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Abstract: In this paper we investigate theoretically and numerically the new preconditioned method to
accelerate over-relaxation (AOR) and succesive over-relaxation (SOR) schemes, which are used to the large
sparse linear systems. The iterative method that is usually measured by the convergence rate is an important
method for solving large linear equations, so we focus on the convergence rate of the different preconditioned
iterative methods. Our results indicate that the proposed new method is highly effective to improve the
convergence rate and it is the best one in three preconditioned methods that are revealed in the comparison
theorems and numerical experiment.
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1 Introduction

With the development of natural and social sciences, we always encounter some big data problems which
are related to the sparse linear equations. For instance, in numerical weather forecasting, simulated nuclear
explosion, oil and gas resource development, partial differential equations are used to establish mathemati-
cal models, which generate large sparse linear equations by proper difference or finite element. However, the
traditional Gaussian elimination method is no longer applicable because it requires a lot of storage space.
So the iterative method is presented to solve the approximate solution of the large sparse linear equations,
and some effective iterative schemes are developed, such as the Gauss-Seidel method, Jacobi method, AOR
method, SOR and SOR-like method [1, 2] etc.
Usually the large sparse linear system can be expressed as:

Ax =b, €y

where A € R™™, b € R" are given and x € R" should be solved. A can be expressed in terms of the identity
matrix I, strictly lower and upper triangular matrices L and U, respectively, namely A = I - L — U. Then the
iterative matrix of Gauss-Seidel method [3] for solving the linear system (1) is

H=(I-L'U. ®)

In order to improve convergence of the iterative method, AOR iterative scheme is demonstrated [4-6]. The
iteration matrix of AOR is
Lrw = (I - L) [(1 - W) + (w - )L + wU], 3)
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where w and r are real parameters with w # 0. If w = r, it is SOR iterative scheme. When the spectral radius
of iterative matrix is less than 1, the iterative method converges. The smaller spectral radius results in faster
convergence speed of the iterative matrix.

In the calculation process, convergence is not only dependent on the iteration matrix and parameters in
the iterative methods, but also closely related to the changes of the equations themselves. So we can multiply
both sides of the system (1) by a nonsingular matrix to improve the efficiency of solving the equations. Then
the original linear system (1) is equivalent to the following preconditioned linear system (e.g., see [7-11]):

PAx = Pb,

where P is a non-singular matrix. In order to increase calculate, the preconditioned matrix P can be adopted
as different forms [12-16].
The following preconditioned matrix is proposed by Evans et al. [17]

P=1+5,
where
0O 0---0
~ 0O 0---0
S=
—-dn 0---0
Then the system (1) is equivalent to the following preconditioned system:
Ax = b, (4)
A=(I+9)A
and
b=I+9S)b.
Another preconditioned form is presented by Gunawardena et al. [18]
P=I+8S,
where
0 —ai2 o .- 0
0 0 -azs:--- 0
S=|: ¢ A
0 0 0 +—apin
0O 0 o - 0
So the system (1) becomes the following:
Ax=b, ©)

where A = (I +S)Aand b = (I + S)b.
In the spirit of previous work, we in this paper consider the following preconditioned linear system:

A'x =V, (6)
where A’ = (I + S')Aand b’ = (I + S')b with
0 —ai2 o .- 0
0 0 -as:-- 0
S
0 0 0 -—-apin
—dn 0 0O - 0

In the present work, we are studying the modified preconditioned method mentioned above via theoreti-
cal proof and numerical experiment. We describe the preconditioned approaches, including the AOR and SOR
schemes in Section 2. Our results and discussions are presented in Section 3. Our conclusions are summarized
in Section 4.
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2.1 Preconditioned AOR scheme

So the AOR scheme becomes

=~

A=D-L-T,
D=diag(1,1,-+,1,1 - ainanm), @
0
—dj1 0

—as; —as; 0 (8)

0 apiaia—apy - Andi,n-1 — dpp-1 0

Then the corresponding AOR scheme is

0-ap -ayz -+ -a
0 -az -+ -an
U=U-= ©)
0 -anp-1,n
0
Low =D -rL) (1 -w)D+(w-r)L+wUl. (10)
A=D-L-T,
D = diag(1 - a12a21,**+ , 1 = Gp-1,n@n,n-1, 1), (12)
0
—ay + ax3as; 0
, (12)
—Adp-1,1 + Ap-1,ndn1 —An-1,2 + An-1,nAn2 *** 0
—Aan1 —Aan2 cer—=dpp-1 0
00 -aj3 +agazs -+ —an + 1202,
0 0 ccr —dyp +A3Qa3n
U= : : . (13)
0 0
0
Low =D -rL)'[(1 - w)D + (w - )L + wU]. (14)

In (6), the coefficient matrix can be stated

A'=D-L'-U,
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where
1-apax
1-asszas;
D' = , (15)
1-ap_1,n@nn-1
1-amain
0
-y + ax3das; 0
L' = : : , (16)
—An-1,1 ¥ Qn-1,ndn1 —An-1,2 + Ap-1,nAn2 *** 0
0 —Qny + Ap1d1p  +* —Adpp-1 + Ap1din-1 0
00 -ai3+apazs -+ Ay + a12as,
0 0 *r+ —Qyn + aAz3a3sp
U=U-= : : . (17)
0 0
0
Here AOR scheme becomes
L, =0 -rL) (1 -w)D' + w-rL +wlU']. (18)

2.2 Our lemma

Lemmal. Let A and A’ be the coefficient matrices of the linear system (1) and (6), respectively. If
Osrsws1(w#0,r#1),Aisanirreducible L - matrix with 0 < ajnadn < 1and 0 < a; j,1a51,; < 1,
i=1,2,---,n-1.(This condition implies A is irreducible.)

Then the iterative matrices Ly and L;,, associated to the AOR method applied to the linear system
(1) and (6), respectively, are nonnegative and irreducible.
Proof. From that A is a L-matrix (i.e., a;; >0;i=j=1,--- ,nand a;; <0, foralli,j=1,2,--- ,n; i #j[19]),
we have L =0 is a strictly lower triangular matrix and U =0 is a strictly upper triangular matrix. So
(I-rL)y Y =I+rl+r*L2+---+ 1L T >0,

By (3), we have

Lw = -rL) ' [(1 - w)I +(w-1L+wU]
=[I+rL+r?L?+---+ L1 - w)I + (W - )L + wU]
=(1-wWI+W-nrL+wU+rL(-wI+rL(w-71L+wU]+ (r?L?
4o+ Y1 - W+ (W - 1)L + wU]
=1-wI+w@-rL+wU+T,
where
T=rL[(w-nL+wU]+(@?L?+---+ " L Y1 - w) + (w-r)L + wU] 2 0.

So Lyw is nonnegative. Because 0 < a;;1a,1,; < 1,1 = 1,2,--+,n -1, A is irreducible (i.e., the directed
graph of A is strongly connected). Thus, we can also get that (1 — w)I + w(1 - r)L + wU is irreducible when A
is irreducible. So L,y is irreducible.

As to L}, by (18), we have

Ly =D -rLY A -w)D' +(w-1L +wU']
=(I-rD' L) A -wI+w-rD"'L + wD' U]
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=1-WI+w@-r)D 'L +wD U + T,
where
T/ — rD/—lL/[(W _ r)D/—lL/ + WD/—l U/] + [rZ(D/—lL/)Z Foeeet rn—l(D/—lL/)n—l][(l _ W)I + (W _ r)D/—lL/ + WD/—1 U/] > 0.

and from D’ =0, L' >0 and U’ =0, we can get L;,, >0.

Let
0 0 cer —Qyp-1+A1202,0-1 —A1n + A12d2n
—azy + azsasy 0 *+t —d2,n-1 *tA2343,n-1 —A2n + A23043n
C=L'+U =
—Ap-1,1 t Ap-1,nAn,1 —An-1,2 + Ap-1,nAn2 *** 0 0
0 —Aap2 + dp1di2 ce* —Adpnp-1 +an1din-1 0
Because of O < ajpan < 1and 0 < a; 414541, < 1,i=1,2,---,n -1, there exist at least the following

elements that are not equal to null in the matrix C:
Ci,i+2 = —Qjiv2 + A i+1Qi+1,i+2 #0, 1=1,2,++-,n-2,

Cn-1,1 = —Qp-1,1 + An-1,nan1 # 0,

and
Cn2 = —dp2 + An1as2 # 0.

This is to say that L’ + U’ is irreducible. w # 0, r # 1 and L’ + U’ is irreducible, So w(1 - r)D’"*L’ + wD’~1 U’
is irreducible. From L}, = (1 - w)I + w(1 — r)D'"'L’ + wD’*U’ + T’ and T’ = 0, we get L}, is irreducible.

3 Results and discussion

Theorem 1. Let Ly and L;,, be defined by (3) and (18), respectively. Under the hypotheses in Lemma 1,
we have

@ p(Llrw) <p(Lrw), if p(Lrw) < 1;

(i) p(L1w) = p(Lrw), if p(Lrw) = 1;

(iii) p(L;'w) > P(Lrw), if p(Lrw) > 1.
Proof. From Lemma 1, we know that L, and L,,, are nonnegative and irreducible matrices. Thus, from results
(If Ais a nonnegative and irreducible matrix, there exists a positive real eigenvalue that equals to its
spectral radius p(A), and an eigenvector x > 0 corresponding to p(A).) in [20], so there is a positive vector
x such that Lywx = Ax, A = p(Lyw),

[(A-w)[+(w-r)L+wU]x=A(I -rL)x. (19)
Therefore, for this x >0,
Liwx-Ax=D -rLY 1 -w)D' + w-rL +wU - AD" - rL")]x. (20)
Based on (15), (16) and (17), we get that

D -L'=I-L-SL+S-SU, (1)

U=SU-S+U. (22)

Because of
AD =rLx =A(1 - r)D’'x + Ar(D’' - L)x, (23)
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we obtain the following formula from (21), (22), (23) and (20)
Liyx-Ax =D -rL'Y 1 -w)D' + W-r)(D' -1+L+SL-S+SU)
+wSU-S+U)-A1-nND -Ar(I-L-SL+S-SU)lx
=D -rL) A -nA-DD' -D+w-nSL-(w-rS
+(w=1)SU + wSU - wS + ArSL - ArS + ArSU]x.

From (19), we have
wUx=QA-1+w)x+ (T -w-Ar)Lx. (24)

Using (24), we get
Liyx-Ax=(D -rL)Y 1 -DA-DD -1) -1 -1 -A)S - rSU + ArSU + (r - w — AP)SL + (A - 1)S]x.

Since SL =0, we can write as

Liyx-Ax=D -rL) A -DA-DD -1) -1 -1 -1S-(1-1S -r(1-A)SUlx. (25)
Because
—aq12d31
—ajz3asp
D -I= ,
—An-1,nqn,n-1
—An1Qdin
0 0 0 0
0 0 0 0]
SU=|: o (26)
0 0 0 0

0 api1aiz anass «-+ An1ain

we have
D' -1<0,8=20,S=0, SU=0.

LetB= (D' -rL’) (1 -r)(D' -1)- (1 -1)S-S - rSU]x, then B < 0. So (25) becomes
Liwx-2Ax=(1-A)B.

At the same time, from the results (4 is a nonnegative matrix, if ax < Ax for some nonnegative
vector x, x # 0, then a < p(A); if Ax < Bx for some positive vector x, then p(A) < B. Furthermore, if A is
irreducible and 0 # ax < Ax < Bx for some nonnegative vector x, then a < p(A) < B and x is a positive
vector.) in [21], we can get the following results:

@) If0 <A <1, then p(L},) < A = p(Lyw);
(i) If A = 1, then p(L1y) = A = p(Lrw);
(iii) If A > 1, then p(Lyy) > A = p(Lrw).

Now the following theorem is shown to compare the convergence rate of the AOR iterative scheme with
two different preconditioned methods.

Theorem 2. Let Ly, and L., be the iterative matrices of the AOR method defined by (10) and (18),
respectively. If 0 s r < w < 1 (w # 0O,r # 1), A is an irreducible L — matrix with O < ain,an; < 1 and
there exists a non — empty setof BC N=1{1,2,--- ,n- 1} such that

0<ajinap,i<1, 1€p,

a;is10341,i =0, 1€ N\B.
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We obtain

@) p(L/rw) < P(ZNrw), if P(le) <1;

(i) p(Liw) = p(Lyw), if p(Lyw) = 1;

(i) p(Lyw) > p(Lrw), if pLrw) > 1.
Proof. From Lemma 3.4. in [22] and Lemma 1, we know that L, and L/, are nonnegative and irreducible
matrices. So there exists a positive vector x such that Lyyx = Ax, A = p(frw) (from results in [20].).

From (10), we have
(D-rL) (1 -w)D +(w-rL+wlU]x = Ax,

ie.,
[(1-w)D+(w =1L +wU]x = A(D - rL)x. 27)

Lix-Ax={D -rLY Y1 -w)D' +(w-rL +wU - AD' - rL")]x, (28)

where x is a positive vector.
Based on (7), (8) and (16), we get

By (9) and (17), we can obtain

From (27), we have
wU=A-1+w)D+(r-w-Ar)L
i.e.,

AD' -rLx = A1 -1)D'x + Aar(D' - L)x,

(28) can be written as

Liyx-Ax=(D'-rL'Y (1 -w)D' + (w-1)(D' -D+L+SL)
+w(@SU-S+U)-A1-1D -Ar(D-L - SL)|x
=D -rL) (1 -A-)(D' -D)+(w-rSL
+wSU - wS + ArSL]x.

We can get the following from (9) and (24)

Liwx-Ax=(D' - rL’) Y1 - N1 -A)(D' - D)+ (w-r)SL
+wSU - wS + ArSL]x
=D - L)Y M1 -1 -)D -D)+(w-r)SL
+(A-1+wW)S+(r-w-Ar)SL - wS + ArSL]x
=(D' -rL") M1 -2 -A)D' -D)-(1-A)S]x.

By (7) and (15), we have D’ - D <0. Let Q = (D' - rL’)"*[(1 - r)(D’ - D) - S)x. It is obvious that Q <0. The
following proof is similar to Theorem 1.
Based on Theorem 3.5. in [22] and Theorem 2, we obtain the following corollary.

Corollary 1. Let Ly, Ly and L., be defined by (3), (10) and (18), respectively. Under the hypotheses in
Theorem 4, we have

M) p(Lrw) < p(Lrw) < p(Lyw), if p(Liw) < 15

(ii) P(Llrw) = P(LNrw) =p(Lrw), if p(Lrw) = 1;

(iif) P(L;‘w) > P(Lrw) > P(Lrw)y ifp(Lrw) > 1.

If w = r in Corollary 1, we can obtain the results of SOR method, and if w = 1, r = 0, we can get the
corresponding Jacobi results.
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Theorem 3. Let L, and L}, be defined by (14) and (18), respectively. Under the conditions in Theorem
4, we have

@ P(L;w) < P(Irw)a if P(frw) <1

(i) p(Liw) = P(er), if p(frw) =1;

(iii) p(L,rw) > p(zrw)’ ifp(frw) > 1.
Proof. From Lemma 4 in [23] and Lemma 1, it is clear that L, and L}, are nonnegative and irreducible
matrices. So there exists a positive vector x such that Lywx = Ax, where A = p(Lyw). From (11), (12), (15) and
(16), the following equality is easily proved:

D -1'=D-L+S-SU
and

Liwx—Ax =(D' = L'y (1 -w)D' + (w=r)L" + wU’ - A(D' - rL)]x
=D -rL)Y A -w)D' +(w-1)(D' -D+L-S+SU)+wU-A1-1D' - Ar(D-L +S-SU)]x
=(D'-rL)y (A -w)D' + (w-1)(D'-D+L~S+SU)
+A=-1+WD+(-w-ANL-A1-1D -Ar(D-T +S - SU)Ix
=(D' - rL) (1 - -ND -D) + (-w+r-ANS+ (A~ 1+w)SD + (r - w - Ar)SL + (Ar - 1)SUlx,

where x is a positive vector.
Since SD = Sand SL =0,

Liwx-Ax =D -rL) (1 -1 -)D -D)-(1-r1-2AS - r(1-2)SUx.

Let K = (D' - rL’)"'[(1 - (D’ - D) - (1 - r)S - rSU]x. Obviously, K < 0. The following proof is similar to
Theorem 1.
From Theorem 2 in [23] and Theorem 3, we have the following corollary.

Corollary 2. Let Ly, Lyw and L}, be defined by (3), (14) and (18), respectively. Under the hypotheses, we
get

@) p(Lrw) < p(frw) <p(Lrw), if p(Lrw) < 1;

(ii) p(L/rW) = p(frw) = p(Lrw), if p(Lrw) =1;

(iii) p(L/rw) > p(zrw) > p(Lrw), if p(Lrw) > 1.

Same as Corollary 1, Corollary 2 can also be applied to SOR and Jacobi iterative methods.

Remark 1. From these results, we can conclude that the spectral radius of our preconditioned AOR (SOR,
Jacobi) iterative matrix is the smallest. It is to say that the convergence of our modified AOR (SOR, Jacobi)
scheme is the fastest in the above three preconditioned methods.

4 Example

We show the numerical example to verify the theorems.
The coefficient matrix A of (1) is the following:

r 1 1 1 1 1 b

~ nx100 “-Dx100 77 T 3x100 ~10
S 1 -1 e — 1 __1
nx10+1 3x10+2 (n-1)x10+2 nx10+2
_ 1 __1 e — 1 _
(n-1D)x10+1 2x10+3 (n-1)x10+3 nx10+3

1

__ 1 _ 1 _ 1 - -1

3x10+1 (n-2)x10+(n-1)  (n-3)x10+(n-1) nx10+(n-1)
_10 — 1 — 1 oo -1 1

L 5 (n-1)x10+n (n-2)x10+n 2x10+n J
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Table 1: Comparison of spectral radius of AOR scheme.

n r w p(Lrw) p(Lrw) p(Lrw) p(Liw)
10 0.8 0.9 03696  0.1723 03690  0.1614
20 0.8 0.95 03340  0.1525  0.3337  0.1420

50 0.75 0.8 0.4507 0.3230 0.4506 0.3166
100 0.85 0.9 0.3518 0.2369 0.3517 0.2306

Table 2: Comparison of spectral radius of SOR scheme.

n r w p(Lrw) p(Lrw) p(Lrw) p(Lry)
10 0.7 0.7 0.5302  0.3662  0.5298  0.3579
30 0.8 0.8 0.4388  0.2988  0.4387  0.2910

40 0.95 0.95 0.2739 0.1388 0.2737 0.1290

Table 3: Comparison of spectral radius of Jacobi scheme.

n rw p(B) p(B) p(B) p(B')
200 0 1 04513 02131  0.4511  0.2042
60 0 1 04501  0.2824  0.4500  0.2769

By applying three preconditioned methods to the linear system, we can get Table 1, Table 2 and Table 3.

Remark 2. From the tables, we can find that numerical results are in accordance with the above theorems.
These results imply that the improved preconditioned method (I + S’) is the most effective to accelerate
convergence of AOR (SOR, Jacobi) iterative scheme in these three preconditioned methods (I + S), (I + S)
and (I +S5).

5 Conclusions

In this work, we study the improved preconditioned AOR (SOR, Jacobi) iterative scheme. In order to explore
the most effective method to improve the convergence speed, we provide some comparison theorems and the
numerical example in three preconditioned methods. Our main conclusions are summarized below.

1. From the comparison theorems, we find that the spectral radius of our new preconditioned AOR (SOR,
Jacobi) iterative matrix is less than 1, and it is the smallest in three different preconditioned methods. Our
results suggest that the convergence speed of the improved preconditioned AOR (SOR, Jacobi) scheme is the
fastest.

2. Our numerical results indicate that the new preconditioned method is the most effective to accelerate
convergence speed of AOR (SOR, Jacobi) iterative scheme.

Acknowledgements: This work was supported by the National Natural Science Foundation (Grant No.

11603004), Beijing Natural Science Foundation (Grant No. 1173010), and Beijing Education Commission
Project (Grant No. KM201710015004).
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