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1 Introduction

In this article we investigate a Navier-Stokes equations of Kirchhoff type

Ly ujg—)’j]f - (m + aM(fR,, \Al/zui\zdx))Au,- + 32 = fi(t, %),

(1.1)
oui _
Yt =0, xeR", t>0,
forie {1,...,n}, subject to the initial condition
u(0, x) = up(x), xeR", (1.2)
where a > 0, n = 2 and A is a self-adjoint non-positive operator. The function M satisfies
Imo > 0: M e CL(R*) and M(A) > mg, VA = 0,
(Hypo)
37,6 >0: M(A) < [ [uo()|*%dx, ¥A > 0.
Here up(x) = (ulo(x), cees uno(x)) is a given @ divergence-free vector field on R", f;(t,x),i = 1,...,n,
are the components of a given externally applied force, m is a positive constant, w = (wq,...,wy) and p

are independent unknown. In the case when m = 0, the equations (1.1), (1.2) are well known as the Euler
equations. The first equation of (1.1) is inspired from the Newton law for a fluid element subject to the external
force f = (f1,...,fn) and to the forces arising from pressure and friction. The second equation of (1.1) says
that the fluid is incompressible. (See [1, 2])

By the last equation of the system (1.1), we get

n

ou; .

ujzafxlf=0 for any je{1,...,n}.
i-1
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Then
ou; . - ou;
Zulaxj—;y( jui) = ”]:1671_
n
0
= T( jui) -
j=1

In the case a = 0, system (1.1) has been treated in [3]. Therefore the system (1.1), for the case a = 1 can be
rewritten fori € {1,...,n}and A = -4, as

61 no| oy
u +Zl 1ax, (ujuy) - (m+M(Zj:1 a%-

2 n 9 op
)) i1 aa Ui + 55 = filt, x),
]

(1.3)

" =0, (£,X) € (0,00) xRN

There is a large literature regarding this type of problem. It is stated an open problem for (1.1), (1.2): if
n = 3 and up(x) be any smooth, divergence-free vector field satisfying the condition

|ofuo(X)| < Cax (1 + xN® on R", (1.4)

for any a and K, and f to be identically equal to zero, then there exist smooth functions p, u;,i = 1,...,n,on
R™ x [0, oo) that satisfy (1.1), (1.2) and p, u € € (R" x [0, o0)), and the energy is bounded for all ¢ > 0. (See
[4-71.)

In this paper we extend the previous works to find for any n > 3 a new class of smooth initial data ug
satisfying (1.4) and a new class of functions f;, including f; = 0,i = 1, ..., n, such that the problem (1.1), (1.2)
has a solution p, u € €% (R" x [0, =0)).

This kind of systems appears in the models of nonlinear Kirchhoff-type. It is a generalization of a model
introduced by Kirchhoff [8] in the case n = 1 this type of problem describes a small amplitude vibration of an
elastic string. The original equation is:

L
phuy + Tus = | Py + % / [ux(x, t)|2ds Uxx +f, (1.5)
0

whereO0<x<L,t>0and

u is the lateral deflection

x is the space coordenate variable while ¢ denotes the time variable

E is the Young modulus

p is the mass density

L is the lenght (1.6)
h is the cross section area

Py is the initial axial tension

7 is the resistence modulus

f is the external force

(For more see [9]). Here we assume that the initial data uy and the force term f are as follows

ujp € C(R"), suppujo C B,
(Hyp1) Jgn [u0()[*dx < nQ*u(B), k = 2,

|0%ujo(x)| < Cax (1 + IXp* on R", ie{1,...,n},

for any multi-index a and for any positive constant K, where C, g is a positive constant depending on a and
K, Q is a positive constant such that

‘uO(X)| < Q’ ‘u0xi(X)| < Q; |u0X,'Xi(X)| < Q) X e By l;] e {1) sy n}y
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u(B) is the meassure of B,
fie €2 ([0,00), EF(R™), supp,fi C B,
(Hyp2) q [0f"0%fi(t, )| < Coymk (L + x|+ )™ on [0,00) xR",

ie{l,...,n},

for any a, m, K, where B is a compact subset of R", respectively.

Several numerical methods for solving of (1.1) are used. In [10] Lagrangian and semi-Lagrangian velocity
and displacement methods are introduced for the numerical solution of (1.1). In the scalar case, methods
of characteristics for time discretization of convention diffusion problems are extensively used (see [11]
and references therein). These methods are based on time discretization of the material time derivative
combined with finite differences or finite elements for space discretization. When the characteristic methods
are formulated in a fixed reference domain they are called pure Lagrangian methods. The classical methods
of characteristics are semi-Lagrangian and first-order in time. There exists an extensive literature for these
methods (see [12, 13] and references therein). The error estimates of the norm O(k¥) + 0(At) + O(h**1/6¢) in
1°(L?(Q))- norm are obtained under the assumption that the normal velocity vanishes on the boundary Q,
where h is the space step and 6t is the time step (See [14-16]).

In order to increase the order of time and space approximations, higher order schemes for the discretiza-
tion of the material derivative and higher order finite element spaces are used(see [17-19] and references
therein). Second order characteristic method for solving of (1.1) is used in [20, 21].

In this paper we propose a new method for investigation of the Cauchy problem (1.1), (1.2) which is
different than the well-known methods. In Section 2 we give some auxiliary results. In Section 3 we proof
the main result introduced in Theorem (3.1)

2 Preliminaries

We will start with the following useful Lemma.

Lemma 2.1. Letx° = (X2, ..., x%) € 0B andf;satisfies (Hyp2),i € {1, ..., n}.Ifpand u; € €([a, b], C3(R™)),
supp,Uu; C B,supp,p C B,i € {1,...,n}, satisfy the system

Jio fro (uilt, 0) - gi(0)) dods
+ 00 Ja Jo f;}é ui (7, 05) uj (1, ;) dojdsdr

au,-
aX}'

2 = = - o
—<m+M(Z}11 )) S fa[ f;;,’ ;}g u; (1, o) dojds;dt

(2.7)
+Ja b f; p (1, bs) doidsdt

= fat [io [0 fi(t, 0)dodsdr, ie€{1,...,n},

Z;l=1 fat f;i) f;o’ uj (1, 0s;) dojdsdt =0, tela,b], xeR",
]
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thenp andu;, i € {1, ..., n}, satisfy the problem

au,-

aX,‘

2 2

5

)) E:;Ll aaxz ui + afi = fi(t, x),
j

SR a%j (uiuj) - (m + M(Z]Zl
SRy =0, (60 €la, bIxR", @2)

i=1 ox;
u(a,x) =gx), gx)=(gi(x),...,gnx)), xeR"
where g; € C3(R"), suppg; € B,ic {1,...,n}.

Here
x X1 Xn
x0 X9 X9

do =don...doq,

B S1 Sj-1 Sj+1 Sn
J-J g
Y}) X X?—l X?+1 xQ
X x Xj-1 Xjo1 Xn
X o XX xQ
651' = (01)---9Uj—1ysj)0j+1)'--90n)y

dﬁj =dop... dO'jJrldO']',l o d0'1,
6Xj = (0-1; sy O-j_l,X]', O-j+1’ ey 01’1) ’
dgj =dsp... de+1de_1 e dSl,

0s; = (01, +++,0i1,5i,Oi1,---,0n),  1,j€{1,...,n}.

Proof. We differentiate once in t and twice in x4, . . ., xn, all equations of the system (2.1) and we see that the
function u satisfies the system (1.3). Now we put t = a in the first n equations of the system (2.1) and we get

S
(ui(a, 0) - gi(0)) dods =0, ie{1,...,n}.
x0 x0
We differentiate the last system twice in x4, . . ., Xn, and we obtain

ui(a,x)=gix), xeR", ie{l,...,n},

i.e., the function u;, i € {1, ..., n}, satisfies the initial condition (2.2). This completes the proof. O

The proof of the existence result is based on a fixed point theorem for sum of two operators one of which

is expansive.
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Definition 2.2. Let (X, d) be a metric space and Y be a subset of X. The mapping T : Y —— X is said to be
expansive if there exists a constant h > 1 such that

d(Tx, Ty) = hd(x, y)
forany x,y € M.
Next result we will use to prove our fixed point theorem.
Theorem 2.3. [22] Let X be a nonempty closed convex subset of a Banach space Y. Suppose that T and S map

X into Y such that

1. Sis continuous and S(X) resides in a compact subset of Y.
2. T : X~ Y is expansive and onto.

Then there exists a point x” € X such that

SX"+Tx =x".
Theorem 2.4. Let X be a nonempty closed convex subset of a Banach space E and Y is a nonempty compact
subset of E such that X C Y, Y # X. Suppose that T and S map X into E such that

1. Sis continuous and S(X) residesin Y.
2. T : X — E s linear, continuous and expansive, and T : X — Y is onto.

Then there exists an x™ € X such that
" +Sx" =x".

Proof. Since Y is compact and S(X) resides in Y, we have that the first condition of Theorem 2.3 holds. Because
T : X —» E is expansive, we have that the second condition of Theorem 2.3 holds. Note that T™! : Y — E
exists, it is linear and contractive with a constant I € (0, 1). Let z € S(X) be arbitrarily chosen and fixed. Set

A={y-z:yeY}.
Take yo € Y arbitrarily. Define the sequence {yx},cn as follows.
Y1 =T lyn-z, ne NU{O}.

Then

1v2=yill = 1T y1 = T ol < Uly1 - volls

s =vall = IT 2 = Tyl < Ulya - vall < Pllys = yoll-

Using the principle of the mathematical induction, we get

[Yns1 = Ynll < "lly1 = yoll, neN.

Now, form > n, m,n € N, we find
Iym = yall < Iym = ym-all+ -+ [Yaer =yall < (I 4o+ 1) llya = yol

oo

3 n
s I FZO Pllyr - yol = 117—1”)/1 = Yoll-
Therefore {yn}ncn is a Cauchy sequence of elements of Y C E. Since E is a Banach space, it follows that the
sequence {yn}cn is convergent to an element y* € E. Because {yn}neny C Y and Y C E is compact, we have
thaty” e Y. Thus
y* _ T,ly* _ Z
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or
* *
z =Tz +z,

z' = T’ly* e X.
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Because z ¢ S(X) was arbitrarily chosen, we conclude that S(X) ¢ (I - T)(X), i.e., the third condition of
Theorem 2.2 holds. Hence and Theorem 2.3, it follows that there exists an x* € X such that

Tx +Sx" =x".
This completes the proof.

Below we will suppose that x° = (x9,.. .,

following notations.

Sj-1 Sj+1 Sm-1 Sm+1 Sn
0
11 )+1 m 1 m+1 Xn
Sjm,r Sj-1 Sj+1 Sm-1 Sm+1 Sr-1 Sr+1 Sn

// S]] ]

0 0 0
1 1 )+1 m 1 m+1 Xr—l XY+1 Xn

65;,Sm = (Ula ey Gj—l’ Sj; Gj+1a ceey

6Si,5m;5r = (017 cee50i-1,S5i, 0415+ - -

i,j,mre{l,...,n}.
With u(A) we will denote the measure of a set A ¢ R, k > 1.
Let
B = max{l,y(B),y (BN (R, x

M (B N (Rxl Xene xkarl x Rx’q*l x

F(Bm (Rxl XoooX kal—l X kalu x

kl,kz,k3 S {1,...,

n}},]R" = Ry, %+ xRy,

as we set

H(Br‘] (]RX1 X ... X karl X kal+1 X ...

x kazfl x R/\'kzﬂ %

k1,k2,k3 S {1,2,3} for n=3.

3 Main result — proof

Our main result is as follows.

Theorem 3.1. Suppose that wy, satisfies (Hyp1) and f; satisfies (Hyp2), i € {1,...
problem (1.1), (1.2) has a solution p, u; € C*([0, =), C5(R")), i € {1,...,

Om-15Sms Om+1s« -«

s Om-15Sms Om+15 -« -

oo X karl X ka1+1 x
ce X kazq X ka2+1 x

e X kaz—l X kaz+1 X

10n>’

xRy, )),

.. XRX,,)) ,

s Or-15Srs Ort1s - -«

O

xg) € 0B is arbitrarily chosen and fixed. Also, we will use the

yan)9

.. Xka3_1 ><ka3+1 X XRxn»,

o X Ry X Ry @

/|u(t,x)|2dxs C for all t=0,

n}, such that

X ]Rx,,)) =1,

,n}. Then the Cauchy
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where |u(t, x)| = \/(ul(t, x))2 ++o+ (unlt, x))z.
Firstly, we will prove that the Cauchy problem fori € {1,...,n}

Sy 3~ (e M( o [Vt dx) ) du + 92 = filt, ),

S gTLg(t, x)=0 in [0,1]xR",

w(0, x) =wo(x) in R",
has a €1([0, 1], €3(R™))-solution (u®, p!) such that
suppxu,-l, supp,(p1 CcB, ie{l,...,n}.

Let

N'= max |f(t,x)|.
tel0,1],xeB

We choose the constants ~, §, I > 0 as follows
In (Q +3n(1+(m+~Q* MNB)?*Q+n’Q*(B) + (B*)le) < Q.
Let
E' = {v = (1, .t Vie1) 2 Vi € €L([0, 1], €3(RM), supp,v; C B,

ie{l,...,n+1}}

be endowed with the norm

[lv|[= max { max |vg(t, x)|, max |vgl(t, x)|,
qe{1,...,n+1} Ltel0,1],xEB telo,1],xeB
max |vgx(t, x|, max |Vgxx(t, X)),
telo,1],xeB tel0,1],xeB

i,je{l,...,n}}.

DE GRUYTER

(1)

(3.2)

(3.3)

With K* we denote the set of all equi-continuous families in E', i.e., if ¥ ¢ K is a family of elements of E!,

then for every € > O there exists a § = 6(€) > O such that

lva(ts, x1) = vg(ta, x*)| < €,  |vgelts, x}) = vge(ta, x| < €,

|Vqu(t1’ Xl) - VqX,'(tZ’ XZ)I <€, |VquXj(t1’ Xl) - VqX,'X;(tZ’ X2)| <€

foranyi,j € {1,...,n},foranyq € {1,...,n+ 1}, and for any v € F, whenever |t; - ;| < 6, |xl —x2| < 6.

Let also, _—
Kl:kl’ I<1={V€R1:HVHsQ}’

Q' ={v GRI :|vll = (1 +DQ}.

Note that K is a compact subset of Q. For (u, p) € Q' we define the operators.

LY, p)(t, %) = ~lug(t, %) + 1 / / (ui(t, 0) - uio(0)) dods

x0 x0
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n L xS
+l ///u, (1,0s;) u; (1, Gs;) dojdsdt
=109 o X0
n a n t ij gj
~1(m+m( az,l ///ui (, 5, dojds;dt
a R Y
+l///p(r 0s;) do; dsdr—l///f,(r o)dodsdr,
XO YO 0 XO XO

n b xS
L}H—l(u’p)(ty X) = _lp(t, X) + IZ///MI (T, 6Si) dajdsdT,

=10 xo Y;)

Nl(u,p)(t,x) = (1 + Du;(t,x), ie{1,...,n},
Nao1 (u, p)(¢, %) = (1 + Dp(t, ),

L', p)(6,0) = (LIt p)(E 0, s L ()6 ) )

N, p)(62) = (M@ p)(E ), -, Npa, P )

(¢,x) € [0, 1] xR".

Proposition 3.2. L' : K! — K is continuous and L*(K") resides in a compact subset of Q*.

Proof.

— 1659

1. For (u, p) € K* we have that L} (u, p) € ([0, 1], C*(R")), i € {1,...,n+ 1} and for x € R"\B, using the
definition of L', we have that L(u, p)(t, x) = 0 for all t € [0, 1]. Hence, L}(u, p) € C([0, 1], C3(R™) and

supp, L} (u,p) c B,ic {1,...,n+1}.
2.Let (u, p) € K. Then

X S
9,1 _ 19, (o,
ELi(u,p)(t,x)— lau,(t,x)+l// at“l(t’ o)dods

x0 x0
5;
+IZ// (t, 0s;) uj (t, Gs,) dojds
Lo s

X s

n a n
_1(m+M<}Zl:‘ai‘ ;//u, (t, Gx;) do;ds;

x5 X
+l//p(t 0s;)do;ds

x0 x?
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X S
—l//fi(t,a)dads, ic{l,...,n

DE GRUYTER

(t, x) € [0, 1] x R™.

X0 x0

Hence, using (3.3) and (HypO) for some canstantes v, § > 0,

+1

9 1
‘atl’l (uy p)(t’ X)

0
< l'atui(t, X)

dods

/X/S l(?tui(t’ 0)

(t, 0s;) u; (t, 0s;) | dojds

Ou; 123 6\ %y X 5
pr ) ) //V“i (t, 0))| dojds;| +1 //lp(t,bs,.nda,-ds
j 1 A

<10+ 1(B)?Q + nl(B")?Q? + In (m + 7025_1> (BH20Q + I(B")?Q + I(B")?N!

<1 (Q +n(B")2Q?

<Q,
3. Let (u, p) € K'. Then

ie{l,...

0
ot

< L1 (u, p)(t, %) =
and using (3.3), we get

)
S¢Lne1 P )

4.Let(u,p) e K'and k #1i,k,i e {1,...,

0

1 = —
anLi (usp)(ta X) - I

13 ] ful

j=L.j#k o yo

,n},

atp(l‘ x)+lZ//

+(n(m+9Q* ™) +2)(B)’Q + (B)N")

(t, x) € [0, 1] x R™.

t 0s;) dojds, (t,x) € [0, 1] xR",

J=1 0 0
X

|uj (¢, 0s;)| dojds

< l— |p(t, x)|+lz /X/

j=1

< 1Q +(B)?Q
-1(Q+(BY0)
<Q, (t,x)e0,1]xR".

n}. Then

X Sk
0 ~ ~ —
st 041 [ [ e300 -0 @, s
Xk

-0

0
Xxk

t x Skj

(T, Gs.s;) Uj (T, Osy.s;) dOy jdsdt

Xk}
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t Xy Sk
+l///u1 T, Ox,) Uy (T, Ox,) dOydSidt
0 x x
5 n t X Skj
(m +M(Z ‘ a)l;l )) / u; (7, Gs,,x;) doj ;ds;dt
! J=Lj#kp 30 50
j Tkij
a t Yk §k a
(m+M(Z‘a:’ ))///a—xl(u,-(‘r,&xk)dﬁkd§kdr
0 x9 x?

k Tk

t x Ski

+l / / / p (1, 0s,.5,) dO; pdsdt
X0 %0

—l//X]kf, (1, 0s,) doydsdr, (t,x) € [0,1] xR".

0 X0 X0
Again using (3.3) and (HypO) for some canstantes ~, § > 0, we obtain

‘L (u, p)(t, x) <I |u i(t, x|

X Sk
/ ‘ui (t’ 6Sk) — Ujo (6Sk)| dakds

0 -0
X Xy

t x Skj

n
"Dy / / / i (T, ss)) 15 (T, G )| d jdsd

J=Lj#k ' o XOY%

Xk Sm

/\u (1, Ox,) Uy (T, Ox, )| dOR dSidT
X
¢
0/
Xk
J}Z

Xie Xk

n
)) Z ‘ui (T, (Isk,x,.) | d&j,kdgde

)/

(T, Osps;)| dai,dedT

+l(m+M(Z‘gi’
j=1

j Sk
X0 X0

J kg

0
3 1 (0 0%)

t x Sk
///'f(Ts &sk)| dﬁdedT
0 x0 }2

1Q + 21(B")?Q + (n - DI(B")?Q? + I(B")?Q?

dods,drt

(m+M(Z\‘3§§;

+1

IN

+(m +vQ* ™M) (n - 1)(B)?Q + (m + vQ** H)I(B")*Q + I(B")*Q + I(B")>N*
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<1 (Q +(B+n(m+ 7025‘1))(B*)ZQ +n(B)2Q% + (B*)ZNl)

<Q, (t,x)el0,1]xR".
5.Let (u, p) € K*. Then

X §i
0 0 . . _
a—XiLil(u,p)(t, X) = —la—xiui(t, x)l//(u,- (t, Gs;) — ujo (0s;)) do;ds

x0 %9

thl]

+1 Z /// (1, Gs,,5;) Uj (T, Osy,s;) dOy jdsdt
J=Lj#p 4o )

Yl §l

t
+I///(u (1, 6x,))° do;ds;dt
0 %0

-0
i X

(m+M(Z!3§§;

X Sij
/ui (T, 6'5,-,;()-) dﬁi’jdgid‘l'

] L)

n

Vs

j=1,j#i
t
0

p (1, 0x)do;ds;dt

‘OL

il

=

i Si
0
aXi
%

i Xi

u; (T, 5'xi) d&idgidT

A+ Z!‘Siﬁ;

A\

>

ol

Xi

¢
+l//
0 x0

i

<

g\

X S;
/ fi(z,8s,) dojdsdr, (t,x) € [0, 1] xR".
X0 %0

Xi

From here, by (HypO) for some canstantes v, § > 0

//|u (t, 0s;) — ujo (0s,)| dojds

-1

O\m

+1

L))

<l' u(tx)

t x Sij

n
+I Z // |u,~ (T, 631»,3]«) ul‘ (T, asi,sj) dﬁl’]‘ deT

J=Lj#' o yo X,

Xi Si

t
///|ui(T,6xi)|2dﬁid§,-dT
0

+1

/ ‘ui (T, ("Is,.,xj)‘ dai’]’dgde
xP

1o )
//‘axiui('r’axi)

dﬁ,- d§i dr
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ol

X;

/

+1

|p (1, Gx;)| doids;dt

/

=

.CL\

X Si
/|fl (t, 0s;)| dodsdr

X}

+1

o—__
XO\

<1Q+ Zl(B*)zQ +(n- l)I(B*)2 Q2 + I(B*)2 Q2
+(m +~Q* Hi(n - 1)(B)?Q + I(m +vQ** )(B")*Q + I(B")*Q + I(B")*N*

<1 (Q + (3 +nm+~Q* M) (BH2Q+n(B)?Q + (B*)le)

<Q, (t,x)el0,1]xR".
6.Let (u, p) € K*. Then

t x Skj
aa LY (u,p)t, x) = a p(t x)+1 Z //u,- (1, 0s,,5;) dOj rdsdt

j=1,j#k o X0 X0

t Xr Sk
4l / / / Uy (T, 5x,) dOydsdt, (6, %) € [0, 1] x R",
0% X
and
0
5%, — L, p)t,x)| <1 —p(t x)| +1 Z ///|u, (T, Gs,.5,) | dO; rdsdt

j=1,j#k

+1

t
///|uk(T O'xk)|d0'kdsde
0

2 %0
Xje Xy

<1Q+1(n-1)(BH2Q+1(B)Q
<1 (Q + n(B*)ZQ)

<Q, (t,x)el0,1]xR".

7.Let (u,p) e K'and k # i, k,i € {1,...,n}. Then

Xx Sk
a" N, )t %) = 12wt ) + 1 / / (us (&, ) — o () OISy
X X
n t Xx Sk}
+1 / Ui (T, Ox,s;) Uj (T, Oxy,s5;) d0;j 1 dSdt

j=1,j#k 0 }2 }2)
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t
0 ~ ~ o
+l///aixk (ui(‘r, O3 u; (7, ka)) do,dsdt
0 x0 x0

t Xk]sk/

_l<m+M(;‘gz; /// T, Ox.x) A0 i dS; dT

J= j=1,j# OYOYO

t
_l<m+M(Z‘% 2))///%2 i (1, 6x,) Aoy ds;dt
T o
Xk Skl
+l///p(r Oxy.s;) Aoy ;dSydT
X0 X0,
t % S
—l///fi(‘r, Ox,) dods,dr, (t,x) €[0,1] xR".
0 XX

Now, using (3.3) and (HypO) for some canstantes v, § > 0,

0°
a—L (u, p)(t, x)

+1

<l' u(tx)

/ / U (£, 5y) — ttio (B,)| dords

X Xp

t Xk Sk]

n
+1 Z / / (T, Ox5) Uj (T, Ox.s;) | dOj 1 dSpdT
X

j=1,j#k ' § X0

0 ~ ~ o
oy (u; (T, Gx,) uj (T, Gx)) ’ dods,dr

t Xkj Sk

|u; (T, Gy x;) | d0; 1 dS; rdT

20 30
Xij Xk

& ou; |2
+l(m+M(Z‘a—Xj
j=1

Xk Sk

f ﬂ/\;z e,

k Xk

dods,drt

+z(m+M(Z'l\g;; )

t
0
t Xy Sk,i

///|p (7, axk,s,-)|d5k,id§de

0 0 70
Xie Xk,i

+1

X Sk

i (1, 0x,)| dOyds,dt

<1Q +2I(B?Q + (n - DI(B")?Q? + 21(B")*Q?

+In(m +vQ* 1)(B")?Q + (m + vQ** HI(B")?Q + I(B")*Q + I(B")*N*
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<1 (Q +B+(m+ 7025_1)(n +1))BH2Q+(n+ DIBH*Q* + (B*)le)
<Q, (t,x)elo0,1]xR".

8.Let (u, p) € K'. Then

0’

2 Xi Si
3R p60 = 1 ue 01 [ [ t,62) - o @) aoias

=
-5

/ui (T, 5‘;(,-,5].) u; (T, 5')(1.,5]») dﬁi,jdgidT
x?

t XijSij

Z ///u, (T, Gx.x;) dO; ;ds; ;dT

J=Lj#1g 30 30
Xij Xij

- ou; |2
—l(m+M(Z‘a—Xj
j=1

t X; S;
(m+M Z‘gi}l // aqu i (1, 0x,) dods;dt

0x %
Xi S;

+l///a p (1, 0x;) do;ds;dt
X; Si

—l///ﬁ(r Ox,) do;ds;dt, (t,x) € [0,1]xR",

0 X0 x?

i

Using (3.3), we arrive to the following estimate

azL (u, P)(E, %) ‘1

ox

< l’a 2Pilt, X) //|ui(t, 0x;) — Uio (Ox;)| d0;ds;
x0 X0

1 1
n t X Sij
+ Z l / |u1- (T, 5‘;(1.,5]») u; (T, &xi,si)‘ dﬁi,jdEidT

J=LjA T 20 30
Xi Xij

t X S
+21'/// u; (1, 0x;) =—Uu; (1, 0x;)| do;ds;dt
0 % %
a t Xz.jgu
<m+M(Z‘azl // |u; (1, 6x,x;) | d0y jds; jdT
J j=1,j#1
J=Lj# ' YO

dﬁid§,-d‘r

| 92 _
~— Ui (T, Ox;)
[l
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dE,- dgidT

][0

// Ifi (T, Ox,)| do;ds;dt
0 70

9 XY

<1Q+21(B)*Q+(n- DI(B)*Q* + 21(B")*Q°
+l(m+~7Q* M)(n - 1B Q + llm +~Q* )(B")’Q+ I(B")*Q + I(B")N*
[(Q+B+n(m+1Q* DBV Q+(n+ DB)Q + B)N')

<Q, (t,x)e[0,1]xR".

9.Let(u,p) e K*andr#k,k#i,r#i,r,k,ic{1,...,n}.Then

X Srk
62
aXranLil(u’p)(t’ X) - a u (t X)+l/ / (u (t USr Sk) Uijo (GSr Sk)) dO'r de
X° Xok
n t X Srkj
+1 Z / 25} (T, 65,,5](,5,-) u]' (T, 65,,5](,51-) dﬁr,k,dedT

J=1,j#k,j#r
0 X0 X;

U; (7, Ox,,5,) Ur (T, Ox,,5,) A0y dSrdT

\w

Xy rk
t Xy Srk
+I/ /ui (T, Os,,x) U (T, Os,,x,) O, 1 dSidT
0 k Y(r),k
t X} srk}
"oy |2
_I<m+M(Z’a—Xf / / u; (T, 0s,.5.x;) d0; x,,dS;dT
j=1 J J=Lj#rjzk o 3o x
j k.j
Xr Srk
(m+M Z‘au’ /// u; (7, Os;,x,) Ao, 1 dsrdt
0X; oxr
0 %%
t X Srk
<m+M Z‘au‘ u; (1, 0s,,x,) Aoy ds; dt
0x;j ax OXj ok r
Xy er

X Srkz

+l/// (T, Os,,s1,5:) A0y ;dsdT

0 X0 X i
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X er
—I///f,(r Gs,.s) Aoy ,dsdt, (t,x) € [0, 1] xR",
Xo X
and
X Srk
0 Liu,p)(t,x)| <1 0’ u;(t, x)| +1 lu; (t, Gs,.s,) — Uio (Ts,.s,)| A0y xds
aXran 1 ’ ’ a a rsSk 1 rsok r,
XO -0
,k
t X Srkj

n

Ly ///|ul (T, Gsps05;) Uj (T, Ts,.s.5;) | Oy jdsdT

J=Lj#k.j#r " X0 X0

k.j
t X Srk

+

—

[u; (T, Ox,,5,) Ur (T, Ox,,5,)| Oy dSrdT

+

—

|ui (T’ 6Sr,Xk) Uj (T’ 6Sr,Xk)| dar,kdgkd‘r

0 30 30
Xie Xy ke

X] Syk]

///]u T, 05,51, ) | A0 i, dS;dT

j= 1]#]7‘k 0 % Tk

& aui
Alme (3 [31%))
Jj=1

t Xy Srk
+l<m+M(i‘% ) / 2y (1, 50| O, ISyt
O e,
n ) t Xk Srk 5
+l(m+M(Z‘% )) / / #axku,-(r, Gs,.x)| Aoy, d5, dT
e
X Srk,i
/ Ip (T, Os,.5.5;)| O, i ;dsdT
X0 X’kl
t x Xrk
+ / / / Ifi (¥, Gs,.5,)| dOy ,dsdT
0 0w,

IN

1Q + 21(B")?Q + (n - 2)I(B")?>Q? + I(B")? Q?

+1(B")?Q? + I(m + 4Q** M) (n - 2)(B")?*Q + I(m + vQ** )(B")*Q
+(m +~vQ* ™ H)(B")?Q + I(B")*Q + I(B")>N!

[(Q+B+n(m+1Q* M NB)Q+n(BYQ + (B)YN')

<Q, (t,x)elo,1]xR"
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10. Let (u,p) e K*and k # i, k,i € {1,...,n}. Then

X Sik
0%L}
ox;0%; ~———(u, p)(t,x) = u i(t, x +l//(u (t, Os;,s5) — Uio (Osy,s,)) dOy ;ds
XO ‘Ok
n t x 51‘,15,;'
0y / U (T, Bsisps;) Uy (Tr Fspss;) A0 1 idsdr

J=Lj#k,j#i g yo X0,
ik

i Sk
/ u; (1, 8s,,x,))° do; i ds;dt

DE GRUYTER

XX
t Xi Sik
+l/ /ui(r, Os;,x,) Uj (T, Os;,x,) Oy ;dSidT
0 X Xx
n t Xj Sikj
<m+M(Z‘g;l ) / / u; (T, Gs,50) A0, 1
J j=L1,j#k,j#1 o Y?Y?k,]
%

)

& aui
—l(m+M(Z:‘a—xi
j=1

o
%\,

A
i Xk

i Sk,
/ g—u (1, Os,x;) dO; j ds;dt

i

Xx Sik

2 t "0 - o
))/ /a—xkui (T, Os;,x,) A0y ;dS, dT
0

20 =0
Xi X,

& ou;
—l(m+M(Z‘a—Xj
j=1

t
+l/
0

t x Sik

-l / / / £ (T, 5.5,) 4O xdsdT,  (6,) € [0, 1] x R,
XO‘O

P

Xi Skii
/p(T Os;,xi) dO'l kds;dt
X0

e
Xi k,i

From here and from (3.3) and (HypO) for some canstantes ~, § > 0, we obtain

o°L}
0x;0

+1

L p)(E ) it / / i (£, 50) — o (Fsy)| ATy ids

0X;

_1‘

S0
n t x Sikj

+IZ

j=1,j#k,j#1
1=1,)7K,) 0 x0 Y?.k,j

|u; (T, Gsy,s51,57) Uj (T Tsisi,s; ) | A0 idsdT

t X; Ski
/ / (1 (7, G5, ) 40 dS;
0

%0 %0
X xkx

+1
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t X Sik
+l/ | i(T’ 6si,xk)uj(T, 6Si,xk)|d6k,id§kd'r
0 X X0k
5 t X Sikij
(m+M<Z‘aZ" NEDS / / i (7, G000 )| 45 1105 dT
J J=Li#kjA g 20 30
J ik
t X; gk,i
(m+M(Z‘gzl )) / / gu, (7, Osy,x;)| dOj ds;dt
e,
n S 12 t Xk Sik 5
+l(m+M(Z‘a—if )) / / 3 i (7> B0 | A0 sy
j=1 ) 0 70

t

+l/
0

t

+l/
0

1Q + 21(B")?Q + (n - 2)I(B")?Q? + I(B")?Q?

/ 1D (T, Gsyou)| AT, i dSid

Xx Xk,z

x Sik

—

|f1 (T7 65i’5k)‘ dﬁi,dedT

0 <0
X Xik

IN

+(B")?Q* + I(m + 4Q** 1)(B")?Q

+(m +~Q* H(n-2)(B")?Q+ml(B")?Q +I(B")?Q + I(B")’N*
<1 (Q +(2+nm+~yQ2 H))(B)?*Q+n(B)? Q% + (B*)ZNl)

<Q, (t,x)elo0,1]xR".
11.Let (w,p) e K*andr #i,k=1,k,iec{1,...,n}. Then
2 2 E )
aX'aXrLi (usp)(t’ X) = _laX'aXr ui(t5 X) + I/ /(ui (t, Gs,,si) = Ujo (OSr»Si)) dﬁi,,ds
1 1

XO Y
rl

g..
n t x Snij

+1 Z // / U; (T, 6-Sr;5i,5j) uj (T; 65“51.’51,) dﬁj,i,rdeT
JRLIFTD 0 3
1,1,j

X, Slr

+l///u (T, Os;,x,) U; (T, Os;,x,) A0y ;dSrdT
t
+l/
0 x°

Xi
-0
i

5
/(u, T, Os,,x; ) do; ,ds;dt
Y?Z



DE GRUYTER

1670 —— Khaled Zennir
n o 12 n t Xj Srij
_I(m+M(Z’aTL;l )) / /u, (T, Gs,.s1,%;) doy ; ;ds;dT
U 5 BN g
] i)
n w2 t X Sir 5
_l(m+M<Z’a—i’ ))// T (1, 0s;,x,) dOy ;dSrdT
j=1 ! 0 x°%° '
n a ) t Y,‘ §i,r a
_I(m+M<Z ’ai)lil ))/ /Wul' (T, axi’sy) dﬁr,id@dT
1 oz
t Xi Sir
+I/ /p(‘r Ox;,s,) d0;j rds;dT
0%,
t x Sir
—I// fi (1, Gs,,5,) do; ,dsdt, (t,x) € [0,1] xR",
O XO YIOY
and
0?
X0 ———L}u, p)(t, x) _I‘ u(t x| +1 //|u (t, Os,,s;) — Uio (Ts,,s;)| do; »ds
n t x Snij
+l Z / ‘ul' (T, 6sy,si,sj) u}' (T, 65795i95j)| daj,i’rdsd‘[
J=LjFLIAT Ty 4o 2,
t X §i,r
+l/ }ui(T’ 65i,xr)uj(T’ 651',XV) dﬁr,idgrd‘r
0 X%,
t X gr,z‘
+1 / / (u; (1, bs,,x))* do; ,ds;dt
0 xR,
n a t X, er)
+l(m+M(Z‘a—)lﬁ / /’u, T, O's,s,x, ’dO'rzde)dT
j=1 J Jj= 117‘1 J#r' o E?E(r)x,]
n a ) t Xy gx',r
+l<m+M(Z‘a—zl: )) / / S (T, Bs,x)| Oy idSrdT
1 0w

+z(m+M(§\

t X Ei,r

/ |p (7, Ox,s,)| d0;,,dS;dT

r

r

?f ir

]

Xi ir

ou;

u; (T’ 6-)("5 )
aX]' isor

dﬁ,,idE,'dT

)

ox;

/
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X Sir

/ |f1 (T as, Sy )‘ dO'l ,—deT

[)XO‘O

<1Q +21(B")?Q + (n - 2)I(B"H?Q?
+1(B")?Q* + I(B")?Q* + I(m + 4Q** 1) (n - 2)(B")*Q
+(m +~Q* H(B")*Q

+(m + Q> HI(B")?Q + I(B")*Q + I(B")>N*
<1 (Q + 3+ (m+~Q* Hn)(B")2Q? + n(B")*Q? + (B*)2N1)

<Q, (t,x)elo0,1]xR".

12.Let (u,p) € K* and k € {1, ..., n}. Then

t Xi Skj
aa L, )t 0 = 1.0 2p(t X +1 Z / U (1, Gep.s;) 0 dsidr
J=L,j#k g XX,
Xk Sk
+l/// ox uy (1, 0x,) doyds,dr, (t,x) € [0, 1] xR".
0 %) x9
Using the last equality and (3.3), we go to
0?2 i
a—XI%L,lHl(u,p)(t,x) < ’azp(t x)| +1 Z / / (T, Ox.s;) | 0, dSdT
j=1,j#k 0 X0 %0,
do,ds,dt

Xp X

1Q+1n-1)(BH*Q+1(BH*Q

IN

- 1(Q+n(BQ)

<Q, (t,x)el0,1]xR"
13.Let (u,p) e K*and k # r, k,r € {1,...,n}. Then

Sy
n t x Skjr

0?2 62 - _
0% <~ Lpa(u, p)(t, %) = - XoOX pt,x)+1 E / Uj (T, Os;.s5;,5,) d0j i dsdT
' J=Lj#kj#rp o 30

kj,r

Xr Skr

+I///u, (7, Osy,x,) Oy dS,dT

*0 30
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t Yk §kJ

+I/ /uk (T, Ox.s,) dOy ,dSpdt.  (t,x) € [0, 1] xR".

0 X x,
From here,
X k]r
92 1 92
%0 ~———Lpa(u,p)t,x)| <1 aXkaer(t, xX)| +1 |u1 (T, Osi.s5,5,) | 0 g rdsdT
j= 1]#k1#r X0

t Xy Skr

+1 / /|u] (T, Gs,x,)| dOy ,dSrdT
0 Y(r) 72,7

t
+l / / [uy (T, Ox,,s,)| dOy ,dSdT
0

<1Q+1(n-2)BH*Q+1(BH?Q+I1(B")*Q
=1 (Q N n(B*)zQ)

<Q, (t,x) e[0,1]xR".

From (1)-(13) it follows that L : K — K and it is continuous. Since K is a compact subset of Q*, we
have that L1 (K?) resides in a compact subset of Q'. This completes the proof. O

Proposition 3.3. N K —s Q! is an expansive operator and onto.

Proof. For U = (u, p), U = (i1, p) € K* we have

IN' (W) -N' (D) = a+D||U-T],

ie,N :K'—> Qlisan expansive operator with h = 1 + L. Let (i1, p) € Q. Then (1+1’ H) € K' and

—1 it p _
N ( 1+ 1+ > (@ ),
i.e., the operator N' : K — Q' is onto. This completes the proof. O

By Proposition 3.2, Proposition 3.3 and Theorem 2.4, it follows that the operator L! + N' has a fixed point
(ut, p!) € K. For it we have

X S
// L(t, 0) - ujo(0) dods+Z///u, T, Us] u] T os])da,dsd‘r
X0 x0 =10 xo 4)
5 ¢
Uj
(’"*M(Z’ax, - /
j=1
X S,
///p (1, 0s;) do;dsdt

Oxox

Xj

J

J

n

ui (1, x) dojds;dr

:g \ ol
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///ﬁ(‘r o)dodsdr, i€ {1,...,n},

x0 x0
n tx Sj
/ujl (1,05 dojdsdt =0, tel0,1], xeR"
J=1 0 xo0 30
j

Hence and Lemma 2.1, it follows that (u!, p') is a €1([0, 1], G3(R")) solution of the problem (3.1), (3.2) for
which supp,p!, supp,ui C B,i€ {1,...,n}.
Now we consider the Cauchy problem

Lo Sy g? - (m +M(fRn |qui\2dx))Aui + g—){’i =filt,x), ie{1,...,n},
(3.4)

Z:’l 56X =0 in [1,2]xR",

u(l,x)=u'(1,x) in R (3.5)
Let

M? = max If(t, ).
te[1,2],xeB

We choose the constant [; > O such that
lin (Q+3n(1+(m+~Q BV Q+n*Q*(B") + (B)’N?) < Q.

Let
E? - {v =(V1,...5Vna1) : vi € CY([1, 2], C3(RM), supp,v; C B,ie {1,...,n+ 1}}

be endowed with the norm

max |vq(t, x)|, max |vg(t, x)|, max |vgx(t, X)),

[lv]| = max {
qe{1,....,n+1} Lte[1,2],xeB te[1,2],xeB te[1,2],xeB

max |vqx,.x,(t,x)|,i,je{1,...,n}}.
tel1,2],xeB

With K? we denote the set of all equi-continuous families in E2. Let also,

K=K, K*={veK :|vl<Q},

—[vek :|v|<Q+1)Q).

Note that K? is a compact subset of Q2. For (u, p) € Q? we define the operators.

X S

Li(u, p)(&, %) = ~Lui(t, ) + 1y // (lli(t, 0)-ui(1, o)) dods
x0 x0
n bt xS
+h Z///“: (1,0s,) uj (1, Gs;) dojdsdr
=17 o %0

Xj )

t
///ul T, Oy;) dojds;dt
1% %

77

n

-11(m+M(Z\‘3§§;

}:
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X Sl
+11///p(‘r 0s;) do;dsdt

1 x° x?
t x s
—11///]‘,-(1, o)dodsdr,
1 X0 X0
n LY xS
Laa(u, p)(t,x) = ~Lip(t, ) + 14 ////u} (1,0s;) dojdsdrdy
=111 xo X0

+11(t—1)/x/s(pt(l,a)—p,l(l,o)) dads

X0 x0

+11/X/s(p(1,0)—p1(1,0)> dods,

x0 x0

M2, p)(t, %) = (1 + I)u(t,s), ie{l,...,n},

M (u, p)(t, ) = (1 + L)p(t, X),
L@, p)(60) = (LI P, o, L, p)(E )
M (@, p)(6 ) = (ML P)E )., Masa (4, P)(E X))

(t,x) € [1,2] xR™.
As in above, we obtain that the operator L2 + M has a fixed point (u2, p?) € K2. For it we have

0= [ [ (u3(t,0) - u}(1, 0)) dods
+z) 1 fl /xo [ (T 05,) ]2 (T 0'5 ) dO')deT

bui
ox;

—(m+M(Z;L1 2)) i 1f1 u? (1, 6y;) dojds;dt

+ o p (t, 0s;) do;dsdt
fl fx f ’ | (3.6)
- [ [% [% fix, 0)dodsdT, i€ {1,...,n},
= Z}I:]- flt fly f):g f;é u]g (T’ 65;) dﬁldeTdy
+#t=1) [} [ (021, 0) - p}(1, 0)) dods

+ [ [ (p*(1,0)-p'(1,0)) dods, (t,x) € [1,2] xR".
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We differentiate the first n equations of the system (3.6) once in t, twice in x1, and so on, twice in x», and we

arrive to "
et o (1) (o (3
j=

ic{1,...,n},(t,x) €[1,2] xR".
Now we differentiate the last equation of (3.6) twice in ¢, twice in x1, and so on, twice in x, and we get

2)) Z X 2 ax S-p* = filt, x), (3.7)

n
S 2w 6x=0, (6,0, 20xR"
=

Forie {1,...,n} weputin(3.6) t = 1 and we find

/"/S (uiz(l, o) -ui(1, 0)) dods =0

x0 x0

which we differentiate twice in x;, and so on, twice in x,, and we find

ur(1,x) = ui(1,x), xeR", (3.8)
whereupon
0 2 _ 9 n
ax,-u’ (1,x) = ax,-“’ (1,x), xeR", (39
and
O 21, - W(1,%, imre{l,...,n}, xcR". (310)
aX aX a r 1 9 ’ b b 9 9 bl
In the (n + 1)-th equation of the system (3.6) we put ¢t = 1 and we find
X S
/ (pz(l, 0)-p'@, 0)) dods =0
X0 X0

which we differentiate twice in x{, and so on , twice in x,, and we find
pi(1,x) =p'(1,x), xeR".

Hence,

apz _ apl n .
ox; (1,x)—a—xi(1,x), xeR", ie{1,...,n}, (3.11)
and 5 -
o°p a
axm oxr (1 x) =
Now we differentiate in f the n + 1-th equatlon of the system (3.6) and we get

Z/// T,05) dUJdeT+// pi(1,0)-pi(1, 0)) dods =0

}11X°Y9 X0 X0

(1 x), xeR", r,me{l,...,n} (3.12)

in which we put t = 1 and we get

X S
(pf(l, 0)-piQ, 0)) dods =0

X0 x0

The last equation we differentiate twice in x;, and so on, twice in x,, and we get

pi(1,x) =p(1,%, xeR" (.13)
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By (3.8)-(3.13), using (3.7), we obtain
d - ~ 0 [
—tui(l,x) < —j; aT, ( (1, x)u (1, x))

n 2 2
(m+M(Z|au i(L, X) )) %uf(l,x)—%(l,thi(l,x)
j=1 " !

9
< —];: o (uil(l,x)ujl(l,x))

nooy2 2
<m+M(Z|au (1 X) )) %u}(l,x)—%(l,x)+fi(1,x)
j=1 !

_iul(lx) xeR", ie{l,...,n}.
ot
Consequently the function
(wh,ph) for tel0,1], xeR",
(u,p) =
(u?,p?) for te[1,2], xeR",

is a solution to the problem

DT gz' - (m+M(fR,, \qu,-|2dx))Au + 2 = fi(t,x), iec{l,...,n},

Y%t x) in [0,2]xR",

u(0,x) = uplx) in R",
such that i;, p € €1([0, 2], C3(R")), supp, U;, supp,p C B, i € {1,..., n}. Note that
|, [pl<Q on [0,2]xR", ie{1,...,n}.
Now we consider the Cauchy problem
aul + Z] 1 U gﬁ' - (m +M<fRn \qui|2dx))Aui + g—z =fi(t,x), ie{1,...,n},
Yy $h(t,0=0 in [2,3]xR",

u2,x)=u?(2,x) in R
Let

M= max |f(t,x)].
tel2,3],xeB

We choose the constant I, > 0 such that
ILn (Q +3n(1+ (m + yQZ‘H))(B*)zQ +n?Q*(B")? + (B*)2M3) < Q.

Let
E3 = {v =(V1y...,Vns1) 1 Vi € CY([2, 3], C3(RM)), supp,v; C B,ie {1,...,n+ 1}}

be endowed with the norm

[lv]| = max { max |vg(t, x)|, max |vg(t,x)|, max |vgx(t, x|,
n+1} Lt€[2,3],xEB te[2,3],xeB te[2,3],xeB
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max |vgxx(t, X)|,1,j € {1, ...,n}}.
tel2,3],xeB

With K> we denote the set of all equi-continuous families in E>. Let also,
E=K, KB={vek :|vl=<Q},
—3
Q3 = {veK :|v||=(1+1)Q}.

Note that K> is a compact subset of Q3. For (u, p) € Q> we define the operators.

X S
L P60 = L)+ [ [ (e, 0) - uf(2, 0)) dods
X0 X0
t x S
+ZZZ/// (1,0s,) uj (1, 65;) dojdsdr
=15 o 30
]

Xj Sj

t
///u, (1,6) dojds;dt
2 X0 %0

77

n

! ou; |?
—lz(m+M(Z’a—Xj
j=1

j=1

X Sl
+lz/// (1, 0s;) do;dsdrt

XOT((?

—lz/t/x/sf,-(r, o)dodsdr,

2 x0 x0

L, p)6,0 = ~Lpt, 0+ 6> [ ]
/]

j=1

/ / u;j (1, 0s;) dojdsdrdy
x°

y(t - 2) / / (02, 0) - p?(2, 0)) dods

x0 x0

+lz/x/s(p(2,a)—p2(2,o)) dods,

x0 x0

M (u, p)(t, %) = (1 + Lui(t,s), i€{l,...,n},

M (u, p)(t, %) = (1+ L)p(t, ),
L, p)(t0) = (L0 )60, s Doa (0, P 0)
M, p)(6,0) = (M, p)(E )., My (0, P(E, )

(t,x) € [2,3]xR™

—_ 1677
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Consequently the function

(ul,p') for tel0,1], xeR",
(u?,p?) for te[1,2], xeR",

(W,p?) for te[2,3], xeR",

is a solution to the problem (1.1), (1.2) such that ii;, p € C([0, o), C3(R")), supp,il;, supp,p C B, i €

{1,...,n}.Sincef; € €%([0, c0), €5 (R™)), using (1.1), we conclude that p, ii; € €=([0, co)xR"),i € {1,...,n}.
Note that
li;|, |p|<Q on [0,00)xR", ie{l,...,n}.
Therefore
/|ﬂ(t, x)|2dx = / |a(t, x)|2dx < any(B) < oo,
R B
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