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Abstract: Let IF be an arbitrary field of characteristic p > 2. In this paper we study irreducible modules with
highest weight vectors over Witt and special Lie superalgebras of F. The same irreducible modules of general
and special linear Lie superalgebras, which are the 0-th part of Witt and special Lie superalgebras in certain
Z-grading, are also considered. Then we establish a certain connection called a P-expansion between these
modules.
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1 Introduction

Let F be an arbitrary field of characteristic p > 2 and Z, = {0, 1} be the residue class ring mod 2.
Throughout this paper we have assumed that all vector spaces, linear mappings and tensor products are
over the underlying base field IF. Assume that x is a Z,-homogeneous element and d(x) is the Z,-degree of x,
if d(x) occurs in an expression.

In 1967, Rudakov and Shafarevich [1] described all the irreducible representations of s[(2) over an alge-
braically closed field F of characteristic p > 2. They demonstrated that in addition to the p-representations
known since 1930s, all of which possess a highest and lowest weight and are labeled by one integer, there
are other representations that form a variety of dimension 3. They described the g-modules not possessing a
p-structure for Lie algebras g with Cartan matrix. In 1974, Rudakov [2] described irreducible g-modules, where
g is a simple Lie algebras of vector fields over C, for modules dual to modules of (formal) tensor fields. For
a review of similar results and the importance of this particular type of module, we refer the readers to the
papers [3, 4]. In the 1980s, Krylyuk [5, 6] studied the highest weight modules over the algebras of vector fields
of series W and S possessing a p-structure. Shu [7] discussed the representations of Cartan type Lie algebras
in characteristic p > 2 from the viewpoint of reducing rank. Zhang [8] constructed the simple L-modules with
nonsingular characters and some simple modules with singular characters, where L is a restricted simple Lie
algebra of Cartan type.

Since the classification of all the finite-dimensional simple complex Lie superalgebras was done by Kac
[9], the problems of constructing a unified representation theory for all the types of simple Lie superalgebras
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has become more important than ever. Kac obtained essential results for the highest weight representations
of classical Lie superalgebras [10, 11]. Most of Kac’s results can also be extended to the remaining classical
series of Lie superalgebras [12-14], while the representations of Lie superalgebras of Cartan type have been
studied in [15, 16]. Recent work on the representation theory of modular Lie superalgebras of Cartan type can
also be found in [17-19].

The structure of gradation plays a critical role in the research of Lie algebras and superalgebras. Shen
[20-22] introduced an important notion which is called the mixed product and realized the graded modules
over Lie algebras of Cartan type. The method of the mixed product can also be applied to Lie superalgebras
of Cartan type over fields of characteristic zero [23]. In the case of modular Lie superalgebras, Zhang [24] has
obtained the Z-graded modules over finite-dimensional Hamiltonian Lie superalgebras.

This paper generalizes some of Shen’s results in [20-22]. A brief summary of the relevant concepts in
generalized Witt and special modular Lie superalgebras is presented in Section 2. Section 3 gives some
properties of the graded modules over modular Lie superalgebras. In Section 4, the certain connection which
is called a P-expansion between irreducible highest weight representations of generalized Witt and special
modular Lie superalgebras, and the same irreducible highest weight representations of general linear Lie
superalgebras gl(m, n) and special linear Lie superalgebras sl(m, n), is established.

2 Generalized Witt and special modular Lie superalgebras

In addition to the standard notation Z, N and Ny is used for the set of positive integers and the set of nonneg-
ative integers, respectively. Generally, let m, n denote fixed integers in N\ {1, 2}. For a = (a3, ..., am) € N,
we put |a| := 221 a;. Following [25], let O(m) denote the divided power algebra over F with an F-basis
{x(“) | « € N§'}. For g; := (6;1, . - . , i), We abbreviate x©) to x;,1=1,2,..., m,where §; is Kronecker delta.
Let A(n) be the exterior superalgebra over F in n variables X1, Xms2, - - - » Xm+n and O(m, n) denote the tensor
product O(m) ®p A(n) . Clearly, O(m, n) is an associative superalgebra with a Z,-gradation induced by the
trivial Z,-gradation of O(m) and the natural Z,-gradation of A(n). Moreover, O(m, n) is super-commutative.
For g € O(m), f € A(n), we write gf for g ® f. The following formulae hold in O(m, n):

NONG (0‘ ; ﬁ) xX“P fora, peNF,

xixj = -xjx; fori,j=m+1,...,m+n,

x(”‘)x]-=x]-x(“) fora e NI, j=m+1,...,m+n,

where (“;ﬁ) =115, ("“';iﬁ"). PutYo:={1,2,...,m}, Yy :={m+1,m+2,...,m+n}and Y:= Yo U Y;. Set

By := {(i1,12,..., 1)) Im+1<iy <ip<---<ip<m+n}
and B := (J;_,By, where By := (. For u = (i1,iz,...,ix) € By, set [u] := k, [§] := O, X =1,
x* = X3, X, -+ x;, and xF i= Xpme1Xma2 * * - Xmen. Clearly, {x(“)x” |a e N§,ue IB%} constitutes an F-basis of
O(m, n). Let D1, D;, ..., Dm+n be the linear transformations of O(m, n) such that

(a—&r) \u Y
D (@) uy _ X X", re Yo,
XD = w@oteysoxs,  revs,

where 0/0x; is the superderivation of A(n) such that dxs/dx; = 65 for r,s € Y;. For more details on
superderivations for Lie superalgebras, the reader is referred to [9, 26]. D1, D>, . . . , Dm+n are superderivations
of the superalgebra O(m, n). Let

W(m, n) := { > fiDr

reY

fre O(m,n)}.
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Then W(m, n) is a Lie superalgebra, which is contained in Der(O(m, n)), where Der(O(m, n)) denotes the
superderivation space of O(m, n). Obviously, d(D;) = 7(i), where

()= > €0
1, icY;.

An easy verification shows that
D, gE] = fD(Q)E - (-1)*PEEGE(F)D + (-1) P fg[D, E]
for f, g € O(m, n), D, E € Der(O(m, n)). In particular, the following formula holds in W(m, n):
[Dr, gDs] = fDr(g)Ds - (-1) PP gDy(F)D,

forf,g c O(m,n), r,s Y.
Let
t:= (tlatZs'-')tm)eNms m:= (”1,”2,---,7Tm),

where 71; := pi - 1,i € Yo.Let A:= {a e NJ' | a; <m;,i=1,2,...,m} . Then

O(m, n, t) := spang {x(“)x”

aeA,ueB}

is a finite-dimensional subalgebra of O(m, n) with a natural Z-gradation O(m, n,t) = @f=10(m, n, t)r by
putting
O(m, n, t), := spang {x(“)x”

\a\+|u|=r}, &= |m|+n.
Set
W(m,n,t) := {ZfrDr

rey

fr € O(m, n,t)}.

Then W(m,n,t) is called the generalized Witt modular Lie superalgebra and it is a subalgebra of
W(m, n). In particular, it is a finite-dimensional simple Lie superalgebra (see [27]). Clearly, W(m, n, t) is
a free O(m, n,t)-module with basis {D, | r € Y}. Note that W(m, n,t) possesses a standard F-basis
{x(“)x“D,‘ acAueB,re Y}.

Letr,s € Yand D;s : O(m, n, t) — W(m, n, t) be a linear mapping such that

Drs(f) = (-1)" "D, (F)D; - (-1) D p (p)p,, )
where f € O(m, n,t)and r, s € Y. Then the following equation holds:
[Dy, Drs(f)] = (—1)T(k)1(r)DrS(Dk(f)), feO(m,n,t);k,r,sey.

Put
S(m, n,t) := spang {Dys(f) | f € O(m, n, t);r,s € Y} .

Then S(m, n, t) is called the special modular Lie superalgebra. S(im, n, t) is also a finite-dimensional simple
Lie superalgebra (see [27]).
Let div : W(m, n, t) — O(m, n, t) be the divergence such that

div <ZfrD,> = Z(—l)T(r)d(fr)Dr(fr).

rey rey

It follows that
div[D, E] = Ddiv(E) - (-1)4 B Ediv(D) forany D, E € W(m, n, t).

Then div is a superderivation from W(m, n, t) to O(m, n, t). Following [27], put

S(m, n,t) := {D € W(m, n, t) | div(D) =0} .
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Then S(m, n, t) is contained in S(m, n,t) and S(m, n, t) is a subalgebra of W(m, n, t). The Z-gradation
of O(m, n, t) induces naturally Z-gradation structures of W(m, n,t) = @f:l W(m, n,t); and S(m, n,t) =
®2 2 S(m, n, t);, where

W(m,n,t); := spang {fD;|r € Y,f € O(m, n, )1 } ,
S(m, n, t); := spang { Dys(f)| r,s € Y,f € O(m, n, )5 } .

In addition, S(m, n, t) is also a Z-graded subalgebra of W(m, n, t). For convenience, W(m, n, t), S(m, n, t),
S(m, n, t) and O(m, n, t) will be denoted by W, S, S and O, respectively.

3 Graded modules over modular Lie superalgebras

Let gl(m, n) = gl(m, n) & gl(m, n); be the general linear Lie superalgebra of all s x s matrices over F (see [9]),
where s = m + n. Set gl(m, n, t) = O ® gl(m, n). Define the operation [, ]in gl(m, n, t) as follows:

[a®x, b@yl= (1) gp g [x,y], Q)

where a,b € 0, x,y € gl(m, n). Then gl(m, n,t) is a Lie superalgebra. For A ¢ W, defne A ® 1 €
End(gl(m, n, t)) by
Ae)(aox)=Al@ex, acO,xecglm,n). 3

Let P € gl(m, n); be an s x s invertible matrix. Suppose that A = Zf:I a;D; € Wy, where a € Z,. Let

S
Z _ Z(_1)T(k)T(i)+T(j)+T(k)a(Dkaj) ® P_lEij, (4)
k,j=1

where Ej; is an s x s matrix whose (i, I)-entry is §;;6;;. Then Ac gl(m, n, t)q. By virtue of the definition of
superderivation we have
Dy(ab) = (Dxa)b + (-1)" ¥ @q(Dyb), ®)

wherea,bc 0,k=1,...,s.
LetA =Y}, a;D; € Weand B = Z]?:l b;Dj € Wg, where a, B € Z;. Then

[A, B] = Z q;D;j, where g; = Z(ai(Dibj) - (-1)*(b(D;ay)). (6)

j=1 i=1

Using the formulae from (2) to (6), a direct calculation shows the following proposition.
Proposition 3.1 ([24], Formula (7). Suppose that A € Wy and B € Wg, where a, B € Z,.If C = [A, B], then
C=[A,B]+(A® 1B - (-1)%B s 1)A). )

Suppose that L is a subalgebra of gi(m, n) and L(P) = {P"1AP | A € L}. Then L(P) is a subalgebra of gl(m, n).
Let Q = Q5 & Qj, where
Qa={AeW,|AcOQLMP)}, acZ,.

IfA, B € Q, then [ﬁ, l~3] € Q. The formula (7) shows that Q is a subalgebra of modular Witt Lie superalgebras
W. The subalgebra Q is called the P-expansion of L into W. Then the P-expansion of gl(m, n) into W is exactly
w.

The special linear Lie superalgebra sl(m, n) = {A € gl(m, n) | str(A) = 0} is a subalgebra of gl(m, n) (see
[9]). Let Q is the P-expansion of sl(m, n) into W.If A = "} | a;D; € W, then, for a € Z,,

AcQq e Ac(0@sl(m,n)
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&Y N ) VDa) @ Eg - (1) Y D (Diay) © By

k=1 j=1 k=m+1 j=1
€ (0 ® sl(m, n))a

m S
&Y (D) ® Eyge = (-1 D (D) ® Egge
k=1 k=m+1
€ (O ® sl(m, n))a

& (Z 104D, ap)) © 1y € (0 ® sl(m, n))a

o Z(—nf(k)d(ak)wkak) = 0and Dyay € Oq
k=1
< A€ S,

Hence Q4 = Sg. It follows that Q = S.
Let p be a representation of L(P) on Z,-graded space V. Then p can be expanded to a representation p;
of O ® L(P) on the space O ® V, defined by

p1(a®x)(b @ v) = (1)) ap ¢ p(x)(v), (8)

wherea,b € O, x € L(P),v e V.

Proposition 3.2 ([24], Proposition 2). Let Q be the P-expansion of L into W. Then
p(A)=p1(A)+A®1,AcQ 9)
defines a representation p of Q on Z,-graded space O @ V.

By Proposition 3.2, O ® V which will be denoted by V is a Q-module. In [20] the module V is called the mixed
product of O and the module V.

A Z-graded module V of X is called positively graded if V = @ V;and L;- V; C V;,;, where X is a Z-graded
20
Lie superalgebra.

~ ~ & ~
LetVi={(a®v|aeO;,veV).ThenV = P V;, where & = Z;’ilnﬁn.Put Vi =0fori > &. Adirect
i=0
verification shows that Q; - V; C V;,;. Hence V is a positively graded Q-module. Since the P-expansion of
gl(m, n) and sl(m, n)) into W are ,respectively, W and S, Proposition 3.2 shows the following corollary.

Corollary 3.3. The following statements hold:
(1) If V is a gl(m, n)-module, then the mixed product V is a Z-graded W-module.
(2) If V is an sl(m, n)-module, then the mixed product V is a Z-graded S-module and so is a Z-graded S-module.

If V is an irreducible L(P)-module with a highest weight A, then denote v by V(A). Furthermore, the weight
vector associated with the highest weight A is denoted by v,, where v, € V(A). Similar to [21, Theorem 1.2]
one may obtain that 7(A) has an unique irreducible submodule U(L)(1 ® V), where U(L) is the universal
enveloping algebra of L. We customarily denote the unique irreducible submodule by V. Then xX¥x“ v, € V
foralla = (ay,...,am) € A,u=_(>i,...,1i;) €B.

Suppose that 7 = (714, ..., Tm), E =(m+1,...,s),thenm € A, E € B. Since Lie superalgebra Wy is
isomorphic to gl(m, n), the element Z a;;E;; of L(P) can be identified as the element Z a;jx;D; of W, where

i,j=1 i,j=1

aj; € F. Hence xxE @ V can be regarded as an L(P)-module. Similarly, by [21, Proposition 2.4], we can prove
that V is an irreducible L(P)-module if and only if xxE & V is an irreducible L(P)-module. The following
proposition is the analogue of [21, Proposition 2.1].
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Proposition 3.4. Suppose that V is an irreducible L(P)-module, v, is the weight vector associated with the
highest weight A and V is the unique irreducible submodule of V(}t), where L = gl(m, n) or sl(m, n), then

(i) V contains 1 @ V as a submodule.

(i) If xxE @ vye V, thenV = V(A), that is V(A) is an irreducible Q-module, where Q is the P-expansion of
L(P) into W.

Proof. Recall that Q = WifL = gl(m, n) and Q = Sif L = sl(m, n).
(i) Without loss of generality we suppose that xX“x* @ v, € V, then

1®vy=D%-..D&D; ---D; - xx* @vy) e V.

Because V is anirreducible L(P)-module, 1® V is an irreducible Qg-module. Then 1@ V = U(Qo)(1®v;) C V,
where U(Qp) is the universal enveloping algebra of Q.

(ii) Since module V is non-trivial, FV(A); is non-trivial. Let x"0x® @ V' be a proper Qo-submodule of V() ¢ =
xxE @ V. Then 1 ® V' is a proper Qo-submodule of 1 ® V. Hence V' is a proper L(P)-submodule of V, which
contradicts that V is irreducible. Since ?(/1)5 is an irreducible Qp-module, we have

UQo)xxF @ vy) =x"xF o vV C V.
Leta € A, u € B. Assuming that (81, ...,8m) =m1—aand w = (j1, ..., ji) € Bsuchthat {w} = {E}\{u}, then
Xt @ vy = Dfl ---Dgn"’Djl -+ Dj, - X vy e V.

Hence V = V(A). O

4 Irreducibility of module V(A) over W and S

Let V be an irreducible sl(m, n)-module with the highest weight A. Proposition 3.2 shows that V(A) is an S-
module. Clearly, it is also an S-module. Assuming that V is irreducible as an S-module and if xOxE gy 1€ v,
then it follows that V = V(A) from the similar methods used in Proposition 3.4 (ii). Therefore, V(A) is an
irreducible S-module.

We know that the standard Cartan subalgebra H of Sis (h; | i=1,2,...,s - 1), where

hi = Eii - (—1)T(i)+r(i+1)Ei+1i+1, i= 1,2,...,s—-1.

Let A; be the linear function on (E14, ..., Ess) such that A;(Ej;) = 6;;, wherei,j=1,2,...,s. Set

i
A=Y Ay, i=1,2,..,m-1,
j=1

S
/Im= Z A],

j=m+1
m i
A = _ZAi+ Z 4;, i=m+1,...,s.
j=1 j=m+1

Then A;, i =1,2,...,s - 1, is a fundamental weight of sl(m, n) and A;(h;) = 6;;. We know that A; - A; is a
positive root of sl(m, n) and the corresponding vectors of the positive root are Ej;;, where 1 < i < j < s.

s-1 m-1
If V is a finite-dimensional irreducible sI(m, n)-module, then A = }_ c;A;, wherec; € F.LetA|-m = > ciA;
i=1 i=1
s-1
and Alsm = > cidi. Then A = Al-m + cmAm + Al+m. Also, assuming that p and p are representations

i=m+1
corresponding with the modules V and V(A), respectively.
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Lemma 4.1. Assuming thatA|l-m # 0. IfA# A;,i=1,2,...,m-1, then V(A) is an irreducible S-module.

Proof. Since A|l-m #0and A # A;,i=1,2,...,m- 1, it was observed that A must be one of the two cases: (1)
AMom=Ajand cmAm + Alem # 0, @ A|-m # A3, 1=1,2,...,m-1.

(DI A-m = A; and cmAm + A|+m # O, where 1 < i < m -1, thenc¢; # 0 for m < i < s - 1. Let ¢; be the first
non-zero element of {cm, C;ms1s .. - Cs—1 }. If k > m, then by virtue of formulae (1), (2), (8) and (9) and

m k
P(Eii = Exs1k+1)Va = P(Z hj - Z hj)vy = (1 - civy,
j=i j=m+1

where v, is a weight vector associated with the highest weight A,
PDiter1 XN @ vp) = PO EXE Dy - ()M TOE R D1 @ vy)

m
= P1(Z Dj(X(n_gi)XE) ® Ejiiq
j=1

N
DS D) @ Epe)1 @ v)

j=m+1

m
_(_1)n+k—mp1(z Dj(X(n)XE_<k+1>) ® E}l
j=1

S
+(-1)" 1 Z Dj(x(”)xE’(k+1> ® Ejp))(1 @ vy)

j=m+1

_ _(_1)n+k—mx(n—si)xlz‘—(k+1> ®1- Ck)VA

s
" Z (_1)n+f—mx(ﬂ—€i)XE—<j> ®p(Ejk+1)V}t
j=k+2

m
_(_1)n+k—m Z X(n—e,-)XE—<k+1) ®p(Eji)V}t
j=i+1

k
i Z (=1)kH (=€) y E= () (k1) ® p(Eji)vy

j=m+1

N
+ 37 1y e E R 0) g p(Ej)v,. (10)
j=k+2

Applying the formulae (8), (9) and (10) and
P(Eiir1Ei10)va = p(Eij = Eir1i01)Va = Vs
we get

P(Dite1 (XX 1 X1 )DIP(Diges 1 XPxENA @ vy) = (-1)"%xPxE @ vy - (-1)"(A - c)xPxE @ p(Ey; - Eparin)va
= —(—1)"ckx(”)xE ®V).

By Proposition 3.4 (i), we know that 1 ® v, € V. Since ¢ # 0, it shows xXPxE @ v, € V. Hence V(A) is an
irreducible S-module.
Q) UfA-m#A;,i=1,2,...,m—-1, then

P(Di1; (2526 5(Dy 4 (APXEN (1 @ vy) = (= + )X xE @ vy

If ¢c; # 0or 1, then xxE vy € Vand V(A) is an irreducible S-module. So it was assumed that cy=0or
1, wherek=1,2,...,m-1.Since A|-m # 0 and A|-m # A;, there exist atleasttwo k € {1,2,...,m—-1} such
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that ¢ = 1. Without loss of generality we assumed that ¢; and c;, i < j, are the first and second coefficients
which are equal to 1. Then

P(Dij (P2 NB(Dy1 (XN A @ v2) = ((=¢1 + ¢) + (¢ + X PxF @ vy = 2xDxF @ v
Therefore, xX™xE © vy € Vand V(A) is an irreducible S-module. O
Lemma 4.2. Suppose that nis odd. If cm # -1 or 0, then V(/\) is an irreducible S-module.
Proof. If cjpy1 # €m + 1, then cm(1 + cm — Cie1) # 0. A direct computation shows that

l~)(Dmm+1(X(ZEM)Xm+1Xm+2)) ﬁ(DmmH(X(ﬂ)XE))(l ®vy)
= cm(1 - (-1)"(cm - cme))XXE @ vy = cm(1 + cm — et XXE @ v,

Then x™xE @ vy € Vand V(A) is an irreducible S-module. If Cm+1 = Cm + 1, then

ﬁ(Dmm+2 (X(2£m)

Xm+1Xm+2)) ﬁ(Dmmﬂ(X(ﬂ)XE))(l & V/I)
= (=(em = Cme1) = (“1)"Cme1 + (1" Cmlcm — cme)XPXE @ v

=2+ 2cm)xPxE ® Vj.
Since cm # -1, we have 2 + 2¢m # 0. Therefore, xX™xE @ vy € Vand V(A) is irreducible. O
Lemma 4.3. Suppose that nis odd and cm # 0. If A # —Am, then V(/\) is an irreducible S-module.

Proof. 1If c;y # -1, then Lemma 4.2 shows that V(/\) is irreducible. If cm = -1 and A|-m # O, then Lemma 4.1
shows that V(A) is irreducible. Suppose that ¢, = -1, A|-m = 0 and A|+m # O. Let ¢; be the first non-zero
element of {Cpm+1, Cm+25 - -+ Cs—1}. Then

PD i W x4 33 )P D iesr X PxEN(L @ V) = (em = (~1)"(em = c)emIXPxE @ vy = coxxE @ v

Hence x™xf @ v, € V. Consequently, the module V(A) is an irreducible S-module. O

Lemma 4.4. Suppose that A|-m = 0, cm # 0 and A|sm # 0. If I7(A) is a reducible S-module, then there exists
ke{m+1,m+2,...,s-2}suchthat A = c;A; — (Cj + DApyq.

Proof. Since Al+m # O, the elements cp41, ..., cs—1 of IF are not all zero. So we may suppose that cy is the
first non-zero element of {C;+1, Cm+25 - - - » Cs—1 }- Assuming that there exists a c,; # 0, where i > 1. A direct
computation shows that

PDsriksio1 XrXiert X iXierir )P Drerr KPXEN (1 @ vp) = (~1)"cpcreixPxE @ vy

As ciCrsi # 0, we have xXxF @ v, € V. But this conclusion confutes that V(1) is a reducible S-module. As
Crvi =0,1>1and A = Ay + g1 Ags1- Then

P(Dr1ks2 (a1 X0 Xks1X0k42)) PDiers XPXEN (A © v)
JED 1+ o+ Cra X xE @ vy, m+2<kss-2;
(D" (1 + cp + o X PxE @ vy, k=m+1.

Since V(A) is a reducible S-module, we have 1 + ¢}, + Cx,1 = 0. Therefore, ¢;,1 = —(cj + 1) and A = c; Ay — (cj +
1)As1- O

Theorem 4.5. Let V be a finite-dimensional irreducible sl{(m, n)-module with a non-zero highest weight A.
Suppose that nis odd. If A # —Am or (—1)T(i)/\i, i=1,....m-1,m+2,...,s -1, then V(A) is an irreducible
S-module.
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Proof. Assume that V(A)is areducible S-module. It suffices to proveA = -Ap or (—1)T(i)/11-, wherei=1,...,m-
1,m+2,...,s-1.

If A|-m # 0, by Lemma 4.1, then A = A; = (-1)™@2;, wherei € {1,...,m-1}.

Suppose that A|-m = 0. If cm # O, by Lemma 4.3, then A = —Ap,.

Suppose that A|-,; = 0 and ¢, = 0. Then A|-» # 0. Lemma 4.4 shows that A = c;A; - (¢; + 1)Aj,1, where
ie{m+1,...,s-2}. Adirect computation shows that

p(Dm1+1(X X1+1X1+2)) (D m1+2(X(ﬂ)XE))(1 ®Vvy) = -2¢; X(ﬂ)XE X Va.

Since V(A) is a reducible S-module, we have X" xE @ vy ¢ V. Therefore, ¢c; = 0and A = -A;,; = (—1)T(i*1)/11~+1,

whereie {m+1,...,s-2},thatisA = (—1)“”/1,-, wherei e {m+1,...,s-2}. The proof is completed. O

The W-module V(A) will be discussed in the following theorem.

Theorem 4.6. Let V be a finite-dimensional irreducible gl(m, n)-module with the non-zero highest weight A.
Suppose that nis odd. If A # —Am, (-<1)"@A;, i = 1,...,m-1,m+2,...,s — 1, then V(A) is an irreducible
W-module.

S
Proof. We may suppose that A = }_ c;A;, where ¢; € T, and p is the representation corresponding to the
j=1

module V. Assume that V(A) is a reducible W-module. It suffices to prove A = —Ap or (—1)T(i))li, where i =
1,...,m-1,m+2,...,s-1.Clearly, ?(/1) is also a reducible S-module. By Theorem 4.5, we know that A|g,
the restriction of A to the Cartan subalgebra H of sl(m, n), is equal to —A,; or (—1)“”)[,-, wherei=1,...,m-
1,m+2,...,s-1.

IfA|g = —=Am, then A|g(h;) = -Am(h;),i=1,...,s - 1. Hence

—CZA +(1+0) Z A,

j=m+1

where ¢ € F. A direct computation shows that
p(xPED B ™XED)(1 @ vy) = (¢ - xxE @ vy
Since V(A) is reducible, we have ¢ - ¢2 = 0. It follows ¢ = 0 or 1. By virtue of

PO DNB™XED 1)1 @ vp) = (1)1 + )exPxE @ vy

-~ S
and V(A) is reducible, we have (1 + c)c = 0.Thenc=0and A= }> Aj=-An.

j=m+1

IfAly = (—l)T(i))li, wherei=1,...,m- 1, then A|y = A;. Since A(h;) = A;(h;), j =1,2,...,5 -1, we have

—CZA +(c- 1)ZA +(c-1) Z A,

j=i+1 j=m+1

where c € F. It follows that ¢ = 0 or 1 from
f)(x(zgl)Dl)ﬁ(x(”)xEDm)(l ®vy) =(c- AxPxE @ 7
and V(A) is reducible. But the equation
ﬁ(x(zg’")Dm)ﬁ(x(”)xEDm)(l ®vy) = ((c-1)? +(c-1)x M yE Vi,

shows that ¢ # 0. Hencec=1and A= A; = (—1)“”](,-, wherei=1,...,m-1.
IfAly = (—1)T(i)}li, wherei=m+2,...,s-1,thenA|y = -A;. Since A(hj) = -A;(hj),j=1,2,...,5 -1, we
have

—CZA -c Z Aj+(1- C)ZA],

j=m+1 j=i+1



1390 —— KeliZheng and Yongzheng Zhang DE GRUYTER

where c € F. It follows that ¢ = 0 or 1 from
ﬁ(x(zsl)Dl)ﬁ(x(”)xEDl)(l Qv =(c- AxxE & Vi
and ?()l) is reducible. Furthermore, the equation
pOe1x DDP(X XD} )1 @ vy) = (-1)"(1 - o)X PxF @ vy,

shows that ¢ = 1. Hence

m i
A=3"0-3 A=A = (1),
j=1 j=m+1
wherei=m+2,...,s-1.
In conclusion, the proof is completed. O
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