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1 Introduction and definitions

Let A denote the class of functions f of the form

flz)=z+ i anz" (ze D), 1.1

n=2

which are analytic in the region D = {z € C : |z] < 1} . Let 8 denote a subclass of A which contains univalent
functions in D. An analytic function f is subordinate to an analytic function g (written as f < g) if there exists
an analytic function w with w (0) = 0 and |w (2)| < 1 for z € D such that f (z) = g(w (2)) . In particular if g
is univalent in D, then f (0) = g (0) and f (D) C g (D). The familiar classes of starlike, convex and bounded
turning functions are defined respectively in terms of subordination as

§" = {f €8: Z]{;g) <Y(z), ze€ ]D)} , (1.2)
e-= {f€8:1+Z]]://£S) < 9(2), ze]D)},

R={fe8:f'2)<vy(2), zeD},

where v(z) = 2. By choosing suitable function ¢ in (1.2), we obtain several subfamilies of A which have

interesting geometric interpretation, see [1-11]. From these subfamilies, we recall here which are connected
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with trigonometric functions and are defined as follows:

_ ) -
Csin = {f €8:1+ e <1 +sm(z)}, (1.3)
. _zf' (2) .
Ssin {f €S: @ < 1+sin (z)} , (1.4)
Ren = {f€8:f (2) < 1+sin(2)}. (1.5)

*

The class 8, of analytic function defined in (1.4) was introduced by Cho et al. [6] and they also study the
radii problems for this class of functions.

The familiar coefficient conjecture for the functions f € 8 having the series form (1.1), was given by
Bieberbach [12] in 1916 and it was later proved by de-Branges [13] in 1985. It was one of the most celebrated
conjecture in classical analysis, one that has stood as a challenge to mathematician for a very long time.
During this period, many mathematicians worked hard to prove this conjecture and as result they established
coefficient bounds for some subfamilies of the class § of univalent functions. They also develop some
new inequalities related with coefficient bounds of some subclasses of univalent functions. Fekete-Szeg6
inequality is one of the inequality for the coefficients of univalent analytic functions found by Fekete and
Szeg6 (1933), related to the Bieberbach conjecture. An other coefficient problem which is closely related with
Fekete and Szegd is Hankel determinant. Hankel determinants are very useful in the investigations of the
singularities and power series with integral coefficients.

For given parameters g, n € N = {1, 2, ...}, the Hankel determinant Hg,n (f) of a function f € 8 of the
form (1.1) was introduced by Pommerenke [14, 15] as:

an An+1 -« - Aneg-1

an+1 QAns2 .. Ang
Hq,n (f) = . . . . (16)

An+q-1 An+q -+« An+2q-2
The growth of Hg,n (f) has been investigated for different subfamilies of univalent functions. In particular,
the absolute sharp bound of the functional H; > (f) = axa, - a% for each of the sets C, 8™ and R were found by
Janteng et al. [16, 17] while the exact estimate of this determinant for the family of close-to-convex functions
is still unknown (see [18]). On the other hand, the best estimate of |H, , (f)| for the set of Bazilevi¢ functions
was proved by Krishna et al. [19]. For more work on H> ; (f) , see [20-24] and reference therein.
The Hs 1 (f) determinant for a function f of the from (1.1) is defined as follows:

a, a, az
H31(f)=|az a3 a4 |.
as ay as
The sharp estimation of |H3 1 (f)| is tedious as compared to |H; , (f)|. Babalola [25] obtained the upper bound
of |Hs 1 (f)| for the subfamilies of 8", € and R in 2010. Later on, the upper bound of |Hs 1 (f)| for various
subfamilies of analytic and univalent functions were studied, see [26—33]. In 2017, Zaprawa [34] improved the
results of Babalola and showed that
1, forfes’,
|H3,1 (f)| < { 255, for f e G,
&, forfen.

The results in [34] are not sharp for the families 8", € and R. Moreover, Zaprawa found the sharp bounds of
|Hs 1 (f)| for subfamilies of 8", € and R comprising of m-fold symmetric functions. Recently, Kowalczyk et al.
[35] and Lecko et al. [36] obtained the sharp inequalities

|H3,1 (f)| < 4/135, and |H3 1 ()| < 1/9,

for the sets € and 8" (1/2) respectively, where 8" (1/2) is the family of starlike functions of order 1/2. More
recently in 2019, Kwon et al. [37] got an improved bound |Hs ; (f)| < 8/9 for f € §”. In this papet, our aim is to
study |H3 1 (f)| for the families of functions defined in the relations (1.3), (1.4) and (1.5) .
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2 A set of lemmas

Let P denote the family of all functions p which are analytic in D with e (p(z)) > 0 and has the following

series representation
p@=1+> cnz" (zeD).

n=1
Lemma 2.1. Ifp € P and has the form (2.1), then

|cn| <2 for n=1,
[Chik — CnCy| < 2, forO<pu<1,
|cmen —cicy| < 4 for m+n=k+1,

Cnsak — HCnCx| < 2(1 +2p); for p € R,

2 2
_C| o, lal
Cy 5 <2 7
and for complex number \, we have
‘cz -t < max{2,2|x-1]}.

For the results in (2.2), (2.6), (2.3), (2.5), (2.4) see [38]. Also, see [39] for the inequality (2.7) .

Lemma 2.2. Let p € P and has the form (2.1), then

‘]c%—[(c1c2+Lc3 <2|J|+2|K-2]|+2|J-K+L]|.

Proof. Consider the left hand side of (2.8) and rearranging the terms, we have

]c% -Kcicr + LC3’ = )] (ci —-2c10r + C3) -(K-2))(cica-c3)+(J-K+L)cs

IN

| ‘ci ~2¢10, +c3‘ +|K-2J||cic2 —c3| +|J - K +L||c3)

2|J|+2|K-2]|+2|J-K+1L|,

IN

where we have used (2.2), (2.3) and the result |c} - 2c1¢; + ¢3| < 2 due to [40].

3 Bound of |H3 4 (f)| for the set Cgip

Theorem 3.1. Iff € Cq, and of the form (1.1), then

laz| <

>

las| <

>

las| < =
144

|a5| < ﬂ'
7200

A\~ N

The first two bounds are best possible.

Proof. If f € Cgp, then the relation (1.1) leads us to

zf" (z) _

1+ ) 1 +sin(w(2)),

(2.1)

(2.2)
2.3)
(2.4)
2.5)

(2.6)

(2.7)

(2.8)

(1)
(3.2)
(3.3)

(3.4)

(3.5
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where w is a Schwarz function. Consider a function p such that

1+w(2)

1_7“/(2)=1+clz+czzz+-~-, (3.6)

p(2)=
then p € P. This implies that

p@) -1 _ ciz+cz?+c32 +-e-

w(z) = = .
@ pP@)+1 2+ciz+cz2+c323 4+

From (1.1), we can write

2f" 2)
)

=1+2az+ (6(13 - 4a§) z2+ (12(14 -18asas + 8a§) 2
+ (20a5 -18a% - 32asa, + 48a3a;s - 16a3) PAR (3.7)

After some simple calculations, we obtain

l+sin(w(@)=1-w(z2)+

w@) _we@y  we)
3!

51 71
1.1 Q i\, (53,6 _an),s
—1+2clz+(2 4>z+ 4861+2 > z7+
Ch, 520 C1_a0 G\,
(2 * 16612~ 35 5 4 )2 T (3.8)
From (3.5), (3.7) and (3.8), it follows that
-4
aZ - 4 > (3-9)
as =<2 (3.10)
12°
1 (s _ac_d
4“=1 <2 8 48)’ (3.11)
_ L1 (5 4,6 s co g
%= 20 <288C1+ 276 48 8)° G12)

Applying relation (2.2) in (3.9) and (3.10), we obtain

A\~

1
lay| < 5 and |as| <

By rearranging (3.11), it gives

|a‘—i1<c_clcz)+1 C—i
U124 \P 7 2 4\ 12)|"
Application of triangle inequality along with (2.3) and (2.5) leads us to
lag| < i 1 + l = 2
“T1212 12 144
From (3.12), it follows that

|a|—i Yo L)+t (e 2cie5) -2 2 c—ﬁ ) C—Ci
172006\ 1872) Ta\T 3T ) T aa 72 ) T36\ P 2 )|

Using triangle inequality along with (2.2), (2.6) and (2.3), we get

1 (1 1 5 2 (5 laal? 1/, el
|a5|sﬁ{§+§+m|c1| (2 S )*1s 2 5 .
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Suppose that |c1| = x and x € [0, 2], therefore

1 5 5 x?
\a5|sﬁ{1+mx (2 7)

The above function attains its maximum value at x = \/é = 1.0954, hence

+ —

()

18

‘a5| < ﬂ‘
7200

Equality for the bounds given in (3.1) and (3.2), is obtained by taking

2f" 2)
e

=1+sin(z).

Theorem 3.2. Let f € Cgy,. Then for a complex number ~

1 1
smax{g,ﬁ\}y—ﬂ}.

’03 - ’Ya%
This result is sharp.

Proof. Using (3.9) and (3.10), one may write

& _ 7 2‘=
12 16!

2
)a3 —7612‘ =

Application of relation (2.7), gives

’a3 —'ya% smax{%,l—lz \37—2|}.

Thus we have the required result.

Taking v = 1 in last Theorem, we obtain

Corollary 3.3. Iff € C, with the series form (1.1), then

a5 - a3 < ¢.

This inequality is sharp.
Theorem 3.4. Let f € Cg,. Then

laxas —agl < 144
Proof. From (3.9), (3.10) and (3.11), we have

lazas - a4 = ﬂin—ﬁ .
32 576 24

Application of Lemma 2.2, Leads us to

lazas —agl < 144"
This completes the proof.
Theorem 3.5. Let f € Cg,. Then

‘(1204 -aj| < 124.

— 1619

(3.13)

(3.14)

(3.15)

(3.16)

(B.17)
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Proof. From (3.9), (3.10) and (3.11), we may write

C1C3 le

c2c;, o

‘a2a4 - 61%‘ =

96 2304

3

84 144

- f
288

cic3 - c3)

DE GRUYTER

4
C1

3 (
C3 — ZClCZ +

Application of triangle inequality as well as (2.2), (2.3) and (2.4), we obtain

’02(14 - a%)

This completes the result.

Theorem 3.6. Letf € Cg,. Then

Proof. From (1.6), it is easy to see that

4
< —
288

4,16 7
144 ° 2304 144"
13333

|H3 1 ()] < 518400°

144

2 2
H3 1 (f) = a3 (a2a4 - az) - as(as - aaz) +as (a3 - az) ,

where a; = 1. This implies that

2 2
|H3,1 (f)] < |as] ‘aza4 - 03‘ +|a4||ag - axas| + |as| ‘613 - az’ .

By using (3.1), (3.2), (3.3), (3.4), (3.15), (3.16) and (3.17), we obtain the required result.

4 Bound of |[H; 5 (f)| for the set S,

*
sin*

Theorem 4.1. Letf € S ,,. Then

laz| <

las| =

|aa| <

sl < T220°

The first two coefficients bounds are best possible.

1,
1

5’
13
36

s

409

Proof. Letf € 8,. Then we can write (1.4), in terms of Schwarz function as

Since,

zf’ (2)
f (@)

zf' (2) _
f @)

2

=1+sin(w(2)), (zeD).

=1+az+ (2(13 - az) 22+ (3a4 -3aas + a%) 22+

+ (4a5 -2a35 - 4aya, + 4asas - a‘z') AR

By comparing (4.5) and (3.8), we may write

a

as

ay

T 2304

(4.)
(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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a5=z

288" 2 6 48 8

1 < 5 4 ¢4 C1C3_C%C2_C%)

Using coefficient bounds for class P given in (2.2) in (4.6) and (4.7), we get

laz| < 1and |as| < %

_ 1|1/ acy 1(.
|a“|_12’4(c3 2)+Z<C3 12)|

Application of triangle inequality along with (2.3) and (2.5) lead us to

|a‘<1 1+l :E
41733127127 36°

From (4.7), we write

Now

jas| = =
Ty

By using (2.2), (2.6) and (2.3), we have

11 1 5 2 (5 lal? 1 ([, |aaf
|a5|sz{§+j+m\c1| <2 = +E 2 =)

Let |c1] = x € [0, 2]. Then

Suppose that

The function @ has maximum value at x = g, therefore
las| <« 209
17 1440°

Equality is attained for the first two bounds for the function

z
f(2) = zexp /smi_ldt =z+zz+%+%——+---.

(0]

*
sin®

Theorem 4.2, Let f € 8. Then for a complex number

< max 1 1\fy—1| .
2’2

Equality is acheived for the function defined in (4.10) .

2
‘03 —az

Proof. Using (4.6) and (4.7), we may write

c 1
ot -5l -3 (o)

1
< - -1|;.
<max{2,|7 |}

Application of (2.7), leads us to

2
‘a:z —1a;

Hence the result is completed.

1 c—gcc s (- L) 2 2 c—Ci -8 c—Ci
g \"3MB )T \M 18" ) T a1 (2T 2 36 \ 27 2 )|

(4.9)

(4.10)

(4.11)
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If we put v = 1 in the last result, we get the following result.

Corollary 4.3. Iff € 8, then

<

N[~

‘03—0%

This result is sharp.

*
sin?

Theorem 4.4. Iff € 8., then

la,as — ay) < 18"
Proof. From (4.6), (4.7) and (4.8), we have

C1C) C% C3

la2as = aal = 1=c=+ 352~ %

Application of triangle inequality and Lemma 2.2, leads us to

layas — ay) < l
18

Thus the proof is completed.

*
sin?

Theorem 4.5. Iff € 8_. , then

UJ‘P—\
[e2Y BN

’a2a4 - a% <

Proof. From (4.6), (4.7) and (4.8), we have

cics e

12 288 48 16

1 c
= ' (6163 - C%) + 4713 (c3-c162) -

—_ 2 =
- :

Using triangle inequality as well as (2.2), (2.3) and (2.4), we get

21 01 1 1 17
)a2a4—a3‘sz+ﬁ+ﬁ=3—6.

*
sin?

Theorem 4.6. Iff c S , then
13441

|H3,1 (f)| < 25920 *

Proof. From (1.6), we may write
2 2
Ha,1 ()] < |as| | @2as - a3| + au] |, - azas) + |as| |as - 3|

By using(4.1), (4.2), (4.3), (4.4), (4.12), (4.13) and (4.14), we obtain the required result.

5 Bound of |Hs ; (f)| for the set Rgy

Theorem 5.1. Iff € Ry, then

laz| <

IN

DR Wk N

las]

|las| <

jas| < L.
40

DE GRUYTER

(4.12)

(4.13)

(4.14)

288|"

(5.1)
(5.2)
(5.3)

(5.4)
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Proof. Let f € Rgin. Then we can write
f'(z)=1+sin(w(2)), (ze€D).

Since,
f (2)=1+2az+ 3.a3z2 + 4a423 + Saszl‘ +eee

By comparing (5.5) and (3.8), we may get
aZZZ
@ = X
°73

105 5,6 aa

a“‘4(48C1+2 2 )
a = L
> 5

By using (2.2) in (5.6), we obtain

Now using (2.6), in (5.7), we get

W =

las| <

Application of triangle inequality and Lemma 2.2 in (5.8) lead us to

[E=N

|as| < -

IS

From (5.9), we may write

jas| = =
°1 7 5

By using (2.2), (2.6) and (2.3), we obtain
1 el lea” (5 el 1/ el
|a5|s§{ 7 +1+ 16 2 5 +3 2 > .
Let |c1] = x € [0, 2]. Then
1 (x? x? x2 1 x2
a5|s5{4+1+16<2—2>+2<2—2 .

1 (x? x2 x2 1 x2
@1(x)—§{4 +1+T6(2_7)+§<2_7)}'

The above function has its maximum at x = v/2, therefore we obtain

Consider the function

las| < 70"

Theorem 5.2. Iff € Ry, then

2
‘a3—ya2 <max{3 13 |3v - 4|}

where ~ is any complex number.

2 2 2
cicy 1 €1 _ay_©& _4
s (04 C1C3) + = 1€ <C2 > ) 4 <C2 5 )‘

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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Proof. From (5.6) and (5.7), we may get

2
€2 _6 _ 7 .2 _

2
‘ar”az‘: 312 16

Application of (2.7), leads us to

Thus the proof is completed. O

Making v = 1 in the last result, we get the following result.

Corollary 5.3. Iff € Rg,, then

‘a3 —a3| < % (5.11)

Theorem 5.4. Iff € Ry, then

lazas — a,| < 0.39434. (5.12)
Proof. From (5.6), (5.7) and (5.8), we have

cicy c? 1 7
|a2as - as| = | —¢ —61 -5 )-gla-za0
Application of triangle inequality along with (2.2), (2.6) and (2.3) give us
3 a1 1
laras —ay) < {3—2 |c1] (2 - %) + Z} .
If we replace |c1| = x € [0, 2], then
layas - as) < 3 2- X—z + 1
203~ dul = 37X 2 ) &
Consider the function R
3 X 1
D, (x) = 32% (2—7> e

The function @, has its maximum value at x = 1.15472. Therefore

|azas —ay| <0.39434
and this completes the proof. O
Theorem 5.5. If f ¢ R, then

‘a2a4 ~ a3| <0.45324. (5.13)

Proof. From (5.6), (5.7), and (5.8), we have

7 C1C3
28812 " 33 2304

4 2
_ _ 4 @ _a
‘ (€3-12) = 5304 =9 (Cz 2)‘

Using triangle inequality along with (2.2), (2.6) and (2.3), we get

1l , leal® 2 (5 laf?
S{16+2304+9 225
If we put |c1| = x € [0, 2], then we have

‘aa a) X X4 EZ—ﬁ
204 =31 =76 %5304 T 9 2 )"

a2ai-ai - |

‘(12(14 - a%
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Now consider the function .

X X 2 x2
(D3(")'E+W+§(2_7)‘

Then the above function takes its maximum at x = 0.2814. Thus

’a2a4 - a% < 0.45324.

This completes the proof. O

Theorem 5.6. Iff € Ry, then
|H3,1 (f)] <0.53299.

Proof. From (1.6), we may write
2 2
|H3,1 (f)] < |as| ’0204 - 03‘ +lay||as — azas| +|as| ‘03 - az‘ .

By using (5.1), (5.2), (5.3), (5.4), (5.11), (5.12) and (5.13 ), we get the required result. O

6 Bounds of |H3 ; (f)| for %2-fold symmetric and 3-fold symmetric
functions

Letm e N={1,2,...}.Adomain A is said to be m-fold symmetric if a rotation of A about the origin through
an angle 27/ m carries A on itself. It is easy to see that, an analytic function f is m-fold symmetric in D, if

f (ehi/mz) = e?™Imf(2), (z e D).

By 8™ we mean the set of m-fold symmetric univalent functions having the following Taylor series form

f@=2+) amenz™", (zeD). (6
k=1
The subfamilies iRg’;), S;(r'l") and (‘3%’3 of 8™ are the sets of m-fold symmetric bounded turning, starlike and
convex functions respectively associated with sine functions. More intuitively, an analytic function f of the
form (6.1) , belongs to the families R, 8™ and €™, if and only if

f/(z) = 1 +sin (i 8 - 1) ,pem, 62
HE resin (2O 1) per, ©3)
1+ Z]f,”(g) = 1+sin (5 8 - 1) , pe P, (6.4)
where the set P™ is defined by
Ppm — {pe?:p(z)=l+icmkzmk, (ze]D)}. (6.5)
k=1

Now we can prove the following theorem.

Theorem 6.1. Let f ¢ RD  pe of the form (6.1). Then

sin?

1
1 ()] < 1z
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Proof. Since f ¢ R | therefore there exists a function p € P@ such that

FeoN . p(2)-1
f(z)—1+sm(p(z)+1>.

Forf e Rgizr)v using the series form (6.1) and (6.5) , when m = 2 in the above relation, we can write

1
+ —Cy4.

_1 _ 2
as = -Cy, As = —%02 10

6

It is clear that for f € R

sin? 3
Hs3 1 (f) := azas - a3.
Therefore,

1 2
Hs1(f)= @Cz((—% - §C%)-

Using (2.3) and triangle inequality, we get

1
|H3,1 (f)] < 15
Hence the proof is completed. O
Theorem 6.2. Iff € R, then
1
|H3,1 (f)] < 16
This result is sharp for the function
z
f(2)= /sin(t3)dt =z+ %zl‘ - 5%210 +oee

0

Proof. Since f e Rg, therefore there exists a function p € P® such that

/ _ : p(Z)—l
f(z)—1+sm(p(z)+1>.

For f e fRSx)v using the series form (6.1) and (6.5) , when m = 2 in the above relation, we can write

1
ay = §C3.

It is easy to see that
Hs 1 (f) := —aj.

Therefore,
-1
H31(f) = @C%-
Using coefficient estimates for class P and triangle inequality, we get
Haa (D] <
RS T

Hence the proof is completed. O

Theorem 6.3. Let f € 5.2, be of the form (6.1). Then

sin ?

1
[H3,1 (f)] < 3
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Proof. Since f € 8@ therefore there exists a function p € PP such that

zf'(z) _ . (p(x)-1
@ =1+sin (p(z)+1) .

Using the series form (6.1) and (6.5), when m = 2 in the above relation, we can write

as = 1., as = —ic% + 1,
4 32 8
Now
Hs 1 (f) := asas - a3.
Therefore,

1 3
Hs1(f)= icz(c4 - ZCg)-

Using (2.3) and triangle inequality, we get
1
Hs,1 ()] < -

Thus the proof is completed. O

Theorem 6.4. Iff c S;i(i), then

1
H < —.
|H3,1 ()] < 9

This result is sharp for the function

z
_ sin(£?) - 1 o141 5
f(2) =zexp /( ; )dt SEAETARE v EALIER
0

Proof. Since f € 8-, therefore there exists a function p € P such that

@@, p(z)—l)
f (p(z)+1'

Using the series form (6.1) and (6.5) , when m = 2 in the above relation, we can write

1
C3.

a4:g

Then

Hs 1 (f) := —dj.
Therefore,

Hs1(f) = %c%

Using coefficient estimates for class P and triangle inequality, we get

1
H < .
31 (0l =
Hence the proof is completed. O

Theorem 6.5. Letf c @

sin’

be of the form (6.1). Then

1
[H3,1 ()] < 120°
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Proof. Since f ¢ € therefore there exists a function p € P@ such that

zf" (2) . (p(2)-1
1+ a5 1+sm<m).

Using the series form (6.1) and (6.5) , when m = 2 in the above relation, we can write

1 5, 1
Cy, A5 = ———=C3 + —Cy.

a = 16027 %0

12
Therefore,
19
Hs 1 (f) = 480C2(C4 - 36C2)
Using (2.3) and triangle inequality, we get

1
|[H3,1 ()] = 120°
Hence the proof is completed.
(3
Theorem 6.6. Letf ¢ Gsu)l’ be of the form (6.1) . Then
[Hs1 ()] < < xy
BV 10y

This result is sharp for the function

LH (@)
e

—1+sin(z3)=1+z3—%z9+---

Proof. Since f ¢ €3 therefore there exists a function p € PO such that

1oy . (p@)-1
f(z)—1+sm(W>.

Using the series form (6.1) and (6.5) , when m = 2 in the above relation, we can write

a, = iC
472
Therefore,
Hy 1 (f) = e 3.
Sl 576°

Using coefficient estimates for class P and triangle inequality, we get

[H3,1 (f)| < 144

This completes the proof.
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