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Abstract: In this paper, we derive and analyze a new one-parameter family of modi�ed Cauchy method
free from second derivative for obtaining simple roots of nonlinear equations by using Padé approximant.
The convergence analysis of the family is also considered, and the methods have convergence order three.
Based on the family of third-order method, in order to increase the order of the convergence, a new optimal
fourth-order family of modi�ed Cauchy methods is obtained by using weight function. We also perform
some numerical tests and the comparison with existing optimal fourth-order methods to show the high
computational e�ciency of the proposed scheme, which con�rm our theoretical results. The basins of
attraction of this optimal fourth-order family and existing fourth-ordermethods are presented and compared
to illustrate some elements of the proposed family have equal or better stable behavior in many aspects.
Furthermore, from the fractal graphics, with the increase of the value m of the series in iterative methods,
the chaotic behaviors of the methods become more and more complex, which also re�ected in some existing
fourth-order methods.
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1 Introduction
In this paper, we consider iterative methods to �nd a simple root α,i.e, f (α) = 0 and f ′(α) ≠ 0, of a nonlinear
equation

f (x) = 0, (1)

where f : I ⊂ R→ R for an open interval I is a scalar function.
Finding the simple root of the nonlinear equation (1) is a common and important problems in numerical

analysis of science and engineering, and iterative methods are usually used to approximate a solution of
these equations. We know that Newton’s method is an important and basic approach for solving nonlinear
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equations [1, 2], and its formulation is given by

xn+1 = xn −
f (xn)
f ′(xn) , (2)

this method converges quadratically.
The classical Cauchy’s method [2] is expressed as

xn+1 = xn −
2

1 +
√

1 − 2Lf (xn)
f (xn)
f ′(xn) , (3)

where
Lf (xn) = f ′′(xn)f (xn)

f ′2(xn) . (4)

This family methods given by (3) is a well-known third-order method. However, the method depends on the
second derivatives in computing process, and therefore their practical applications are restricted rigorously.
In recent years, several methods with free second derivatives have been developed, see [3–10] and references
therein.

In this paper, we will improve the family de�ned by (3) and obtain third and optimal fourth order family
of second-derivative-free variants of Cauchy’s methods by using Padé approximant. The rest of the paper is
organized as follows: In Section 2, we present a new third order family of modi�ed Cauchy method and show
the order of convergence of this family; In Section 3, di�erent numerical tests con�rm the theoretical results,
and the new methods are comparable with other known methods and give better results in many cases; In
Section 4, based on the family of third-ordermethod, a newoptimal fourth-order family of iterativemethods is
obtained byusingweight function; In Section 5, numerical tests and the comparisonwith the existing optimal
fourth-order methods are included to con�rm our theoretical results; In Section 6, the basins of attraction of
the existing optimal fourth-order methods and our methods are presented and compared to illustrate their
performances. Finally, we infer some conclusions.

2 Development of the third order method and its convergence
analysis

In order to avoid the evaluation of the second derivatives f ′′(xn) of Cauchy’s method (3), we consider
approximating it by the derivative y′′(xn) of the following second degree Padé approximant:

y(t) = a1 + a2(t − wn) + a3(t − wn)2

1 + a4(t − wn) , (5)

where a1, a2, a3 and a4 are real parameters. We impose the tangency conditions

y(xn) = f (xn), y′(xn) = f ′(xn), y(wn) = f (wn), (6)

where xn is nth iterate and
wn = xn −

f (xn)
f ′(xn) . (7)

By using the tangency conditions from (6), we obtain the value of a1, a2, a4, and a4 is determined in terms
of a3 in the following

a1 = f (wn), a2 = f ′(xn) − 2f ′(xn)f (wn)
f (xn) , a4 = a3

f ′(xn) −
f ′(xn)f (wn)
f 2(xn) . (8)

From (5), we also have

y′′(t) = 2[a3 − a2a4 + a1a2
4]

[1 + a4(t − wn)]3 . (9)
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Substituting (8) into (9) yields

f ′′(xn) ≈ y′′(xn) = 2f ′4(xn)f (wn)
f (xn)[f ′2(xn)f (xn) + a3f 2(xn) − f ′2(xn)f (wn)] . (10)

Using (10) we can approximate

Lf (xn) = f ′′(xn)f (xn)
f ′2(xn) ≈ 2f ′2(xn)f (wn)[

f ′2(xn)f (xn) + a3f 2(xn) − f ′2(xn)f (wn)
] . (11)

We de�ne

Lf , µ(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + µf 2(xn) − f ′2(xn)f (wn)

] . (12)

Using Lf , µ(xn , wn) instead of Lf (xn), we obtain a new one-parameter family of modi�ed Cauchy method free
from second derivative

xn+1 = xn −
2

1 +
√

1 − 2Lf , µ(xn , wn)
f (xn)
f ′(xn) , (13)

where µ ∈ R. Similar to the classical Cauchy’s method, a square root is required in (13). However, this may
cost expensively, even fail in the case 1 − 2Lf , µ(xn , wn) < 0.In order to avoid the calculation of the square
roots, we will derive some forms free from square roots by Taylor approximation [4].

It is easy to know that Taylor approximation of
√

1 − 2Lf , µ(xn , wn) is

√
1 − 2Lf , µ(xn , wn) =

m∑
k≥0

( 1
2
k

)
(−2Lf , µ(xn , wn))k , (14)

where m > 0.
Using (14) in (13), we can obtain the following form

xn+1 = xn −
2

1 +
∑m

k≥0

( 1
2
k

)
(−2Lf , µ(xn , wn))k

f (xn)
f ′(xn) , (15)

where µ ∈ R.
On the other hand, it is clear that

2
1 +
√

1 − 2Lf , µ(xn , wn)
=

1 −
√

1 − 2Lf , µ(xn , wn)
Lf , µ(xn , wn) =

m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf , µ(xn , wn)k (16)

Then, Using (16) in (13), we also can construct a new family of iterative methods as follows:

xn+1 = xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf , µ(xn , wn)k

) f (xn)
f ′(xn) , (17)

where µ ∈ R, m > 0.
We have the convergence analysis of the methods by (17).

Theorem 2.1. Let α ∈ I be a simple zero of su�ciently di�erentiable function f : I ⊂ R → R for an open
interval I. If x0 is su�ciently close to α, then the order of convergence of the methods de�ned by (17) is three,
and the error equation

en+1 =
[ c2µ
f ′(α) − c

2
2

]
e3
n + O(e4

n). (18)

Proof. Let en = xn − α, we use the following Taylor expansions:

f (xn) = f ′(α)[en + c2e2
n + c3e3

n + c4e4
n + O(e5

n)], (19)



1570 | Tianbao Liu, Xiwen Qin, and Qiuyue Li

where ck = 1
k!
f (k)(α)
f ′(α) . Furthermore, we have

f ′(xn) = f ′(α)[1 + 2c2en + 3c3e2
n + 4c4e3

n + 5c5e4
n + O(e5

n)]. (20)

Dividing (19) by (20),

f (xn)
f ′(xn) = en − c2e2

n + 2(c2
2 − c3)e3

n + (7c2c3 − 4c3
2 − 3c4)e4

n + O(e5
n). (21)

From (21), we get

wn = xn −
f (xn)
f ′(xn) = α + c2e2

n − 2(c2
2 − c3)e3

n − (7c2c3 − 4c3
2 − 3c4)e4

n + O(e5
n). (22)

Expanding f (wn) in Taylor’s Series about α and using (22), we get

f (wn) = f ′(α)[wn − α + c2(wn − α)2 + c3(wn − α)3 + c4(wn − α)4 + · · · ]
= f ′(α)[c2e2

n + 2(c3 − c2
2)e3

n + (5c3
2 + 3c4 − 7c2c3)e4

n + O(e5
n)]. (23)

Since (20), we obtain

f ′2(xn) =f ′2(α)[1 + 4c2en + (6c3 + 4c2
2)e2

n + (8c4 + 12c2c3)e3
n

+ (10c5 + 16c2c4 + 9c2
3)e4

n + O(e5
n)]. (24)

Because of (19), we get
f 2(xn) = f ′2(α)[e2

n + 2c2e3
n + (2c3 + c2

2)e4
n + O(e5

n)]. (25)

From (23) and (24), we get

f ′2(xn)f (wn) =f ′3(α)[c2e2
n + (2c3 + 2c2

2)e3
n + (7c2c3 + 3c4 + c3

2)e4
n

+ (4c5 + 4c3c2
2 + 10c2c4 + 6c2

3)e5
n + O(e6

n)]. (26)

From (20), (24), (25) and (26), we obtain

Lf , µ(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + µf 2(xn) − f ′2(xn)f (wn)

] = 2c2en + (4c3 − 4c2
2 −

2µc2
f ′(α) )e2

n

+ (6c4 − 12c2c3 + 6c3
2 + 8µc2

2 − 4µc3
f ′(α) + 2µ2c2

f ′2(α) )e3
n + (8c5 + 22c3c2

2 − 16c2c4

− 8c2
3 − 6c4

2 + 26c2c3µ − 20µc3
2 − 6c4µ

f ′(α) + 4c3µ2 − 12µ2c2
2

f ′2(α) − 2µ3c2
f ′3(α) )e4

n + O(e5
n). (27)

Furthermore, from (27) we have
m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf , µ(xn , wn)k =1 + 1

2Lf , µ(xn , wn) + 1
2Lf , µ(xn , wn)2 + 5

8Lf , µ(xn , wn)3

+ 7
8Lf , µ(xn , wn)4 + · · ·

=1 + c2en +
(

2c3 −
µc2
f ′(α)

)
e2
n +
(

3c4 + 2c2c3 −
2µc3
f ′(α) + µ2c2

f ′2(α)

)
e3
n

+
(

8c2
3 − 10c3c2

2 −
16µc2c3
f ′(α) − 10c4

2 + 9µc3
2

f ′(α) + 6µ2c2
2

f ′2(α) + 12c2c4
)
e4
n

+ O(e5
n). (28)

Since (17) and (28), we have

xn+1 = xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf , µ(xn , wn)k

) f (xn)
f ′(xn)
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= xn − en − (c2
2 −

µc2
f ′(α) )e3

n + O(e4
n), (29)

from en+1 = xn+1 − α, we have
en+1 = −

(
c2

2 −
µc2
f ′(α)

)
e3
n + O(e4

n). (30)

Then the methods de�ned by (17) is shown to converge of the order three.
Similar to the proof of Theorem 2.1, we can prove that themethods de�ned by (12) and (15) are third-order

methods.

Some special cases
10 : If µ = 0, from (12) and (17) we obtain

Lf ,0(xn , wn) = 2f (wn)[
f (xn) − f (wn)

] , (31)

xn+1 = xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf ,0(xn , wn)k

) f (xn)
f ′(xn) , (32)

where m > 0. For m = 2, we obtain a third-order method(LM1)

xn+1 = xn −
(

1 + 1
2Lf ,0(xn , wn) + 1

2Lf ,0(xn , wn)2
) f (xn)
f ′(xn) . (33)

For m = 3, we obtain from (17) a third-order method(LM2)

xn+1 = xn −
(

1 + 1
2Lf ,0(xn , wn) + 1

2Lf ,0(xn , wn)2 + 5
8Lf ,0(xn , wn)3

) f (xn)
f ′(xn) . (34)

20 : If µ = 1, from (12) we obtain

Lf ,1(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + f 2(xn) − f ′2(xn)f (wn)

] . (35)

For m = 2, we obtain from (17) a third-order method(LM3)

xn+1 = xn −
(

1 + 1
2Lf ,1(xn , wn) + 1

2Lf ,1(xn , wn)2
) f (xn)
f ′(xn) . (36)

30 : If µ = −1
2 , from (12) we obtain

Lf ,− 1
2

(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) − 1

2 f 2(xn) − f ′2(xn)f (wn)
] . (37)

For m = 2, we obtain from (17) a third-order method(LM4)

xn+1 = xn −
(

1 + 1
2Lf ,− 1

2
(xn , wn) + 1

2Lf ,− 1
2

(xn , wn)2
) f (xn)
f ′(xn) . (38)

40 : If µ = −1, for m = 2, we obtain a third-order method (LM5) from (12) and (17)

xn+1 = xn −
(

1 + 1
2Lf ,−1(xn , wn) + 1

2Lf ,−1(xn , wn)2
) f (xn)
f ′(xn) . (39)

50 : If µ = 1
2 , from (12) and (15) we obtain some iterative methods as follows:

For m = 1, we obtain a third-order method

xn+1 = xn −
2

2 − Lf , 1
2

(xn , wn)
f (xn)
f ′(xn) . (40)
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For m = 2, we obtain a third-order method(LM6)

xn+1 = xn −
4

4 − 2Lf , 1
2

(xn , wn) − Lf , 1
2

(xn , wn)2
f (xn)
f ′(xn) . (41)

For m = 3, we obtain a third-order method

xn+1 = xn −
4

4 − 2Lf , 1
2

(xn , wn) − Lf , 1
2

(xn , wn)2 − Lf , 1
2

(xn , wn)3
f (xn)
f ′(xn) . (42)

3 Numerical examples of the third order methods
In this section, we present the results of numerical simulations in Table 2 to compare the e�ciencies of the
methods. The considered methods are Newton method (NM), the method of Weerakoon and Fernando [8]
(WF), the method of Potra and Pták (PP) [9], Chebyshev’s method (CHM) [11–12], Halley’s method (HM) [11],
and our new methods (33) (LM1), (34) (LM2), (36) (LM3), (38) (LM4), (39) (LM5) and (41) (LM6). Displayed in
Table 2 are the number of iterations (IT), the number of function evaluations (NFE) counted as the sum of the
number of evaluations of the function itself plus the number of evaluations of the derivative, the absolute
residual error of the corresponding function value (|f (xn)|), the computing time (TIME, the unit of time is one
second) and the distance of two consecutive approximations δ = |xn − xn−1|. All computations were done
using Matlab 7.1 environment with a ADM athlon(tm) II X2 250-3.01 GHz based PC. We accept an approximate
solution rather than the exact root, depending on the precision ϵ of the computer. We use the following
stopping criteria for computer programs: |f (xn)| < ϵ, we used the �xed stopping criterion ϵ = 10−15. ” − ”
is divergence. We used the following test functions and display the computed approximate zero x* in Table 1
[13].

4 Development of the optimal fourth order method and its
convergence analysis

Corresponding to thewell known Traub’smethod (see [14]), This scheme (17) with order of convergence three,
is not optimal in the sense of Kung-Traub conjecture [14]. In this section, we introduce parametric weight
functions and the well-known technique of undetermined coe�cients to the family of iterative methods (17)
to increase the order of convergence to four.

Table 1: Test functions and display the computed approximate zero x*.

Test functions x*

f1(x) = x3 + 4x2 − 10 1.3652300134140969
f2(x) = x2 − ex − 3x + 2 0.25753028543986076
f3(x) = sin(x)ex + ln(1 + x2) 0
f4(x) = (x − 1)3 − 1 2
f5(x) = cosx − x 0.73908513321516067
f6(x) = sin2x − x2 + 1 1.4044916482153411
f7(x) = ex

2+7x−30 − 1 3
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Table 2: Comparison of various third-order methods and Newton’s method.

IT NFE |f (xn)| TIME δ
f1 : x0 = 1
NM 5 10 0 0.046897 2.126987475037367e-011
WF 3 9 0 0.016892 2.284722713019605e-006
PP 4 12 0 0.033053 1.558753126573720e-013
CHM 4 12 0 0.033136 1.643130076445232e-014
HM 3 9 0 0.018876 3.698649917449615e-007
LM1 3 9 0 0.017555 7.656778435505274e-006
LM2 3 9 0 0.017310 6.519974116159233e-009
LM3 3 9 0 0.016915 6.545952378145259e-006
LM4 4 12 0 0.033269 2.220446049250313e-016
LM5 4 12 0 0.032977 2.220446049250313e-016
LM6 3 9 0 0.016579 1.582211815787105e-006
f1 : x0 = 2
NM 5 10 0 0.048387 5.020497351182485e-010
WF 4 12 0 0.021366 4.440892098500626e-016
PP 4 12 0 0.033571 7.949196856316121e-014
CHM 4 12 0 0.033689 2.065014825802791e-014
HM 3 9 0 0.016968 3.107350415199051e-006
LM1 3 9 0 0.017158 1.870204660026076e-007
LM2 4 12 0 0.033365 2.220446049250313e-016
LM3 3 9 0 0.016895 3.063923381674272e-008
LM4 3 9 0 0.016990 3.636202978718472e-007
LM5 3 9 0 0.017591 6.449765455052159e-007
LM6 4 12 0 0.033007 2.220446049250313e-016
f2 : x0 = 0
NM 4 8 0 0.026519 2.665312415217613e-012
WF 3 9 0 0.016351 7.801814749797131e-012
PP 3 9 0 0.016522 1.219191414492116e-012
CHM 3 9 0 0.018237 8.906764215055318e-013
HM 3 9 0 0.017423 7.374600929921371e-012
LM1 3 9 0 0.017213 1.014743844507393e-013
LM2 3 9 0 0.017442 1.497690860219336e-013
LM3 3 9 0 0.017380 3.035904860837491e-013
LM4 3 9 0 0.016920 2.620348382720295e-012
LM5 3 9 0 0.016538 1.656591530618812e-011
LM6 2 6 0 0.000403 1.015871229748111e-005
f2 : x0 = 0.5
NM 4 8 0 0.040693 1.791899961745003e-013
WF 3 9 0 0.017298 6.424749621203318e-012
PP 3 9 0 0.016290 4.607425552194400e-014
CHM 3 9 0 0.017653 3.087480271446452e-011
HM 3 9 0 0.018192 4.208039472430869e-011
LM1 3 9 0 0.017986 1.054711873393899e-015
LM2 3 9 0 0.017973 7.216449660063518e-016
LM3 3 9 0 0.017978 1.497135748707024e-013
LM4 3 9 0 0.017530 9.942047185518277e-014
LM5 3 9 0 0.016987 7.234768339969833e-013
LM6 3 9 0 0.016680 1.887379141862766e-015
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f3 : x0 = 1
NM 7 14 3.537126081266182e-024 0.076967 1.085848323840232e-012
WF 4 12 2.621304391538411e-016 0.031335 4.330310691887267e-006
PP 5 15 8.196910187379942e-033 0.050273 8.806888499109001e-012
CHM 5 15 6.352230116524407e-022 0.051221 2.520356663650445e-011
HM 5 15 7.257520328033309e-029 0.054265 8.459855063117184e-015
LM1 4 12 8.271806125530277e-025 0.035949 3.479185746468363e-009
LM2 4 12 0 0.034977 1.804501237019987e-013
LM3 4 12 0 0.033510 3.732361177500448e-009
LM4 4 12 0 0.033691 6.861191797005728e-010
LM5 4 12 0 0.032995 3.650246134545045e-015
LM6 4 12 0 0.033798 2.539428973634579e-010
f3 : x0 = 0.5
NM 6 12 5.905159674954809e-020 0.060337 1.402992074360412e-010
WF 4 12 1.764824578467612e-017 0.032156 4.200981459101664e-009
PP 4 12 1.694834561079519e-019 0.034667 2.767209186089879e-007
CHM 4 12 8.798671206634291e-017 0.033659 3.059650585008672e-007
HM 4 12 3.044907255908736e-017 0.035225 5.518067735074518e-009
LM1 4 12 0 0.034032 4.539201791677570e-014
LM2 4 12 0 0.035989 5.535242064507416e-014
LM3 4 12 0 0.032770 2.221451036901571e-013
LM4 3 9 1.163082115698561e-019 0.016919 2.852561908633870e-007
LM5 4 12 0 0.034210 6.743878120329082e-014
LM6 3 9 0 0.017372 1.053838990356347e-011
f4 : x0 = 2.5
NM 6 12 0 0.055351 1.154631945610163e-014
WF 4 12 0 0.031820 7.314593375440381e-012
PP 4 12 0 0.032233 4.221685223626537e-010
CHM 4 12 0 0.033641 9.853584614916144e-011
HM 4 12 0 0.033511 4.662936703425658e-014
LM1 3 9 6.661338147750939e-016 0.017800 1.544537542308433e-008
LM2 4 12 0 0.033585 2.244870955792067e-013
LM3 3 9 0 0.016430 6.254473188249676e-007
LM4 3 9 0 0.016473 1.067152234579538e-006
LM5 4 12 0 0.032690 4.440892098500626e-016
LM6 4 12 0 0.032958 2.042810365310288e-014
f4 : x0 = 3.5
NM 7 14 0 0.086241 2.877564853065451e-011
WF 5 15 0 0.049605 6.550315845288424e-013
PP 5 15 0 0.048335 4.512221707386743e-010
CHM 5 15 0 0.049367 4.188738245147761e-011
HM 4 12 0 0.033641 4.485352507632712e-006
LM1 4 12 0 0.035118 1.079692646399622e-008
LM2 4 12 0 0.034134 7.838174553853605e-013
LM3 4 12 0 0.035020 3.379705404427114e-010
LM4 4 12 0 0.033277 1.283696526854783e-008
LM5 4 12 0 0.033268 8.547096808086963e-009
LM6 4 12 0 0.032565 8.725183908708800e-009
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f5 : x0 = 0
NM 5 10 0 0.049831 1.701233598438989e-010
WF 3 9 0 0.017922 7.792236328407753e-007
PP 4 12 0 0.032661 1.500558566291943e-010
CHM 4 12 0 0.033834 5.327979279989847e-009
HM 4 12 0 0.032642 1.121325254871408e-014
LM1 4 12 0 0.033695 3.819167204710539e-014
LM2 3 9 0 0.017802 8.247395144600489e-008
LM3 4 12 0 0.037679 1.818811767861917e-011
LM4 4 12 0 0.033281 8.344436253082677e-013
LM5 4 12 0 0.033370 8.471505719143124e-010
LM6 4 12 0 0.032211 2.348121697082206e-013
f5 : x0 = 1
NM 4 8 0 0.030217 1.701233598438989e-010
WF 2 6 4.440892098500626e-016 0.003077 2.674277017133964e-005
PP 3 9 0 0.016561 9.809075773858922e-011
CHM 3 9 0 0.018428 1.600380383770528e-009
HM 3 9 0 0.018336 6.624212289807474e-010
LM1 3 9 0 0.017117 2.252753539266905e-012
LM2 3 9 0 0.016831 4.671929509925121e-012
LM3 3 9 0 0.018593 2.668459120336308e-009
LM4 3 9 0 0.016778 1.749711486809247e-012
LM5 3 9 0 0.016682 1.375262126401822e-010
LM6 3 9 0 0.017519 3.148793448204401e-010
f6 : x0 = 1
NM 6 12 3.330669073875470e-016 0.064253 3.059774655866931e-013
WF 4 12 4.440892098500626e-016 0.032786 1.793023507445923e-010
PP 16 48 4.440892098500626e-016 0.246502 1.531728257564424e-007
CHM 5 15 4.440892098500626e-016 0.050039 6.883094094689568e-010
HM 4 12 4.440892098500626e-016 0.038356 2.686739719592879e-013
LM1 4 12 3.330669073875470e-016 0.034670 1.042735342515755e-008
LM2 4 12 3.330669073875470e-016 0.034475 7.038286398142191e-009
LM3 4 12 4.440892098500626e-016 0.034466 3.420013050536852e-008
LM4 4 12 3.330669073875470e-016 0.033590 1.918714076509787e-010
LM5 4 12 4.440892098500626e-016 0.034618 1.002852445530778e-007
LM6 4 12 3.330669073875470e-016 0.033031 6.483733550055604e-010
f6 : x0 = 2.5
NM 6 12 3.330669073875470e-016 0.060863 1.404654170755748e-012
WF 4 12 3.330669073875470e-016 0.033203 4.229505634611996e-012
PP 4 12 3.330669073875470e-016 0.033607 1.030850205196998e-008
CHM 4 12 3.330669073875470e-016 0.034233 1.475204565171140e-007
HM 4 12 4.440892098500626e-016 0.033904 9.462626682221753e-009
LM1 4 12 4.440892098500626e-016 0.034679 1.265654248072679e-014
LM2 3 9 3.330669073875470e-016 0.016425 1.176158348492606e-008
LM3 4 12 4.440892098500626e-016 0.033903 4.662936703425658e-015
LM4 4 12 3.330669073875470e-016 0.033077 1.501021529293212e-013
LM5 4 12 4.440892098500626e-016 0.033523 8.837375276016246e-014
LM6 4 12 3.330669073875470e-016 0.033035 2.375877272697835e-014
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f7 : x0 = 3.25
NM 8 16 0 0.102321 9.720393379097914e-010
WF 6 18 0 0.066815 1.691979889528739e-013
PP 6 18 0 0.068323 1.131490456884876e-010
CHM 6 18 0 0.069897 2.398081733190338e-014
HM 5 15 0 0.052332 3.082423205569285e-012
LM1 4 12 0 0.034222 1.781058993621798e-007
LM2 4 12 0 0.033930 5.758273724509877e-008
LM3 4 12 0 0.033957 2.094845084066321e-007
LM4 4 12 0 0.033676 1.635068742622536e-007
LM5 4 12 0 0.033192 1.496285984003976e-007
LM6 - - - - -
f7 : x0 = 3.45
NM 11 22 0 0.152806 4.008793297316515e-011
WF 8 24 0 0.101062 7.105427357601002e-015
PP 8 24 0 0.102346 2.160227552394645e-010
CHM 7 21 0 0.096244 1.268533917908599e-006
HM 6 18 0 0.062830 1.694565332499565e-008
LM1 6 18 0 0.067983 3.221867217462204e-012
LM2 5 15 0 0.051391 7.682743330406083e-014
LM3 6 18 0 0.066789 3.313793683901167e-012
LM4 6 18 0 0.066753 3.173461493588548e-012
LM5 6 18 0 0.068585 3.125055769714891e-012
LM6 - - - - -

We consider using a weight function H(µ(xn , wn , γi)) instead of µ in the operator (12), and consider the
well-known technique of undetermined coe�cients to design an new operator Lf ,H,µ̃(xn , wn) as follows

Lf ,H,µ̃(xn , wn) = 2µ1f ′2(xn)f (wn)[
µ2f ′2(xn)f (xn) + µ3H(µ(xn , wn , γi))f 2(xn) − µ4f ′2(xn)f (wn)

] , (43)

where H(µ(xn , wn , γi)) is a function of real variable

µ(xn , wn , γi) = γ1f (xn) + γ2f (wn)
1 + γ3f (xn) + γ4f (wn) , (44)

γi(i = 1, . . . , 4) and µj(j = 1, . . . , 4) are real parameters. Then, using (43) in (17), we also can construct two
new optimal fourth-order family of modi�ed Cauchy methods as follows:

xn+1 = xn −
2

1 +
∑m

k≥0

( 1
2
k

)
(−2Lf ,H,µ̃(xn , wn))k

f (xn)
f ′(xn) , (45)

and

xn+1 = xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf ,H,µ̃(xn , wn)k

) f (xn)
f ′(xn) , (46)

where m > 0.
In the following result, we present the conditions that the weight function H(µ(xn , wn , γi)) and the

parameters must satisfy for obtaining two families of iterative methods with fourth-order of convergence,
which becoming optimal schemes by Kung-Traub conjecture.
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Theorem 3.1. Let f : I ⊆ R → R be a su�ciently di�erentiable function in an open interval I, such that
α ∈ I is a simple solution of the nonlinear equation f (x) = 0. Let H : R→ R be any su�ciently di�erentiable
function satisfying H(0) = 0, | H′(0) |< ∞, | H′′(0) |< ∞. If x0 is close enough to α, µ1 = µ2 ≠ 0, and µ4 = 0,
then the method de�ned by (46) has fourth-order of convergence and its error equation is:

en+1 = 1
µ2
c2
(
µ3H′(0)γ1 − µ2c3

)
e4
n + O(e5

n). (47)

Proof. Let en = xn − α, because of the Taylor series expansions of f (xn) and f (wn), we have

µ(xn , wn , γi) = γ1f (xn) + γ2f (wn)
1 + γ3f (xn) + γ4f (wn)

=f ′(α)γ1en +
(
f ′(α)(γ1c2 + γ2c2) − f ′2(α)γ1γ3

)
e2
n +
(1

2 f
′(α)(2γ1c3 − 4γ2c2

2 + 4γ2c3)

− f ′2(α)(γ1c2 + γ2c2)γ3 + f ′3(α)γ1γ
2
3 −

1
2 f

′(α)γ1(2γ3f ′(α)c2 + 2γ4f ′(α)c2)
)
e3
n

+
(
− 1

6 f
′(α)γ1(6γ3f ′(α)c3 + 12γ4f ′(α)c3 − 12γ4f ′(α)c2

2) + 1
6 f

′(α)(30γ2c3
2 + 6γ1c4

− 42γ2c2c3 + 18γ2c4) − 1
2 f

′2(α)(2γ1c3 − 4γ2c2
2 + 4γ2c3)γ3 + f ′3(α)(γ1c2 + γ2c2)γ2

3

− f ′4(α)γ1γ
3
3 + f ′2(α)γ1γ3(2γ3f ′(α)c2 + 2γ4f ′(α)c2) − 1

2 f
′(α)(γ1c2 + γ2c2)(2γ3f ′(α)c2

+ 2γ4f ′(α)c2)
)
e4
n + O(e5

n). (48)

Taking into account the expansion of µ(xn , wn , γi), and by using Taylor series expansion of
H(µ(xn , wn , γi)) around 0, we obtain

H(µ(xn , wn , γi)) =H(0) + H′(0)µ(xn , wn , γi) + H′′(0)
2! µ2(xn , wn , γi) + H′′′(0)

3! µ3(xn , wn , γi) + O(µ4(xn , wn , γi))

=H(0) + f ′(α)H′(0)γ1en +
(
H′(0)f ′(α)γ1c2 + 1

2H
′′(0)f ′2(α)γ2

1 + H′(0)f ′(α)γ2c2

− H′(0)f ′2(α)γ1γ3
)
e2
n +
(
H′(0)f ′3(α)γ1γ

2
3 − 2H′(0)f ′(α)γ2c2

2 + H′(0)f ′(α)γ1c3

+ H′′(0)f ′2(α)γ2c2γ1 − 2H′(0)f ′2(α)γ1γ3c2 − H′(0)f ′2(α)γ3γ2c2 − H′(0)f ′2(α)γ1γ4c2

+ H′′(0)f ′2(α)γ2
1c2 + 1

6H
′′′(0)f ′3(α)γ3

1 + 2H′(0)f ′(α)γ2c3 − H′′(0)f ′3(α)γ2
1γ3
)
e3
n + O(e4

n).
(49)

From (20), (24), (25),(26) and (43), we obtain

Lf ,H,µ̃(xn , wn) = 2µ1f ′2(xn)f (wn)[
µ2f ′2(xn)f (xn) + µ3H(µ(xn , wn , γi))f 2(xn) − µ4f ′2(xn)f (wn)

]
=2µ1
µ2
c2en +

(
8µ1
µ2
c2

2 + 2µ1
µ2

(2c3 − 2c2
2) + 1

3
µ1

f ′(α)µ2
2
c2(6f ′(α)µ4c2 − 30µ2f ′(α)c2

− 6µ3H(0))
)
e2
n +
(

8µ1
µ2
c3

2 + 8µ1
µ2

(2c3 − 2c2
2)c2 + 4

3
µ1

f ′(α)µ2
2
c2

2(6f ′(α)µ4c2 − 30µ2f ′(α)c2

− 6µ3H(0)) + 12µ1
µ2
c2c3 + µ1

µ2
(10c3

2 − 14c2c3 + 6c4) + 1
3

µ1
f ′(α)µ2

2
(2c3 − 2c2

2)(6f ′(α)µ4c2

− 30µ2f ′(α)c2 − 6µ3H(0)) + 1
18

µ1
f ′2(α)µ3

2
c2(6f ′(α)µ4c2 − 30µ2f ′(α)c2 − 6µ3H(0))2

+ 1
6

µ1
f ′(α)µ2

2
c2(−12f ′(α)µ3H′(0)γ1 − 84f ′(α)µ2c3 − 24µ3H(0)c2 + 24f ′(α)µ4c2

2

− 96f ′(α)µ2c2
2 + 24f ′(α)µ4c3)

)
e3
n + O(e4

n). (50)

Substituting (50) into (46), we have

xn+1 =xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf ,H,µ̃(xn , wn)k

) f (xn)
f ′(xn)
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=xn −
(

1 + 1
2Lf ,H,µ̃(xn , wn) + 1

2Lf ,H,µ̃(xn , wn)2 + 5
8Lf ,H,µ̃(xn , wn)3 + 7

8Lf ,H,µ̃(xn , wn)4 + · · ·
) f (xn)
f ′(xn)

=xn − en − (µ1
µ2
c2 − c2)e2

n −
(

3µ1
µ2
c2

2 + µ1
µ2

(2c3 − 2c2
2) + 1

6
µ1

f ′(α)µ2
2
c2(6f ′(α)µ4c2 − 30f ′(α)µ2c2

− 6µ3H(0)) + 2µ
2
1
µ2

2
c2

2 − 2c3 + 2c2
2

)
e3
n −

1
f ′2(α)µ3

2

(
c3

2f ′2(α)(13µ1µ2
2 + µ1µ2

4 − 14µ2
1µ2 + 4µ2

1µ4 − 4µ3
2

+ 5µ3
1 − 7µ1µ2µ4) + f ′2(α)µ2c2c3(7µ2

2 − 14µ1µ2 + 4µ1µ4 + 8µ2
1) + 3c4f ′(α)2µ2

2(−µ2 + µ1)
+ µ1c2µ3(µ3H(0)2 − f ′2(α)µ2H′(0)γ1) − µ1c2

2f ′(α)µ3H(0)(−7µ2 + 4µ1 + 2µ4)

− 2µ1f ′(α)µ2c3µ3H(0)
)
e4
n + O(e5

n). (51)

From en+1 = xn+1 − α, we consider that if H(0) = 0, µ1 = µ2, µ4 = 0, Then, we obtain the error equation
of (46) in the form:

en+1 = 1
µ2
c2
(
µ3H′(0)γ1 − µ2c3

)
e4
n + O(e5

n). (52)

Then the methods de�ned by (46) is shown to converge of the order four. �
Similar to the proof of Theorem 3.1, we can prove that the methods de�ned by (43) and (45) are fourth-

order methods.
When H(0) = 0, µ1 = µ2, µ4 = 0, we obtain

Lf ,H,µ̃(xn , wn) = 2µ1f ′2(xn)f (wn)[
µ1f ′2(xn)f (xn) + µ3H(µ(xn , wn , γi))f 2(xn)

] . (53)

Let λ = µ3
µ1

in (53), we have

Lf ,H,λ(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + λH(µ(xn , wn , γi))f 2(xn)

] . (54)

From the expansion of Lf ,H,λ(xn , wn) in (54), we can obtain following members of family (45) and (46).

Some special cases
10 : If we consider the following weight function H1 = H(µ(xn , wn , γi)) = 0, from (46) and (54) we obtain

Lf ,H1 ,λ = 2f (wn)
f (xn) , (55)

xn+1 = xn −
( m∑
k≥0

( 1
2
k + 1

)
(−1)k2k+1Lf ,H1 ,λ(xn , wn)k

) f (xn)
f ′(xn) , (56)

where m > 0. For m = 2, we obtain a recently developed fourth-order method by Khattri et al. (KM1) [13]

xn+1 = xn −
(

1 + 1
2Lf ,H1 ,λ(xn , wn) + 1

2Lf ,H1 ,λ(xn , wn)2
) f (xn)
f ′(xn)

= xn −
(

1 + f (wn)
f (xn) + 2f 2(wn)

f 2(xn)

) f (xn)
f ′(xn) . (57)

For m = 3, we also get the existing optimal fourth-order method by Khattri et al. (KM2) [13]

xn+1 = xn −
(

1 + 1
2Lf ,H1 ,λ(xn , wn) + 1

2Lf ,H1 ,λ(xn , wn)2 + 5
8Lf ,H1 ,λ(xn , wn)3

) f (xn)
f ′(xn)

= xn −
(

1 + f (wn)
f (xn) + 2f 2(wn)

f 2(xn) + 5f 3(wn)
f 3(xn)

) f (xn)
f ′(xn) . (58)

For m = 4, we obtain the developed fourth-order method by Khattri et al. (KM3) [13], which is given by

xn+1 = xn −
(

1 + 1
2Lf ,H1 ,λ(xn , wn) + 1

2Lf ,H1 ,λ(xn , wn)2 + 5
8Lf ,H1 ,λ(xn , wn)3 + 7

8Lf ,H1 ,λ(xn , wn)4
) f (xn)
f ′(xn)
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= xn −
(

1 + f (wn)
f (xn) + 2f 2(wn)

f 2(xn) + 5f 3(wn)
f 3(xn) + 14f 4(wn)

f 4(xn)

) f (xn)
f ′(xn) . (59)

20 : Now, we consider the following weight function, which also satis�es all the conditions of Theorem 3.1. If
H2 = H(µ(xn , wn , γi)) = µ(xn ,wn ,γi)2

1−µ(xn ,wn ,γi)
, γ1 = 0, γ2 = γ3 = γ4 = 1 and λ = 1, from (43) and (54), we have

Lf ,H2 ,1(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + H2f 2(xn)

] . (60)

For m = 2, from (46) and (60) we obtain a new fourth-order method (LTM1)

xn+1 = xn −
(

1 + 1
2Lf ,H2 ,1(xn , wn) + 1

2Lf ,H2 ,1(xn , wn)2
) f (xn)
f ′(xn) . (61)

For m = 3, we obtain a new fourth-order method (LTM2)

xn+1 = xn −
(

1 + 1
2Lf ,H2 ,1(xn , wn) + 1

2Lf ,H2 ,1(xn , wn)2 + 5
8Lf ,H2 ,1(xn , wn)3

) f (xn)
f ′(xn) . (62)

For m = 4, we obtain a new fourth-order method

xn+1 = xn −
(

1 + 1
2Lf ,H2 ,1(xn , wn) + 1

2Lf ,H2 ,1(xn , wn)2 + 5
8Lf ,H2 ,1(xn , wn)3 + 7

8Lf ,H2 ,1(xn , wn)4
) f (xn)
f ′(xn) . (63)

For m = 2, from (44) and (60) we obtain a new fourth-order method (LTM3)

xn+1 = xn −
4

4 − 2Lf ,H2 ,1(xn , wn) − Lf ,H2 ,1(xn , wn)2
f (xn)
f ′(xn) . (64)

For m = 3, we obtain a new fourth-order method (LTM4)

xn+1 = xn −
4

4 − 2Lf ,H2 ,1(xn , wn) − Lf ,H2 ,1(xn , wn)2 − Lf ,H2 ,1(xn , wn)3
f (xn)
f ′(xn) . (65)

30 : If H3 = H(µ(xn , wn , γi)) = µ(xn , wn , γi), γ1 = −1, γ2 = 1, γ3 = −1, γ4 = 1 and λ = −2
3 , from (43) and (54),

we have

Lf ,H3 ,− 2
3

(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) − 2

3H3f 2(xn)
] . (66)

For m = 2, from (45) and (66) we obtain a new fourth-order method (LTM5)

xn+1 = xn −
(

1 + 1
2Lf ,H3 ,− 2

3
(xn , wn) + 1

2Lf ,H3 ,− 2
3

(xn , wn)2
) f (xn)
f ′(xn) . (67)

For m = 3, we obtain a new fourth-order method (LTM6)

xn+1 = xn −
(

1 + 1
2Lf ,H3 ,− 2

3
(xn , wn) + 1

2Lf ,H3 ,− 2
3

(xn , wn)2 + 5
8Lf ,H3 ,− 2

3
(xn , wn)3

) f (xn)
f ′(xn) . (68)

For m = 2, from (44) and (66) we obtain a new fourth-order method

xn+1 = xn −
4

4 − 2Lf ,H3 ,− 2
3

(xn , wn) − Lf ,H3 ,− 2
3

(xn , wn)2
f (xn)
f ′(xn) . (69)

For m = 3, we obtain a new fourth-order method

xn+1 = xn −
4

4 − 2Lf ,H3 ,− 2
3

(xn , wn) − Lf ,H3 ,− 2
3

(xn , wn)2 − Lf ,H3 ,− 2
3

(xn , wn)3
f (xn)
f ′(xn) . (70)
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40 : If H4 = H(µ(xn , wn , γi)) = µ(xn ,wn ,γi)
1−2µ(xn ,wn ,γi)

, γ1 = −1, γ2 = 1, γ3 = −4
5 , γ4 = 2 and λ = 1

2 , from (43) and (54),
we have

Lf ,H4 , 1
2

(xn , wn) = 2f ′2(xn)f (wn)[
f ′2(xn)f (xn) + 1

2H4f 2(xn)
] . (71)

For m = 2, from (46) and (71) we obtain a new fourth-order method

xn+1 = xn −
(

1 + 1
2Lf ,H4 , 1

2
(xn , wn) + 1

2Lf ,H4 , 1
2

(xn , wn)2
) f (xn)
f ′(xn) . (72)

For m = 3, we obtain a new fourth-order method (LTM7)

xn+1 = xn −
(

1 + 1
2Lf ,H4 , 1

2
(xn , wn) + 1

2Lf ,H4 , 1
2

(xn , wn)2 + 5
8Lf ,H4 , 1

2
(xn , wn)3

) f (xn)
f ′(xn) . (73)

For m = 2, from (45) and (71) we obtain a new fourth-order method (LTM8)

xn+1 = xn −
4

4 − 2Lf ,H4 , 1
2

(xn , wn) − Lf ,H4 , 1
2

(xn , wn)2
f (xn)
f ′(xn) . (74)

For m = 3, we obtain a new fourth-order method

xn+1 = xn −
4

4 − 2Lf ,H4 , 1
2

(xn , wn) − Lf ,H4 , 1
2

(xn , wn)2 − Lf ,H4 , 1
2

(xn , wn)3
f (xn)
f ′(xn) . (75)

5 Numerical examples of the optimal fourth order methods
This section is devoted to verify the validity and e�ectiveness of our theoretical results which we have
proposed earlier. We present the numerical results obtained by applying the proposed methods on some
scalar equations.We are going to compare LTM1-LTM8 with some fourth-order knownmethods as Kung-Traub
scheme [14]

yn = xn −
f (xn)
f ′(xn) ,

xn+1 = yn −
f 2(xn)

(f (xn) − f (yn))2
f (yn)
f ′(xn) , (76)

denoted by KTM; three methods of Khattri et al. [13], denoted by KM1, KM2 and KM3 (see (57), (58) and (59)
in special cases of fourth order methods); the fourth-order method by Chun [15] denoted by CM1; two fourth-
ordermethods byChunandHam [16] denotedbyCM2, CM3; the fourth-ordermethodbyKouet al. [17] denoted
by NSPP; the fourth-order method by Sharma and Bahl [18] denoted by SBM, which the method are applied
to solve systems of nonlinear equations by Sharma et al. [19]. The CM1 is given as

yn = xn −
f (xn)
f ′(xn) ,

xn+1 = xn − 2 f 2(xn)
f ′(xn)[f (xn) − f (yn)] + f (xn)

f ′(xn) + f ′(xn)f (yn)
f 2(xn) + f ′2(xn) . (77)

The CM2 is de�ned as

yn = xn −
f (xn)f ′(xn)

f ′2(xn) − f (xn) ,

Ln = f ′2(xn) − f (xn),
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xn+1 = xn −
[ (f (yn) − f (xn))L2

n − f 2(xn)f ′2(xn)
2(f (yn) − f (xn))L2

n + f (xn)f ′2(xn)(f ′2(xn) − 2f (xn))

] f (xn)
f ′(xn) , (78)

and CM3 is
yn = xn −

f (xn)f ′(xn)
f ′2(xn) + 100f (xn) ,

Ln = f ′2(xn) + 100f (xn),

xn+1 = xn −
[ (f (yn) − f (xn))L2

n + 100f 2(xn)f ′2(xn)
2(f (yn) − f (xn))L2

n + f (xn)f ′2(xn)(f ′2(xn) + 200f (xn))

] f (xn)
f ′(xn) . (79)

The NSPP is given as
yn = xn −

f (xn)
f ′(xn) ,

xn+1 = xn −
f 2(xn) + f 2(yn)

f ′(xn)(f (xn) − f (yn)) . (80)

The SBM is de�ned as
yn = xn −

2
3
f (xn)
f ′(xn) ,

xn+1 = xn −
[−1

2 + 9
8
f ′(xn)
f ′(yn) + 3

8
f ′(yn)
f ′(xn)

] f (xn)
f ′(xn) . (81)

Displayed in Table 3 are the number of iterations (IT), the number of function evaluations (NFE) counted
as the sumof the number of evaluations of the function itself plus the number of evaluations of the derivative,
the absolute residual error of the corresponding function value (|f (xn)|), the distance of two consecutive
approximations δ = |xn − xn−1|, and the computational approximate order of convergence ρ, which is an
approximation of the theoretical order of convergence, introduced in [20] as

p ≈ ρ = ln(|xk+1 − xk|/|xk − xk−1|)
ln(|xk − xk−1|/|xk−1 − xk−2|)

. (82)

In this section, the computations were done using Matlab 7.1 environment. We accept an approximate
solution rather than the exact root, depending on the precision ϵ of the computer. We use the following
stopping criteria for computer programs: |f (xn)| < ϵ, we used the �xed stopping criterion ϵ = 10−15.
“−” is divergence. “~” means that it converges to other solutions. We used the test functions and display
the computed approximate zero x* in Table 1.

From Table 3, it is clear that CM1, CM2, LTM4, SBM, LTM8, NSPP and LTM7 require less number of
iterations (IT) and function evaluations (NFE) in the corresponding test function f1(x) compared with the
other fourth-order methods, especially the method CM1 performs best in terms of convergence.

In test function f2(x), the methods KM3, CM1 and LTM3 have better performances. The numerical results
also show that KM3 have smaller residual error in the corresponding function |f2(xn)| compared with LTM3.
The existing method CM3 fails in convergence for the case f2(x).

Regarding the results of test function f3(x), we claim that our methods and the existing fourth-order
methods have almost similar performance.

From the results of the test function f4(x), our methods LTM2, LTM4, LTM6, LTM7, LTM8 and the existing
method KM2, KM3, CM1, CM2, CM3 require less number of iterations (IT) and function evaluations (NFE) than
other methods, which demonstrate that several of our methods converge faster than some existing ones.

In test function f5(x), the methods KM2, CM2, CM3 and our method LTM2 have better performances in
terms of the speed of convergence. The existingmethods KM3 and SBM fails in convergence for the case f5(x).
The results show that our fourth-ordermethod LTM2 can compete with KTM, KM1, CM1, NSPP, SBM and KM3.

In test function f6(x), in termsof convergence, themethodsKM1, SBM,LTM1, LTM5, LTM6 performslightly
worse, while the method CM3 performs the worst.

In test function f7(x), we also check the e�ectiveness of our methods when we consider the same
nonlinear equation with same initial approximation. Then, we �nd that the methods KM3, CM3 and our
methods LTM2, LTM3, LTM4, LTM6, LTM7, LTM8 perform better than KTM, KM1, KM2, CM1, CM2, NSPP and
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Table 3: Comparison of some di�erent fourth-order methods.

Method IT NFE |f (xn)| δ ρ
f1(x) = 0 KTM 19 57 0 1.007297327770829e-006 3.57
x0 = −0.1 KM1 64 192 0 1.477826749862743e-009 3.76

KM2 45 135 0 4.900428897136600e-005 3.72
KM3 102 306 0 1.091067414571434e-005 4.42
CM1 6 18 0 9.497031339122941e-007 3.15
CM2 9 27 0 1.145895600629387e-009 3.80
CM3 45 135 0 2.819966482547898e-014 3.49
NSPP 14 42 0 2.220446049250313e-016 1.98
SBM 12 36 0 2.602835724729857e-010 3.81
LTM1 49 147 0 1.015936601511669e-008 3.71
LTM2 21 63 0 1.554312234475219e-015 4.09
LTM3 17 51 0 1.743050148661496e-013 3.90
LTM4 11 33 0 3.606588179216885e-007 4.10
LTM5 21 63 0 4.322075137341841e-006 4.31
LTM6 26 78 0 2.886579864025407e-015 3.62
LTM7 16 48 0 5.212047367475492e-006 4.00
LTM8 14 42 0 6.794564910705958e-014 4.18

f2(x) = 0 KTM 5 15 0 7.216449660063518e-016 3.89
x0 = 5 KM1 5 15 0 1.105560087921731e-011 4.13

KM2 5 15 0 1.152966611073225e-013 3.95
KM3 4 12 0 9.358037653284246e-006 4.12
CM1 4 12 8.881784197001252e-016 1.997754338076696e-004 6.61
CM2 5 15 0 2.425837308805967e-014 3.91
CM3 - - - - -
NSPP 5 15 0 2.473671267821942e-011 4.20
SBM 5 15 4.440892098500626e-016 9.436895709313831e-016 3.78
LTM1 5 15 0 5.860528728973691e-011 4.24
LTM2 5 15 0 6.933342788784103e-014 3.94
LTM3 4 12 4.440892098500626e-016 1.094604859936954e-004 5.29
LTM4 5 15 0 2.942091015256665e-015 3.96
LTM5 5 15 0 1.326020566683184e-007 3.54
LTM6 5 15 0 6.679101716144942e-013 3.51
LTM7 5 15 0 5.632716515435732e-013 3.54
LTM8 5 15 0 7.216449660063518e-016 3.64
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Method IT NFE |f (xn)| δ ρ
f3(x) = 0 KTM 4 12 2.698906001294071e-024 1.217853159082307e-008 3.62
x0 = 1.9 KM1 4 12 0 2.148368599356326e-007 3.45

KM2 4 12 0 9.592177833278592e-011 4.65
KM3 4 12 0 1.846342610051233e-011 4.20
CM1 4 12 0 1.119123721644855e-010 3.75
CM2 5 15 0 1.656923030498442e-007 3.50
CM3 5 15 5.048709793414476e-029 2.684470484445867e-013 3.61
NSPP 4 12 1.985233470127266e-023 4.289648665705555e-008 3.55
SBM 4 12 2.418605025271162e-021 4.917930580759401e-011 3.78
LTM1 4 12 5.293955920339377e-023 2.170159571681513e-007 3.45
LTM2 4 12 0 9.881239316361645e-011 4.65
LTM3 4 12 6.617444900424221e-024 9.954034684185604e-009 3.61
LTM4 4 12 1.615587133892632e-027 1.428516766682764e-011 4.27
LTM5 4 12 3.308722450212111e-024 2.045966094113560e-008 3.59
LTM6 4 12 3.231174267785264e-027 2.309911940542863e-011 4.33
LTM7 4 12 0 7.432071191110223e-011 4.26
LTM8 4 12 4.135903062765138e-025 2.239952597536676e-009 3.65

f4(x) = 0 KTM 5 15 0 1.776356839400251e-015 3.95
x0 = 5 KM1 5 15 0 6.295657328792004e-010 3.78

KM2 4 12 0 5.425764586330928e-005 3.72
KM3 4 12 0 1.135485330872044e-006 3.82
CM1 4 12 0 1.661871202074394e-005 3.34
CM2 4 12 0 4.525455072901252e-006 3.51
CM3 4 12 0 1.644155478430776e-009 2.87
NSPP 5 15 0 7.429612480791548e-013 3.89
SBM 5 15 0 1.021405182655144e-014 3.93
LTM1 5 15 0 6.829425913679188e-010 3.78
LTM2 4 12 6.661338147750939e-016 5.805743723130696e-005 3.71
LTM3 5 15 0 4.440892098500626e-016 3.86
LTM4 4 12 6.661338147750939e-016 1.499435946517025e-007 3.89
LTM5 5 15 0 9.895031460871451e-010 3.86
LTM6 4 12 0 4.299091316228854e-005 3.24
LTM7 4 12 0 1.045922523612575e-005 4.31
LTM8 4 12 0 5.399981822362676e-005 3.37
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Method IT NFE |f (xn)| δ ρ
f5(x) = 0 KTM 9 27 0 1.288968931589807e-013 3.80
x0 = 5.8 KM1 5 15 0 5.195843755245733e-014 3.30

KM2 4 12 0 1.789890458070431e-011 3.60
KM3 - - - - -
CM1 5 15 1.110223024625157e-016 6.661338147750939e-016 3.97
CM2 4 12 0 4.142503895465666e-009 3.84
CM3 4 12 1.110223024625157e-016 8.643999676372083e-006 2.93
NSPP 18 54 0 1.818157153921085e-005 4.93
SBM - - - - -
LTM1 5 15 0 1.394815624942147e-004 5.37
LTM2 4 12 1.110223024625157e-016 1.033639332229663e-004 2.87
LTM3 9 27 0 1.776356839400251e-015 4.10
LTM4 16 48 0 1.953010203822325e-004 5.98
LTM5 6 18 0 9.492295838242626e-011 3.68
LTM6 5 15 1.110223024625157e-016 2.079826453160738e-005 4.89
LTM7 6 18 0 7.094251031070087e-006 3.25
LTM8 6 18 1.110223024625157e-016 4.067230241489028e-007 4.21

f6(x) = 0 KTM 5 15 4.440892098500626e-016 2.725704772088555e-005 3.05
x0 = 30 KM1 6 18 4.440892098500626e-016 2.819966482547898e-014 3.90

KM2 5 15 3.330669073875470e-016 3.551058632700332e-006 3.61
KM3 5 15 3.330669073875470e-016 2.469841886565405e-009 4.11
CM1 5 15 4.440892098500626e-016 2.900702567032454e-008 4.28
CM2 5 15 3.330669073875470e-016 5.619937435419331e-006 3.47
CM3 ~ ~ ~ ~ ~
NSPP 5 15 8.881784197001252e-016 1.200137685715141e-004 2.70
SBM 6 18 4.440892098500626e-016 4.440892098500626e-016 3.97
LTM1 6 18 4.440892098500626e-016 2.287059430727823e-014 3.91
LTM2 5 15 3.330669073875470e-016 1.494727950301922e-006 3.74
LTM3 5 15 4.440892098500626e-016 7.169287327135621e-006 3.21
LTM4 5 15 4.440892098500626e-016 1.957256579032674e-011 4.06
LTM5 6 18 3.330669073875470e-016 2.093081263865315e-011 3.82
LTM6 6 18 4.440892098500626e-016 3.996802888650564e-015 4.03
LTM7 5 15 3.330669073875470e-016 6.713331008989520e-005 3.12
LTM8 5 15 4.440892098500626e-016 1.567170138416785e-005 3.77
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f7(x) = 0 KTM 5 15 0 8.881784197001252e-016 3.96
x0 = 3.25 KM1 5 15 0 2.532513754260890e-009 3.80

KM2 5 15 0 4.440892098500626e-016 3.35
KM3 4 12 0 3.625560864861654e-007 3.72
CM1 5 15 0 1.288302797775032e-012 3.92
CM2 5 15 0 4.440892098500626e-016 1.39
CM3 4 12 0 8.305973686617563e-010 3.67
NSPP 5 15 0 1.444178110432404e-012 3.92
SBM 5 15 0 1.243449787580175e-014 3.95
LTM1 5 15 0 2.535360366096029e-009 3.80
LTM2 4 12 0 1.436867444937207e-005 4.49
LTM3 4 12 0 1.407228477168232e-005 3.71
LTM4 4 12 0 2.142859223397409e-010 3.57
LTM5 6 18 0 4.440892098500626e-016 1.19
LTM6 4 12 0 1.473763922721361e-005 4.46
LTM7 4 12 0 1.399004200797194e-005 4.51
LTM8 4 12 0 1.387654194484611e-005 3.71

SBM in terms of speed of convergence for solving the nonlinear equations. However, in this particular case
the method LTM5 don’t perform better than other methods.

Consequently, our fourth-order methods can compete with some fourth-order known methods, such as
KTM, KM1, KM2, KM3, CM1, CM2, CM3, NSPP and SBM, especially the present methods LTM2, LTM3, LTM4,
LTM7 and LTM8 perform equal or better than some existing methods in many aspects.

Application to a physical problem

We consider Planck’s radiation law problem [21–22]

Φ(λ̃) = 8πcPλ̃−5

e
cP
λ̃BT − 1

, (83)

which calculates the energy density within an isothermal blackbody. In the expression of formula (83), λ̃ is
the wavelength of the radiation, T is the absolute temperature of the blackbody, B is Boltzmann’s constant,
P is the Planck’s constant and c is the speed of light. In some cases, due to the needs of the application, it is
often necessary to determine wavelength λ̃ which corresponds to maximum energy density Φ(λ̃). To �nd the
critical points, we use the Chain Rule to di�erentiate the function of equation (83), and obtain

Φ′(λ̃) =
(8πcPλ̃−6

e
cP
λ̃BT − 1

)( cP
λ̃BT

e
cP
λ̃BT

e
cP
λ̃BT − 1

− 5
)
, (84)

so to �nd the critical number of Φ for the maxima, we solve the equation

cP
λ̃BT

e
cP
λ̃BT

e
cP
λ̃BT − 1

− 5 = 0. (85)

Consider the relationship between variables, if X = cP
λ̃BT

, then the equation (85) is converted into the
following nonlinear equation

F(X) = e−X + X
5 − 1 = 0. (86)

The function (86) is continuous, and it has a solution X = 0, which is what we do not interest. We
want to obtain positive roots of the nonlinear function, so that requires us to apply iterative method to get
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Table 4: Comparison of fourth-order methods for the physical problem.

Method IT NFE |F(Xn)| δ TIME
F(X) = 0 KTM 3 9 0 2.709308333237459e-010 0.022328
X0 = 3 KM1 3 9 0 6.467101520968299e-009 0.028262

KM2 3 9 0 2.692956968530780e-012 0.022563
KM3 3 9 2.220446049250313e-016 3.547384608282300e-010 0.022609
CM1 3 9 0 3.070780428959807e-004 0.023050
CM2 3 9 2.220446049250313e-016 5.524792026534442e-006 0.022492
CM3 3 9 2.220446049250313e-016 1.943731808839999e-005 0.023956
NSPP 3 9 0 9.101039921688425e-010 0.022708
SBM 3 9 0 1.925377191014377e-009 0.023061
LTM1 3 9 0 3.959470085135308e-009 0.022057
LTM2 3 9 0 9.615003904173136e-009 0.020803
LTM3 3 9 2.220446049250313e-016 1.243449787580175e-014 0.020864
LTM4 3 9 0 4.251994312198804e-010 0.021211
LTM5 3 9 0 4.753649580013786e-005 0.021086
LTM6 3 9 2.220446049250313e-016 4.648025434228487e-005 0.022313
LTM7 3 9 0 3.362910103312800e-004 0.020591
LTM8 3 9 0 3.350666193249197e-004 0.021832

approximate solution of this equation. Here, our desired root is X* = 4.96511423174428. Keeping in view
this fact, we apply KTM, KM1, KM2 ,KM3, CM1, CM2, CM3, NSPP, SBM, and our methods LTM1-LTM8 to the
nonlinear equation (86) and compare. Displayed in Table 4 are the number of iterations (IT), the number
of function evaluations (NFE), the absolute residual error of the corresponding function value (|F(Xn)|), the
computing time (TIME, the unit of time is one second) and the distance of two consecutive approximations
δ = |Xn − Xn−1|, where ” − ” is divergence. We use the following stopping criteria for computer programs:
|F(Xn)| < ϵ = 10−15. Note that in Table 4, in terms of iterations number (IT) and function evaluations (NFE),
the fourth-order methods have the same performance. KTM, KM1, KM2 , CM1, NSPP, SBM, and our methods
LTM1, LTM2, LTM4, LTM5, LTM7, LTM8 have smaller residual error in the nonlinear function as compared to
the other methods of fourth-order. Our methods is slightly better at computing time. Consequently, the roots
of F(X) = 0 give the maximum wavelength of radiation λ̃ by means of the following relation:

λ̃ ≈ cP
X*BT = cP

4.96511423174428BT . (87)

6 Basin of attractions
In this section, we study some dynamical properties of the family of iterative methods (45) and (46) based on
their basins of attraction when they are applied to the complex polynomial P(z). We investigate the structure
of the basins of attraction for comparing convergence and stability of the family of iterativemethods. Here we
brie�y introduce some necessary dynamical concepts and basic results to be used later. Most of them can be
found in the classic works such as [20, 23–30] and references therein. Let R : Ĉ→ Ĉ be a rational map on the
Riemann sphere. The orbit of a point z0 ∈ Ĉ is de�ned as the set {z0, R(z0), R2(z0), . . . , Rn(z0), . . .}. A point
z0 ∈ Ĉ is a �xed point of the rational function R if satisfy R(z0) = z0. A periodic point z0 of period m > 1 is
a point such that Rm(z0) = z0, where m is the smallest such integer. A point z0 is called attracting if satisfy
|R′(z0)| < 1, repelling if satisfy |R′(z0)| > 1, and neutral if satisfy |R′(z0)| = 1. Moreover, if satisfy |R′(z0)| = 0,
the �xed point is super attracting.
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Let z*f be an attracting �xed point of the rational function R. The basin of attraction of the �xed point z*f
is de�ned

A(z*f ) = {z0 ∈ Ĉ : Rn(z0)→ z*f , n →∞}. (88)

The set of points whose orbits tends to an attracting �xed point z*f is de�ned as the Fatou set, F(R).
The complementary set, the Julia J(R), is the closure of the set consisting of its repelling �xed points, and
establishes the borders between the basins of attraction.

Some known and existing fourth-order methods and our fourth-order methods are considered, they are
KTM (76), KM1 (57), KM2 (58), KM3 (59), CM1 (77), CM2 (78), CM3 (79), NSPP (80), SBM (81), LTM1 (61), LTM2
(62), LTM3 (64), LTM4 (65), LTM5 (67),LTM6 (68), LTM7 (73) and LTM8 (74). In our experiments, we take a
square region D = [−2, 2] × [−2, 2] of the complex plane, with 400 × 400 points, and we apply the iterative
methods starting in very z0 in the square. The iterative methods can converge to the root or, eventually,
diverges. As an illustration, we consider the stopping criterium for convergence to be less than a tolerance
ϵ = 10−7 and a maximum of 200 iterations. If a sequence {zn}with the residual |P(zn)| < ϵ, generated by the
iterative method for the initial guess z0 within the maximum iteration, then we decide the iterative method
converges for z0, otherwise we consider the method to be divergent. We take black color for denoting lack of
convergence to any of the roots or convergence to the in�nity.

Test problem 1. Let P1(z) = z3 −1 having three simple zeros {−1
2 −

√
3

2 i, −1
2 +

√
3

2 i, 1}. Based on the Figure 1-3,
we observe that the method CM3 is the best method in terms of less chaotic behavior on the boundary points,
the methods KTM, CM2, NSPP, SBM, LTM5 and LTM8 are better. From the three Figures, we �nd that, with the
increase of the value m of (56), the chaotic behaviors of the methods KM1, KM2 and KM3 become more and
more complex, which the feature of attraction basins is also re�ected in our methods LTM1, LTM2, LTM3 and
LTM4. In the next we have taken polynomials of increasing degree.

Test problem 2. Let P2(z) = z5 + z having �ve simple zeros {−0.7071067812 ± 0.7071067812i, 0, 0.707
1067812 ± 0.7071067812i}. We conclude based on Figure 4-6 that the methods CM2 and LTM3 outperform
all the others, and the methods LTM8, KTM and SBM are better in terms of less chaotic behavior than other
methods. However, the fractal picture of themethod LTM8 has some non convergent points. Themethod CM3
has the most divergence points in Figure 5, so it performs worst in this test problem. Since the value of m is
bigger, the method KM3 has the most complex behavior on the boundary points.

Test problem 3. Let P3(z) = z6 + z − 1 having six simple zeros {0.7780895987, −1.1347241384, −0.451
0551586 ± 1.0023645716i, 0.6293724285 ± 0.7357559530i}. In the fractal pictures from Figure 7-9, it
is clear that the methods KTM, CM2, NSPP, SBM and our methods LTM1, LTM2 have the largest basins of
attraction as compared to the other methods. In addition, although LTM3, LTM8 have a small amount of no
convergence points, the twomethods have less chaotic behavior on the boundary points than othermethods,
including the known and existing fourth-ordermethods KTM, KM1, KM2, KM3, CM1, NSPP and SBM. In terms
of thedynamical behavior on theboundarypoints, themethodKM3 ismost complex, followedby themethods
LTM6 and KM2. From Figures 6(a), the method LTM4 has more non-convergence point regions than other
methods.

7 Conclusions
In this paper, we have designed and studied a new one-parameter family of modi�ed Cauchy method free
from second derivative for obtaining simple roots of nonlinear equations by using Padé approximant. The
convergence analysis of the methods was also considered, and the methods have convergence order three.
Based on the family of third-order method, a new optimal fourth-order family of iterative methods (in the
sense of Kung-Traub’s conjecture) is obtained by using weight function. We observed from numerical study
that the proposedmethods are e�cient and demonstrate equal or better performance as comparedwith other
well-known fourth-order methods. Finally, the dynamical analysis of this optimal fourth-order family and
existing fourth-order methods have been made on some di�erent polynomials, showing some elements of
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the proposed family have equal or better stable behavior in many aspects. Furthermore, the fractal graphics
show the chaotic behaviors of our methods become more and more complex with the increase of the value
m of the series in iterative methods, which also re�ected in the existing fourth-order methods KM1, KM2 and
KM3.
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(a) KTM (b) KM1

(c) KM2 (d) KM3

(e) CM1 (f) CM2

Figure 1: Basins of attraction of the methods KTM, KM1, KM2, KM3, CM1 and CM2 respectively for P1(z) = z3 − 1.
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(a) CM3 (b) NSPP

(c) SBM (d) LTM1

(e) LTM2 (f) LTM3

Figure 2: Basins of attraction of the methods CM3, NSPP, SBM, LTM1, LTM2 and LTM3 respectively for P1(z) = z3 − 1.
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(a) LTM4 (b) LTM5

(c) LTM6 (d) LTM7

(e) LTM8

Figure 3: Basins of attraction of the methods LTM4, LTM5, LTM6, LTM7 and LTM8 respectively for P1(z) = z3 − 1.
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(a) KTM (b) KM1

(c) KM2 (d) KM3

(e) CM1 (f) CM2

Figure 4: Basins of attraction of the methods KTM, KM1, KM2, KM3, CM1 and CM2 respectively for P2(z) = z5 + z.
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(a) CM3 (b) NSPP

(c) SBM (d) LTM1

(e) LTM2 (f) LTM3

Figure 5: Basins of attraction of the methods CM3, NSPP, SBM, LTM1, LTM2 and LTM3 respectively for P2(z) = z5 + z.



An optimal fourth-order family of modi�ed Cauchy methods for �nding solutions | 1595

(a) LTM4 (b) LTM5

(c) LTM6 (d) LTM7

(e) LTM8

Figure 6: Basins of attraction of the methods LTM4, LTM5, LTM6, LTM7 and LTM8 respectively for P2(z) = z5 + z.
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(a) KTM (b) KM1

(c) KM2 (d) KM3

(e) CM1 (f) CM2

Figure 7: Basins of attraction of the methods KTM, KM1, KM2, KM3, CM1 and CM2 respectively for P3(z) = z6 + z − 1.
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(a) CM3 (b) NSPP

(c) SBM (d) LTM1

(e) LTM2 (f) LTM3

Figure 8: Basins of attraction of the methods CM3, NSPP, SBM, LTM1, LTM2 and LTM3 respectively for P3(z) = z6 + z − 1.
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(a) LTM4 (b) LTM5

(c) LTM6 (d) LTM7

(e) LTM8

Figure 9: Basins of attraction of the methods LTM4, LTM5, LTM6, LTM7 and LTM8 respectively for P3(z) = z6 + z − 1.
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