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1 Introduction

By convex sets, we traditionally refer to convex sets in Euclidean spaces, where the property ‘convexity’ was
originally inspired by some elementary geometric problems such as shapes of circles and characterizations
of polytopes [1]. However, with increasing fields that convex sets involved and expanding scopes that convex
sets were applied, many complex problems compelled people to engage in an axiomatic research of convex
sets. This leads to abstract convex structure which is a set-theoretic structure satisfying several axioms [2].
Now, its theory involves many mathematical structures including graphs [3], posets [4], median algebras [5],
metric spaces [6], lattices [7] and vector spaces [2].

Convex structure has been extended into fuzzy settings in several ways. Fuzzy convex structures defined
by Rosa [8] was further extended into M-convex structures by Maruyama [9]. Latter, some characterizations
of L-convex spaces were discussed [10-15]. Actually, an M-convex structure is a crisp family of M-fuzzy sets
satisfying certain set of axioms similar to these that an abstract convex structure has. However, from a totally
different point of view, Shi and Xiu introduced M-fuzzifying convex structures [16]. Now, many subsequent
properties in M-fuzzifying convex spaces have been studied [17-25]. Shi and Xiu also introduced (L, M)-fuzzy
convex spaces unifying both L-convex spaces and M-fuzzifying convex spaces [26]. Based on this, many
characterizations of L-convex spaces and (L, M)-fuzzy convex spaces have been discussed [27, 28].

In this paper, we introduce axiomatic notions of both L-convex bases and L-convex subbase and discuss
their relations with L-convex spaces. Further, based on L-concave bases, we introduce the notion of L-
topological-convex spaces and obtain several of its characterizations in a view point of category aspect.

This paper is arranged as follows. In Section 2, we recall some notions and results related to L-convex
spaces and L-cotopological spaces. In Section 3, we introduce L-convex bases and study its relations with L-

Chun-Yan Liao: School of Science, Hunan University of Science and Engineering, Yongzhou, Hunan, China,

E-mail: liaochunyan3015@126.com

*Corresponding Author: Xiu-Yun Wu: School of Mathematics and Statistics, Anhui Normal University, Wuhu, Anhui, China,
E-mail: wuxiuyun2000@126.com

3 Open Access. © 2019 Chun-Yan Liao and Xiu-Yun Wu, published by De Gruyter. [ I=ammmm) This work is licensed under the Creative Commons
Attribution alone 4.0 License.

3


https://doi.org/10.1515/math-2019-0133

1548 —— Chun-Yan Liao and Xiu-Yun Wu DE GRUYTER

convex spaces. In Section 4, we introduce L-convex subbases and study its relations with L-convex spaces and
L-convex bases. In Section 5, we introduce the notion of L-topological-convex spaces and obtain several of
its characterizations. In Section 6, we introduce the notion of L-topological-convex enclosed relation spaces
and further obtain some other characterizations of L-topological-convex spaces.

2 Preliminaries

Throughout this paper, X and Y are nonempty sets. The power set of X is denoted by 2%. The set of all finite
subsets of X is denoted by 2.

(L, Vv, A) is a completely distributive lattice. The least (resp. largest) element in L is denoted by L (resp.
T). An element a ¢ L is called a co-prime, if forall b,c € L, a < b A c implies a < b or a < c. The set of
all co-primes in L\{ 1} is denoted by J(L). For any a € L, thereis L; C J(L) such that a = Viper, b [29]. A
binary relation < on L is defined by a < b iff foreach L; C L, b < \/ L; implies the existence of d € L; such
that a < d. The mapping B : L — 2, defined by B(a) = {b : b < a}, satisfies B(\/;; a;) = U;c; Bla;) for
{a;}ic; € L.Forany a € L, f(a) and B"(a) = B(a) N J(L) satisfies a = \/ B(a) = \/ " (a) [29].

LX is the set of all L-fuzzy sets on X. The lease (resp, largest) element in LX is denoted by L (resp. T). A

dir
subset {A;};c; C L¥ is called an up-directed set, simply denoted by {A;};c; C L%, if for all i, € I, there is
k € I'such that A;, A; < Ay. For convenience, if iy C LX we adopt \/ ¢ = \/Aep Aand Ay = /\Aep A. Further,

if  is up-directed, we also adopt \/ ¢ = \/fl"er!/} A.For A € L%, we denote

§A)={Fel*:3pe 2 W, F=\/ o},
where "(4) = J{x; : A € B*(A(x))}. In particular, we write F(L¥) for (T) consisting of all L-fuzzy finite sets
* d.
on X [28]. Clearly, for A, B € L%, B < Aiff §(B) C 3(A). In addition, it has been proved that *(4) C F(A) glr LX,

V3(A) = Aand §(V/;c; Ai) = Ui S(4;) forall A € L¥and {A;}icr dglrLX [28].

Foramapping f : X — Y, the L-fuzzy mapping f;* : L¥ — LY isdefined by f;* (A)(y) = V{A(X) : f(x) = y}
for A € L¥ and y € Y, and the mapping f;~ : LY — L¥ is defined by f;~ (B)(x) = B(f(x)) for B e LY and x € X
[30].

Terminologies of Category Theory (resp. Convex Theory) used this paper can be seen in [31] (resp. [2]).
Next, we recall some basic definitions and results related to L-convex spaces and L-cotopological spaces.

Definition 2.1. [9] A subset @ C L% is called an L-convex structure and the pair (X, €) is called an L-convex
space, if C satisfies

(ICY L, TeC

(LC2) A\ € forany € C C;

e
(LC3) \ €, for any €, QN C.

Theorem 2.2. [11] Let (X, C) be an L-convex space. The L-hull operator coe : LX — LX (briefly, co) of (X, €),
defined by co(A) = \{B € C : A < B}, satisfies

(LCO1) co(L) = L;

(LCO2) A < co(A) forall A € L%;

(LCO3) if A < B, then co(A) < co(B);

(LCO4) co(co(A)) = co(A) for all A € LX;

(LCOS) coV ey A1) = V/jey colA7) for any {Ai}iey € L.

Conversely, if co : LX — LX satisfies (LCO1)—(LCO5), then the set Cco = {A € LX : co(A) = A} is an
L-convex structure satisfying coe,, = co.

In [28], it showed that an operator co : L¥ — LX satisfying (LCO1)-(LCO4) is the L-hull operator of some
L-convex space iff it satisfies (LDF).
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(LDF) co(A) = \/pez) co(F) for A € L%,

Let (X, Cx) and (Y, Cy) be L-convex spaces. A mapping f : X — Y is called an L-convex structure
preserving mapping, if f;~(4) € Cx for any A € Cy. The category of L-convex spaces and L-convex structure
preserving mappings is denoted by L-CS [28].

Definition 2.3. [32] A subset T C L¥ is called an L-cotopology and the pair (X, 7) is called an L-cotopological
space, if T satisfies

LT L, TeT;

(LT2) AT1 € Tforany Ty C T;

(LT3)AvB e TforallA,B e 7.

Let (X, Tx) and (Y, Ty) be L-cotopological spaces. A mapping f : X — Y is called an L-continuous mapping
iff{~(A) € Tx forany A € Ty. The category of L-cotopological spaces and L-continuous mappings is denoted
by L-CTS.

Definition 2.4. [12] A subset ¢ C L is called an L-closure structure and the pair (X, ¢) is called an L-closure
space, if it satisfies

(LCS) L, T € ;5

(LCS2) A ¢1 € p forany ¢q C ¢.

An L-closure structure is an L-cotopology (resp. L-convex structure) iff it satisfies (LT3) (resp. (LC3)). The L-
closure operator of an L-closure space (X, ¢) is defined by cl,(A) = A{B €€ ¢ : A < B} forall A € L*. Then
cly satisfies

(LCLD) cl(L) = L

(LCL2) A < cl(A) forall A € L*;

(LCL3) if A < B, then cl(A) < cl(B);

(LCL4) cl(cl(A)) = cl(A) for all A € LX.

Conversely, if an operator cl : L¥ — L* satisfies (LCL1)-(LCL4), then the set ¢, = {A € L% : cl(4) = A}
is an L-closure structure satisfying cly,, = cl.

Let (X, ¢x) and (Y, ¢y) be L-closure spaces. A mapping f : X — Y is called an L-closure structure
preserving mapping if f{~(A) € ¢x for any A € @y. The category of L-closure spaces and L-closure structure
preserving mappings is denoted by L-CSS.

Definition 2.5. [33] A binary relation < on LXis called an L-topological enclosed relation and the pair (X, <)
is called an L- topological enclosed relation space, if < satisfies

(LTER1) L Z L

(LTER2) A < B 1mp11es A < B;

(LTER3) A X \;; B;iff A < B; foralli € I

(LTER4) A < B implies C eL* w1thA < B;

(LTER5) AVB X CiffAX Cand B X

In an L-topological enclosed relation space (X, <), A < B < C < D implies that A < D. Also, A < D implies
some C € LX suchthat A< C < C <D [33].

Let (X, <x) and (Y, %y) be L-topological enclosed relation spaces. A mapping f : X — Y is called an L-
topological enclosed relation dual-preserving mapping, if f;~(4) <x f; (B) for all A <y B [33]. The category
of L-topological enclosed relation spaces and L-topological enclosed relation dual-preserving mappings is
denoted by L-TERS.

Theorem 2.6. [33] (1) For an L-topological enclosed relation space (X, <), the operator clx : LX — X defined
by

= \{BeL*:A<B},
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is a closure operator of some L-cotopology, denoted by T=.
(2) For an L-cotopological space (X, T), the binary operator <, defined by

A 43’ B iff CI«I(A) < B.

is an L-topological enclosed relation.
(3) L-CTS is isomorphic to L-TERS.

Definition 2.7. A binaryrelation € on L% is called an L-convex enclosed relation and the pair (X, €) is called
an L-convex enclosed relation space, if < satisfies

(LCER1) L < L;

(LCER2) A < Bimplies A < B;

(LCER3) A € \;.;B;iffA < Bjforalli € I

(LCER4) \/{ A; < Ciff A; < Cforalli € I

(LCER5) A < B implies the existence of C € L¥ such that A € C € B.

Let (X, €x) and (Y, €y) be L-convex enclosed relation spaces. A mapping f : X — Y is called an L-convex

enclosed relation dual-preserving mapping, if f{"(4) €x f; (B) for all A €y B. The category of L-convex

enclosed relation spaces and L-convex enclosed relation dual-preserving mappings is denoted by L-CERS.
Similar to Theorem 2.6, the following result is easy to check.

Theorem 2.8. (1) For an L-convex enclosed relation space (X, €), the operator co : L* — L%, defined by
co-(4) = \{BeL*: A< B},

is an L-hull operator of some L-convex structure, denoted by C .
(2) For an L-convex space (X, @), the binary operator < ¢, defined by

A Z¢ B iff coe(A) < B.

is an L-convex enclosed relation.
(3) The category L-CS is isomorphic to the category L-CERS.

Remark 2.9. (1) L-cotopologies and L-convex structures have a uniform origination, i.e., L-closure structure.
L-topological enclosed relations and L-convex enclosed relations also have a uniform origination defined by:

A binary operation T on X is called an L-enclosed relation and the pair (X, ) is called an L-enclosed
relation space, if T satisfies the following conditions

(LER1) LT L;

(LER2) A T Bimplies A < B;

(LER3) AT A Biiff AT B;foralli e I

(LER4) A T B implies the existence of C € L¥ such that AT CT B;

(LER5) C < AT Bimplies CT B.

Clearly, a binary relation satisfying (LER1)-(LER4) is an L-topological (resp. L-convex) enclosed relation
if it satisfies (LTERS5) (resp. (LCER5)).

For two L-enclosed relations T, =, on X, we say [; is coarse than 5, denoted by C; < C,,ifAT B
implies AT, Bforall 4, B € LX.

3 L-convex bases

In this section, we introduce L-convex bases and discuss its relations with L-convex spaces.

Definition 3.1. Let (X, C) be an L-convex space. A subset B C € is called an L-convex base of €, if for any
i
A €, thereis B; C BsuchthatA = \/ B,.
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Proposition 3.2. Let (X, €) be an L-convex space and let B C C. If co(F) € B for any F € F(LY), then B is an
L-convex base of C.

Proof. Let A € €. Since {co(F) : F € F(A)} QHB, we have A = co(4) = CO(\/?‘ZS(A) F) = Vglers(A) co(F) by
(LCO5). Thus B is an L-convex base of C. O

Remark 3.3. A subset B C € of a convex space (X, €) is a base iff it contains all polytopes (i.e., co(F) € B for
all F € Zﬁn) [2]. However, if L # {1, T}, the inverse result in Proposition 3.2 fails. For example, let X = {x}
and L = [0, 1]. Define B = [0, $)* U [}, 11¥ and € = BuU {0, 11X, where ¢* = {z; € L* : z € X, r € ¢} forany
¢ C L. Then B is an L-convex base of C. But X1 € F(LX) and co(x%) =X1 ¢ B. Thus Proposition 3.2 just gives
a sufficient condition of L-convex bases. To obtain a necessary and sufficient condition for L-convex bases,
we present the following results.

Theorem 3.4. If (X, C) is an L-convex space and B C € is an L-convex base, then
di
(LCB1) T =\/ B, for some B, ger;
di
(LCB2) for {B;}ic; C B, there is B, ger such that \;c; B; =\/ B1;

di di
(LCB3)if {A}icr C L, and {By};e), C B such that A; = \/
such that \/;.; A; = \/ i cx Bk-

dir
il Bjj foreachi € I, then thereis { By }xcx € B

di
Proof. (LCB1): Since T € G, there is B g”B with T =\/ B;.

di
(LCB2): Since {B;}ic; C €, we have A;_;B; € C by (LC2). Thus, by Definition 3.1, there is B, QUB such
that /\ieIBi = \/'Bl.
di di
(LCB3): Let {A}ic; C LX, and let {By}jc;, C B with A; = \/

icl

jej, Bij foreachi € I. Foreachi € I, A; =
di di

Vjej, Bij € €by (LC3) and B C C. Thus \/;;A; € € since {A;}ies g"e. Hence there is B; g"B such that

vieIAi =V B1. O

Theorem 3.5. Let B C LX be a set satisfying (LCA1)-(LCA3) in Theorem 3.4. Then there is a unique L-concave
structure with ‘B as an L-convex base.

Proof. We prove that C5 is an L-convex structure, where
Cp={AcL¥:3B, CB A= \/ B1}.
(LC1): By (LCB1), we have T € Cg. In addition, let ) C B, then 0 is up-directed and L = \/ 0 € C3.
(LC2): If {A;}icr € Cs and B; = {By}jcy, © B with A; = Vjc;, Byj» then

A4i=AVBj= \/ ABiyp.

iel ieljej; fellicJi i€l

di
By (LCB2), for each f € Ijc/J;, there is {Bjy } ek, g"B such that A;c; Bir) = Ve, Bik- Next, we prove

dir
that {A;c; Bigq) : f € Mier)i} C LY.
Let f, g € IicJ;- Then (i), g(i) € J; and Byf(;), Big(;) € B; for each i € I. Since B; is up-directed, there is
Bjj;, € B; such that Bys(;), Big(;) < Byj- Define h : I — ITic/J; by: h(i) = Byj, foralli € I. Thus h € Il;¢/J; and

\/ B> \V Bigiy = \/ Bin-

il i,5() i,h(i)

ig(i)

di
Hence the aimed set is up-directed. By (LCB3), there is D g” B such that

NAi= /' AByo=\DeCs.

iel fellicy); i€l
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dir dir
(LC3): Let {A;}ic; € Cp. For each i € I, there is {Bj;}jcj, € B such that A; = Vie].— Bj;. Thus there is

i
{Bi}kex C B such that \/,.; A; = \/,.cx By by (LCB3). Therefore \/;; A; € Cx.
Finally, since B C Cg is an L-convex base, we know that C3 is unique. O

By Theorems 3.4 and 3.5, we see that(LCB1)—(LCB3) is a necessity and sufficient condition for L-convex bases.
Thus we present the axiomatic definition of L-convex bases as follows.

Definition 3.6. A subset B C L¥ is called an L-convex base and the pair (X, B) is called an L-convex base
space, if B satisfies (LCB1)—(LCB3).

Let (X, Bx) and (Y, By) be L-convex bases. A mapping f : X — Y is called an L-convex base preserving
mapping if f;~(B) € By for all B € By. The category of L-convex base spaces and L-convex base preserving
mappings is denoted by L-CBS. Next, we discuss relations between L-CS and L-CBS.

Theorem 3.7. An L-convex structure is an L-convex base of itself.

Theorem 3.8. Let (X, By) and (X, By) be L-convex base spaces. If f : X — Y is an L-convex base preserving
mapping, then f : (X, Cz,) — (Y, C3,) is an L-convex structure preserving mapping.

di di
Proof. If Ay € €3, then thereis {B;};cs glriiy suchthat Ay = \/;.; B;. Thus {f{~ (B }ies g”BX and f (Ay) =

Vietfi (B)) € Cgpy. =

By Theorems 3.7, the category L-CS is a subcategory of L-CBS. Thus we can define a factor E; :L-CS— L-CBS
by:

Ey(X,C) =(X,0), Ex(f)=f.
By Theorems 3.5 and 3.8, we can define a factor F :L-CBS— L-CS by:

F(X,B) = (X, Cp), F()=T.
Theorem 3.9. (E,, F) is a Galois’s connection and G is a left inverse of E,.

Proof. By Theorems 3.5, 3.7 and 3.8, I} _¢s = Fo E; and E, o F < I; _cgs, where [} _¢g and I;_cgg are identity
factors of L-CS and L-CBS, respectively. O

Corollary 3.10. L-CS can be embedded as a coreflective subcategory of L-CBS.

An L-closure structure can generate an L-convex structure [28]. Actually, an L-closure structure is an L-convex
base showed as follows.

Theorem 3.11. An L-closure structure is an L-convex base.

Proof. Let (X, ¢) be an L-closure space. We verify that ¢ satisfies (LCB1)-(LCB3).
(LCB1): Since T € ¢, the result is clear.

dir
(LCBZ): If {Bi}ie[ SN} and B = {Bij}je],- Co with B; = \/]-GL_ Bij’ then
ABi=AVBi= \ ABy-
icl iclje; fEMie, ] i€l
In addition, it is direct to show that the set D = { A
\/ D showing that (LCB2) hold for ¢.
di di
(LCB3): Let {A;}icr glr LX and let {Bj;}je;, g”go such that A; = \/;¢;, Bjj for each i € I. Further, take A =
VierAi» @« ={Bj:icl,je];}and ¢ = {B € @+ : F < B} for each F € §(4).

ier Bir) : f € Oiel)i} € @ is up-directed. Hence A;; B; =
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Now, we prove that ¢ is nonempty for each F € F(A). Since

Feg@=30\/\ Byp={JJ3By,

ieljej; ieljej;

there are ir € I'and jr € J;, such that F € §(B;,;,). Thus B;,j, € @F.
Further, we prove that the set { A ¢ : F € F(A)} is up-directed.
IfF,G € §(A), then Fv G € §(A) and @pyg C @r N @g. Thus A @r, A @6 < \ @rve- Hence {A\ ¢r : F €

§(A)} is up-directed.

Finally, since F < B;,;, < A;, < A, wehave F < A pr < Aand
\V F< \/ Avr<A
Fe3(4)  Fe3(a)
Therefore A = \/c <4 /\ ¢ showing that (LCB3) holds for ¢. O

Remark 3.12. The inverse result of Theorem 3.11 fails. An L-convex base may not be an L-closure structure.
To shows this, let X = {x} and let L = [0, 1]. Define B = [0, 3)* U (J, 1)*. Then B is an L-convex base. Let
By =(3,1)* CB.Butl¢ Band A\ By ¢ B. Thus both (LC1) and (LC2) fail for B.

Theorem 3.13. L-CS is a bicoreflective subcategory of L-CSS, where L-CSS is the category of L-closure spaces
and L-closure structure preserving mappings.

Proof. To verify this, let (X, ¢) be an L-closure space. By Theorems 3.5 and 3.11, Gy is an L-convex structure.
Thus we only need to prove that idy : (X, Cy) — (X, @) isabicoreflector. It sufficient to show that the following
statements hold.

(1) idy : (X, Cp) — (X, @) is an L-closure structure preserving mapping.

(2) for any L-convex space (Y, Cy), if f : (Y, Cy) — (X, ¢) is an L-closure structure preserving mapping,
thenf : (Y, Cy) — (X, Cyp) is an L-convex structure preserving mapping.

Since ¢ C Cy, (1) is clear. For (2), if A € Cyp, then there is an up-directed set {B;};c; C ¢ such that A =
Vi1 Bi- Since f : (Y, €y) — (X, ) is an L-closure structure preserving mapping, f; (4) = \/;; fi~ (B;) € Cy.
Thus (2) holds. O

4 L-convex subbases

Definition 4.1. Let (X, C) be an L-convex space. A subset D C @ is called an L-convex subbase of € if By =
{A\F:F C D}isan L-convex base of C.

Proposition 4.2. Let (X, C) be an L-convex space and let D C C.
(1) If there is Dp C D such that co(F) = \ Dg forany F € F(LY), then D is an L-convex subbase of C.
(2) An L-convex base is an L-convex subbase.
(3) C is the coarsest L-convex structure containing D if D is an L-convex subbase.

Proof. (1) and (2) directly follow from Proposition 3.2 and Definition 4.1.

di

(3): Let €; be an L-convex structure with D C €;.If A € €, then there is {B;}ic; QUBD such that A =
Vi1 Bi- Since there is D; C D such that B; = A D; for each i € I, we have B; € C; by (LC2), and A € €; by
(LC3). Thus € C C;. O

Remark 4.3. (1) of Proposition 4.2 just gives a sufficient condition of an L-convex subbase. In the example
of Remark 3.3, B is an L-concave subbase of €. However, X2 € F(LX) and co(xi) =Xz # ANDforany D C B.
To obtain a necessary and sufficient condition, we present the following results.
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Theorem 4.4. If (X, C) is an L-convex space with an L-convex subbase D, then

(LCSB) there is an up-directed set {B;};jc; C L* such that T = Vic1 Bi» and there is subset {D;;}jcj, € D
such that B; = /\je]i Dj; foreachi e I.
Proof. The result directly follows from (LCB1) of the L-convex base B. O

Theorem 4.5. Let D C LX be a set satisfying (LCSB), then there is a unique L-convex structure C with D as
an L-convex subbase.

Proof. Let By = {A\F : F C D}. We check that B, is an L-convex base.
(LCB1): It directly follows from (LCSB).
(LCBZ) Let {Bi}iel - 3@ and let {Bij}je],- C D with Bi = /\jEIi Bl] Then /\iEI Bi = /\iEI /\jE]i Bij € B‘D-

di
Since { \;; Bi} glr By, (LCB2) holds trivially.

di

(LCB3): Let {A;}ic; C L be up-directed, and let {Bij}jes; ger@ such that A; = \/;; By foreachi € I.
Thus, for each i € I and each j € J;, there is a subfamily {Dyj}rck, € D with B;; = /\keK,. Djji.. Take
A =\/;c;Ai. Wehave A = \/;.; A; = Vi1 Vjej, Bij- In addition, for each F € §(A), we have

Feg@ =30/ Byp=JJ3By.
ieljej; ieljeJ;
Thus F € S(BU) forsomeicI andj € J;.Let Bg = /\{Bll :Fe S(BU)} Then
B = /\ Bij: /\ /\ Dl-]-ke%@.
FeF(By) FeF(By) keK;,

Further, since {F : F € §(A)} is up-directed, {Br : F € F(A)} is up-directed. So
F<Bp= /\{Bj:Fc3By}=<A.

This implies that

A= \/ F< \/ Br=<A.

Feg(A) FEF(A)

Hence A = \/ . 5(4) BF- Therefore (LCB3) holds for By,.
By Theorem 3.5, there is a unique L-convex structure with B, as an L-convex base. Thus it is the unique
L-convex structure with D as an L-convex subbase. O

By Theorems 4.4 and 4.5, (LCSB) is a necessity and sufficient condition for L-convex subbases. Thus we
present the following axiomatic definition.

Definition 4.6. AsetD C L% iscalled an L-convex subbase and the pair (X, D) is called an L-convex subbase
space provided that D satisfies (LCSB).

Let (X, Dy) and (Y, Dy) be L-convex subbase spaces. A mapping f : X — Y is called an L-convex subbase
preserving mapping if f{~ (D) € Dy forall D € Dy.

The category of L-convex subbase spaces and L-convex subbase preserving mappings is denoted by L-
CSBS. Next, we study relations between L-CS and L-CSBS.

Theorem 4.7. An L-convex structure is an L-convex subbase of itself.

Theorem 4.8. Let (X, Dy) and (Y, Dy) be L-convex subbase spaces. If f : X — Y is an L-convex subbase
preserving mapping, then f : (X, Cp,) — (Y, Cp,) is an L-convex structure preserving mapping.
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dir
Proof. If A € Gy, then there is {B;}ic; C LY with A = Ve Bi where there is {D;;}jc;, € Dy such that
B; = /\ieli Dj; for eachi € I. Thus

fi B = (\Dy)= \fi (D)
j€li j€li
Since {B;}ic is up-directed and f : X — Y is an L-concave subbase preserving mapping, {f;~ (B;)}ic; C
Dy is up-directed. Hence {f;(B;)}icr € Bp, and

fr@=f" 0\ A\Dyp=\fi(B)eCo,.

icl je]; icl
Therefore f : (X, Cp,) — (Y, €p,) is an L-convex preserving mapping. O

By Theorem 4.7, the category L-CS is a subcategory of the category L-CSBS. Thus we can define a factor Es :L-
CS— L-CSBS by:

]ES(X) €)=(X, e)’ ]Es(f):f'
By Theorems 4.5 and 4.8, we can define a factor G :L-CSBS—L-CS by:

GX,D) =(X,Cp), G(f)=f.
Theorem 4.9. (Es, G) is a Galois’s connection and G is a left inverse of Es.

Proof. By Theorems 4.7, 4.5and 4.8,1; _¢s = GoEs and EsoG < I _cgps, Where I} _¢s and I _cgps are identities
factors in L-CS and L-CSBS, respectively. O

Corollary 4.10. L-CS can be embedded as a coreflective subcategory of L-CSBS.
From the proofs of Theorems 4.5 and 4.8, we have the following conclusion.

Corollary 4.11. If (X, D) is an L-convex subbase space, then the set By, = {\F : F C D} is an L-convex
base. In addition, if (X, Dx) and (Y, Dy) are L-convex subbase spaces and f : X — Y is an L-convex subbase
preserving mapping, then f : (X, Bp,) — (Y, Bp,) is an L-convex base preserving mapping.

Now, we consider relations between L-CBS and L-CSBS.
By (2) of Proposition 4.2, the category L-CBS is a subcategory of the category L-CSBS. Thus we can define
a factor E :L-CBS —L-CSBS by:

E(X, B)) = (X, B), E({)=f.
Conversely, by Corollary 4.11, we can define a factor H : L-CSBS—L-CBS by:
H((X, Bp)) = (X, D), H()=T.
Theorem 4.12. (E, H) is a Galois’s connection and H is a left inverse of E.

Proof. By Proposition 4.2 and Corollary 4.11, [; cgs = HoEand E o H < I _¢gps- O

Corollary 4.13. L-CBS can be embedded as a coreflective subcategory of L-CSBS.

5 L-topological-convex spaces

In [2], if X is a set equipped with a convex structure € and a cotopology T, then the triple (X, T, @) is called a
topological-convex space provided that T is compatible with C, i.e., all polytopes are closed (coe(F) € T
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for any F € Zﬁn). In this section, we extend this concept into L-fuzzy settings and obtain some of its
characterizations. Before this, we give a brief observation of this concept.

Remark 5.1. Let X be a set equipped with a cotopology 7 and a convex structure C. Then T N C is a closure
structure whose closure operator is denoted by clyqe.

(1) From definition of a topological-convex described as above, we can conclude that a set X, equipped
with a cotopology 7 and a convex structure C, is a topological-convex space iff coe(F) = clyne(F) for all
Fc Zﬁn. Indeed, if (X, 7, @) is a topological-convex space, then coe(F) = cly(coe(F)) forany F ¢ Z;i‘n. Thus
coe(F) = cly(coe(F)) € TN € which shows

coe(F) < clyne(F) < cly(coe(F)) = coe(F).

Conversely, if coe(F) = clyne(F) forall F € Zﬁn, then it is clear that coe(F) € T forall F € 2,’{". That is, T is
compatible with C.

(2) In a convex space (X, C), a subset B C C is called a base if for each A € @, there is an up-directed
subset By C B such that A = | JB. As described in [2], a subset of a convex structure is a base iff it contains
all polytopes. Thus, T is compatible with C iff € has a closed base (i.e., C has a base B contained in 7).

From (2) of Remark 5.1 and Definition 3.1, we extend the notion of topological-convex spaces into L-fuzzy
settings as follows.

Definition 5.2. Let X be a set equipped with an L-cotopology T and an L-convex structure C. The triple
(X, T, @) is called an L-topological-convex space, if 7 is compatible with C, that is, € has a closed L-convex
base (i.e., there is B C T such that B is a base of ).

Next, we give some characterizations on L-topological-convex spaces as follows.

Theorem 5.3. Let X be a set equipped with an L-cotopology T and an L-convex structure C. Let clyn ¢ is the
closure operator of the L-closure structure T N C. Then the following conditions are equivalent.

(1) (X, T, @) is an L-topological-convex space.

) coe(A) = Ve Clone(F) forany A € LX,

(3) coe(F) = Vgez(p) Clane(G) for any F € §(LY).

Proof. (1) = (2): Let B C TN € be an L-convex base of €. Let A € LX. By (LDF),
coe(A) = \/ coe(F) < \/ clyne(F).
FeF(4) FeF(4)

Conversely, since B is an L-convex base of C, there is an up-directed set B; C B such that coe(4) = \/ B;.
For each F € F(A), we have

F e §(4) € F(coe(@) =F(\/B1) = | J FB).
BeB,

Thus there is B € B such that F € F(B). Since B € B; C B C T N €, we have
clyne(F) < clyne(B) = B < coe(4).

Hence \/pcz ) Clone(F) < coe(A).
(2) = (3): Clear.
(3) = (1): We have B = {clyne(F) : F € (L*)} € T n €. Thus for each C € €,

C=coe(C) = \/ coe(F) = \/ \/ clyne(F) = \/ clyne(G).
FeF(0) FeF(C) GeF(F) GeF(0)

Since the set {G : G € F(C)} is up-directed, the set {cly~c(G) : G € F(C)} C B is also up-directed.
Therefore B is a closed L-convex base of C. O
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In [28], it has been proved that for an L-closure space (X, ¢), the set

i
Cp={AcL¥:3DC p,a=\/D}

is an L-convex structure generated by ¢. Thus an L-cotopology T naturally induces an L-convex structure
denoted by C. Moreover, we have the following result.

Theorem 5.4. Let (X, T) be an L-cotopological space. Then (X, T, C) is an L-topological-convex space.
Proof. Let F € F(LX). Since T C @, it directly follows from (LDF) that

coe,(F) = \/ coe,(G) < \/ clyne, (G).
GeF(F) GeF(F)

Conversely, let G € F(F). For each B € C with F < B, there is an up-directed set D C T such that B = \/ D.
Thus G € §(B) = Jpcp (D). Hence there is Dg € D such that G € §(Dg). This shows Dg € T N Cy and
G<Dg<B.So

CO@T(F) = /\{B €Cy:Fc< B} > Dg = Cl‘]’ﬂ(?g—(DG) > CI‘Tﬂ(E«I(G)'
Therefore VGES(F) clyne, (G) < coe, (F). O

Remark 5.5. (1) Unlike topological-convex spaces, an L-topological-convex space (X, T, ©) fails to imply
coe(F) € T forall F € F(LX). For example, let X = {x}and L = [0, 1]. Define T = {x, : r € [0, ) U {1}} and
C=TU {x%}. Then (X, T, C) is an L-topological-convex space. However, X1 € F(LX) and co@(x%) =X 7.
Hence clfm@(x%) = Clg'(X%) = x4 which shows that coe(x%) # clqme(x%).

(2) In the L-convex structure generated by an L-cotopology, each element in € is the supermum of an up-
directed subset of 7. This property is also preserved by an L-topological-convex space. The L-convex structure
generated by an L-cotopology containing this L-cotopology. But an L-topological-convex space (X, T, €), T C
C may fail. For example, let X = {x, y} and let L = [0, 1]. Define € = {0, x%,y%,l} and 7 = CuU {i}. Then
(X, T, @) is an L-topological-convex space. But T ¢ C.

(3) For an L-cotopological space (X, 7), C is an L-Alexander topology.

In fact, if C4 is the L-convex space generated by an L-topology T and {A;};c; C Cg, then there is an
up-directed set D; C T such that A =\/D; foranyi € I. Let D = | J;; D;and let B = {LUG: G € ZﬁDn}, where
UG stands for \/ G (G is finite). Then B C T is up-directed and \/;.; A; = \/ B € Cg. So Cy is an L-Alexander
topology. However, in an L-topological-convex space (X, T, €), € may not be an L-Alexander topology. The
example in (1) is of this type.

Next, we get a weaker L-topology by an L-topology and an L-convex structure.
Lemma 5.6. Let X be equipped with an L-cotopology T and an L-convex structure C. Let ¢ = T N C. Define
Tw={AeLl*:3BC¢”,A= \B},

where ¢ = {UD : D ¢ Z}ipn}. Then Ty is an L-cotopology satisfying Tw = A{S € T(X) : ¢ C 8} and Tw C 7T,
where T(X) is the set of all L-cotopologies on X.

Proof. (LT1):Since T, L € ¢ C ¢",wehave L, T € Ty.

(LT2): Let {A;}ie; € Tw. Foreachi ¢ I, there is B; C ¢" such that A; = A B;. Let B = |J
B C (pl_l and /\iEIAi = /\B € Tw.

(LT3): We firstly prove that A v B € ¢ forall 4, B € ¢".

Since A, B € ¢, there are D,,D; € Z;ipn such that UD; = A and UD, = B. Since B = D; U D,
AV B =UB € ¢". Next, we prove that T, satisfies (LT3).

ic; Bi- Then
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If A, B € Ty, then there are {D;};c, {Dj}jec; C ¢ suchthatA = A, ; D;and B = Ajej Dj. Let Dyj = D;v D;
foranyi € I and any j € J. We have

AvB= A DivD;j= / DjeTu.
iel,jeJ iel,jeJ

Therefore Ty is an L-cotopology.

To prove that T C T, let A € Ty. Then there is B C ¢" such that A = A B. Since B C ¢" C T, we have
B CTand A = A B € 7. Therefore Ty C 7.

Finally, since Tw 2 ¢ D ¢, we have N{S € T(X) : ¢ C 8} C Tw.

Conversely, let ¢ C 8§ € T(X).If A € Ty, then thereis B C ¢" such that A = A\ B. Thus, for each B € B,
thereis D € Z;i”n such that B=1D.HenceBe Sand A= A\B €8.S0Tw C{S € X(X): ¢ C 8}. O

With help of Ty, we can characterize L-topological-convex space as following.

Theorem 5.7. Let X be a set equipped with an L-cotopology T and an L-convex structure C. Then (X, T, €) is
an L-topological-convex space iff (X, Tw, ©) is an L-topological-convex space.

Proof. Tw N € =T N CbyLemma 5.6. Thus the result follows from Theorem 5.3. O

6 L-topological-convex enclosed relation spaces

Except for Theorems 5.3 and 5.7, there are others ways to characterize L-topological-convex spaces. In this
section, we introduce the notions of L-topological-convex enclosed relations, by which, we characterize L-
topological-convex spaces.

For L-topological-convex spaces (X, Tx, Cy) and (Y, Ty, Cy), a mapping f : X — Y is called an L-
topological-convex structure preserving mapping, if f : (X, Ty) — (Y, Ty) is L-continuous and f : (X, Cx) —
(Y, Cy) is L-convex structure preserving.

The category of L-topological-convex spaces and L-topological-convex structure preserving mappings is
denoted by L-TCS.

Definition 6.1. Let X be a set equipped with an L-topological enclosed relation < and an L-convex enclosed
relation <. The triple (X, X, €) is called an L-topological-convex enclosed relation spaces provided that < is
compatible with <, that is, for any F € F(L*X) and any B € L¥,

F 2 Bimplies VG € F(F),3D € L¥ suchthat G« D 2 D < D < B.

Let (X, <y, €x) and (Y, Xy, £y) be L-topological-convex enclosed relation spaces. A mapping f : X — Y'is
called an L-topological-convex enclosed relation dual-preserving mapping, if f : (X, Xx) — (Y, Xy)is an
L-topological enclosed relation dual-preserving mapping, and f : (X, €x) — (Y, €y)is an L-convex enclosed
relation dual-preserving mapping. That is, forall 4, B € LY, A <y B (resp. A <y B) implies f;(4) Zx f;(B)
(resp. f{~(A) <x fi~ (B).

The category of L-topological-convex enclosed relation spaces and L-topological-convex enclosed rela-
tion dual-preserving mappings is denoted by L-TCERS.

Next, we prove that the L-convex enclosed relation generated by an L-topological enclosed relation is
compatible with this L-topological enclosed relation.

Lemma 6.2. Let (X, %) be an L-topological enclosed relation space. Define a binary operator <= on X by:
x . dir .,
VA,BeL*, A<2 Biff 3D C L, s.t. A=\/D;vD e D,D < B.

Then < < is an L-convex enclosed relation generated by <. Moreover, for all A, B € LX, A 2~ Biff F < B for all
F € §(A).



DE GRUYTER L-topological-convex spaces generated by L-convex bases =—— 1559

i
Proof. (LCER1): L <~ L since {1} C L¥ and 1=

(LCER2): If A £~ B, then there is D C LX such that A =\/Dand D < Bforall D € D. Thus A < Bbhy
(LTER2).

(LCER3): Let B = \;; B;. If A €< B, then there is D C LX such that A =\/Dand D < Bforeach D € D.
Since B < B; for each i € I, we have D < B; for each D e D.Thus A €« B; foreachi e I.

Conversely, let A €« B; foreachi € I and let D; C LX such that A = \/ D; and D; < B; forall D; € D;.
Let 8 be the set of all choice mappings s : I — J;c; D; with s(i) € D;. Then the set D = {A;;s(i) : s € 8}
has the following properties.

(i) D is up-directed.

Let By, B, € D. Then there are s1,s, € 8 such that By = A\;.;s1(i) and By = A;;s2(i). Thus there is
D; € D; such that s1(i), s2(i) < D; for each i € I. Define s3 : I — | J;c; D; by s3(i) = D; for each i € I. Then
s3 € 8and By, B, < B3 = \\;;s3(i) € D. Therefore D is up-directed.

(i) A=\ D.

Let x; < A.Since A €= B; foreachi € I, there is D; dglrLX such that A = \/ D;. Thus there is D; € D;
such that x; < D;. Defines : I — (J;; D; by s(i) = D; foreachi € I. Thens € S and x; < A\;;s(i) € D.
Hence A < \/ D. Conversely, ify, < '\/ D, then thereis s € 8 such thaty, < A\;; s(i). Since s(i) € D;, we have
Yu <\ D;=A.Thus \/ D < A. Therefore A = \/ D.

(iii) D < Bforany D € D.

Forany D € D, thereis s € Ssuch that D = A
Therefore (iii) holds.

Combining (i)-(iii), we find that A €4 A

iel

icr (0. Fix any j € I. We have D < s(j) < B;. Thus D < B.
leI

dir
(LCER4): Let {A;}icr g LX with A = \/fe"lAi. If A 2= B, then there is D C L¥ such that A = \/ D and

di
< Bforeach D € D.Foreachi € I, itis clear that D; = {4; AD : D € D} C"LX and A; = \/ D;. In addition,
A AD<D=<BandsoA; AD < Bforeach D € D. Thus A; €« B foreach i GI

Conversely, let A; €< B for each i € I. Then, for each i € I, there is D; g LX such that A; = \/ D; and
D; *x BforallD; € D;.LetD = | J;.;Di, G=\VDand ¢r = {D : F< D € D} forall F € F(A). We have the
following results.

(i) @r is nonempty for all F € F(A).

Since {A,-},-eldglrLX, there is ir € I'such that F € §(4;,) = §(\V D;;) = UDiFEDiF §(D;,). So thereis D;, €
D;. C D with F € §(D;,). Hence D;,. € @F.

(i) A = Vpega A @F-
Since F < D;, < A;, < Aforall F € §(A), we have F < A ¢ < A. Thus

A= \/ F< \/ Aor<A

Feg(4) Feg(4)

iel

Hence A = ez A @F-

(iii) {\ @F : F € 5(A)} C D is up-directed.

Let F, G € §(A). Then there is H € F(A) such that F, G < H. Since D € ¢r and D € ¢ for each D € ¢y,
we have A @, ¢ < @g. Thus (iii) holds.

(iv) A ¢r < Bforeach F € F(A).

We have A @(F) < D < B for each D € ¢(F). Thus A ¢(F) <

Combining (i)-(iv), we conclude that \/fie”l ; €= B.

(LCER5): If A £~ B, then there is D C LX such that A = \/ D and D < B for each D € D. Thus, for each
D € D, there is E;) € L¥ such that D < E < Ep < B by (LTER5). This shows D < Epp < B.

Let op = {Ep € LX : D % E) % B} foreach D € D. Then ¢ is nonempty. Further, the set {Ae@p:De D}
is up-directed and D < A ¢p by (LTER3). Also, it is clear that A\ ¢p < B.Let C = VDG,D A\ @p. Wehave D < C
foreach D € D.Hence A €« C €« B as desired.
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Therefore <~ is an L-convex enclosed relation.

Finally, let A, B € L*. We prove that A £~ Biff F < B for each F € F(A).

If A £~ B, then there is an up-directed set D C L% such that A = \/ D and D < B for each D € D. Thus,
for each F € §(A), we have F € §(A) = F(\V/ D) = Upcop §(D). Hence there is D € D such that F < D < B.
Therefore F < B.

Conversely, let F < B for all F € F(A). Since {F : F € F(A)} is up-directed and A = Vrez(a) G» we have
A 2~ B by definition. O

Theorem 6.3. For an L-topological enclosed relation space (X, X), the triple (X, X, €=) is an L-topological-
convex enclosed space.

Proof. Let F € F(LX) and let B € LX with F 22 B.If G € §(F), then G < B by Lemma 6.2. Thus there is
D¢ € L¥ such that G < Dg % Dg < B. Since Dg % Dg and {D;} C L¥ is up-directed, we have D; = Dy.
Hence

GSDG Lz DG ')<DGSB.
Therefore (X, X, €<) is an L-topological-convex enclosed relation space. O
By Theorem 6.3, we list some L-topological-convex enclosed relations as follows.
Example 6.4. Let (X, %) be a pointwise quasi-uniform space. Define

A <4 Biff U € % such that A < A\ U();
YuzB

. dir X
A 24 Biff 3D C L such that A = \/ D; VD € D, D <4 B.

Then (X, <4/, €4/) is an L-topological-convex enclosed relation space by Theorem 4.6 in [33], Lemma 6.2 and
Theorem 6.3.

Example 6.5. Let (X, §) be a pointwise S-quasi-proximity space. Define
A =5 Biff vy, £ B, 8(yu, A) = 0;
X dir
A <5 Biff 3D C L* such that A = \/ D; VD € D, D < B.

Then (X, <4, €5) is an L-topological-convex enclosed relation space by Theorem 4.7 in [33], Lemma 6.2 and
Theorem 6.3.

Example 6.6. Let (X, d) be a pointwise pseudo-metric space. Define

A=qBiffVyu £ B, N d(xy, yu) > 0;

Xp<A
X dir ¢
A 24 Biff 3D C L* such that A = \/ D; ¥D € D, D <, B.

Then (X, <4, €4) is an L-topological-convex enclosed relation space by Theorem 4.2 in [33], Lemma 6.2 and
Theorem 6.3.

Next, we discuss relationships between L-TCERS and L-TCS.

Theorem 6.7. If (X, %, €) is an L-topological-convex enclosed relation space, then (X,T<,C.) is an L-
topological-convex space.

Proof. We firstly verify that co : L¥ — L, defined by co-(A) = \{B € L* : A £ B} in Theorem 2.8, satisfies
c02(A) = ez co<(F) forall A € L%
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Clearly, \/FES( 2 co2(F) < coz(A). Conversely, for each G € F(A), we have
G 2 co-(G) < \/ co-(F).
FeF(A)
Thus
A= \/ G~z \/ co2(F).
GeF(A) FeF(4)
Hence co-(4) < \/FES(A) coz(F).
To prove the desired result, let F € F(LX). We need to prove that
coe_(F) = \/ clrine (6.
GeF(F)
Since Tx N €z C €, we have cle_ < cly qe_. Thus
coe_(F)= \/ coec_(G)s \/ clyine (G).
GeF(F) GeF(F)

Conversely, let G € F(F). To prove that Clg'émez(G) < coeé(F), let B € LX with coeé(F) < B. We next prove
that Clir#ﬁeg (G) < B.
Since coez(F) < B, we have F € B. Thus thereis D € LX suchthat G« D € D % D < B and so

G<D=cly, (D)= coe<(D).

Hence G < D € Tz n €2 which implies cly_ne_(G) < D < B. In conclusion, \/ gz Clrone.(G) < B.

Therefore \/ ;czr) Clozne_ (G) < coe_(F).
Thus, by Theorem 5.3, (X, T<, €2) is an L-topological-convex space. O

Theorem 6.8. If (X, T, Q) is an L-topological-convex space, then (X, <y, <¢e) is an L-topological-convex
enclosed space.

Proof. Let F € (LX) and B € L¥ such that F < B. Then

\/ clyne(G) = coe(F) < B.
GeF(F)
Let Dg = clyne(G) for each G € F(F). Then G < Dg € TN €. By Dg € C, we have coe(Dg) = Dg and so

D Z¢ Dg. Similarly, by D € T, we have cly(Dg) = D and so Dg <4 Dg. Hence

GSDG <e DG #TDGSB-
Therefore (X, X+, €¢) is an L-topological-convex enclosed space. O
The following three results directly follow from Theorems 2.6 and 2.8.
Theorem 6.9. Let (X, <y, €x) and (Y, Xy, €y) be L-topological-convex enclosed relation spaces. If f : X — Y

is an L-topological-convex enclosed relation dual-preserving mapping, thenf : (X, T<,,C2,) — (Y, Tz,,€C2))
is an L-topology-convexity preserving mapping.

Theorem 6.10. Let (X, Tx, Cx) and (Y, Ty, Cy) be L-topological-convex spaces. If f : X — Y is L-topological-
convex structure preserving, then f : (X, X, €¢,) — (Y, g, €¢,) is L-topological-convex enclosed relation
dual-preserving.

Theorem 6.11. If (X, %, €) is an L-topological-convex enclosed relation space, then <5, =< and Ze =%.
Conversely, if (X, T, €) is an L-topological-convex space, then Tz = Tand €., = C.
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From Theorems 6.7 and 6.9, we can define a factor T : L-TCERS — L-TCS by
T(X, %, <) = (X,T<,C2) and T(f) = f.

From Theorems 6.7 to 6.11, T is an isomorphic factor.
Corollary 6.12. L-TCERS is isomorphic to L-TCS.

Next, we obtain a new L-topological enclosed relation via an L-topological enclosed relation and an L-
concave enclosed relation.

Lemma 6.13. Let X be a set equipped with an L-topological enclosed relation < and an L-convex enclosed
relation <. Define a binary operator Cw on X by

ATw Biff cl(A) < B,
where the operator cl : LX — L is defined by:

cl(4) = \{cl(A) : clz v coc < cl € €(X)},

where €(X) is the set of all L-closure operator on X and cl% Vv co < cl means clz(A) v co(4) < gl(A)for any
A € LX. Then Ty is an L-enclosed relation generated by < and <. In addition, Ty is the biggest L-enclosed
relation with respect to Cw << and Cw <<.

Proof. Note that the set {EI € ¢X) : clz Vvcos < gl} is not empty since it contains the closure operator of
the indiscrete L-topology on X. To prove that Ty is an L-enclosed operator, we only need to verify that cl is
an L-closure operator.

(LCL1)—(LCL3) are easy.

(LCL4): Let A € L*. Since cl < cl for any cle ¢(X) with clz v coz < cl,

cl(cl(A)) = \{cl(cl(A) : clz v coz < cl € €(X)}
< /\{EI(EI(A)) s clz v coz < cl € ¢(X)}
< /\{EI(A) s clz v coz < cl € €(X)}
= cl(A).

Thus cl(cl(A)) = cl(A).

Hence cl is an L-closure operator. Therefore Cy is an L-enclosed relation.

Finally, Cw <X and Cw <€ by clz V co: < cl. Now, let = be any L-enclosed relation on X with = << and
T <. Thenclz V coz < cl=and so cl < cl=. Hence

C==g_<=25=Cw.
So Ew is the biggest L-enclosed relation with respect to Ty << and Ty <<. O

Theorem 6.14. Let X be a set equipped with an L-topological enclosed relation < and an L-convex enclosed
relation <. Let Cw be the L-enclosed relation generated by < and <. Then the following results are valid.

(1) ¢z, = Tz N C—, where o is the L-closure structure induced by Cw.

(2Q)T=, = Tw C Tx, where T is the L-cotopology generated by ¢, , and T is the L-cotopology generated
by Tz N eg.

(3) Define a binary operator <=, on X by:

A== Biff VEw =< € €(X), A=B,

where &(X) is the set of all L-topological enclosed relation on X. Then 4EW=4TEW which is called the L-
topological enclosed relation generated by T .
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Proof. (1): Let A € LX. We have
Ac s, < ACWA
s A=cl(A)2clz(A)Vcoz(A)= A
= clx(A)=co-(A)=A
s AeTsne,.
Thus =, C Tz N C-. Conversely, since T N C is an L-closure structure, we have
clzveoz <cly ne. € €X).
Thus cl < cly ne_ - Hence, forany A € < N €<, we have
A< cl(A) < clyne_(A) = A.

This implies cl(A) = Aand A € ¢= . Therefore Tz N C_ C ¢ .
(2): The result directly follows from (1).
(3): For any £ € ¢(X) with Ty < <, we have ¢=, € Tz. Thus it follows that T= = ({T : o, C T €
T(X)} € T5. Hence
A=g_ B cly (A)<B
€ ¢(X), cly, (4) < clgﬁw (A)<B

PSS

= VCws<
=VEw<2€€X), A<y, B
& VEw<= e ¢X), AZB

< A 4Ew B.

Therefore 4% S
Conversely, if A <= B, then AZB (i.e., clz(A) < B) for each T < Z ¢ ¢(X).LetD = A

=, Clz(A)
Then for each Ty < Z € ¢(X), we have

TweZeE(X)

D< cquw (D) < clg_j< D) < Clg‘% (clz(A)) = clz(A) < B.
By arbitrariness of Ty < < € ¢(X), we have

D=scly_ (D)< /\ cl5(A) = D.
TweZee(X)

Thus clqyEw (A) < D € T, which shows A #yﬁw B. Therefore é—wségﬁw. O

Theorem 6.15. Let X be a set equipped with an L-topological enclosed relation < and an L-convex enclosed
relation <. Let Cw be the L-enclosed relation generated by < and <, and %EW be the L-topological enclosed
relation generated by Tw. For any F € F(LX), we denote §r(LX) = {H € FULX) : F € F(H)} and Cr =
Nbegpax) €Oz (H). Then the following conditions are equivalent.

(1) (X, =, €) is an L-topological-convex enclosed relation space;

(2) (X, Tz, C2) is an L-topological-convex space;

(3) (X, X, , 2) is an L-topological-convex enclosed relation space;

(4) Cp € T=, forall F € F(L®);

(5) Cr € T forall F € F(LX);

(6) Cr € ¢, forall F € F(LX).

Proof. (1) = (2): By (2) of Theorem 6.14, T= = T which is an L-topology with T< N C as its closed subbase.
Let F € (LX). By (LDF),

co-(F) = \/ co-(G) < \/ cly_ ne.(G).
GeF(F) GEeF(F)
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Conversely, since (X, <, €) is an L-topological-convex enclosed relation space,

coc(F)= \/ clrine(G).
GeJ(F)

Thus clrMm@z (G) < co(F) for each G € F(F). Further, for any G € §(F),

Gegm =3\ B= ] 3.

ReF(F) ReF(F)

Thus thereis R € §(F) such that G € F(R).Let B; = /\HGSG(LX) d‘MﬁCz (H). We have G < B; € T2 N C which
implies clgﬁwme< (G) < Bg.

Since R € F(F) and G € F(R), we have B; < clﬂne((R) < co«(F). Hence Clvﬁwmeé(G) < co=(F) for any
G € §(F). So Veesw cquwmeé (G) < co(F). Therefore (X, T= , €2) is an L-topological-convex space.

(2) & (3): It directly follows from (3) of Theorem 6.14 and Theorem 6.8.

(2) = (4): If x; ¢ Cp, then there is H € Fr(LX) such that x; # co-(H). Since F € §(H), there is R € F(H)
such that F € §(R).

Since (X, T=, €.) is an L-topological-convex space, we have

cly_ ne.® =< \/ cly_ qe_(G) = coc(H).
GEF(H)

Thus x; £ Clg“ﬁwmez(R). Further, we have cl= (Cr) < Clg'ﬁwmez(R) since

Cr = /\ CO((H) < COg(R) < Clewﬁeg(R) c TEW n eg.
HeF (LX)

Hence x, £ cl=, (Cr). Therefore cl, (Cr) < Cr which shows that Cr € T, .
(4) = (5): Since T=, = Tw C Tx, the result is clear.
(5) = (6): Since Cr € T<, we have

Clé(CF) =Cr= /\ COZ(H) S (?g.
HegFr(LX)

Thus Cr € T< N Cz = ¢, by (1) of Theorem 6.14.
(6) = (1): Let B € LX with F £ B. Then co(F) < B.Let G € §(F). Then F ¢ Fe(L®) and so C;; < co-(F).
In addition, by (2) of Theorem 6.14 and (6), G < C; € o=, =TzNC-. Thus

G<C;<Cs=Cs<cos(F)<B.

Therefore (X, <, ) is an L-topological-convex enclosed relation space. O

7 Conclusions

In this paper, axiomatic definitions of both L-convex bases and L-convex subbases are introduced. It is proved
that the category of L-convex spaces is a coreflective subcategory of both the category of L-convex base
spaces and the category of L-convex subbase spaces. In particular, it is also proved that the category of L-
convex spaces is a bireflective subcategory of the category of L-closure spaces. Further, by L-convex bases,
the notion of L-topological-convex space is introduced which is a triple consisting of an L-cotopology and a
compatible L-convex structure on the same set. L-topological-convex spaces can be characterized by many
means including L-topological-convex enclosed relation spaces.

L-convex bases are quite different to convex bases when L # {_L, T}. Specifically, a subset of a convex
structure is a base iff it contains all polytopes [2]. That is, if (X, ©) is a convex space, then B C Cis a base of €
iff co(F) € Bforany F 2j§n. However, as we can see in Remark 3.3, an L-convex base B of an L-convex space
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(X, ©) may fails to imply co(F) € B for all F € F(LX). Thus we didn’t directly extend the original definition of
topological-convex spaces to L-setting.

As we can see, L-convergence spaces are closely related to L-topological spaces [34-37]. Similar to
the compatibility between an L-cotopology and an L-convex structure, it could be possible to discuss the
compatibility between an L-convergence structure and an L-convex structure. Further, it could be possible to
characterize L-topological-convex spaces by such compatibility.

Topological-convex spaces in Convex Theory is a basic notion in combining Topology Theory and Convex
Theory. With such spaces, many combined properties can be investigated including continuities of hull
operators, compactness and uniformity of convex spaces. Thus this paper could be helpful in discussing
L-topological-concave spaces in the future.
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