bézier curve P, ,, 4 is
obtained by the projection of the high-dimensional real projective toric variety formed by A. ThenP 4 , 5
is projection after the composition of a sequence of mappings

a-l iEA y
p alaS Ay o X g Py

For A and weights w, (x) with parameter x, we can get a family of translated toric varieties X 4 ,, ()

a; iEA
A Pl xR -

When x — oo, X4 ,, () limits to a union of irrational toric varieties in the Hausdorff distance, which are
defined by the all of subset of §,. That is

Jim X 0,00 = | Xols-
FeS,
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(h)

Then add control points B, we have

B
U X501 — U Prols.8ls = PawsB).
FeS, FeS,

So the result holds. O

Theorem 5 shows that regular control curves are exactly the limits of the GT-Bézier curve when all
the weights tend to infinity. Obviously the control polygon is the regular control curve of GT-Bézier curve.
This property is also called toric degeneration of GT-Bézier curves.

Example 6. Let A = {0 s 2, —2, 1}, and the lifted values of A by a lifting function A be (2,1,5,9 -
4+/2,1). This induces a regular decomposition of A as

0.5, G2},

The lifted point 4 doesn’t lie on any upper edge of the lifting polygon P,,then it doesn’t lie on any subset
of the decomposition.

Figure 11(a) shows A, the lifted values of A by A, and the corresponding regular decomposition.
Figure 11(b) and 11(c) show the toric degeneration of this GT-Bézier curve for x = 2, and x = 3. The GT-
Bézier curve approaches its regular control curve as the parameter x becomes larger.

If A’ takes the values of Aas {0, 2.5, 3,2.5,0}, then this induces a regular decomposition of A as

{02 022 5.5 (2o}
The corresponding regular decomposition is shown in Figure 12(a) and the regular control curve is exactly
the control polygon of the curve.

Moreover A" takes the values of A as {1,3,1,0, 1}, then the regular decomposition of A is
{{O,I} { 1}} (see Figure 12(b)) and the regular control curve is as shown in Figure 10.

Variation diminishing (VD) property. Let d; = a; -ao (i = 1,--- ,n) for A = {ag,a1,--+ ,an} C R
withag < a1 < -+- < ap_q < an. If d; (i = 1,---, n) are rational numbers, then d; can be expressed as

= %(pi, gi € N). Let g be the least common multiple of g1, g5, -+ , gn, namely, q = [q1, g2, , gn),
then gd; € N\ {0}. At this point, we have the following theorem.

Theorem 6. Ifd; = a; - ap € Q(i = 1,2,---,n), then the planar GT-Bézier curve P 4 ,, (t) is variation
diminishing, which means that the number of intersections of any straight line with the GT-Bézier curve
P4, 5(t) is no more than the number of intersections of the line with its control polygon.

Proof. In order to prove this theorem, we need to use the Cartesian notation rule, which presents
the upper bound of the number of the positive roots of the polynomial. For any polynomial f(f) =
Mg + mqt + -+ + mut", if we write Z:o[f(t)] to denote the number of positive roots of f(t) and denote
Vlmg, my, - -+ , my] as the number of strict sign changes of polynomial coefficients, then

Ztsolmo + myt + -+ + mpt"] < V[mo, my, - -+ , my].

Let L denote any straight line, C denote the planar GT-Bézier curve defined by .A, and write I(C, L) to
denote the number of times L crosses C. Establish the Cartesian coordinate system with L as the abscissa
axis. Because GT-Bézier curve is geometric invariant, we can let (xq;, yq,)(i = 0,1, - -+ , n) represent the
new coordinates of the control points. Let P denote the control polygon and I(P, L) denote the number of
times L crosses P. We only need to prove that I(C, L) < I(P, L).

We set a parameter transformation as u = t “0 ,t € (ap, an), so that u € (0, +o0). Then by the
Cartesian notation rule

n t-a; an—a;
Wa;Cq,(t—a an —t)"
I(C, L) = Zaostsa,, |:Z Ya; Ta,(t :| Za0<t<an |:Z YaYaiCa, ( 0) ( L )

i=0 S o WaiCay(t — ao)t-ai(an — )an-ai
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Figure 11: Toric degeneration of GT-Bézier curve.
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Figure 12: Regular decompositions of A.

YaWa;Ca U™
= Zo<u<+oo Z a-a
Zl -0 wax Ca u“i—“o

YaiWa;Ca;ul®
= Zo<u<+oo Z d;
Zl —o Wa;Ca; U9

’yan]:I(Ps L),

< V[yao’yal""

and this leads to end the proof.

From Theorem 6, we have the following property.
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(i) Convexity-preserving property. Suppose d; = a; —ag € Q (i = 1,---, n), then the planar GT-Bézier
curve is convex if its control polygon is convex.

4 Generalized toric-Bézier surfaces

Definition 4. Let A = {ag,a;,--- ,an} C R? be a finite set of real points. Given positive weights w = {wa, |
a; € A} and control points B = {ba, | a; € A}, the generalized toric-Bézier surface (GT-Bézier surface for short)
is defined as

P . s =nba_Ta, , =nba_w’ , A 14
w5 (U ”;  Ta,(u ”% ST o ar(t, V) (u,v) € Ag (14)

Example7. Let A = {(0,2), (1,2), (0, 1), (1, 1), (2,1),(0,0), (1,0), (2,0)} be the integer points in the
pentagon as shown in Figure 1(a). Set control points B = {(0,2,0), (1,2,4), (0, ¢,2),(&, §,5),(2,1,2),
(0,0,0), (£,0,2), (2,0,0)} and weights w = {2,2,5,7,2,3,5,2}. Suppose ca, = 1 (i = 0,---,7), then
we can define a toric surface as shown in Figure 13(a). This toric surface does not have linear precision, but
we can tune it to achieve linear precision. We set A = {(0,2),(1,2),(0, 9), (%,%),(2,1),(0,0),(9,0),(2,0)} by
moving the non-extreme points of A within the pentagon (Figure 1(b)). The GT-Bézier surface constructed by A,
w and B has linear precision, as shown in Figure 13(b). The theoretical proof can be found in [24].

T FF Z X
I PTETZF LR

(a) Toric surface (b) GT-Bézier Surface

Figure 13: Toric Surface and GT-Bézier Surface.

From the properties of the GT-Bernstein basis functions, we have the following properties of the GT-Bézier
surface.

(a) Affine invariance and convex hull property. Since the basis functions (7) possess of nonnegativity
and partition of unity, the corresponding GT-Bézier surface (14) has affine invariance and convex hull

property.

(b) Degeneration property. When A={ag,as,- - -,an}CZ?, the GT-Bézier surface associated of A degenerates
to the toric surface defined in [5] by the property of basis(7). In particular, the rational Bézier triangle
defined by A = {(i,j) € Z? | i+j < k,i> 0, ] = 0}, and the rational tensor product Bézier surface defined
by A ={(i,j) € Z* | 0 <i<m,O0 <j = n} are special cases of the GT-Bézier surface.
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(c) Corner points interpolation property. This property follows directly from the property at the corner

(d)

points property of the basis (7), thatis P4 o 5(V;) = by,,i = 1,--- , r, where V; € A are the vertices of
Ay.
Isoparametric curves property. The isoparametric curves P, , 5u",v) and P, , 5(u,v") of a GT-

Bézier surface are respectively the GT-Bézier curves.

Theorem 7. Each boundary of the GT-Bézier surface is a GT-Bézier curve P . which defined by

|¢ 3|4§i’

control points ba; and weights wa, by a; € ¢i of corresponding edges ¢; C A 4, where i=1,---,r.

Proof. Consider the restriction P bl Bl of the GT-Bézier surface at the fixed edge ¢ = ¢b; of A 4. Denote
Wip =g

= (o, vo) = Vi_1, Vi = (u1,v1) = Vi, and h;(u,v) = h(u,v) = éu+nv+p is the equation of ¢ for
simplicity. Let the angle between the edge ¢ and the u axis be a. Then tana = - 17’ and

rl .
V§2+n?
Let o = |VpV3| = \/(ul - Up)? + (v1 — vo)2. All basis functions Ba,(u, v) with indices a; € A\ (;7)

vanishes if (u, v) € ¢, hence Pé5 0l5,B; depends only on weights and control points indexed by a; € (;7)
WigPlg

Ifa; = (u,vj) € ¢, then h(a)) = &u;+nvj+p = 0,v; = —pf”".Let lj = |ajVo| = \/(u,- - up)? + (vj - v0)2. By
geometric relationship, we have

cosa =

uj = ug +ljcos a.

For the edge equation hy(u, v) = O for the edge ¢, of 4 4, we evaluate h;(u, v) at point a;,

hi(@)=&u; + nivj + pi

_NSk = Mk, S+ _ Mk
n P n n?
oy - %p L M8k )—2 SMicy, o (k= 5)’1“) cosay

Thus the basis defined on the edge ¢ can be expressed as

r
Mg o NS frlk (rzs*rfru)cosa (nér— Ermcosa .
Ba;(u, v) = ca, Hhk(u, V)P P () che(u,v) ).
k=1

n&=ény uo)

Here the first r factors hy(u, v)(p""Ter
of GT-Bézier surface.

When (u, v) € ¢, then h(u,v) =0, v = —%. So when (u, v) € ¢, h;(u, v) is univariate function of
u, written hy (u). If we set new variables

do not depend on j and can be canceled in the definition

U 5'11) cos a (ns"rfnr) cos a gs

s=h1(u) - hr(u) t=1r5

we obtain

Za E(I) (Ua]ba}Ca] Za €¢ a)alba/Ca]tl (U t)a lj

(W) = =
¢’w|a”3‘fi’ Z (Ua/Ca]Sl’ Za €¢ (Ua]Ca]tl(O' t)g lj

aj ch
We choose a natural parameter 7 on the edge, u = ug + Tocosa(0 < T < 1), to prove that this
reparametrization is 1-1, and calculate derivatives

ds (1§ -¢ny) cos a 541)6054 (nér-ény) cos a frzr cos a (&g '501)6054 d (ér-§nr) cos a
8 ) ™Y ) T e L )
(n&y—8ny) cos a fnk)cosa r (m COSs (X)z
=o| [h(u ~ T "7 50, 0<1<1,
H k(W) Z h;(u)

j=1
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and

de _ i( 05 y__ O ds oy

dr dr'1+s” (1+s)2drt
Hence the reparametrization 7 — t is monotonic. Also it is easy to check that it preserves endpoints.
Therefore it is 1-1 and ends the proof. O

(e) Multiple knot property. When a knot of A tends to its adjacent knot, the following theorem describes
the limit property of the GT-Bézier surface, and demonstrates the construction of GT-Bézier surface by A
with multiple knots.

Theorem 8. Suppose ca; = 1(i = 0,---,n). When the knot a; (0 < k < n) approaches to a5 (0 <
q < n,and q # k) along line aaq with the convex hull A, unchanging, the limit of GT-Bézier surface
P4 .o 5(u,v) defined in (14) is exactly the GT-Bézier surface P 1o F (u, v), defined as

Zi%k’q waibaiﬂai(U, V) + (Daqsaqﬁaq (ua V)

lim P, 5, v)=P - - =(u,v)= — (15)
a—a, OBV T AG,BY D isk,g WaiBa (U, V) + wa,fa, (u,v)
where
~ -~ Wa Wa, ~ ~
waq =wak+ (an, baq= CUak"' Z)aq bak+ Q)ak +qa)aq baq, a)={wao, Sty (,Uak,l, wak+1! Sty (an, Sty wa"},
A = {aO; tee ’ak—ly ak+1’ e ,an},B = {ba()) e ’bak_lybak+1y et ,baq, e ,ba"}.
(16)
Proof. When ay tends to a4, we have
lim Ba,(u,v)=1lim h(u, V@ oy, p)hr@d
ax—ay ag—ragy
=ha(u, V)" hy(u, )"0
:ﬁﬂq(u’ V)-
Thus,
n ~
lim > baTau, =Py 5w, )
i=0
n
_ llm baiwaiﬁai(U, V)
ay—ag o Z?:O waiﬁai(u, V)
_ Zi#k,q waibafﬂai(U,V)ﬂUakbakﬁaq(u,V)“'waqbaqﬁaq(u,v)
Zi#k,q waiﬁai(ll, V)‘*'a)akﬁaq (u, V)“'waqﬁaq (u,v)
_ Zi#k,q waibaiﬁai(u, V)+(Cl)akbak +Wa, baq)Baq (ua V)
i2k.q WaiPa, (U, V) +(wa, + wa,)Ba, (U, v)
Zz#k,q q q
~ = Wa w,, .
Let Wa, = wa, + Wa,, ba, = G +img ba, + T ba,, we can obtain
. ~ Zl#k q (Ua,-ba,-ﬁa,-(U, V) + E)aqbaqﬂaq (u) V)
lim Pﬂ,w,g(u,v)=Pﬁ~ %(u,v)= . ~ ,
ag—ag W, Zi%k,q waiﬁai(u, V) + ﬂ)aq,Baq (u,v)
Where A = {aO’ te aak—1’ ak+1’ v ,an}; B = {baoy o ’bak_lybak+1’ e ,baq, e ,ba"} and &“} =

{waoy"' s Way_1s Wag, s ,(an,"' ,a}an}.

Example 8. Consider the GT-Bézier surface defined in Example 7. Let A = {(0, 2), (1, 2), (0, 9), (%, % ,
(2,1),(0,0),(£,0),(2,0)}, control points B = {(0, 2,0),(1,2,4),(0, ¢,2), (§, 2,5), (2,1,2),(0,0,0),
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(£,0,2),(2,0,0)}, weightsw = {2,2,5,7,2,3,5,2}andca, = 1(i =0, -+, 7).Ifas = (§, &) approaches
a; = (1, 2), then the changes of the GT-Bézier surface are shown in Figure 14.

Since the shape of the convex hull A, and control points B are unchanging during the pro-
cess of az tending to ai, the original curved surface is stretched like an elastic film by the bound-
ary property of the GT-Bézier surface. Until a3 = a,, the resulting surface is defined by A =
{0,2),(1,2),(0, 9),(2,1),(0,0),(&,0), (2,0}, control points B = {(0,2,0), (12,12, )0, ¢,?2),
(2,1,2),(0,0,0), (¢,0,2),(2,0,0)}, weights w = {2,9,5,2,3,5,2}.

@a3=(59% (b) a; = (2, 32

~ 10 12 43 ~ 10 12 43

AN
SSAN
CRSEIN

>

(c) a3 = (%, %) (d) Limit surface

Figure 14: Limit of GT-Bézier surface with a; — a;.

Theorem 8 shows that the limit surface of the GT-Bézier surface when single knot approaches to another
with the convex hull A 4, unchanging. For the limit of multiple knots with the convex hull 4 4 unchanging,
we only need to treat it by Theorem 8 repeatedly.

(f) Toric degeneration property. Similarly, let A : A — R be a lifting function to lift the points a; of A to
(a;, A(@;)) € R>. We denote P, = conv{(a;, A(a;)) | a; € A} the convex hull of the lifted points. Each face
of the convex hull P, has a normal vector pointing to the outer side. We call it the upper face of P, if the
last coordinate of the normal vector is positive. If we project these upper faces back vertically into R?,
they can cover A 4 and form a regular subdivision I'y of A 4 induced by A (see [6]).

We group together the points of A that are in the same subset of the I'j and on the same upper face
of the P,. Then we get a decomposition of A, which is called regular decomposition 8, of A induced
by A. For each subset F of §;, we can use the weights w|s = {wa; | a; € F} and the control points
Blg = {ba, | a; € J} to define a new GT-Bézier surface Py |, 5|, on4g = conv{a; € F} by Definition 4.
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The union of these patches

PuwsB)= | Pro,s,
Fe8y

is called the regular control surface of P4, 5 induced by regular decomposition §,.

We can use lifting function A to get a set of weights with a parameter x, w,(x) := {x"(af)a)a,. | a; € A}.
These weights are used to define the map
" xM@) g, ba,Ba, (u, v)
P 00,5 WU V)= Zig aPa,fa (u,v) € Ay. (17)

i=0 XA(ai) waiﬁai (u’ V) ’

The image of A 4 under this map is a GT-Bézier surface with a parameter x, denoted as P4 ,, () 5. We
have the following result.

Theorem 9. The limit of the GT-Bézier surface Py , ) » as X — oo is the regular control surface induced
by the regular decomposition 8, that is

lim Py 00,3 = Pa,w,s )

Proof. The proof of the theorem is similar to Theorem 5 and will be omitted here. O

Theorem 9 describes the conclusion that the limit surface of the GT-Bézier surface is its regular
control surface, and explains the geometric meaning of the limit surface of the GT-Bézier surface when
all the weights tend to infinity. And this property is called toric degeneration of GT-Bézier surfaces.

Example 9.
Given point set A is shown in Figure 1(b), and the lifted values of A by A are shown in Figure 15(a).
The upper hull and the subdivision of A 7 by A are shown in Figure 15(b), and the regular decomposition
81 is shown in Figure 15(c). Let control points B = {(0,2,0),(1,2,4),(0, £,2),(%,%,18), (2,1, 2),(0,0, 0),
g, 0, 2),(2,0,0)} and weights w = {2,2,5,7,2,3,5,2} corresponding to A. The toric degeneration
process of this GT-Bézier surface is shown in Figure 16. This figure also shows the GT-Bézier surfaces for
the parameters x = 5, x = 100 and x = 600 respectively. As the parameter x becomes larger, the GT-Bézier
surface approaches its regular control surface in Figure 16(d) (consists of surface patches defined by three
triangles and two quadrilaterals).

3 4
b q
4 4 ; J
3 4 3 ﬁ > ®
@A (b) Upper hull and projection (c) Decomposition

Figure 15: Regular decomposition.
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(c) x =600 (d) Regular control surface

Figure 16: Toric degeneration of GT-Bézier surface.

5 Conclusions and future work

In this paper, we present novel generalized toric-Bézier (GT-Bézier) curves and surfaces and discuss their
properties. Firstly, we define a new kind of blending functions associated with a real points set, called
generalized toric-Bernstein (GT-Bernstein) basis functions. The degree of GT-Bernstein basis functions is an
arbitrary real number. Secondly, the corresponding generalized toric-Bézier (GT-Bézier) curves and surfaces
are constructed, which are the projections of the (irrational) toric varieties in fact and the generalizations
of the classical rational Bézier curves/surfaces and toric surface patches. Furthermore, we also study the
properties of the presented curves and surfaces, including the limiting properties of weights and knots. We
indicate that the GT-Bézier curve and surface we presented partially preserve the properties of rational Bézier
curves and surfaces. Finally, some representative examples verify the properties and results.

Our further work will be devoted to elevation algorithm and de Casteljau algorithm of GT-Bézier curves
and surfaces. In addition, although the basis defined by real knots limits the application in computation,
it provides a wider of shapes for design. In this paper, we present the definition and study the properties
of curves and surfaces theoretically only. We will study the applications of GT-Bézier curves and surfaces in
future, such as barycentric coordinate construction, shape deformation, computer animation, and surface
construction by PIA method.

Acknowledgements: The authors appreciate the valuable comments and suggestions from the anonymous
reviewers, which improve the clarity of the paper. This work is partly supported by the National Natural
Science Foundation of China (Nos. 11671068, 11801053).
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