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Abstract: The coexistence of species sustains the ecological balance in nature. This paper focuses on sufficient
conditions for the coexistence of a three-species stochastic competitive model, where the model has non-
linear diffusion parts. Three values A3,, A3x and A3 are introduced and calculated from the coefficients, which
can be considered as threshold values. Moreover, convergence in distribution of the positive solution of the
model is also addressed. A few numerical simulations are carried out to illustrate the theoretical results.
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1 Introduction

The coexistence of species plays a vital role in protecting ecological balance, and the situation is not desirable
when any species extinct. Therefore, this paper aims to discuss what the conditions for coexistence is. In
term of deterministic model, Lotka-Volterra model, which was applied to study species interactions, was
originally proposed by A. Lotka and V. Volterra [1-3]. Later Lotka-Volterra model is widely applied in the field
of chemistry. Literature [4], based on the reversible Lotka-Volterra model, investigated the dynamic behavior
of oscillatory reaction. In economy, Lotka-Volterra model is also a very useful tool to analyse enterprise
competition [5]. Nowadays, Lotka-Volterra model plays a vital role in engineering field.
The classical three-dimensional competitive Lotka-Volterra model can be written as

dé*(tt) = x()(r1 — a11x(t) — a12y(t) - a132(1)),
YO — y(6)(r2 ~ arx(t) - any(t) - azz(t), 1.1)
40— 2(6)(r3 - az1x(O) - azoy(6) - asz(b)),

where x(t), y(t) and z(t) denote the densities of three species at time t. For i, j = 1, 2, 3, the parameters r;, a;;
are all positive; r; stand for intrinsic growth rates; a;; describe as intra-specific competition rates; a;(i # j)
represent the inter-specific competition rates. For deterministic Lotka-Volterra model, quite a few scholars
contribute to investigate coexistence of species (see [6—12] and references therein).

However, as the development of stochastic analysis, deterministic model may not be suitable for reality
sometimes. As a matter of fact, population systems are usually subject to environmental noise. Therefore, to
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describe more realistically population systems, stochastic population models have attracted considerable
attention [13-17]. For the sake of generality, suppose that all coefficients of model(1.1) are perturbed by
Brownian motions, and the model becomes

dx(t) = x(6)(r1 — a11x(6) - appy(t) - as3z(t))dt

+(A1X(t) + O'11X2(t))dBl(t) + 0'12X(t)y(t)de(t) + O'13X(t)Z(t)ng(t),
dy(t) = y(O)(r2 — az1x(t) — axy(t) — axz(t))dt

+021x(O)y()dB (6) + (A2y(8) + 022y (0)dB4(t) + 023y(8)z(H)dBs (),
dz(t) = z(t)(r3 - az1x(f) - az,y(t) - az3z(t))dt

+031x()z()dB3(8) + 02,y ()z(t)dBs(¢) + (A32(t) + 0332 (£))dBs(t),

(1.2)

where B; (i = 1,2,3,4,5,6) are mutually independent Brownian motions. Although there may be an
appropriate Lyapunov function to provide the condition for coexistence, it is really hard to be found in
practice. Motivated this, some skillful technique should be introduced to solve this problem. To reduce
unnecessary computations due to notational complexity and to make our ideas more understandable but
still preserve important properties, we assume that the lowest-power terms are not affected by environment
noise for simplicity, which means A; = A, = A3 = 0. Thus, throughout the rest of the paper, the following
model will be considered

dx(t) = x(6)(r1 — a11x(t) - a12y(t) - as32(¢))dt
+011x%(0)dB1(8) + 012x()y(D)dB; (t) + 013x(0)z()dB5(0),
dy(t) = y(O)(r2 — az1x(t) — axny(t) — axz(t))dt
+021X(1)y(t)dB: (t) + 022y2(O)dB4(¢) + 023y(8)z(t)dBs (),
dz(t) = z(t)(r3 - az1x(t) - az,y(t) - az3z(t))dt
+031X(8)z()dB3(6) + 022y()z(£)dBs (t) + 0332%()dB(t).

(1.3)

To proceed, The rest of the paper is as follows. In Section 2, basic concept and three essential constants
A3z, A3x and A3y are provided. Sections 3 are devoted to proving the stochastic coexistence. Then a few
numerical simulations are given to manifest our results in Section 4. The last but not least, brief discussions
are made to conclude the paper.

2 Basic concept and essential constants

Let (Q, F, {F¢} 0, P) be a complete filtered probability space with the filtration {F;} o satisfying the usual
condition, i.e., it is increasing and right continuous while F, contains all P-null sets. In model (1.3), B;
(i=1,2,3,4,5, 6) are F¢-adapted, mutually independent Brownian motions. Suppose that a;; (i,j = 1, 2, 3)
are positive constants. Set 0;; # 0 (i = 1,2,3) in order to make the diffusion be non-degenerate. For
convenience, denote w = (x, y, z), wo = (xo, Yo, 20), and w(t) = (x(t), y(t), z(t)). Denote a vV b = max{a, b},
aAb = min{a, b}, R2° = {(x,y) : x > 0,y > 0} and R>° = {(x,y,2) : x > 0,y > 0,z > 0O}. Let
Wo (£) = (X0 (6)» Ywo (£), 2w, (1)) be the solution to (1.3) with initial value wo. Previous study [15] proved that
W, (t) remains in R>+° with probability one if wo € R3*°. The definition of coexistence is given as following.

Definition 2.1. For model (1.3), stochastic coexistence takes place in three species if for any € > 0, there exists
an M = M(g) > 1 satisfying that

litrnianF’ {M"l < x(t), y(t), z(t) < M} >1-¢.
—oo
Next, a few useful properties of solutions are presented, whose proofs can be found in [15, 19, 20].

Proposition 2.1. The following assertions hold:
(i) For all zy € R3\{(0, 0, 0)}, there exists an My > O satisfying that

lim sup EV (X, (1)» Ywo (), 2w, (t)) < Mo,

t—oo
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where V(x,y,2) = (x+y+2) + (x +y +2) ..

(ii) Forany e > 0, H > 1, T > 0, there exists an H = H(e, H, T) > 1 satisfying that
P{H ' <xw,(0<H vt [0, T]} <1-¢ if wo € [H, H] x [0, H] x [0, H],

P{H ' <yw (O <Hvtel0, T} <1-¢ if wo € [0, H x [H, H] x [0, H]
and that

P{H ' <zu () <H Vte[0,T]} <1-¢ if wo € [0, H] x [0, H] x [H !, H].
(iii) For any p € (0, 3), there exists an My, > 0O satisfying that
t
E/ [Ww, (S)[Pds < Mp(t + |wol) Vzo € R2, >0,
0
where |(x,y,2)| = /X% +y? + 22,
To further study, the equations on the boundary need to be considered. On the x-axis, one has

do(t) = p()(r1 - a11(0)dt + a119>(OdB; (¢).

(2.0)
There exists a unique stationary distribution 71 in (0, o) with density

o2

* C; 2a:1 1 rn 1
Uu)=—ex ——-—=1],u>0,
fl() l,l4 p( 2 u U%luz

1

where ¢} = ( Jo~ x* exp (%x - J’Tlxz) dx) . Owing to the ergodicity, for any measurable function h(-) :
11 11

R+ — R satisfying that fo°° |h(u)|f; (u)du < oo, the following equation holds,

T oo
P{ lim X / h(@x, (0)dt = / hf,()du b = 1, vxo > 0,
T—oo T
0 0

(2.2
where @y, (t) is the solution to (2.1) starting at x,. Specially, for any p € (-oo, 3),
T oo
P Tlim %/gaf(’o(t)dt = Qpx := /upff(u)du <oo y =1, Vxq > 0. (2.3)
—yo0
0 0
Similarly, on the y-axis, one has
dp(6) = Y(O(rz - azP(D)dt + 02,9 (OB (D), (2.4)
which in (0, o) has a unique stationary distribution 7, with density

*
* c 2a5 1 r, 1
fZ(V)=V%eXp( 222;_72ﬁ , V>0,
0% 0%

-1
* 2a r
c, = x* exp 222 X - szz dx .
o
0

By the ergodicity, for p € (o0, 3), one gets

T oo
P{ lim L / W2 (Ot = Qpy o= / VEWdy < oo b =1, Vx> 0, (2.5)
T—o0 T
0 0



1206 —— Nantian Huang, Jiabing Huang, Yuming Wei, and Yongjian Liu DE GRUYTER

where 1y, (t) is the solution to (2.4) starting at y,.
On the z-axis, one has
dp(6) = p(6)(r3 - az3p(t))dt + 033p>()dBs(8), (2.6)

which in (0, ) has a unique stationary distribution 75 with density

L) - S exp (2“331—31), $>0

¢ 033 ¢ 035 ¢
oo -1

3 = /xz exp (26{—233)( - r%x2> dx .

033 033
0
In view of the ergodicity, for p € (—oo, 3), one has
T oo
. 1 *
P {Tlﬂn T / PE (Dt = Qps o= / 13 ($)dgp < oo} =1, vz > 0, (27)
0 0

where p, (t) is the solution to (2.6) starting at zo. As to the x-y plane, Literature [18] has considered following
model

(2.8)

dX(t) = X(6)(ry - a1 X(t) - a1 Y(0)dt + 011 X*()dB1 () + 012 X(8) Y(£)dB, (),
dY(t) = Y(O(r2 - anX(0) - ax Y(0)dt + 021 X(6) Y(O)AB (¢) + 022 Y2 (£)dBy(8),

which can be seen as a case on the x-y plane for (1.3). Its result provides that (2.8) has a unique invariant
measure u; in R if

7 2 2
o * o
A1z = /(rz —axXx- 751 XA)f100dx = 12 - a21Qx ~ 751 Qx>0
0

and

(o

s 2 2

K 0

Ay = /(rl —apny- 7212 YOfHWdy =11 - a12Qiy - le Qyy > 0.
0

Moreover, for any ] -integrable function F(x, y) : R%>° — R, one has

t
lim 1 /F(Xv(s), Y, (s))ds = / F(x,y)u1(dx, dy) a.s. ¥y € R>°, (2.9)

t—oo t
0 szo

Let f1(x, y) be the density of probability measure u} in R>°. Then f;(x, y) has following properties,

0/ 0/ f1 0% y)dxdy = 1,

/ filx, y)dy = f1(x) and / filx, y)dx = f(y),
0 0

where f;(x) and f; (y) are density of 77; and 71, respectively. Define that

T 02 * 7 0'2 *
A3 i=r3 - / (azix+ %xz)h(X)dx - / (asay + %yz)fz(y)dy
0 0

2

2
g [y
iQZ)( —as Qly - %QZy- (2.10)

=r3 —a31Qqx - 5
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Similarly, on y-z plane, one gets

(2.11)

dY(t) = Y(O)(r2 - an Y(t) - a3 Z(8)dt + 022 Y2 (£)dB4(8) + 023 Y(8)Z(£)dBs(0),
dZ(6) = Z(t)(r3 — a3, Y () - a33Z(0)dt + 03, Y(O)Z()dBs(6) + 0332(t)dB(t).

Using the method of [18], if

2
Aix 1= /(73 -asy - i YO Wdy =13 - a3»Quy - iQZy >0
0

and

= /(?’2 -ax3z- 722)f (2)d¢p =1, — ax3Q17 - 7022 >0,
0

then (2.11) has a unique invariant measure y5 in R2'° Moreover, for any u5-integrable function F(y, z) : R2'° —

R, one has
t

hm /F(Ya,(s) Z~(s))ds = / F(y, 2)u5(dy, dz) a.s. vy € R>°,
0 RE,O

Let f>(y, z) be the density of probability measure y} in R, and then f>(y, z) has following properties,

/fz(y,Z)dydz =1,
0

/ f2(y, 2)dz = £3(y) and / oy, 2)dy = £5(2),
0 0

where f5(y) and f;(z) are density of 7, and 5 respectively. Define that

I 2 N 2
Mo imri = [(@nay + 2y50My - [(ane+ TR @)dz
0 0

01, 0%3
=r1 - d12Q1y - TQZy -a13Q1, - 702:- (212

Analogously, on x-z plane, one has

dX(t) = X(O)(r1 - a1 X(6) - a13Z()dt + 011 X*()dB1(6) + 013 X()Z(O)dB5 (D), (213)
dZ(6) = Z(t)(r3 - a51X(6) - a3 Z(1))dt + 031 X(6)Z(t)dB5(6) + 033Z%(£)dBs(¢). '
If -
o2 o2
Ayy = /(T3 - as;x - —xz)fz(x)dx =r3-a31Qix - 31 Qx>0
0
and

7 o2
Aay = /(f1 - a3z - Tzz)f3(z)dz =11 -a13Q1; - %sz >0,
0

then (2.13) has a unique invariant measure y§ in Rf"’ Moreover, for any yg-integrable function F(x, z) :
R%>° — R, one has

11m /F(X (s), Z(s))ds = /F(x,z);ug(dx, dz) a.s. ¥y € R>°.

0 RZ,D
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Let f3(x, z) be the density of probability measure y5 in R2'°, and then f3(x, z) has following properties,

/ F5(x, 2)dxdz = 1,
0

/ f3(x, 2)dz = £;(x) and / f500 2)dy = £(2),
0 0

where f] (x) and f3 (z) are density of 7] and 5 respectively. Define that

Ny =12 - / (ax+ T2 (0dx - / (a2 + B2z
0 )
o3 o3
=r; —az1Qqx - %sz - ax3Qy; - %Qu- (214)

The reason of definition of A3,, A3, and A3, is as following. To determine whether zy, (f) converges to O or not,
it is required to consider the Lyapunov exponent of zy, (t). The It&’s formula manifests that

In zy, (T)

T

In z, 1 03

T ZTO + T/ <f3 — a31Xw,(t) - %szo(t) asayw,(t) _%ygvo(t) as32w,(t) - ﬁzﬁ,o(t))
0

(2.15)

+ 7 [ @210 (OB (0 + 032y, (0B 0) + 72122, (DB 1)

When T is large enough, the first and the third terms on the right-side of (2.15) are small. Clearly, if zy, (t) is

small in [0, T], the solution xw,(f) is close to Xy, ,,)(£) and yw,(t) is close to Y(,, ,\(t), where X, ., ,(t) and
In zWO(T)

Yo, yO)(t) are solutions to (2.8) starting at (xg, ¥o). Employing the ergodicity (2.9), is close to As,. The

definitions of A3y and A3y, are also gotten in the similar way.

3 Main result

This section focuses on providing the conditions for stochastic coexistence in model (1.3).

Theorem 3.1. IfA3,, A3y and A3y are all positive, the three species coexist. Moreover, in R>°, the solution process
w(t) has a unique invariant measure m” satisfying that

(i) the transition probability P(t, wo, -) of z(t) converges to m", Ywg € R>*°;

(it) for any m*-integrable function J(w) : R>*° — R, one has

hm /] W (s))ds = /](w)m (dw) a.s. Ywg € R>°.
R30

To prove Theorem 3.1, some arguments need to be introduced.
The following formula is the well-known exponential martingale inequality. It asserts that for any

a,b>0,
t t

P /g(s)dB(s) - g /gz(s)ds >hVt=05 <e?, (3.1
0 0
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if B(s) is a F¢-adapted Brownian motion while g(t) is a real-valued JF;-adapted process and fot g%(s)ds <
oo, Vt > 0 almost surely. Ordinarily, the inequality holds in finite time, but (3.1) holds since

t t t t

P /g(s)dB(s) - g /gz(s)ds >hVt=20 ) = TIEEOP /g(s)dB(s) - g /gz(s)ds >b vtel0,T]

0 0 0 0
Letany T > 1, p € (1, 1.5), and 1—1, + % = 1. For A € F, I, stands for the indicator function of A. Owing to part
(iii) of Proposition 2.1 and Holder’s inequality, it is estimated that
T
El4|Inzw, —Inzg| < E/IA
0

2 2 2
o o o
13+ @300m0(8) + S0 (6) + @s2ywo(8) + S2Yiu (6) +a332u,(8) + 5223, (8)| dt

T
+EL, / (31%wg (OAB5(6) + 032ywy (DAB5 (0)) + 0332w ()AB4 ()
0

1
p

Q=

T
< 0, [PA)T]* |E /(1 + X322 () + YRR (D) + ZP ()dt
0

T
+V/B@) - (31| V 032] V [033]) | E / (2, (0) + 2, (6) + 22, (0)] dt
(0]

< 0, T[P(A)]4 (1 + [wo|)? 3.2)

for some constants 6, 8, independent of zy, T and A. In particular, when A = Q,

E w < 65(1 + |wo|)?, 63
and consequently,
1
IP{ an/ZO(T%—IHYO , 6:( +£\W0|)” } <e. (B4)

To satisfy the condition that zw, (t) is small in [0, T], it requires to introduce Lemma 3.1. Let 77, be the stopping
time that 7y, = inf{t = 0 : zy,(¢t) = 0}.
Lemma3.1. Foranye>0,0>0,T > 1, thereis a § = 6(T, €, 0) > O satisfying that

P{tw, 2T} >1-¢€, Ywg € (0, o) x (0, o) x (0, 6].

Proof. By (3.1), P(Q]°) = 1 - ¢, where

t
Q7° ={ /[031XwO(S)dB3(S) + 032Ywo(S)dB5(S) + 0332w, (5)dBg(s)]
0

t
1 1
-5 /[a%levo(s) + 03,y (S) + 03325, (s)]ds < In oo vt O} .
0

In view of (2.15), when w € Q}"

°, it is seen that
t

¢
In zw, (t) < Inzg + ln% + / ryds - /[a31xwo(s) + a32Yw,(S) + a33zw,(s)lds
0 0

1
<lInz +1nE +r3t.

—r3T

Letting 6 = oee™™", if zo < 6, then zy,(t) < o forall t < T and w € Q}°. The proof is complete.
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Lemma 3.2. Foranye, > 0and H, T > 1, there exists o > O satisfying that for all wy € [H™*, H x [H™1, H] x
[0, a],
P{IX (xg.y0) () = Xwo (8)] < B and [V, ) (6) = ywo(6)| < B, VO <t < TATZ}21-€.

Proof. In view of part (ii) of Proposition 2.1, there is an H sufficiently large such that
P {max{X(XO’yO)(t), Xwo (85 ¥xg,y0) () Yo (8} < H,vt< T} >1-¢,
vwo € [H', HI x[H ', H] x (0, o].
Let &w, := T3, Adnf {t : max{X, ,)(6), Xwo (), Yy o) (8), Ywo ()} < H}. The It6’s formula manifests that

S
1X (x0,y0) (8) = Xwo (S)] < / X tx0,y0) (W) = Xwo W] [11 + @11 (X5 o) @) + Xwo ()] du
0

S S
rar, / X709 ) ¥y (0 = X ()Y (0]l + @13 / oy ()2 (1)
0 0

S

+oyy| / Xty (1) = X0 ()] [Xgpye) (10) + Xowy ()] dB ()

0
N

+012] / (X (x0,y0) M) Y (xg,y0) @) = Xowo (WY wo (W) ]| dBa (1)

0
s

+oys| /xwl,(u)zw()(u)dm(u).
(0]

By the elementary inequality (7, a;)? < 2"Z  a? leads to
E Su? (X(Xo,}/o)(s A gWO) - XW() (S A €W0))2
S<

tAEw,

< 64E / X (0, 0) (W) = X, ()] [ry + a11 (X (xg,y) (W) + Xwo ()] du
0

tAEwq Aéw,
+64a},E / [X(Xoyyo)(u)Y(XO’yO)(u)—xwo(s)ywo(u)]zdu+64a131€ / X, Wz, (Wdu  (3.5)
0 0
SAGwq 2
+640%1]Esu¥) / [X(Xo’yo)(u)—xwo(u)] [X(Xo’yo)(u)+xwo(u)] dB1(u)
1o
SA&wq 2
+640%,Esup / Xty (1Y 3y 1) = X (1) ()] B (1)
<t
s 0
s/\.{wo 2
+640%3]Esu¥) /xwo(u)zwo(u)ng(u)
S<
0

For t € [0, T], a few estimates are made in the following,

tAEw,

E / X gy 10) = Yo (0] [+ @11 (X gy (1) + X0 ()]l
0
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ENEw,
<(ry +2a11H)"TE / [X(Xo,yo)(u) - xw,(W)] "~ ds,
0
tAEw,

—4
E / [X(Xo,yo)(u)Y(XO,yo)(u)—xwo(s)ywo(u)]zdus4H T,
0

Néwy
E / X% (u)z2, (u)du < H 0>T.
0
It follows from the Burkholder-Davis-Gundy inequality that

2

sAEw,
E sup / X (x0,y0) W) = Xowo (W] [X g0y (W) + X ()] dB1 (u)
s<t o
ENEwg
< [ a0 00 = 000 00] [0+ 0 00] i,
0
tAEw,
—2
<4HE / [X g0y W) = Xuo ()]
0
SA&w, 2
Bup | [ (K000 0) = 030 00)] B )
. 0
tAwe
<E / X x0,y0) WY (x5,0) () = X W)y o (1) 2 du,
0
<4H'T,

SA§wq 2

Esup / Xwo (W) 2w, (u)dB3 (u) < 4H0°T.

sst

Applying (3.6), (3.7), (3.8), (3.9), (3.10) and (3.11) to (3.5), one has

A&,

ESUP(X(yq,y0) (8 1 o) = Yo (8 A wo))* <0 | 0° +E / (X, y0) (1) = Xy (w))*du
> 0
t

-— 1211

(3.6)

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

<0 (02 + /]Esup(X(XO,yo)(s A Ewg) = Xwo (S A $wo))2du) vt e [0, T],
S<u

0

where 6 = O(H, T) > 0. It then follows from Granwall’s inequality that

E sup(X(y, o) (S A Ewo) = Xuwo (5 A &wy))? < 00%e%T.
s<T
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Consequently, P {sup(X(xO,yo)(s A Ewo) = Xwo (S A Ewg))? 2 ﬁz} < 5"55” < £ when o is sufficiently small
s<T

(02 < %e‘m) . The similar way yields that

P {SuIP(Y(Xo,yo)(S A Ewo) = Ywo (S A Ewg))? 2 52} < %

Since
P{sA&w,=SATy,, Vs€[0,T]} =P {su?{max {xwo(8), Ywo (), Xixo,y0)(5)s Yixoy) ()} < H}
S<
€
>21- 5
it follows that

P {|X(xg,y0)(8) —xwo(8)| < Band [Y(y, 1(S) = ywo(s)| < B, VO <t < T ATy, }

2P{sA&w,=SATR,Vs€[0,T]} -P {sup(X(XO,yO)(r A Ewo) = Xwo (F A Ewg))? = /32}
rst

-P {su})(X(XD’yO)(r A Ewo) = Xwo (r A ;’WO))2 > ﬁz}
r<
>1-e¢.
The proof is complete.

Remark 3.1. Lemma 3.2 aims at describing that xw, (f) is close to X(Xo’yo)(t) and yw, (t) is close to Y(,, ,,.,(t) in
certain conditions.

Lemma 3.3. Forany € > 0, there exists an M > 0 satisfying that

T _
IP’{ /aglxwo(t)dB3(t) + 032V w, (1)dBs5(t) + 0332w, (t)dBg(t)| < ASJ\/T|W0|} >1-e¢.

0

Proof. Since

T 2

T
E / 031w, (DAB3(t) + 032Ywo ()dBs () + 0332w, (DdBg(t)| =E / \o%xi,(t) + 032Y w0 (8) + 03323, ()| dt.
0 0

By (iii) of Proposition 2.1 and Chebyshev inequality, the desired result can be obtained.
Two propositions should be introduced to make proof of Theorem 3.1 clear.

Proposition 3.1. Suppose A, A,, and A3, > 0. Forany € > 0, H > 1, there exist T = T(e, H) and 6y = 6¢(¢, H)
satisfying that P(Q"°) > 1 - 4¢, where

o = {% <Inzw,(t) —lnzo} , Ywo € [HY, H x[H Y, H] x [0, 8].

Proof. In view of (2.10), for sufficiently small 3, one has
03 o3 4A
// (T3 - asi(u+p) - S+ B)* - as(v+p) - =i +l3)2> fi(u, v)dudy = —532.

R>°

Let M be as in Lemma 3.3. Using (2.9), thereis T = T(g, T) > 25HM” ch that

212
€213,

PQ7) > 1-¢,
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where
H_)1 031 2
T (r3 - a1 X,y (0) + B) - T(X(H,H)(t) +p)
0

2
_ a31(Y(H,H)(t) + ﬁ) - %(Y(H,H)(t) +B)2) dt > %} )

In view of the uniqueness of solution, for all (xo, yo) € [H™!, H] x [H™!, H], one has X(Xo,yo)(t) < Xy, (t) and
Yixo,y0) (O < Yir ) (8). Therefore, P(Q%°) = 1 - & where

QY = / (r3 = a31(X(y,,y0) (O + B) = f(X(XO GE B)?

3A
- a31(Y(X0,)’0)(t) +ﬁ) - %(Y(Xo,)’o)(t) +ﬁ)z> dt = 532 } .
Owing to Lemma 3.2, there is a 0 = o(¢g, H) > 0 satisfying that

33 2 A5
az3o+ 0° <
33 2 5

and P(Q%°) > 1 - ¢, where
Q5 = {IX(xy.y0) (O = Xwo ()] < @ and |V () = ywo ()] @, VO <t < T ATy, }.

By virtue of Lemma 3.1, there exists 6o = 8 (¢, H) satisfying that P(Q2}°) > 1-eforallw, € [H™, H]x[H !, H]x
(0, 80, where
QY = {19, > T}.

Since T > 2521‘/’1’2’{ , it is derived from Lemma 3.3 that P(Q2°) = 1 - &, where

T

A
Q=P /031XWO(t)dB3(t) + 032Yw, ()dBs5(t) + 0332w, (t)dBs(t)| < %T
0

5
Thus, for wy € [H™Y, H] x [H™!, H] x (0, 8o] and w € N Q°, it follows that
=2
T

o2 o2
In zw, (T) - In zo 2/<r3—a31xwo(t)—7xwo(t) azoYw,(t) - 32)’w0(t)>

T 2
- [ (a0 %20 ac
0

T
- /031XWO(f)dB3(f) + 032w, ()dBs(t) + 0332w, (£)dBg(t)
0

T
/< 2 = Co(uz () +a) - ﬁz(uzo(t)+a)2>

ABZ /\32
SEroCET
5 d 5

0
3

&
5

>

T

5
and ]P’{%T <lnzy,(T)-Inzp} = P ﬂ WO) > 1 - 4¢. The proof is complete.
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Proposition 3.2. IfAy,, A, and A3, > O, then for any A > 0O, there exist T = T(A) and 6, = §,(A) satisfying
that

n-1
limsup = 1 ZIP’{ZWO(kT) <8,} <A, Ywg € R3O,
neo MA7S

Proof. Let € = £(4) € (0, 1) and H = H(A) > 1 be chosen later. Put A = %(1 + 3H)z% where 6, is as in (3.2). In
view of (3.4) and Proposition 3.1, there exist 6 € (0, 1) and T > 1 such that for all wo € [H™, H] x [H™!, H] x
(0, 8ol, P(QZ°) > 1 - 5¢ where

QD = {%T <Inzw,(T) -1Inzg sAT} .

Let Ly = AT +InH - In 8o. By using | In H — In 2, (T)| < |In H — Inzo| + | In 2w, (T) - In zo|, if wo € [H1, H] x
[H™L, H] x (0, 8], one can be derived from (3.4) that

P{|InH - Inzw,(T)| 2 L1} < P{|Inzw,(T) - Inzg| = AT} < 5¢. (3.12)

Let 61, 6, satisfy Ly = InH -1Ind;,, L, := Ly + AT = InH - In§,. It’s clear that §; < §; < §y. Define
U(z) = (InH - 1Inz) v Ly. Obviously,

UZ)-UE") < |InZ -1nZ"|. (3.13)

Now, %[E U(zw,(T) — U(zo))] needs to be estimated for different wy. First, it follows form (3.2) and (3.13) that
forany wo € R>° and w € Q7> = 0\Qp°,

1

T QWOC[U(ZWO(T)) U(zo)] < = wo.c|lnzW0(T)—1nzo|

T
< 02(1 + 3H)7 [P(QY™ )]

<0, (1+3H) (56)‘1 (3.14)
Ifwo € Dy :=[H ', HI x[H™*, H] x (0, 6], thenInH - Inzo > InH - In §, > Ly + AT. It follows that in Q%°
InH-Inzw,(T)2InH-1Inzog —AT > L, - AT = L,

InH-Inzw,(T)<InH-1Inzy - %T.
Consequently, one gets
1 1
FELgus [UGzwo(T) - U(zo)] = 7 P(QY") [In H - Uz, (T) - In H + Ulzo)
) -%(1 _e). (3.15)
One can be derived from (3.14) and (3.15) that for all wo € Dy,

E [Ulzw(T) = Uz0)] = 7 (Igro +Igroc ) [Ulzun(T) - Ulzo)]

<ip
T
< —%(1+e)+62(1+3H)1%(58)%. (3.16)

T

Ifwo € D, :=[H ', HI x[H™*, H] x (6, 1], thenInH - Inzp 2 InH - Inzo = L1. In Q°,
InH-1Inzw,(T) < InH-1nzg - %T <InH -1nzy = U(zyp).
Therefore, U(yw,(T)) — U(wo) < 0in Q§°. As a result of (3.14),

%IE [U(zw, (T)) - U(20)] < 6,(1 + 3H)7 (5)7, Ywg € Ds. (3.17)
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Ifwo € D3 :=[H*, HIx[H', H]x(61, 8o], thenln H-Inzo < In H-In §; = L. Andin Q()°, In H-1n zy, (T) <
InH - Inzg < L, which means that U(zw,(T)) = U(zg) = L;. Therefore,

TE [U(zwo(T) - Ulzo)] < 0:(1 + 3H)3 (5¢)1, o € Ds. (318)

Ifwo € D, := [HY, H] x [HY, H] x (8¢, H], it leads to that InH - Inzy < InH - In§y = L; — AT. In the
same way of obtaining (3.18), one gets

TE [UGwo () - Ulzo)] < 05(1 + 3H)3 (5¢)1, Yo € D, (3.19)
For any initial value wo € R>'°, the Markov property of w(t) leads to

%]E[U(Zwo(kT +T)) - Ulz, (KT))] < / P {2y, (kT) € dw} HEU(ZW(T)) _ U .

R2°

Putting D := [H™, H] x [H™Y, H] x [H™}, H] = N, D;, and using (3.2), (3.16), (3.17), (3.18) and (3.19), one gets
%E[U(ZWO(kT+ 7)) - U(zw, (KT))] <P {ww,(kT) € D1} [—Asﬁ(l -+ 81)} +&1P {ww,(kT) e D\ D, }

1
+ By, (nepy 7B [INGu,, an(D) - I KT))| (5.20)
<-— %(1 - )P {ww,(kT) € D1} + &1
1 1
+ 60, (1 +E|ww,(kT)|)? (P{ww,(kT) ¢ D})7,
where 6, isasin (3.2) and £, = 0,(1 + 3H)1l7 (58)5. It follows from Markov’s inequality and (i) of Proposition

2.1 that

lim sup P{ww,(kT) ¢ D} <lim sup P{[xw,(kT) V yw,(kT) V zw,(kT)] > H}

k—soc0 k—so0
<limsup P{V(ww,(kT)) > H}
k— o0
(3.21)
<lim sup EV(ww, (kT))
k—oo H
Mo
H
and
limsup (1 + E\wwo(kT)DI% (P {ww, (kT) ¢ D})% < (%) " lim sup[1 + 3EV(WWO(kT)]171J
k— oo k—>o0
S<1+§M0)5(1+3M0)% (3.22)
< 1+ 31M0 )
Ha
Obviously,
1 1
liminf - ;E [Ulzwo (KT + T)) = Ulzw, (kT))] = liminf & [U(zw, (nT) - U(zo))] > 0. (3.23)
It follows from (3.20), (3.21) and (3.23) that
14 A 0>(1 + 3M,)
. 3 2 0
0< hin_ilip - ZIP’ {ww,(kT) € D1} [—?Z(l - s)} +E + B

k=0
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n-1

. 1
lim sup - ZIP’{WWO(kT) €Dy} < 5 (f_g) [51 +
z

nores k=0

(3.24)

02(1 + 3M0):|

Hi ’
wheree; = 6,(1+ 3H)1l7 (58)5. It should be noted that P{zw,(kT) < 62} < P{ww,(kT) € D1} +P{ww,(kT) ¢ D}.
As a result of (3.21) and (3.24), one has

n-1

. 1 5 92(1+3M0)] My
hmsu—g P{zw,(kT) < 65} < £+ + —=.
n—>oop ne— {zwo(KT) < 62} A32(1 -¢€) [ ! Hi H

Consequently, there are sufficiently large H = H(A) and sufficiently small £ = £(A) satisfying the desired
result. The proof is complete.

Now, it is time to prove Theorem 3.1.

Proof of Theorem 3.1. Set any € > 0. Owing to symmetry of (1.3), similar to Proposition 3.2, it can be
proved that if A5, Ayx and A3y > 0, then there are T’ > 1 and &} > 0 satisfying that

n-1

lim sup % ZP{xwo(kT’) <85} <A, Ywg € R3°,

n—oo k=0

Andif Ay, A,y and A3y > O, then there are T” > 1 and 6§ > O satisfying that

n-1

limsup%Z]P’{ywo(kT“) < 6’2’} <A, Ywe € Ri’o-

n—oo k=0

In fact, if A3,, Asx and A3y > O, then Ay,, Az;, A1y, Asx, A1y and Ay, will be positive, and A3,, A3y and A3y
have been defined in (2.10), (2.12) and (2.14) respectively. Furthermore, by choosing sufficiently large T and
sufficiently small §,, one has

n-1

lim sup % ST B {xwo (KT)| A [ywo (KT)| A 12wy (KT)| < 85} < 34, Ywo € RY®.

n—oo k=0

Combining this with (i) of Proposition 2.1 implies that there exists a compact set G  R2*° satisfying that

n-1
liminf%ZP{wWO(kT) €G)=1-44, wo e R
k=0

Owing to (ii) of Proposition 2.1, there is an M > 1 satisfying that
IE”{M’1 < xw(t), yw(t), zw(t) sM}y=21-A4, vt<T, w € G.
By virtue of Markov property, one has

P{M ™ < Xy (kT + ), Ywo (kT + 1), zwy (KT + ) < M} = P{wy,(kT) € G}P{M ! < xw(t), yw(t), zw(t) < M},
we G, wo € R>

As a result, for any wo € R>*°,

nT n-1

.. 1 _ .o 1

llrglel;lf T / P{M " xw, (8), Ywo(t), Zw,(t) < M}dt (1 - A) llr{glol;lf = ,?0 P{ww,(kT) € G}
o _

>(1 - A)(1 - 4A)
>1 - 5A.

It means that
t

litrninf%/]P’{M’1 < Xwo(S), Ywo(S), zZw(s) < M}ds = 1 - 54,
—>00

0
and there exist an invariant probability measure consequently. Since the diffusion is non-degeneracy, the rest

of the results are yield (see [21]). The proof is complete.
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Figure 2: Sample paths of xw, (t), yw, (t) and zy, (t) of Example 5.2 with wg = (3, 3, 3) in two trials.

4 Examples and complexity discussion

In this section, we consider model (1.3),

dx(t) = x()(r1 — a11x(t) - a12y(6) — a13z(0)dt + 011x*(£)dB1(£) + 012x(O)y()dB,(¢) + 013x(1)z(t)dBs (¢),
dy(t) = y()(r2 — @z x(t) - azy(t) — azsz(t)dt + 021 x()y(t)dB; () + 022y ()dB4(£) + 023y(£)z()dBs (1),
dz(t) = z(6)(r3 — az1x(t) - as2y(t) — a33z(t))dt + 031 x()z()dB3(¢) + 022y()z(6)dBs(¢) + 0332 (£)dBe(2).

According to Theorems 3.1, A3;, A3, and A3y, govern the coexistence of three species; A3;, A3x and A3, > 0 lead
to coexistence of three species; Note that A3, A3, and A3, are defined in (2.10), (2.12) and (2.14) respectively.
Examples 4.1 and the simulations illustrate theoretical results that three species coexist.

Example 4.1. Consider (1.3) with parameters r; = 6; r, = 6; r3 =6; a11 = 1; a;p = 1; a3 = 2; a =
2; ax =2; a3 =1; az1 = 1; az; = 3; asz3 = 3; 011 = 2; 012 = 1; 013 = 0.5; 021 = 1; 02 =
2; 03 = 1; 031 = 0.5; 03, = 1; 033 = 2. Direct calculation demonstrates that A5, = 0.1258, A3, = 1.7079,
A3y = 0.5557. As a result of Theorem 3.1, the three species coexist. Sample paths of X, (t), yw, (t) and zw,(t)
with wg = (3, 3, 3) are illustrated in Fig. 1.

Remark 4.1. When A3, A3, and A3 are not all positive, the properties of the solution will become very
complicated. Three species may die out or coexist; see Example 4.2.

Example 4.2. Consider (1.3) with parameters ry = 6; r, = 5; r3 = 4; a;; = 2; a2 = 1; a3 = 1; a, =
1; ax =2; a3 =1; az1 =1; azp =1; az3 =2; 011 =1; 012 =0.5; 013 =0.5; 021 =0.5; 022 =1; 03 =
0.8; 031 = 0.5; 03, = 0.8; 033 = 1. Direct calculation demonstrates that A3, = -1.1692, A3, = 2.2482,
A3y = 0.4026. The species z(t) may die out or three species coexist. Sample paths of xw, (t), yw,(t) and zw, (t)
with wg = (3, 3, 3) are illustrated in Fig. 2.
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5 Conclusions

This paper focuses on providing the conditions for a three-species stochastic competitive model. The obtain-
ing results show that three values A3;, A3x and A3, calculated by the coefficients can be served as threshold
values. For model (1.3), three species will coexist and all positive solutions converge to a unique invariant
probability measure when A3,, A5x and A3, > 0. Besides, compared with the system in [18], the results in this
paper is in agreement with Theorem 2.1 in [18] by chosen that r3 = a3y = a3, = as3 = 031 = 033 = 033 = 0.

It is noteworthy that in Section 3, A; = 0, i = 1, 2, 3. However, for model (1.2), thatis A4; # 0,i =1, 2, 3,
equation on the x-axis, y-axis and z-axis are

do(6) = p(O(r1 - a11p(B)dt + (A1) + 0119 (£)dB1 (D), (5.1)
d(t) = P(O(ry - aznPO)dt + (A(6) + 022> (£))dBy(t) (5.2)

and
dp(t) = p(B)(r3 — az3p()dt + (A3p(t) + 03307 ())dBs (D), (5.3)

respectively. Employing Theorem 3.1 of [22], one can be obtained that if r; - g < 0 (i=1,2,3),
then P{tlirzlo¢(t)=00rtllrllo¢(t)=0 or tllrilop(t)=0} = 1 for all positive solutions ¢@(t), Y(t)
and p(f). Then, by using arguments similar to the proof of Proposition 4.1 in [18], it shows that
P{tlggo x(®) = 0 or Jim y(¢) = 0 or lim 2(f) - o} ~l.Incaser; -4 > 0 (i = 1,2,3), 5.1), (52) and (53)
respectively have unique invariant probability measure whose density f;, f; and f; can be solved from the
Fokker-Planck equation. Define

~ 7 02 ~x 7 02 ~x
A3z =r3 - / (as1x+ %xz)fl(X)dx - / (asrz + %zz)fz(y)dy,
0 0

- N 2 I 2
Ko =11 = [(@rax+ BRI - [(anz+ P @z
0 0
and
o 7 0'2 < 7 02 <
Asy =r3 - /(aux + H)f(0dx - /(0232 + 2 2)f(@)dz.
0 0

2
Ifr; - AT" >0 (i =1, 2, 3). Using the argument in Section 3 with modifications, one can be also gotten that if

A3z, A3, and A3, > 0, then model (1.2) has an invariant probability measure in R3-°. It implies that the results
stated in Theorem 3.1 hold for (1.2) with A3, A3,, A3, replaced by 132, X3 s 13),. Furthermore, the results recover
the main findings that Theorem 3.5 and 4.3 in [17].

Though this paper has verified that three species coexist when A3,, A3, and A3, > 0 for model (1.3), three
species may also coexist in the case that A5,, A3, and A3, are not all positive. It therefore still required novel
techniques to deal with this problem.
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