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Abstract: Here, a coupled system of nonlinear weighted Cauchy-type problem of a diffre-integral equations of
fractional order will be considered. We study the existence of at least one integrable solution of this system by
using Schauder fixed point Theorem. The continuous dependence of the uniqueness of the solution is proved.
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1 Preliminaries and introduction

The coupled system was studied by many authors (see [1] and [11]). Also, the weighted Cauchy-type problem
(see [2]-[7]). In [5] the author studied the problem:

DAu(t) = f(t,u) + [, g(t,s,us)ds, t>O0, W
t"u(t)|o = b, 0 < @ < 1, b € R,

such that the functions f and g satisfies the following assumptions

(1) t17%f(¢, u) is continuous on R* x C9_,(R*) and
If(t, u) < o®u)™,u=20,m; > 1,
(2) st %g(t, s, u(s)) is continuous on D x CI_,(R*) where
Dg- ={(t,s) e R" xR*,0<s<t},

and
lg(t, s, u(s))] < (t- s)ﬁ’lsall)(s)|u\m2, 0<B<1,020,m; > 1,

where ¢(t) and y(s) are such that

(3) ¢(t) is continuous and gH-(1-a)my @(t) is continuous in case

u-(1-aym; <0,
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(4) (t)is continuous and to-(-aym, Y(t) is continuous in case
o-(1-a)m;y; <0.

Under these assumptions the author proved the existence of at least one local solution in the space
C$_4([0, h]), where for h > 0

4 (0, h]) = {vea(o,h]):3ceRand v € CI_4([0, h]) such that v(t) = ct* ! + IV’ (£)},

and
co([o, h]) = {v € c°((0, h)) : tli%l t'v(t) exists and finite},
0+

(the space €°((0, h]) is the usual space of continuous functions on [0, h]).

In comparison with earlier results, we study the coupled system of weighted Cauchy-type problems of diffre-
integral equations of fractional order

D“Mﬂ=h(mﬂ%ﬁ&m&V®Ms,

@)
WWO=EQW¢ﬁ&mxmmﬁ,

where t € I = [0, 1] and a, B € (0, 1) with the initial conditions
% u(t)| =0 = k1 and " Pv(t)| o = ka,

such that the functions f; and g;, i = 1, 2 satisfy the following assumptions:
(i) fi : IxR xR — R be a function with the following properties:

(a) foreacht ¢ I, fi(t, -, -) is continuous,
(b) for each (u,v) € R xR, f;(-, u, v) is measurable,
(c) there exist a real function t — a(t), a € L,(I) and a positive constants b, and b, such that

Ifi(t, u,v)| < a(t) + by |u|] + by |v|, foreach t eI, (u,v) € RxR;

(ii) g;: I xIxR — R be a function with the following properties:

(a) foreach (t,s) € IxI,g;(t, s, -) is continuous,
(b) foreachu € R, g;(-, -, u) is measurable,
(c) there exist a real function (t, s) — k(t, s), k € L1(I) and a positive constant b3 such that

lgi(t,s,u)| < k(t,s) + b3 |ul|, foreach (t,s) € IxI, ucR;
(iii) by +bybs <T'(1+a)and by + bobs < IT'(1 +f).
Note thatif a = B, f1 = f2, 81 = 82, k1 = ko = b and u(t) = v(t), then problem (2) will take the form

D u(t) = f(t, u(t), [, glt, s, u(s))ds),

' u(t)|i-0 = b,

which is the generalization of problem (1).
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2 Main results

2.1 Integral representation

Lemma 2.1. Let the assumptions (i-iii) be satisfied. If the solution of the coupled system (2) exists, then it can

be represented by the coupled system of nonlinear integral equations of fractional order

u(t) = ky %71 / (t - s f1 (s v(s), /gl(s 0,v(0) d0> ds,

rp)

t S
vt) =k, P71+ / Mfz <s, u(s), /gz(s, 0, u(6)) d9> ds
0 0

Proof. Let u(t) be a solution of

d

t
DTu(t) = Sreu( - fi (t, W), / a1t s, v(s)) ds).
0

Integrate both sides, we get
t
1%u(®) - U)o = Ifi (t, Vo), / gu(t, 5, v(s)) ds> .
0
Operating by I* on both sides of the last equation, we get
t
u(t) - I°C = ' f, <t, Vo), / gut, s, v(s)) ds) .
0
Differentiate both sides, we get
t
(o) - C N = 1oy (t, Vo), / g1t, s, v(s)) ds).
0

From the initial condition, we find that C; = k1, then

u(t) = kq t*1 / (t }(s))a ' (s,v(s),/gl(s,e,v(e)) d@) ds
0

Similarly, we can get

e

v(t) =k #1 / (t - S)ﬁ*1 b <5, u(s), /gz(s, 0, u()) d@) ds
0

Therefore, the solution (u, v) of system (2) can be represented by system (3).

2.2 Existence of solution

Let L1 () be a class of Lebesgue integrable functions on the interval I, with the norm ||x|| = [; [x(£)|dt.

Define the operator T by
T(u, v)(t) = (T1v(D), To2u(D),

(3)
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where

(t _ S)D( 1

Tyv(t) = kqy 6571 + T

fi (S v(s), /gl(s 0, v(9))d9>

_ g1
Tou(f) = ko 7" + K T(;)) f2 (s u(s), /gz(s 6, u(0))d )
0

It is clear that the fixed point of the operator T is the solution of system (3).

Theorem 2.1. Assume that f; and g; satisfy the assumptions (i-iii). Then the coupled system of weighted Cauchy-
type problems (2) has at least one solution (u, v) € Ly x Ly.

Proof. Define
= {(u(t), v(O)|((®), v(t)) € L1 x Ly and ||(w, V)||1,x1, = [[ullL, + V], < ’}-

For (u, v) € X, we have

1

I Tav]] = / \Tov() dt
0

t

1 1 s
_ a-1

s/|k1 £ dt + /' %ﬁ(s,v(s),/gl(s,9,v(9))d9> ds| dt

0 0 0 0

e\ [T (t - 5)*1 /
< 1 €' =25
< ( o >o + O/ S @ dt |f1 (s,v(s),o/gl(s,e, v(G))dG)‘ ds
= ky + Ef(1+3()|s f1 <s v(s), /gl(s,G,v(O))dG) ds

0

_k (Fl(l‘f); f (s W), / 215, 0, v(6))d0>‘

IN

’;1 . ﬁ/ f <s,v(s),/g1(s,9, v(@))d@)‘ds
0 0

1
+ ﬁ / [a(s) + by [v(s)| + b, /
0

0

IN

g1(5,0, v(e))‘ de} ds

S

1
k1 1 bl bZ
< — + o [|lal| + a+a IvilL, + F(1+a)/ {k(s,f)) + b3|v(9)|] do ds
0 0
k1 1 b1 bz k* b2 b3
% " Taro N rar M Y Fave Y Ta v e Vi
ﬁ 1 b1 + bz b3 bz k
*a " F(1+a)HaH * I'l+a) it F(1+a)
where k" = [ [ k(s, 6) d ds and
k by k
_at r|(|1a+‘1|x) eEm)
" T bbb
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Similarly, we get

k2 1 b1+b2 b3 bz k*
B a1t A 2t raep

[|Toul| < <1y,

where

k [la]] b, K
_ Bt T
L TRy T PR
T'(1+p)
Let
r =max{ry + }.
Then,

T, V)OI = [|T1v(®), Tau(®)|| = [TV + [[Taul®)|| <1 + 12 < 7.

Therefore, for (u, v) € X, we get T(u, v) € X and hence TX € X. Now, from the assumptions (i-a) - (ii-a), we
deduce that T maps X into L; x L; continuously. Moreover, we have

1
/
1 t

b/ <a(t) + by WO + by 0/ ds) dt

1 t
<llall + by il + 52 [ {k(t,s) + by \w(s)|] ds dt
0O 0

IIfill

t
fi(t, w(t), /gi(t,s,w(s))ds)‘ dt
0

IN

gi(ta S, W(S))

< llall + by [[w]| + b2 K + by by [|w]]|.

This estimation shows that f; in L{(I).

Now, we will use Kolmogorov compactness criterion (see [8]) to show that T is compact. So, let X be a
bounded subset of L;. Then T1(R) is bounded in L(I). Now we show that (T1v), — Tyvin L{(I)as h — 0,
uniformly with respect to T1v € T X.

Indeed:

1
(Tav) - Tav| = / (Ton(®) - (Ty)(0) dt
0

t+h

‘}11 /(Tlv)(s) ds - (Tlv)(t)‘ dt
t

(3 [ 10 - o1 as) ac

t

1
0
1 t+h
S /
0
1

t+h
5/%/% s¥ — kg t*7 ds dt
0 t
1 t+h s
+/ % / ‘[aﬁ <S’V(S),/g1(s, 0,V(9))d6>
0 t 0

t
I°fy (t, V), / ot s, v(s))ds) ' ds dt,
0
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since f; € Lq(I) we get that I°f;(.) € L1(I). Moreover t*~ € L,(I). So, we have (see [10])

t+h
/ lky st =k t%ds — 0
t

= -

and

t+h
1
h

t

S t
I“f (s, v(s), /gl(s, 0, v(9))d6> -I1*f (t, v(o), /gl(t, s, v(s))ds)‘ ds —» 0
0 0

fora.e. t € I. Therefore, T1(R) is relatively compact, that is, T; is a compact operator, similarly T, is a compact
operator. Hence T is a compact operator

Therefore, Schauder fixed point Theorem (see [9]) implies that T has a fixed point (u, v) which is a solution
of the coupled system (3).

To complete the proof, let (u(t), v(t)) be a solution of

t
u®) =kt + 1°f, (t, v(t), /gl(t, S, v(s))ds),
0

@
t
VO ko 1 Iﬂf2<t, u(t), / gz(t,s,u(s))ds),
0

which gives
% u(t) 0 = ki, PV 0 = Ky

Operating on both sides of the first and second equations in (4) by I'~® and I'# respectively, we get

¢
) =k + IV fy <t, v(t), / gi(t, s, v(s))ds),
0

t
") =k, + I 1P, (t, u(t), / gz(t,s,u(s))ds).
0

Differentiate both sides, we obtain

DR u(t) = fu (t, Vo), [t s, v(s))ds),

DPv(p) = f, (t, u(®), f5 &2t s, u(s))ds) .

2.3 Uniqueness of the solution
For the uniqueness of the solution we have the following theorem:

Theorem 2.2. Suppose that the functions f; and g; satisfy conditions (i-b), (ii-b) and (iii) of Theorem 2.1 in
addition to the following assumptions:

fl(t) ul,Vl) - fi(ta u25v2) Y bl |u1 - u2| + b2 |V1 - V2, l = 1’ 2 (5)

and
|gi(ta S, Vl) - gi(t’ S, VZ)‘ < b3 |V1 - V2|, l = 1’ 2. (6)
Then the coupled system of weighted Cauchy-type problems (2) has a unique solution.
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Proof. From assumption (5), we get
Ifit,u,v) - fi(t,0,0)| < by |u| + by |v|.
But since
Ifi(t, u, v)| - [fi(¢,0,0)| < |fi(t,u,v) - fi(t,0,0)| < by [u] + b, |v|,

therefore
‘fl(t’ u, V)I < |fl(t’ O, 0)‘ + bl ‘u‘ + b2 ‘V‘,
i.e. assumptions (i — a) and (i - ¢) of theorem 2.1 are satisfied, similarly assumptions (ii - a) and (ii — ¢) of
Theorem 2.1 are satisfied.
Then from Theorem 2.1 the solution exists. Now we prove the uniqueness of this solution:

Let (uy, v1) and (uy, v») be two solutions of (3). Then

t s s
_ o)1
0 a0 = [ LI (5,129, [ £165,6,v20000) £ (5,16), [ £165,6,va(0a) | s,
0 0
t
(t_s)a—l

{b1 va(s) - vi(s)] + b
/

T 81(s, 0, Vz(9))—g1(s,9,v1(9))'d9} ds.
0
Therefore

1

1 t S
(t_s)a—l {
luz() — uy(t)] dt < 5 { b1 [va(s) — va(s)| + ba
O/ 0/0 F(a) 0/

g1(5,0,v2(0)) - g1(s, 0, vl(e))’ de} ds dt,

1

1 s
_ a-1
Tl = e S RO A
s 0

g1(5,6,v2(0)) - g1(s, 6, v1(9))' de} ds

0
1 S
(1-s)*
= | Fara P26 = i)+ by [ [g1(s,6,v2(6) - g1(5, 6,v1(6))| d6 | ds
0 0
1 S
1
< m/ {b1|V2(S) - vi(s)| + bz b3/ v,(0) - v1(9)‘ de} ds
0 0
by + bbb
LR
Similarly
by + bbb
[lva = villL, < ﬁ lluz — usl|r,-
Therefore
I|(uz, v2) = (U1, v1)|| = ||luz — usllr, + |lv2 = vallr,
b1 + bo b b1 + by b
ﬁ [lva =vill, + 11"(17+2B)3 lluz = uillL,
< luz = ually, + [lv2 = vallr,
= ||(uz, va) - (u1, v1)ll,
which implies
[[(u2,v2) = (U1, v1)l| = 0 = (uz2,v2) = (ug,v).

This completes the proof.
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2.4 Continuous dependence on initial data

Now we show that the solution of the coupled system (2) is depending continuously on initial data.

Theorem 2.3. Let the assumptions of Theorem 2.2 be satisfied. Then the solution of the weighted Cauchy-type
problem (2) is depending continuously on initial data,

Proof. Let (u(t), v(t)) be a solution of the couple

[ (-5

u(t) =k, 1+ T

fi (S v(s), /gl(s 0, v(0)) d@) ds,

_ o)f-1
V(o) = ky t-1 / (t F(;)) f <s us), / (s, 0, u(6)) d6> ds
0

and let (u(t), v(t)) be a solution of the above coupled system such that ¢1~% (t)| ¢ = E and t" P V()| =0 = E
Then

t s
— _ o)a-1 -
o) - 0 - -k e+ [ I 7 (5.0, [ e16s,6,v000 ao)
0 0

S

s (S,V(s), / g1(5, 8, 7(0) de)} ds
0
t

u(t) - Ut < |ky - ky| 571 +/ (t-s

I'(a)
0
+b2
/

)a—l

{bl v(s)~ 7(s)|

g1(s, 0,v(0) - g1(s, 6, 7(0))‘ dB} ds

Therefore
Jon- s [
u(e) - @O de< Lk -+ [ [ L2 {m Iv(s) - 7(s)]
) o J ) I'(a)
+by / gi(s, 9,V(9))—g1(s,9,7(9))‘ de} ds dt,
0
a-1
lu - g, < \kl—k1\+//(t F(S)) t{bl v(s) - ¥(s)|

g1(s,0,v(0) - g(s, 0,7(9))‘ d@} ds

s
+l72 J/
0

1 —
a ‘kl_kl“F

s
+l72 J/
0

1
o (b v - 70
0

g1(s, 0,v(0) — g(s, 9,7(9))’ de} ds
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IN

1 S
%|k1-75|+ﬁ/ {b1|v(s) ~Ws)| + by b3/ o) - V(G)‘ de} ds
0 0

1 T b1 + b2 b3 =
<5 [k1 k1|+m llv = V|, -
Similarly
- 1 —~ by + bbb -

v = Ve, = o =Kol + P =l

Therefore
1, v) = @W|g, = [Ju - allg, + (v - VI,
1 _ - b1 + bz b3 Y
< gl =Tl + 22 - Tl
b1 + bz b3

1 —~ -
+B k2 - ka| + W llu = ullr,

1 1 ~ ~
< maX{a, B} (Ik1 - ki| + |k2 - kzl)

+(by + by b3) maX{F(ll+ 0’ F(11+ ﬁ)} (HV = Vg, +lu - ﬁl\m)

<M (|k1 Rtk - 7<§|)
AN (b1 + by by) (nv Tl + - ﬂuh)
Y <|k1 SRl + k- E|)

+N" (b1 + by b3) ||(u,v) - @, V)|,

where M" =max{%, Tli} and N* =max{ﬁ, ﬁ}

(18" @1+ b2 b2) 1009) @D, < M (1es = Kl + ks - Kol

- M ~ ~
= ||, v) - @, V)|, < (1—N* b1 b) b3)> (\kl - ki +|k2—k2|>.

Therefore, if |k - kq| < %€ and |k, —ko| < 8@ then||(u,v) - (@, V)||;, < & Now from the equivalence we
get that the solution of the weighted Cauchy-type problem (2) is depending continuously on initial data.

3 Solution in C,_,([0, T])

Now, define the space C;_4([0, T]) by
Cral0, ) = {u: ™ u(® € c(o, 1)},

with norm
1_
ullc,, = 1% ullc

and C([0, T)) is the space of continuous functions defined on [0, T] with norm

lullc = sup [u(®)].
telo,T]
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Corollary 3.1. Let the assumptions of Theorem 2.1 satisfied. Then the coupled system of weighted Cauchy-type
problems (2) has a solution (u, v) € C1_4([0, T]) x C1_4([0, T]).

Proof. Define
Y = {(u(t), v()|(u(®), v(t)) € C1-a x C1-q : [|(u, V||, oxC,, = MAX <Hu\|cH, IIVHCH) <r'},

and define the subset Q, by
Qr = {(u(®), v(t) € Y : ||(u(®), v(t)|ly < '},

where ' = max{r}, r5}, (] and r5 will be indicated in the proof). The set Q; is nonempty, closed and convex.
Let T : Qr — Q. For (u,v) € Qy, T is a continuous operator: indeed, if {(un(t), va(t)} is a sequence in Q,
which converges to (u(t), v(t)) for every t € [0, T]. Then

! (t _ S)a—l
I'(a)

lim Tyva(t) = k; t* 1 + lim
n—oo n—oo

ﬁ@mmx/&@aw@m@da
0]

from the assumptions and Lebesgue dominated convergence theorem, we get that
lim Tiva(t) = Tyv(t).
n—oo

Similarly
lim Toun(t) = Tru(t).
n—oo

Then
nli_)ngo T(un, va)(t) = T(u, v)(t).

For (u, v) € Qr, we have

{ (l’ _ S)tx—l
I'(a)

<h+ﬂa/“‘”midg+mvmub3/
0

|t1_a T1V(t)| < k1 + tl_a

f1 (S,V(s),/gl(s, 0, v(0)) de)' ds
0

@) &@ﬁmwwdﬂds

s)a—l

T [v(s)| ds

<ky + 7% [Ya(t)] + by £ / (¢ -

a-1 F
+hy t a/ (t - F( )) O/ {k(s,e) + b3|v(0)q dé ds

t a-1
=ky + "I a(t)| + by O / % s s y(s)| ds
0

o [ (=T
by ¢ / oo /k(s,e)deds

+by by (170 / (t ‘F(S))a_ /e“ L91°¢ (6)| d6 ds

1-a ya—v 1-a (t )
sky + TV 7a + by T HVHC”/if(a

s¥1ds
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2 K (t - s)*?! 1
b, T2 K b, b, 71 / /9“ d6 d
+ 2 F(a) + 2 3 HV||C1 a F({X) S
_ * _ _ I'(a)
< Ti-a a T T1-2
< kl + F(a—’)/"' 1) + bl HVHCka F(za)
t
o kK _ (t - s)*1 s®
Tl a Tl a o
+b2 faﬁr+ b2b3 HV”CLa Agji&ygi o ds
0
a 1- I'(a)
=k —— T 77 +b
Ly Ia-~v+1) + balllle.. I'2a)
K - I'la) .
Tl a Tl a T a
+ by 71‘( 5 b, b3 Vllc, TGa+ D)
a 1 I'(a)
=k ——_T77+b
IR (e ) IR Yo7
kK I'(a) 1
Tl a Ta+
+b2 7F( ) + bz b3 HVHC1—a 7F(2(X + 1)
a 1- , I(a) Ta
kit ra thinrag
1-a K" / I'(a) a+1
+b2 T F(a) + bz b3 r mT s
where a” = sup;c[o 71 I”|a(t)]. Then
IT1vlle,, < 74,
where X
ki + -2 T 4 bk Tl-a
v = L™ Ta- 7+1) I(a) , 0<~y<a
by I(a) by bs I'(@) Ta+
- (o Te s faloren)
Similarly
- ) rp) 15 kK + T(B)
P Tou(d)] < k T I TPab, TP 4 bybyrh -~
| 2uld)] < k2 T(B-~+1) 12 T2B) r@ 27 rp+1)
||T2 u||C1fa S r/Z’
where
k+7T1V+b2kT1ﬁ
" 2 T TE—+D) T() , 0<~<B.
b, I'(B) by b3 T'(B)
1- (Fl(Zﬁ) TP+ gy 1 ”)

Then T v(t) is uniformly bounded in Qy, similarly T, u(t) is uniformly bounded in Q,.
Since

1T VO] = 1T, Tau®)]| = max <||T1v||c1_u, |\T2u||c1_a) < max(r,ry) < ¥

Therefore, T is uniformly bounded in Q,.
Now, we show that T is a completely continuous operator.
Indeed, let 71, 7, € [0, T], T1 < T; such that |1, - T1| < §, we have

)a—l

13 “Tyv(ty) - 11 “Tiv(Ty) = 15" /(TZTfl <s,V(S),/g1(s, 6, V(G))dO) ds
0

_cq)a-1 /
pi-a % (5.9, [ 15.0,vi0a0) as
0 [0)

Tﬂ+1

—_ 1747

>
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_ o)1 y
= 121“"/ (TZF(Z; fi (s,v(s),/gl(s,e,v(e))cw) ds
0 0

1-a 7 (12 -s)*!
I'(a)

fi <s, v(s), / g1(s, 0, v(@))d@) ds
0

T1

o _e)a-1 S
141/ (Tlr(;; fi <s,v(s),/g1(s,9, V(G))de) ds
0 0
" a1 S
(T% a _ -a) (Tlr(zg fi (S’V(S)’/&(S,G,V(Q))de) ds
0 0

1-a 7 (Tz - S)a_l y
/ I'(a) fi (s,v(s),O/gl(s, 0, v(e))dg) ds,

T
_ B 7, —s)%1
< (T% a —T% a) ( 1[((1;
0

1-a i (12 -s)*!
I'(a)

IN

3T v(1,) - 117 Tyv(ty)

f1 (S,V(S),/gl(s,e,v(e))d9> ds
0

ds

f1 <S, v(s), /gl(S, 0, v(9))d9>
0

IN

n _o\a-1
(12 a_ %—a) (T1F(Z; [a(s) + bq|v(s)]
0

+b2
/
T a1 ’
+T21_a/ (TZF(Z; |:a(S) * bl'V(S)‘ * bz /
0

(T% R ’“) 1“1 a(ty)

g1(s,0, V(6))‘de} ds

gl(sx 9) V(G))‘de] ds

IN

T1
_ o)a-1
+by (Tz “ Tf“) %s“‘lsl‘ﬂv(s)\ds

a —a 7 (11 - S)W1 r
+b, (12 -7} ) {k(s,e) + bg\v(e)qde ds

7 ( )tx—l
+15 I8 1) a(ty) + byt ? Tzr(z) s* 1512 y(s)|ds

T1

+byTy” /(T2F—(053 1/[k(s,e) + b3|v(9)|]d6 ds

__a _ e ) -y
I“(()c—~y+1)<‘r2 T )Tl

B _ F((X)Tza 1
by (7 =1 ) e, "

» 1 _
+byk @ (T% i "‘)

IN
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S
+b,bs (T%_a—ﬁ )HVHCM/(HF( ) /9“‘1d9ds

0
a(t, - )% a)(1y — 71)%*71
L = e by, ST
S
a-—
+by k*ﬁrﬁ_”%bzbgr ||v|\cm/(”r(5§ /9“‘%19 ds
0

IN

a 1-a 1-a \ _a—y
- | T -T T
F(a—'y+1)( 2 ! ) !

aTZal
by (7 =t )l s

+bhy k —— Tl“"—rl’“)
2 K F()(2 1

_ I'(a) 2%
+b2b3< e a>|\VHCH I"(T+11)

a(rt, - 11)*77 Ia)(t; - 11)2*?!

1- 1-
73 “+bi1; a||VHCH

F(a—7+1) I'2a)
I(a) (1, - 71)*
+b2k m‘r + b2b3T HV||C1 « W

Therefore {T(u, v)(t)} is equi-continuous. By Arzela-Ascoli Theorem then {T(u, v)(t)} is relatively compact.
Therefore, the conditions of the Schauder fixed point Theorem hold, which implies that T has a fixed point
in Qr. Then (2) has a solution (u, v) € C1_4([0, T]) x C1_4([0, T]).
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