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Abstract: This paper is concerned with establishing L? estimates for a class of maximal operators associated
to surfaces of revolution with kernels in L(S"! x §™"1), g > 1. These estimates are used in extrapolation to
obtain the L? boundedness of the maximal operators and the related singular integral operators when their
kernels are in the L(logL)*(S"™ x ™) or in the block space B! (" x $™1). Our results substantially
improve and extend some known results.
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1 Introduction and main results

Let n, m = 2, and let RY (N = n or m) be the N-dimensional Euclidean space. Let SN~ be the unit sphere in
RY equipped with the normalized Lebesgue surface measure do = do(-). Also, let X’ = x/|x| for x € R" \ {0},
Y =ylly|fory € R™\ {0}.

Let Ko p(x,y) = Q0, y)|x[™"|ly|"™h(|x], |y|), where h is a measurable function on R* x R* and Q is an
integrable function on §"°! x ™! that satisfies

/ QW )do(x') = / Q(,y)do(y) =0 and 1.1)
e s
Q(rx, ty) = Q(x,y) for all r,t>0. (1.2)

For suitable mappings ¢, ¢ : R* — R, consider the singular integral operator Tgl ;IP <2b " defined, initially
for €3 functions on R"*! x R™1 by

TEN ) = py [P

RxR™M
x f(X = u, Xne1 = d([ul), y = vy yme1 = ([VD)Kq,n(u, v)dudyv,

where (X,¥) = (X, Xns1, ¥, Vmse1) € R xR™l and P; : R* — R, P, : R® — R are two real-valued
polynomials.

When P;(u) = 0 and P,(v) = 0, we denote Tgl,;f;ﬂb by T n,¢,q- Also, when ¢(t) = 4(t) = t, then Tg 4 4,
(denoted by T, ) is just the classical singular integral operator introduced by Fefferman in [1] in which he
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obtained the L? boundedness of T, j forall 1 < p < o whenever Q satisfies some regularity conditions and
h = 1. As a matter of fact, the systematic study of such operator began by Fefferman in [1], and then it was
elaborated very much by Fefferman and Stein in [2]. Subsequently, the investigation of the L? boundedness
of T, ; under very various conditions on Q and h has attracted the attention of many authors. For example,
it was proved in [3] that T, j, is bounded on LP(R" xR™) for 1 < p < co when Q € L(log LS 'xS™ Y and h
satisfies certain integrability-size condition. Furthermore, the authors of [3] established the optimality of the
condition in the sense that the space L(log L)2(S™ ! x §™1) cannot be replaced by L(log L)2~¢(S"! x §™1)
for any O < ¢ < 2. For more information about the importance and the recent advances on the study of such
operators, the readers are refereed (for instance to [1-5], and the references therein).

On the other side, the study of the singular integrals on product spaces along surfaces of revolution has
been started. For example, if ¢ and ¢ are in C2([0, oo)), convex and increasing functions with ¢(0) = +(0) = 0,
then Al-Salman in [4] showed that Tq ; 4., is bounded on L?(R™?! x R™*1) (1 < p < oo) provided that Q €
L(log L)*(S™! x §™1). Recently, Al-Salman improved this result in [6]. In fact, when ¢, ¢ are given as in [4],
he verified the L? boundedness of Tg 4 ,, for all p € (1, o) under the conditions Q € L(log L)(S"™* x §™™)
and h € L2R* xR", &) with || h] 2 go e, acary < 1.

Py,P;

The maximal operator that related to our singular integral operator is M, b

that given by
MG D7) = sup Th D)

where U = {h € I(R" xR", 40); |[1] . g g ) < 1}

Again, when P;(u) = 0 and P,(v) = 0, we denote Mgquzw by Mg, 4. Also, when ¢(t) = (t) = t,
then M 4 ,, reduces to the classical maximal operator denoted by My,. Historically, The operator M, was
introduced by Ding in [7] in which he proved the L? boundedness of M, whenever Q € L(log L)?(S" 1 xS™ 1),
This result was improved independently by Al-Qassem and Pan in [8] and by Al-Salman in [9]. Precisly, they
showed that M, is of type (p, p) for all p > 2 provided that @ € L(logL)(S"! x §™!). Moreover, they
pointed out that the condition Q € L(logL)(S™! x §™1) is optimal in the sense that the exponent 1 in
L(log L)(S™! x S™1) cannot be replaced by any smaller positive number 7 < 1 so that M, is bounded on
L?>(R™! x R™1), Also, an improvement of the result in [7] was obtained by Al-Qassem in [10]. Indeed, Al-
Qassem established the LP(2 < p < oo) estimates for the class M, whenever Q belongs to the block space
BEJO’O)(S”‘1 x 8™1) for some g > 1. Furthermore, he proved that the condition Q € BEIO’O)(S"‘1 x §"M-1)
is nearly optimal in the sense that the operator M may lose the L? boundedness if Q is assumed to be
in the space BEIO’E)(S"’1 x 8™ 1) for some -1 < & < 0. Recently, it was found in [6] that the maximal
operator Mg 4 ., is bounded on LP(R™! x R™?) for any p > 2 if Q € L(logL)(S"* x ™), and ¢, v are
in C2([0, o0)), convex and increasing functions with ¢(0) = ¥(0) = 0. Very recently, when ¢(t) = ¥(t) = ¢, Al-

Dolat and et al. found in [11] that the L (p > 2) boundedness of Mf;;f ip is obtained under the condition

Q € LogL)S™! xS™ 1) u BEIO’O)(S”‘1 x §™1) with ¢ > 1. Subsequently, the investigation of the L?
boundedness of Mf)ldf Zw under weak conditions has received much attentions from many mathematicians.
For the significance of considering the integral operators Mf;df e We refear the readers to consult [8] and
[11-13], among others.

The main result of this work is formulated as follows:

Theorem 1.1. Let Q € LI(S"' x§™™'), ¢ > 1 and satisfy the conditions (1.1)-(1.2) with || Q|| 1gr1,gn1) < 1,
andlet ;i = 11,(Q) = log(e+ ||Q|\Lq(s,,,1xsm,1)). Assume that ¢, 1 are in C%([0, o0)), convex and increasing functions
with ¢(0) = 4(0) = 0. Let P, : R"™ — Rand P, : R™ — R be two real-valued polynomials of degrees d., d>,
respectively. Then there exists a constant Cp,q > 0 such that

< Cp.g (1 + 1) [Ifll o (gre1 cgmeny (1.3)

P,,P
HMd,qs,zw )

LP(R™+1xRm+1)

)
forallp = 2, where Cp,q = (%) Cp and Cy is a positive constant that may depend on the degrees of the

polynomials P, P, but it is independent on Q, ¢, v, q, and the coefficients of the polynomials P, P,.
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We remark that by the result in Theorem 1.1 and using an extrapolation argument, we get that Mf; ;f ip is

bounded on LP (R™! x R™1) for 2 < p < o0 if Q € L(log L)(S" ' xS™ 1) U BEIO’O)(S“’1 x §™1) for some g > 1.

Here and henceforth, the letter C denotes a bounded positive constant that may vary at each occurrence
but independent of the essential variables.

2 Preliminary lemmas

In this section, we present and prove some lemmas used in the sequel. The first lemma can be derived by
applying the same technique that Al-Qassam and Pan used in [14, pp. 64-65].

Lemma 2.1. Let Q € LY(SV"1), ¢ > 1 be a homogeneous function of degree zero on RN with || Q|| Lisv-1y < 1, and
let ¢ : R* = R be a C%([0, o)), convex and increasing function with ¢(0) = 0. Consider the maximal function
N_Q,¢ giVer by

|2 (y)|

Noof@=sup [ [fe-y.z. - oM
jeZ

2J<|y|<2i+1

Then for p > 1 and f € LP(RN*1) there exists a positive number Cp such that
No.s (], = Cp I, -

Lemma 2.2. Assume that ¢, are C>([0, =0)), convex and increasing functions with ¢(0) = (0) = 0. Let
Q € LI(S"" x8™™1), g > 1 and satisfy the conditions (1.1)-(1.2) with [|Q||;1n1,gn1) < 1. Then for all f €
LP(R™! xR™Y and p > 1, the maximal function

(u, V)]

dudv
ul" [v|™

No,¢,0f(X, ) = sup // [fOx = u, Xpe1 = ¢(u)), ¥ = v, Yme1 — (V)| [o@ V|

satisfies
1 Na,6,4 L, < Co Il »

where /; ; = {(u, V) e R"xR™: 21 < |u| <211, D < |v| < 2f+1} and the positive constant Cp is independent of
the functions ¢, v and Q.

It is easy to prove the above lemma by using Lemma 2.1 and the inequality Ng 4 ,.f(X, ¥) < Ng o Ng 4f(X, ),
where Ng »f(X,y) = Ng 4f(-, ¥)(X), No,.f (X, ¥) = Ng,f(X, -)(¥), and o denotes the composition of operators.
A significant step toward proving Theorem 1.1 is to estimate the following Fourier transform:

Lemma 2.3. Let Q € L4(S"' xS™ 1), g > 1 and satisfy the conditions (1.1)-(1.2) with ||Q|| ;1(gr-1,gn1) < 1, and
let p = pg(Q) = log(e + || Q|| Lg(gn-14gm-1))- Assume that ¢, ¢ are arbitrary functions on R", and assume also that
Py =3 a|<d, AaX” is a polynomial of degree dy > 1 such that x|t is not one of its terms and 2 lal-d; [@al = 1;
and P, = Z\ﬁlsdz bﬂyﬁ is a polynomial of degree d, = 1 such that \y|"12 is not one of its terms and Z|ﬂ|=d2 ]bﬂ| =
1.Fori,j € Z, define J; j 0,4, : R™* x R™! — Rby

221 92p 2
_ drdt
Hi,j,.Q,(b,w(fs 77) = / / / Q(u, V)Ai,.Q,qS(r’ u,&.u, §n+1)3j,9,w(t» v, n.v, nm+1)d‘7(u)d‘7(v) t
1 1 |gn-ixgm-1
where
Ai 000ty €ty €ag) = €[OOm0 g,
1,82, s Us S-UsSn+l/) —
and

B a w(t V,n.,n ) _ e*i[P2(2’0+1)utv)+(2f(i+1)u)tv.n+,¢(2—(j+1]#t)nmﬂ}
1,42, s Vs 11V himv1) = .
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Then, a positive constant C exists such that

_ sup Jij,0,6,0(& M) < Cu? 2D
(g,ﬁ)eR'”lxR"”l

Proof. On one hand, it is trivial to get that

22K Q21 2
3ij.0.6.0E ) < C// / |Q(u, v)| do(u)do(v) d:ift
1

1 Sn-1xgm-1
< Cu? || Q|3 < CpP. 1)

Also, it is easy to see that

Pl(yru)—Pl(yrz)+yru-§—yrz-£=(7r)d1 Z asu® - Z anz® | +yr(u-2)-€+H(u,z,r,§),
|ae|=d1 |a|=d1

with ;:;1 H(u,z,r,&)=0and v = 20D Without lossing of generality, we may assume that d; > 1. Hence,

by Van der-Corput Lemma, we obtain
ZZM —1/d1

dr
/‘Ai,!),¢(ry u, £-uy §n+1)‘Ai,Q,¢(r, z, 5'2’ €n+1)7 <C ’Ydl Z Ao (ua _Za>
1 lov|=dy

Combine the last inequality with the trivial estimates
22m

dr
/‘Ai,.Q,gb(r, u, E.u, €n+1)‘Ai,.Q,¢(r; zZ, 5'2’ §n+1)7 < CN:
1

we deduce
220 -6/d
/Ai,.Q,qﬁ(r:u’f-u’§n+1)~Ai,Q,¢(r9Z’§-Zr 5n+1)$ < Cut™? |yt Z an (u* -2z%)
1 |a]=dy
for any O < 6 < 1. In the same manner, we derive
22u -0/d,
/'Bjy_()’w(t, VoV, Nma1) B 0,0t W, naw, nmﬂ)g < Cut? |27+ Dnd: Z bs (VB - wﬁ)
1 |Bl=d,

Thus, using Hélder’s inequality leads to
22K 2k

(dij,0,6,0(, ﬁ))q/ < HQH(ZIql // / /-Ai,!),qb(r: u, &, £ Ai0,6(1, 2, €2, £n+1)$

(S"’lxs’"’l)z 1 1

dt|?
x Bj’gyw(t, v, n.v, 77m+1)3j,0,w(t’ w, n.w, nmﬂ)T o(u)do(z)o(v)do(w). (2.2)

Since Y l|aa|= > ]bg\ =1, then by taking 6 = 1/4.q’, we have
|a|=dy |8|=d>

G0 @) < Q2 20114 00000 21120 2 (i3’ 3)
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We shall need the following Lemma which can be acquired by using the arguments employed in the proof of
[6, Theorem 4.1] as well as [15, Theorem 1.6].

Lemma2.4. Let Q € LY(S"! xS™ 1), g > 1 and satisfy the conditions (1.1)-(1.2) with ||Q|| 1gr1,gm1) < 1.
Assume that ¢, ) and p are given as in Theorem 1.1. Then there exists a constant Cp,q > O such that

||MQ.¢,w(f)HLP(Rnﬂxsm—l) < Cp,q 1+ ||fHLp(Rn+1me+1) (24)
for2 <p < oo,

Proof. Choose collections of functions {®;},., and {‘I’]}] cz defined on R" and R™, respectively with the
following properties:

(i) @; is supported in {5 eR": ¢ €T, = [2’(”1)“, 2’("’1)“} };
(ii) ‘?’j is supported in {n cR™: |yl € Jj,#};

~
<1;

(itd) 0 < @;, ¥;

Y (@) ©=-3 (%) w-1.

icZ JEZ

N -

Define the multiplier operators S; ; in R"™*! x R™*! via the Fourier transform given by
$;,4(€ M) = DM F(n])-

Hence, for any f € €3 (R™! x R™1), we have

Mg, 4,5 )X, y) < Z T0,6,0,,i(, V), (2.5)
jiez
where 2
_ _ 2 drdt
T0,6,0.5,i()X,Y) = / | Wa,,6.,i()E, ¥)| — ,

+xR*

Wassii®) D = X [[ S~ 1t X1 = 60,y = s = 60, O, o).
Sslegn—lxsm—l

Therefore, by using [6, Theorem 4.1], we get

|T0,6,0,140|],, < Co.qu2= V27200 £, 26)
for some constants O < 1,¢, < 1 and for all 2 < p < oo. Consequently, the inequality (2.4) follows by using
(2.5)and (2.6). O

3 Proof of Theorem 1.1

The proof of Theorem 1.1 mainly depends on the approaches employed in the proof of [11, Theorem 1.1], which
have their roots in [16]. Precisly, we argue the mathematical induction on the degrees of the polynomials P,
and P,.

If d, = d, = 0, then by Lemma 2.4, we directly attain

M 20| = Coa @rmify (1)

forall p > 2. Also, if d; = 0 or d, = 0, then by [17, Theorem 1.1], it is easy to satisfy the inequality (1.3) for all
p=2.
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Now, assume that (1.3) is true for any polynomial P; of degree less than or equal to d; and for any
polynomial P, of degree d,. We need to show that (1.3) is still true if degree(P;) = d; + 1, and degree(P;) =

d;. Without loss of generality, we may assume P (x) = Z anx“ is a polynomial of degree d; + 1 such
|ou|<dy+1
that Z |a~| = 1 and does not contain | x| 41+1 35 one of its terms. Also, we may assume P, (y) = Z bﬁyﬁ
|a|=d1+1 |B=d>
is a given polynomial of degree d, such that Z |b /5| = 1 and does not contain | y|d2 as one of its terms. By
|B|=d:

duality and a simple change of variables, we have

1/2
Mg (DX, y) = (.,/ | Spy. Py 0V, 1, 0] drdt) ,

+xR+

where

Sp,. Py )XV, 1, ) = / e P AP E (v py, X1 — 6(1), Y = £V, Ymar — H(0)Q(, vV)do(u)do(v).
Sn-1xgm-1

Choose two collections of C* functions {Y;};.; and {F ]-}].Ez on (0, o), that satisfying the following condi-
tions:

supp ¥; C J; ,, = [2‘(i*1)“, 2‘("‘“"} ; supp I C Jj, 5

0<Y;,Ij<1; and Y Yiw=>» I;(v)=1.

i€z JEZ

Define the multiplier operators S; ; in R™! x R™*! by

S, NE D = VDT UnDFE m) for € 7) = (& Envrs m Mimsr) € RTT xR™1,
Set o
Ac(u) = Z Yi(w), Ao(u)= Z Yi(u), Bw(v)= Z Ij(v), and Bo(v) = ZF]-(V).

i=—oo Jm-oo j=1

Thanks to Minkowski’s inequality, we have

M2 (D&, ) < Mghr2, | SO+ M, (DG 7) + Mg, o LAY +ME2 o (K, Y), B.2)

where
. 1/2
MEP o (D) = (/ [ 1408031, 7.0 .7, 0] drdt) ’
2712
2 drd
M}(?dJibooo(f)(X’y)_( /| ”(r)BO(t)gpl,P2y¢,¢,9(f)(f’y’ " t)|2 r t)
271 0
1 o
Me2, 00X ) = // | Ao(NBa(t)Sp, p,,6,5,0 I, V1, )]
027K
and

)
)

11
MEL 0,0 P) - ( | [ 146098008, 7,000 3.1, 0)
00
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Let us first estimate the LP-norm of M5! ;f %) 00,00 f)- Define

1/2
2 drdt
rt

=D 5=+ Dp

MEPL L (OE) - / /\9p1,p2,¢,¢,g(f)(f,7,r,t)\

2-G-Dp 2-(-Dp
Hence, by generalized Minkowski’s inequality, it is easy to reach
0
MG DY) < >0 MG ). (3.3)
i,j=—c0

If p = 2, then by a simple change of variables, Plancherel’s theorem, Fubini’s theorem, and Lemma 2.3, we
get that

1/2
MEL et - F& [ 915.0,6,0€ mddn
Q,p,1),00,00,1,j ) = I 1,j,Q,0,9\Ss 7 Y
Rn+1xRm+1
(i4+2)
< €257 (1+pfll;- (3.4)

However, if p > 2, then by the duality, there exists b € L®/?"(R™1 x R"*1) with || b| Lo/ ®rixgeery = 1 such
that

22K 2K

2
e - [ ] ] 00w 0,050,u06r.0,0

R+ lxRm+1 1 1 §n-1xgm-1
. . . . 2
x fOc=27F DRy X g — (27 TR,y - 270 Dty g — (27T do(u)do (v)

drdt
X —

¢ [P y)| dxdy.

So, by Holder’s inequality and Lemma 2.2, we conclude that

PREVES
2 2
[ M gﬂﬁp,w,m,i,j(f)HpsC // Ifz, w)| // / |Q(u, v)|
Rn+1xRm+1 1 1 §n-1x§m-1

x |b(z+ 27V, 2000 + 27 E DY) w4 270 Dy et z/;(Z"(j*l)“t))‘ da(u)da(v)d:—ftdidw
<cen IFP,, [Moou®]

(L + )" ||If] v/2) Q,6,0(D) /2y
< Cp (1 + ) ZHEH Ql,,
<cpa+w? IfIE B, 19l

where 5(2, w) = b(-z, -w). Thus,
[0 i = o1
which when Combined with (3.4) gives that there is ¢ € (0, 1) so that
MG O = G2 @ i (3.5)
0,6.,0000,1, || = CP @+ ) |Ifll, .
for all p > 2. Therefore, by (3.3) and (3.5), we obtain

[ )] = Coa 12111, (36)
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for all p > 2. Now, let us estimate the LP-norm of Mgl ; 20, of). Take Q:(x) = Z a,x®, and define

| <dy

Mgl(b z} 0, o(f) and Mgquipoo of) by

11 1/2
Mgl¢fpoo(f)(7,Y) = (//]901 P01y t)’z drdt) ’
00

and

11 1/2
S drdt
ML (R, P) - ( [ ]2 prp00@ 3.0 & ) ,
00

where

%gl,P2,¢,w,Q(f)(7’ AE <eiP1(ru)+iPZ(tv) _ eiol(ru)+iP2(tv))

Sn-1xgm-1

x fx —r1u, Xpe1 = @(1), ¥ = tv, Yme1 — P(0)Q(u, v)do(w)do(v).

Thus, by Minkowski’s inequality, we deduce

Mg, 0N 7)< MEL2 | (DY) + M5 S (DE, 9. 3.7)

On one hand, since deg(Q1) < d1, then by induction step we have
HM?)TJEL,O,OU)HP < Cpg L+ |fll, (3.8)

for all p = 2. On the other hand, it is easy to check that

eiP1i) _ 5iQi(ny)

< pdi+D) Z aou®| < rit,
|a|=dy+1

So, by following a similar argument as in [18] and by Cauchy-Schwartz inequality, we have that

MEPES (7)< C ( / / [ e 0t xn = 00,y = 9,y = 0)

n-1xgm-1

Q(u, v)da(u)dcr(v)|2 elF1 () _ oiQi(r)

X

2 drde\ V?
rt

c( /1 ré / /1 / P (x — ru, Xns1 = 61, Y = tV, Y1 — (D)

0 Sn-1 0 m-1

IN

X

1/2
Qu, v)do () %da(u)dr)

—1+1 1

c| [ (™) / / / PO 1ty Xpir = 60), Y = 1V, Yo~ (0)

nl]l

IN

X

1/2
Qu, Vdo)|? ?drda(u))
2—j+1 1/2

<C i(z-fdl) / / (M3 5, (7)) dotiar

j=1 57 snt
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N 12
¢ (Mo (20, M) )

where o denotes the composition of operators, N ,,f(X,¥) = Ng,,f(-, ¥)(X) is the maximal function defined

as in Lemma 2.1; and Mgl)’ Q, ¢(fr(7, y) = Mg,zl)’ Q. ¢(fr(Y, -)(¥) is the maximal operator in the one parameter

setting defined as in [17, Eq. (1.2)]. Hence, by following a similar argument as in [18, p. 607] together with [17]
and Lemma 2.1, we get

M550 < Coa 2+, (39)
for all p > 2. Therefore, by (3.7)-(3.9), we obtain that forall p = 2,

00| < Coa eIl (310)
In the same manner, we can derive that

MG o] = Cra @+ 1A, (311)
and

[V 0] < Coa r A, (312

forall p > 2. Consequently, by (3.2), (3.6) and (3.10)-(3.12), we satisfy the inequality (1.3) for any polynomial
P, of degree d; + 1 and for any polynomial P, of degree d,. Similarly, we can show that the inequality (1.3)
holds for any polynomial P, of degree d; + 1 and for any polynomial P; of degree d;. This completes the proof
of Theorem 1.1.

4 Further results

For v > 1, define A, (R* x R") to be the set of all measurable functions h on R* x R* satisfying the condition

R R, U
1
su - h(t, r)|" dtdr < oo
Rl,Rgo RiR; O/O/‘ |

and define Ao (R* xR") = L (R* xR"). Also, for 1 < y < eo, define £7(R* xR") to be the set of all measurable
o oo 1/~
functions h : R" xR* — R that satisfy the condition ||h|,., . g, au) = (fo J5” |n@r, 0" d:—;“) < 1 and
define £°(R* xR) = L=(R* xR*, 41dt),
It is obvious that £7(R* xR") € A (R* xR") for 1 < y < 0, A,, (R*xR") C 4,, (R"xR") fory; > v,
and 4w (R* xR") = £7°(R" xR").
The purpose of this section is to study the LP boundedness of the singular inegral operator

Tgl ;lP fb w(f)(i, y) and the maximal operator 3\/[1;)1 ;f ib’(”) under weaker conditions, where Mgl f ij)(”) is defined,

initially for f € €5°(R™! x R™*1), by
M2, y) = sup  |ToH (DK, Y]
he£7(R*xR*)

The first result of this section is the following:

Theorem 4.1. Suppose that Q € LI(S"! xS™ 1), g > 1 and satisfy the conditions (1.1)-(1.2) with ||Q||; < 1.
Assume that ¢, 1, u, P1, and P, are given as in Theorem 1.1. Then there exists a constant Cp,q > O such that

MG < Coa @™ 11, C)
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forally' <p <ocowithl <~ <2;and

|G| < cifie. (4.2)

Proof. Itisclear thatif v = 2, then we have MP 1P Z ) - Mgl ; zw So, by Theorem 1.1, the inequality (4.1) holds
for all p = 2. However, if v = 1; we assume that h € LYR* xR*, 4rdty apd f € L=(R™! x R™*1). Then for all

>t
(x,¥) € R x R™! we have

drdt

/ h(r, ) Sp, p,. 6.0 (E 7, 1, 0 L < C 1L 1A -

+xR*

Hence, by taking the supremum on both sides over all h with || h||; < 1, we reach
MDA, ) < C |l
for almost every where (x, y) € R™! x R™1 which leads to
[0 < cifl. (43)

Finally, if 1 < v < 2. We follow a similar approach as in [15]. By duality, we get

1/~
o  drdt
MPl ,Py, (’Y)(f)(x y) = // }9P1,P2’¢,¢,Q(f)(X’ y,r, t))|’Y 7[_ )
+XR+
which gives
P1,P>,(7) =
HMol,asfw ! (f)H , = 19P0p 00,00 o e, ) ooty o

Therefore, by applying the interpolation theorem for the Lebesgue mixed normed spaces to the inequalities
(1.3) and (4.3), we directly obtain

MG < Coar 11, (45)
fory’ < p < cowith 1 <y <2;and HMS{ﬁL(”(f)Hw < C||f|l.. - This completes the proof. O

It is worth mentioning that when ¢(t) = ¢(t) = t and P1(u) = P>(v) = 0, Al-Qassem and Pan in [8] extended
the results of Theorem 4.1. In fact, they established the L? boundedness of Mgl(f ip’(v) provided that Q €
Llog L)' (8" xS™ 1) fory’ < p < cowith 1 < 7 < 2.

By the conclusion in Theorem 4.1 and applying an extrapolation argument (see [16, 19, 20]), we shall
improve and extend the corresponding results in [4, 6, 8, 11, 13]. Precisely, we obtain the following:

Theorem 4.2. Suppose that P1, P5, ¢, and v are given as in Theorem 1.1. Assume that Q € L(log L)?/ 7 (8" x
sy BEIO’Z/"Y V(81 x §™1) with g > 1. Then Mﬁtiip’(”)(f) is bounded on LP(R™! x R™ 1) for ' < p < oo
with 1 < ~ < 2; and it is bounded on L= (R x R™*1) for v = 1.

Proof. The idea of proving Theorem 4.2 is taken form [17], which has its roots in [16] as well as in [19]. When

0 c L(logL)z/Vl(S"‘1 x ™ 1) with 1 < v < 2 and Q satisfies the conditions (1.1)-(1.2), then Q can be
decomposed as a sum of functions in L2(S"! x $™1) (see [21]). In fact, we have

Q-= i Q, (4.6)
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where

/ (X', )do(x') = / (., y)do(y') = 0,

sn—l Sm—l

Qo € L* 8" xS™ 1Y), 1@l < C2%, Q) <€,
and

oo

2 7
> K1kl < C Ul og 1y sr-xgnty fOF k=0,1,2,+-+.
i=1

Hence, it is easy to see that

ML) <MD OR )+ S 19, MO, 5) (4.7)
k=1
and
(1 +10g?" (e + HQkHw)) < (1 +10g?" (e + C24k)) < Ckzw. (4.8)
As Qg € L*(8"! xS™1), then by Thorem 4.1 we get
HM&’,};@”)HP < Cp (1 +1og?" (e + ||Qo|\2)> £, (4.9)

for 4’ < p < oo. Therefore, by Minkoswski’s inequality and (4.7)-(4.9), we obtain that

S}

PyPo() P1P ()
M0 (f)Hp+Z\|9kI|1HMolk,¢z,w )Hp
k=1

o], =

oo 2 ,
< Cp <1+Z|ak|1k ’ ) IfIl,

k=1
< Cp Q1 qog Ly sr-1xsmy IFllp < Co lIf 1l -

However, when Q € BSIO’Z/"’,’D(S"‘1 x S™ 1) with g > 1, 1 < v < 2 and Q satisfies the conditions (1.1)-(1.2),
then Q can be written as

2= cuby, (4.10)
p=1

where each ¢, is a complex number, each b, is a g-block supported in an interval I,, on (S"! x S™"!) and

’_ > Z/’y/ _
MP D) =S Jeul (1 +log (1] 1)) < oo
pn=1
For each p, define the blocklike function b~u by

5,06, y) = bulx,y) - / by (u, y)do(u) - / b.(x, v)do (V) + / b, Vdo@do(v).  (4.1)
n-1 Sm—l

S gn-1x§m-1

It is clear that each bL (x, y) satisfies the following:

/ b, (u, ") do (u) = / b, (-, v)do (v) =0, (4.12)
Snfl smfl

Hb}”q <ci ™™, and HbN"Hl <C. (4.13)
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Without loss of generality, we may assume that |I,,| < 1. Therefore, by Minkoswski’s inequality, Theorem 4.1
and (4.10)-(4.13), we obtain that

P1,P>,(7) = P1,P,(7)
a0l = X e p o,

< Cpyq Z |Cpl (1 + logz/”f (e+ |I;4|_1)) IF1,

pn=1
< Cp.q lIf1l,

forallp > ~+'. O

We point out that under the assumptions Q belongs to the block space BEZO’l)(S"’1 x8™ 1) heA, (R* xR")
for some g, v > 1, and when ¢, 4 are C2([0, o0)), convex increasing functions with $(0) = 1(0) = 0, the author
of [22] proved that for every p satisfying |1/p — 1/2| < min {1 /2,1/+ } , there exists a constant Cp such that

1 To,n6,0 O, < Co lIfll,

for every f € LP (R™! x R™1), By this result, it is clear that the range of p is the full range (1, o) whenever
h € £'(R" x R") with y > 2. But what is about the L? boundedness of T, p 4., when h € £7(R" x R") for
1 < v < 2. We shall obtain an answer to this question in the affirmative as described in the following theorem.

Theorem 4.3. Assume that Q € L(log L)*”' (S x§™ 1)U Bgo,z/y’-n(an x S™ 1), q > 1, and satisfying the
conditions (1.1)-(1.2). Let h € £7(R* xR") for some 1 < « < 2, and let ¢, 1) be given as in Theorem 1.1. Then the

singular integral operator Tgl ;IP - ((x,y) is bounded on LP(R™! x R™*Y) for all 1 < p < oo.

Proof. As a direct consequence of Theorem 4.2 and the statement that
To VGV = 1Al o e, iy MG O, 7, (4.14)

we acheive that Tgl hp fb " is bounded on L? (R xR™*!) for 4/ < p < cowith 1 < ~ < 2. Moreover, by a standard
P1,P,

duality argument, we can show that T is bounded on L? for 1 < p < ywith 1 < v < 2. So, ify = 2,

Q,h, ¢,
then we are done. However, if 1 < v < 2, then we apply the real interpolation theorem to acquire the L?
boundedness of T Sl ;IP <21> " for (v < p < +'). This completes the proof. O

Acknowledgement: The authors would like to thank the referees for their valuable comments and sugges-
tions.
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