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Abstract: A new error bound for the linear complementarity problem (LCP) of -SDD matrices is given, which
depends only on the entries of the involved matrices. Numerical examples are given to show that the new
bound is better than that provided by Garcia-Esnaola and Pefia [Linear Algebra Appl., 2013, 438, 1339-1446]
in some cases. Based on the obtained results, we also give an error bound for the LCP of SB-matrices. It is
proved that the new bound is sharper than that provided by Dai et al. [Numer. Algor., 2012, 61, 121-139] under
certain assumptions.
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1 Introduction

Let R" be the n dimensional real vector space, and C™" (R™™) be the set of all n x n complex (real)
matrices. The linear complementarity problem often arises from the various scientific computing, economics
and engineering areas such as quadratic programs, Nash equilibrium points for bimatrix games, network
equilibrium problems, contact problems, and free boundary problems for journal bearing, etc. for more
details, see [1-3]. Here, the linear complementarity problem (LCP) is to find a vector x € R" such that

x>0, Mx+qg >0, Mx+¢)'x=0 6))

or to show that no such vector x exists, where M = [m;;] € R™" and g € R". We denote the problem (1) and
its solution by LCP(M, q) and x”, respectively. A real square matrix M is called a P-matrix if all its principal
minors are positive, and the LCP(M, q) has a unique solution for any g € R" if and only if M is a P-matrix [3].

An important topic for the LCP(M, q) is to estimate the upper bounds for error ||x — x"||-s, since these
bounds can often be used in convergence analysis of iterative algorithms [4]. For M being a P-matrix, Chen
and Xiang present the following computable upper bound for ||x - x| [5]:

X = X" |joo € max ||(I-D+DM) ™ |oo||r(X)]]oos )
delo, 1]

where D = diag(d;) with0 < d; < 1foreachi € N, d = [d1,d>, ..., dn]" €[0,1]", and r(x) = min{x, Mx + q}
denotes the componentwise minimum of two vectors. Moreover, to avoid the high-cost computations of the
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inverse matrix from (2), several easily computable bounds for LCPs were derived for the different subclass
of P-matrices, such as positively diagonal Nekrasov matrices [6, 7], S-Nekrasov matrices [8, 9], QN-matrices
[10, 11], S-QN-matrices [12], B-matrices [13-15], DB-matrices [16], SB-matrices [17, 18], MB-matrices [2], B-
Nekrasov matrices [7, 19, 20], BR-matrices [21, 22], Dashnic-Zusmanovich type matrices [23], and weakly
chained diagonally dominant B-matrices [24—26]. In [27], Garcia-Esnaola and Pefia present an error bound
for the LCP(M, q) involved with 2-SDD matrices, this bound involves a parameter and works only for X-SDD
matrices but not strictly diagonally dominant matrices.

In this paper, we give a new error bound for linear complementarity problems when the involved matrices
are X-SDD matrices, which is dependent only on the entries of the involved matrix. As an application, we
provide a new error bound for linear complementarity problem with SB-matrices. Numerical examples are
reported to show that the obtained bounds are better than those in [17], [18] and [27] in some cases.

2 New error bounds for LCPs of X¥-SDD matrices

Let us first introduce some basic notations. A matrix M = [m,-,-] € R™" is a Z-matrix if all its off-diagonal
entries are nonpositive, and a nonsingular M-matrix if M is a Z-matrix with M~! being nonnegative [1]. Let
N:={1,...,n} and S denotes a proper nonempty subset of N, S := N \ S denotes its complement in N. For a
given matrix M = [m;] € C™", denote

= Y myl, B = Y myl, and 0D = Y jmyl,
jEN\{i} jes\{i} jes\{i}
where
r,-(M) (M)+ ri (M)

Definition 2.1. [1] A matrix M = [m;;] € C™" is called an strictly diagonally dominant (SDD) matrix if |m;;| >
ri(M) foralli € N.

Definition 2.2. [27] A matrix M = [m;;] € C""" is called a X-SDD matrix if there exists a nonempty subset S of
N such that the following conditions hold:

|my;| > r;i(M), ~ forallie S,
(Img| - r; M) (Imy;| - r; (M) > r{ (M)r; (M), foralli € S, j € S.

Remark here that 2-SDD matrices were usually called S-strictly diagonally dominant matrices in [28].
In [27], Garcia-Esnaola and Pefia provide the following error bound for the linear complementarity
problem involved with X-SDD matrices.

Theorem 2.3. [27, Proposition 3.1] Suppose that A = [a;;] € C™" is a X-SDD matrix with positive diagonal
entries and A is not SDD, and W = diag(wj;) is a diagonal matrix such that AW is SDD, where w; = ~ (¢ 1) if
icSandw;=1ific S.Foreachi e N, let

Bi(y) = ajiw; - Z |a;|w;j
j#i
and
B(y) := min{B;(v)}.
ieN
If v < 1, then
max ||(I-D+ DA)” \|w<f1(7) _max{ﬁ( ik 1}, 3)

delo,1]"
and if v > 1, then

< fol) 1= max { 1
ax (|- D+ DAYl < fo() max{ﬂ(v),,y}, “
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where

S S

>(A ai;| —r3(A)

(0 <)’y€[s := [ max rl( 3 , .7 | )]|S j
ies |ai| -r;7(A) jes 17 (A)

|ay|-13(4)
@A)

assuming that if rf (A) = 0, then

Recently, Wang et al. [29] proved that the infimum of error bounds (3) and (4) as a function of the parameter
~ exists, and also can be determined.

Theorem 2.4. [29, Theorem 3] Let A = [a;j] € C'" be 2-SDD matrix and let S be any subset satisfying Definition
2.2. Suppose that A and W satisfy all assumptions of Theorem 2.3, and Is C (0, 1). Let

By < | Uail =r2(A) -7 - (A), ifies,
‘ (Jaal - r¥(A)) - r5(A) - v, ifi €S,

Pg:={y:Bi(v) = B;(1), 1,j € N,i #J,v € Is},

and
Ps:={y:B(y) =~,v eI}
Then
max ||(I-D+DA)"||e < inf fi(y) = _min A, ()
delo,1]" y€Els vye(Ps | Ps U{’Yo,"/‘ps‘+l})
where B
S 1.8
r7(4) . lag| -17(4)
70 :=ma : nd y|pg|+1 = min L L
je

x— 12 g
ies |ag| - ri(A) r]'.S(A)

Theorem 2.5. [29, Theorem 4] Let A = [a;] € C™" be a X-SDD matrix and let S be any subset satisfying
Definition 2.2. Suppose that A and W satisfy all assumptions of Theorem 2.3, and Is C (1, +o0). Let

v (lail - r3(A) - L -r¥(4), ifi €,

B 1= B0 _ { (lag| - () ~r7(A)- 1, ifi s,

Ps:={y:Bi(y) = Bi(1),1,j eN,i#j,v €I},

and L
Ps:={y:B()= € Is}.
Then
max ||(I-D+ DA)_1||°° < inf fo(y) = _min fr(), 6)
delo,1]" v€ls ’YG(P;UPQ U{’Yor’Y\Pé\u})
where B B
= max ﬂ and o= min M
10T S ag| - rsca) MRS TR

jes r-S(A)

Observe from Theorem 2.4 and Theorem 2.5 that if A is a large matrix, then the calculations of Ps and 13’S
(or P and P%) in bounds (5) and (6) will be very complicated. On the other hand, for strictly diagonally
dominant matrices, the bounds (5) and (6) become invalid. So it is interesting to find alternative error bounds
depending only on the elements of the matrices for the LCP(M, g) when M is a X-SDD matrix. We next address
this problem, before that some lemmas are listed.
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Lemma 2.6. [14, Lemma 3] Let v > 0 and n = 0. Then for any x < [0, 1],

1 - 1
1-x+vx  min{y, 1}
and
o _n
1-x+yx v’

Lemma 2.7. [30, Theorem 3] Let A = [a;;] € C™" be a X-SDD matrix and S be a nonempty proper subset of N.
Then B
147 | = max_max {p§(a), pj(4) } ,

i€eS,jes
where S S
il - 17 (A >(A
- ledlw e
(|aii| - (A)) (Iaj]-| - T]. (A)) -1 (A)rj (4)
and i )
_ S 5
i) - IEHORHT)

(Jast| - r(A)) (lay;| - r3(4)) - rE(A)r$(4)°

Lemma 2.8. Let S be a nonempty proper subset of N, and M = [m;;] € C'™" be a £-SDD matrix with m;; > 0
foralli € N.Let Mp = I - D + DM = [fn;;], where D = diag(d;) with O < d; < 1. Then Mp is a 2-SDD matrix.
Furthermore, for eachi € N, - -

1 (Mp) = d;rf(M), ri(Mp) = d;r{(M),

and

R(Mp) (M) ri(Mp) _ ri(M)

mi; mi; m;; m;;

Proof. Since

~ 1—d,~+dl~mi]-, i=j, di 1 ..
o= and ————-— < — for alli, j € N,
Y { dim;j, i#j, 1-d;+dimy; = my J

it follows that for each i € N,

riMp)= > ligl= > |dimyl=d;i Y |my| = dir{(M), @
jes\(iy jes\(iy jes\(iy
and
rPMp)= > lmgl= > |dimyl=d; Y |myl = dir}(M). ©)
jes\{i} jes\{i} jes\i}

By (7) and (8), we have that for each i ¢ S,
My - 1; (Mp) = 1 - d; + dymy; — dir (M) = di(my; — 1§ (M)

and

Mp) _  dii) ()
i 1-di+mud;  my

1. ©
Similarly, for eachj € S,
ﬁljj - r}S(MD) =1- d] + d,mU - d]r]S(M) > d,(m]] - I’}S(M))

and

RMp)  dri(M) ) rS(M) .

= - < 1
m  1-dj+mud; o my 10
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Hence,
(si - 1§ (Mp))(j; - 13 (M) = di(my; - rS(M)) - dj(my; - r3 (M), foralli€ S,j € S.
If dj, = 0 for some k € N, then from (9) and (10) we get
(i - r} (Mp)) (i — V,S(MD)) > dirS(M) - djr,-S(M) = r{(Mp) - r,-s(MD), fori=korj=k. (11)
If 0 < dy < 1 for some k € N, then from the fact that M is a 2-SDD matrix we obtain
(g = rf (Mp)) Gy = 17 (Mp) > di(ms; = rf (M) - djomy; — rS (M)
> dirf (M) - djri (M)
= r(Mp) - 1 (Mp). (12)
Now the conclusion follows from (9), (10), (11) and (12). O

By Lemma 2.6, Lemma 2.7, and Lemma 2.8, we establish the first main result of this paper.

Theorem 2.9. Let M = [m;;] € C™" be a 2-SDD matrix with positive diagonal entries for some nonempty subset
S C N. Then

max ||(I-D+DM) || < max max {Xf]-(M),Xg(M)} , (13)
delo,1] i€S,jes
where ~
(mii‘rf(M))(mfi-Yf(M)) A GIRACY),
S(M) min{m,-,——rjg(M),l} min{m;-r$(M),1}
Xij = = =
(mii = (M) (my; = v} (M)) = r? (M)r§ (M)
and B B -
(-5 0) (r-rian) - 500 (my-rf0)
_ min{m,-i—ris(M),l} mind m;—rS(M),1
X (M) := {001}

(my; — r3(M)) (mj; - r].g(M)) - rig(M)r]'.S(M)'

Proof. Let Mp = I - D + DM = [fn;j], where D = diag(d;) with O < d; < 1. Since M is a 2-SDD matrix, then by
Lemma 2.7 and Lemma 2.8 we have that Mp is a X-SDD matrix, and

|IMp! || < max max {pfj(MD),pﬁ(MD)} , (14)
ies,jes
where
pS(Mp) |figi| - 17 (Mp) + r} (Mp)
S(Mp) = — - - —~
’ (iii| - r$(Mp)) (1| - ¥ (Mp)) - r¥(Mp)rs(Mp)
j j
and _ _
S (My) || = r} (Mp) + 17 (Mp)
5(Mp) = = - .
g (17| - r$ (M) (1] - rS(Mp)) = r¥ (Mp)r§(Mp)
Note that

. 1—dl~+dimi,~, i=j,

m,-)- = . .
dimg;, i#].

Then by Lemma 2.6 and Lemma 2.8, it follows that for each i € S,

1 1 1
= < s
g —r$(Mp) 1 -d;+myd; —dir$(M) ~ min {my; - (M), 1}

(15)

and

RMp) dirS (M) )
|ﬁlii‘ —r?(MD) 1—di+d,-m,-i—d,-rf(M) mii_r;s(M)

(16)
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Analogously, for each j € S, we have

1 - 1 17)

hj; — YIS(MD) " min {mj]- - r].g(M), 1}

and
r$(Mp) d;rs (M) r} (M)
<

- - < —. (18)
|ﬁljj| —rf(MD) 1 —dj+djmjj —djrf(M) mjj—rf(M)

By (15), (16), (17) and (18), it follows that for eachi ¢ S,j € S,
il - rS(Mp) + ¥ (Mp)
(1| =} (Mp)) (|| = v} (Mp)) - r? (Mp)r§ (Mp)

1 r} (Mp)
1.5 L ——
;|17 (Mp) (‘mii|*r,~(MD))<|mjj|*7j(MD)>
_ r§ (Mp)rs (Mp)
(1ial-r5 o)) (1 |15 (M) )
1 (1)
_ + _
min{mﬁ—rf(M),l} min{m,-,-—ris(M),l}-(m,-,-—r}?(M))
) S (M)
(mi=rS)- (my—r7 ) )
(mi-r D) (my=r} (D) S () (my-rS ()
: { 5 + min{m;-rf(M),1}
minq mj;-r; (M),l} i—T; ,
(my; — r3(M)) (my; - rf(M)) - rl:S(M)r].S(M)

=2 x5 (M). (19)

p;sj(MD) =

In a similar way, we can prove that for eachi € S,j € S,
S S
p;i(Mp) < x;5(M). (20)

The conclusion follows from (14), (19) and (20). O

Remark 2.10. Observe that bound (13) in Theorem 2.9 only depends on the elements of M, and it is easy to
implement. For a set S with finite elements, we use |S| to denote the number of elements in the set S. From bound
(13), we obtain the number of the basic arithmetic operations of bound (13) is |S| - |S| - (2n + 14) (requiring
IS| - |S| - [2(n - 1) + 4] additions and 12 - |S| - |S| comparisons, multiplications and divisions of numbers).
Furthermore, it follows from |S| < nand |S| < n that |S| - |S| - (2n + 14) < n*(2n + 14). Thus, the bound (13) of
Theorem 2.9 can be performed in polynomial time.

By Theorem 2.9, we can easily obtain the following result.

Corollary 2.11. Let M = [my] € C™" be a 2-SDD matrix with positive diagonal entries for some nonempty
subset S of N. Foreachi € S,j €S,
@) if m;; - rf(M) < 1 and mj; - rf(M) < 1, then

max ||(I-D+DM) ||~ < max max {X;E(M),XE(M)} ,
delo,1]" ies,jes

where
|| - rS (M) + 1§ (M)

X (M) == s 5 SONTS
(Imi| = r$ (M) (Imy] = (M) = 13 (M)r? (M)
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and
|my;| - rS(M) + TS(M)

(Imal - rS) (jmy - rS80)) — QS A)’

X5 =

(i) if my; — riS(M) > 1 and mj; - rjg(M) <1, then

max |[|(I-D +DM) || < max maX{XU(M) X]l(M)},

delo,1]" icS,jes
where S S
1+r;(M il —r7 (M
(Imgi] = r{ (M) (Imys| = (M) = 1P (M)r? (M)
and _ _
- mj; — 1} (M) (mgi ¥ (M) ) + i (M)
X = (my -0 ( )

(it - 3D (5 — P9 — SIS
(iii) if my; - rf(M) < 1 and mj; - rjg(M) > 1, then

max H(I D +DM) || < max max{)(,](M) )(],(M)},

delo,1 icS,jes
where )
s (mn' - rf(M)) (m,-j - rf(M)) + 13 (M)
Xii(M) := S - S
(my; — 3 (M)) (my; - r M) - r; M)r$(m)
and ] B
XE(M) - (1 + r; (M))(Imy;| - 17 (M)

(Imyi| - r$ (M) () - r§<M)) rS(M)rS(M)
() if my; - r; (M) > 1 and mj; - r}-g(M) > 1, then

max H(I D +DM) || < max max{)(U(M) X]z(M)}»

delo,1 ieS,jes
where )
Xf]-(M) o~ (Imy| - r? (MD)(|mj; - r]-S(M) +I’$(M))
(Imy| = ¥ (M) (|mz] = r7 (MD) = 1§ (M) (M)
and ) )
X]gl(M) - (Imyi) - T?(M))(\m]]\ - rf(M) + rlS(M))

(Imial = rS ) (Jmy;| = rS ) = r§ MDrF (M)

Next, three examples are given to show the advantage of the bound (13) in Theorem 2.9. Before that, a well-
known result which will be used later is given.

Theorem 2.12. [31, Remark 2.4] Let M = [m;;] € C™™™" is an SDD matrix with positive diagonal entries. Then
1
max |[|(I-D+DM) }|w < max{f, 1} ,
delo,1]" B

where

B:= I}g{[l{mii—zmﬁl}-

Jj#
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Example 2.13. Consider the family of SDD matrices in [14], where

1 0 -0.1 0
-0. 1 0 -0.1 .
M, = 8 K withk > 1.
0 -0.1;7-0.8 1 -0.1
-0.8 -0.1 0 1

Since M, does not satisfy the assumptions of Theorem 2.3, Theorem 2.4, and Theorem 2.5, so we cannot use
bounds (3), (4), (5), and (6) to estimate dnEax]4 ||(I - D + DM;)™||. However, according to an SDD matrix is a
0,1

X-SDD matrix for any nonempty S C N, taking the set S = {1,2} and S = {3, 4}, by bound (13) of Theorem 2.9,
we obtain

1+0.1.%

110
max (I-D +DM}) |eo < max max {yS(My), x> (M,) kil < =2,
25| o ko s s P, i} = 0.18-0.1[0.1% +0.8] 9
In fact,
1.8+0.1.% 190 1+0.1%5
S k+1 S S k+1 S
(M) ) (M)ziy (M) ’ (M)=10;
X 0.9-0.1[0.1 % +0.8]” X4 T o1 XS T 6 190 0.1 k. + 0.8 XK
and
3 1 5 110 1 S
M) = s Xa1(My) = s X32(My) = » Xa2(Mj) = 10.
I = 5.9 -0.1[0.1 & +0.8]” XK " o1 XM 0.18-0.1[0.1 % +0.8] X2k

In contrast, by Theorem 2.12 (Remark 2.4 of [31]), we have

max (I - D +DM;) ™ || < maX{l, 1} =10(k + 1).
delo,1]4 B

It is obvious that
10(k + 1) — +oo, when k — +oo.

Since a X-SDD matrix is an S-Nekrasov matrix, the bound (2.14) of Theorem 2.2 in [8] for S-Nekrasov matrices
can also be used to estimate rr[lax] [|(I - D + DM)™!||«c when M is a Z-SDD matrix. The following example
defo,1]

shows that the bound (13) given in Theorem 2.9 is sharper than the bound (2.14) of Theorem 2.2 in [8].

Example 2.14. The LCP(M, q) has often been used to discuss formulation and solution of traffic equilibrium
problems [32, 33]. Consider the matrix M € R>*® arising from a simple traffic network problem [32]:

100 0 5 O
0150 0 5
M=(0 0200 O
2 0 0200
01 0 025

It is easy to check that M is a 2-SDD matrix for any nonempty S C N. Since M does not satisfy the assumptions
of Theorem 2.3, Theorem 2.4, and Theorem 2.5, so we cannot use bounds (3), (4), (5), and (6) to estimate

drr[lax ||(T - D + DM)™!||ce. However, taking S = {2, 3, 5}, by bound (13) of Theorem 2.9, we obtain
elo,1

max ||(I-D+DM) || < 1.
delo,1]°

In contrast, bound (2.14) of Theorem 2.2 in [8] for S-Nekrasov matrices gives the following estimation:

dmax ||[I - D +DM) ™ || < 1.5526.
€lo

It is also shown by Figure 1, in which the first 1000 matrices D are given by the following MATLAB code, that 1
is the exact value of max_||(I - D + DM)™}||c.
delo,1]°

MATLAB code : fori=1:1000; D = diag(rand(5, 1)); end.
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2
—— The bound (13) of Theorem 2.9
17 The bound of Theorem 2.2 in [8]
1.5526
£ 141
T
= 127
Q
g 1 W
| ’§e* # ;&e ** % *gggg;p& "9&*;.2**&56
= o08¥ K {%@t * aoek
- ***sx % e & ;L *iﬁ
06 s ¥ *S.e 5 ! .

0 200 400 600 800 1000
i

Figure 1: ||(I - D + DM)™!||~ for the first 1000 matrices D generated by diag(rand(5,1)).

Example 2.15. Consider the following matrix

1 -0.6 -0.2 O
-0.25 1 -0.25-0.5
-0.2 -0.4 1 -0.4
-1.2 0 0 1

M=

It is easy to verify that M is not an SDD matrix, but it is a X-SDD matrix for S = {1}. In fact, by calculation, we
have

rS(M) = 0, 3(M) = 0.25, 5(M) = 0.2, r5(M) = 1.2, 5 (M) = 0.8, r3(M) = 0.75, r3(M) = 0.8, and r3(M) = 0,

which satisfy the conditions of Definition 2.2. Then Is = (4/5, 5/6). So by Theorem 2.3 we can get the bound (3)
with v € I for dn[1ax]4 |[(I = D + DM)™}||so, which is drawn in Figure 2, and its infimum can be determined by
elo,1

Theorem 2.4 in the following way. Since
B1(y) =~v-0.8, B2(y) = 0.25(1 = 7), B3(7) =0.2(1 - ), B4s(7) =1-1.2,
PS = {’7 : BI(V) =:8]('7)y 1!] € N’ i 76117 € IS};

and
Pg:={y:B(y) =, 7€ s},

it follows that Ps = {9/11},
) Bi(v), 4/5 <~y <9/11,
A= {Ih(v), 9/11 <y <5/6,

and Ps = (. Each B;(v) and ~ are drawn in Figure 3. By the bound (5) of Theorem 2.4, we have

max |[(I-D+DA) s inf fi(y) = min {i,1}=55.
defo, 1] ~e(4/5,5/6) ~e(Ps | Ps U{4/5, 5/6}) B~

In addition, by the bound (13) of Theorem 2.9, we can see that

max ||(I-D+ DM ~ £ max max M M
Jmax oo = max max {5 (M), GG} - 5

It should be pointed out that the bound (13) is computationally much easier than the bound in Theorem 2.4,
because it only depends on the elements of the matrix M.
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300 -

100 -

— The bound (3) in Theorem 2.3
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Figure 3: B;(7), B(7), and ~.

3 New error bounds for LCPs of SB-matrices

DE GRUYTER

Based on Theorem 2.9, we in this section present a new error bound for linear complementarity problems
associated with SB-matrices. For a real matrix M = [m;;] € R™", we can write it as

where
myp—ry myp—1rq---
Mp1 =1y Myy — 1 *°-
Mp1—Tn Mp2 —Tn
with

M=B+C,

Mip—11
Man — 12

Mnn — I'n

rl rl Y
rz rz DY

rn rn DY

r; = max{0, mylj # i}.

(1)

r
T

'n
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Obviously, B is a Z-matrix and C is a nonnegative matrix of rank 1.
Let us recall the definition of SB-matrices which is proposed by Li et al. in [34] as a subclass of P-matrices.

Definition 3.1. A real matrix M = [m;;] € R™" is called an S-strictly dominant B-matrix (SB-matrix) if it can
be written in form (21) with B being a X-SDD matrix for some nonempty proper subset S of N whose diagonal
entries are all positive.

By Theorem 2.9, we give an upper bound for dn[lax] || - D + DM)™!||.c when M is an SB-matrix.
elo, 1)

Theorem 3.2. Let M € R™™" be an SB-matrix for some nonempty subset S of N, and B = [b;;] be the matrix of
(21). Then

max ||(I-D+ DM)’1||°° <(n-1)- max max {X;SJ-(B),X%(B)} , 22)
delfo,1]n i€S,jes
where B
(bi-ri(®) (b1} (B) ) L BB ®)
S(B) min{bjj—rf(B),l} min{b;-rf(B),1}
Xi\b) = = =
(bii = 1§ (B)) (bj; ~ (B)) ~ r{ (B)r§(B)
and B B -
(b= ®)) (b1 (B) . (@) (b} (B))
< min{b;-r7(B),1} min{ b;-r$(B),1
Xji(B) = {1}

(bii - r$(B)) (by; - r$(B)) - 1§ (B)r$ (B)

Proof. Let Mp =I- D + DM, where D = diag(d;) with O < d; < 1. Since M is an SB-matrix, then we can write
M = B + C as in (21) where B is a X-SDD matrix with positive diagonal entries, which yields that

Mp=I-D+DM=(-D+DB)+DC=Bp+Cp,

where Bp = I - D + DB and Cp = DC. Note that B is a 2-SDD matrix with positive diagonal entries. Then by
Lemma 2.8, Bp is also a 2-SDD with positive diagonal entries. Obviously, Bp is a Z-matrix. Hence, we have
that Bp is a nonsingular M-matrix. Similarly to the proof of Theorem 2 in [19], we have

[IMp"[low < (I + (Bp) ™ Cp) " [|eol|(Bp) ™ llow = (1 = D]|(Bp) ™ loo- (23)

Next, we give an upper bound for ||(Bp)™!||«. Since B is a Z-SDD matrix, we have from Theorem 2.9 that

I(Bp) !{|e < max_max {pf]-(BD),pE(BD)} < max_max {X?;'(B),XE(B)} . (24)
iES,jGS iES,jGS
The conclusion follows from (23) and (24). O

Corollary 3.3. Let M € R™™" be an SB-matrix for some nonempty proper subset S of N, and B = [bj;] be the
matrix of (21). Thenfori € S,j € S,
(i) if b;j — T‘I-S(B) <1and bj]‘ - F}S(B) <1, then

max |[|(I-D+DM) !||e < (n~-1)- max_ max {)(,-S]-(B),XE(B)} ,

delo,1]" B
where S S
X(B) = |bii| - 1; (B)7+ r3(B) i
(bl =508 3 - 53 ~ B B)
and ) )
X3(B) = [bjj| =1} (B) + 1} (B)

(1bul - rS(B)) (1by| - r3(B) - rS(BIS(B)’
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(i) if by; -

where

and

(iii) if by; —

where

and

(V) if by -

where

and

r$(B) > 1 and bj; - r}(B) < 1, then

max ||(I-D+DM) }{|w < (n-1)- max max {XU(B) X;z(B)},
delo,1]" i€s,jes

(1+ 77 (B)(|bii| - r{(B))
(Ibiil - r¥(B)) (Ibjs - r3(B)) - r3(B)ri(B)

Xi(B) :=

(b]']' - rjg(B)) (bii - rf(B)) + )’?(B)
(bi=r2®) (b~} ®) - ) B

XE(B) =

r‘f(B) <landbj; - r].§(B) > 1, then

max ||(I- D+DM)™! [lo < (n-1)+ max max {XU(B) X;z(B)},
delo,1]" icS,jes

(bi=158)) (b =} (B)) +13(B)
(bii = r3(B)) (bj; ~ r3(B)) - r3(B)r$(B)

Xi(B) :=

1+ ¥ (B)(by| - r}(B))
(Ibil = r3(B)) (bl - r3(B) - r¥(B )rS(B)

XE(B) =

r¥(B) > 1 and bj; - r]-g(B) > 1, then

max ||(I-D+DM) || <(n-1)- max max {XU(B) X]z(B)}’
delo,1]" i€S,jes

(1bii| - rSB)(by| - r(B) + r{ (B))

$(B) := = 3
T (bl = 15B)) (b1 - 15 (B)) - 3B (B)

(1bsi| - r(B)(1bj| - 1} (B) + 1} (B))
(1bil - r$(B)) (1bj| - r(B)) - 3 (BYr§(B)’

XE(B) =

DE GRUYTER

To compare our error bound with those of [17] and [18], we first recall the following results given by Dai et al.
of [17] and [18].

Theorem 3.4. [17, Theorem 3.1] Let M € R™" be an SB-matrix for some nonempty proper subset S of N, and
B = [bjj] be the matrix of (21). Then

where

max H(I D +DM) Y| < (n - 1) - max{ny, 2},

delo,1
|bj]'| - TE(B)
N1 =max{ max S 1
ies.jes (|b| - r{(B)) (|bj| - r(B)) - r¥(B)ri(B)

r}(B) r(B)
+max { max — , max
i€sje5 (|bii| - r¥(B)) (|bjj| - r3(B)) ~ r$(B)r$(B) i€S |bii| =17 (B)

(25)
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and

|bii| - 7 (B)
1> =max{ max = — ,1
ies,jeS (|bii| = 17 (B)) (|bjj| - r(B)) - r{ (B)r§ (B)

rf(B) r]‘-g(B)
+ max max — — , max — .
ics,jes (‘b”| - T?(B)) (|b]]| - T}S(B)) - TIS(B)I’}S(B) j€s |b]]| - Tf(B)

Theorem 3.5. [18, Theorem 2.4] Let M € R™" be an SB matrix for some nonempty proper subset S of N,
B = [bj;] be the matrix of (21), and W = diag(w;) be a diagonal matrix such that BW is SDD, where w; = 1 if
i€ Sandw; =nific S.Let Ng := card(S), N5 := card(S),

a := max {NS +nNs, %NS +N§} s

and
bi— > |bijl-n > |byl, i€S,
& = jes\{i} jes\{i} B
l nbii— > |bjl-n > Ibyl, i€S,
jes\{i} jeS\{i}
where
S
r; (B S
(0 <)n € | max i 3 , min ‘b”t r; (B)
j€s |b”‘ - Y}S(B) ies rIS(B)
|bii| -1} (B)

assuming that if rl-g(B) =0, then = oo, Denote ¢ := min;{¢;}. Then

r3(B)

max ||(I- D+ DM) || < &= Dmax{n, 1}

defo, 1] min{¢, n, 1} (26)

By Corollary 3.3, we easily obtain the following comparison result, which shows that the bound (22) of
Theorem 3.2 improves the bound (25) of Theorem 3.4 under certain conditions.

Theorem 3.6. Let M € R™™" be an SB-matrix for some nonempty proper subset S of N, and B = [bj;] be the
matrix of (21). If b;; — ris(B) <landbj; - rf(B) <l1forieS,jesS,then

max_max {X;fgj(B),Xf;(B)} <max{ni, N2},
ie$,jes

where )(l-sj(B) and XE(B) are given by Theorem 3.2, n; and n, are given by Theorem 3.4.

Proof. Since b;; — r;(B) < 1 and bj; - r]$ (B)<1forieS,jeS, it follows from Corollary 3.3 that

byl -~ r(B) + r(B)

5(B) = S -5 ‘
T (bl = r5(B) (1byl - 3B) - RBI(E)
and s s
) - : |bjj| - 13 (B)§+ r;(B) —
(Iiil = r5(B)) (1bj| - r(B)) - r} (B)r} (B)
Obviously,

S S
max %(B) t <11, max xi(B): <ns.
icS,jes {Xﬂ } h icS,jes {XU } 2

This completes the proof. O
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Moreover, the following example shows that the bound (22) of Theorem 3.2 is sharper than the bound (26) of
Theorem 3.5 in some cases.
Example 3.7. Consider the following matrix

1

N

= V=N

=GN
|
AN

M=

BwWw O = NI

21
40

[y

3

%
Obverse that M does not have one strictly diagonally dominant row in all rows, so it is not an H-matrix,
consequently, not a X-SDD matrix. Furthermore, M can be written as M = B + C with

1
3000 1131
34 o -3 1111
B = 55 % and C = 5555
10 1 -1 0000
9 1 3333
00-7 2 5444

Obviously, B is not SDD and so M is not a B-matrix. However, it is easy to check that B is a X-SDD matrix for
S = {1}, which implies that M is an SB-matrix for S = {1}. Thus, by the bound (22) of Theorem 3.2, we can see
that
max ||(I - D+ DM) || < 120.
delo,1]4

In contrast, by Theorem 3.5 we can get the bound (26) involved with n € (3, +oo) for dn[lax]4 |[(I-D+DM)™}||co,
€[0,1

which is drawn in Figure 4. It can be seen from Figure 4 that the bound (22) in Theorem 3.2 is smaller than the
bound (26) in Theorem 3.5 (Theorem 2.4 in [18]).

3000

The bound (26) in Theorem 3.5
—-=-The bound (22) in Theorem 3.2

2500

2000

1500

1000

500

T e i e
I I I I I I I

Figure 4: The bounds (22) and (26) in Theorem 3.2 and Theorem 3.5.

4 Conclusions

In this paper, for the linear complementarity problems with a X-SDD matrix M, we first give an alternative
error bound for the LCP(M, q) which depends only on the entries of M. Then, by this new result, a new error
bound for the LCP(M, q) with SB-matrices is provided. We also illustrate the results by numerical examples,
where we improve bounds obtained in [17] and [18].
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