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Abstract: The notion of MBJ-neutrosophic ideal is introduced, and its properties are investigated. Conditions
for an MBJ-neutrosophic set to be an MBJ-neutrosophic ideal are provided. In a BCK/BCI-algebra, a condition
for an MBJ-neutrosophic set to be an MBJ-neutrosophic ideal is given. In a BCK-algebra, a condition for an
MBJ-neutrosophic subalgebra to be an MBJ-neutrosophic ideal is given. In a BCI-algebra, conditions for an
MBJ-neutrosophic ideal to be an MBJ-neutrosophic subalgebra are considered. In an (S)-BCK-algebra, we
show that every MBJ-neutrosophic ideal is an MBJ-neutrosophic o-subalgebra, and a characterization of an
MBJ-neutrosophic ideal is established.
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1 Introduction

Different types of uncertainties are encountered in many complex systems and/or in many practical situations
like behavioral, biologial and chemical etc. In order to handle uncertainties in many real applications,
the fuzzy set was introduced by L.A. Zadeh [1] in 1965. The intuitionistic fuzzy set on a universe X was
introduced by K. Atanassov in 1983 as a generalization of fuzzy set. As a more general platform that
extends the notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy set,
the notion of neutrosophic set is developed by Smarandache [2-4]. Neutrosophic algebraic structures in
BCK/BClI-algebras are discussed in the papers [5-14] and [15]. In [16], the notion of MBJ-neutrosophic sets
is introduced as another generalization of neutrosophic set, it is applied to BCK/BCI-algebras. Mohseni
et al. [16] introduced the concept of MBJ-neutrosophic subalgebras in BCK/BCI-algebras, and investigated
related properties. They gave a characterization of MBJ-neutrosophic subalgebra, and established a new MB]J-
neutrosophic subalgebra by using an MBJ-neutrosophic subalgebra of a BCI-algebra. They considered the
homomorphic inverse image of MBJ-neutrosophic subalgebra, and discussed translation of MBJ-neutrosophic
subalgebra.

In this paper, we apply the notion of MBJ-neutrosophic sets to ideals of BCK/BI-algebras. We introduce
the concept of MBJ-neutrosophic ideals in BCK/BCI-algebras, and investigate several properties. We provide
a condition for an MBJ-neutrosophic subalgebra to be an MBJ-neutrosophic ideal in a BCK-algebra. We
provide conditions for an MBJ-neutrosophic set to be an MBJ-neutrosophic ideal in a BCK/BCI-algebra.

Young Bae Jun: Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea;

E-mail: skywine@gmail.com

*Corresponding Author: Eun Hwan Roh: Department of Mathematics Education, Chinju National University of Education,
Jinju 52673, Korea; E-mail: ehroh9988@gmail.com

3 Open Access. © 2019 Jun and Roh, published by De Gruyter. This work is licensed under the Creative Commons Attribution alone
4.0 License.


https://doi.org/10.1515/math-2019-0106

DE GRUYTER MBJ-neutrosophic ideals of BCK/BCI-algebras = 589

We discuss relations between MBJ-neutrosophic subalgebras, MBJ-neutrosophic o-subalgebras and MBJ-
neutrosophic ideals. In a BCI-algebra, we provide conditions for an MBJ-neutrosophic ideal to be an MB]J-
neutrosophic subalgebra. In an (S)-BCK-algebra, we consider a characterization of an MBJ-neutrosophic
ideal.

2 Preliminaries

By a BCI-algebra, we mean a set X with a binary operation * and a special element O that satisfies the following
conditions:

M ((x*y)*(x*2)*(z*y)=0,
I (x*&x*y)*y=o0,
(II) x*x=0,
(IV) x*y=0,y*x=0 = x=y

forall x, y, z € X. If a BCI-algebra X satisfies the following identity:
V) (vxeX)(0*x=0),

then X is called a BCK-algebra.
By a weakly BCK-algebra (see [17]), we mean a BCI-algebra X satisfying O * x < x for all x € X.
Every BCK/BCI-algebra X satisfies the following conditions:

VxeX)(x*0=x), 2.1)
VX, y,zeX)(xsy = Xx*zsy*z,z*y<z*X), (2.2)
(vx,y,z€ X) ((x*y)*z=(x*2)*y), (2.3)
(vx,y,z€X) (x*2)*(y*2z) <x*y), (2.4)

where x < y if and only if x * y = 0. Any BCI-algebra X satisfies the following conditions (see [17]):

(vx,y € X)x* (x* (x*y)) =x*y), (2.5)
(vx,y € X)(0* (x*y) = (0*x) * (0 * y)). (2.6)

A BClI-algebra X is said to be p-semisimple (see [17]) if
(vx € X)(0* (0 * x) = x). 2.7
In a p-semisimple BCI-algebra X, the following holds:
(vx,y e X)O*(x*y)=y*x, x*(x*y) =y). (2.8)
A BClI-algebra X is said to be associative (see [17]) if
VX, y,ze X)(x*y) *z=x*(y * 2)). (2.9)
By an (S)-BCK-algebra, we mean a BCK-algebra X such that, for any x, y € X, the set
{zeX|z*x<y}

has the greatest element, written by x o y (see [18]).
A nonempty subset S of a BCK/BCI-algebra X is called a subalgebraof X if x *y € Sforallx,y € S. A
subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies:

0el, (2.10)
xeX)(vyeD(x*yel = xel). (2.11)
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A subset I of a BCI-algebra X is called a closed ideal of X (see [17]) if it is an ideal of X which satisfies:
(wxeX)xel = 0*xel). (2.12)

By an interval number we mean a closed subinterval @ = [a‘, a*] of I, where 0 < a~ < a* < 1. Denote
by [I] the set of all interval numbers. Let us define what is known as refined minimum (briefly, rmin) and
refined maximum (briefly, rmax) of two elements in [I]. We also define the symbols “>”, “<”, “=" in case of
two elements in [I]. Consider two interval numbers &, := [a7, aj] and @, := [a3, a}] . Then

rmin {&,, d,} = [min{a7, a5}, min {aj, a3 }],
rmax {d, a,} = [max{ay, a;}, max {ai, a3 }],

a1 = a, < aj=a;, aj =a;,

and similarly we may have a, < @, and @, = a,. To say a, > a (resp. @, < a») we mean &, > @, and
a, # a, (resp. a, = @, and aq # @,). Let @; € [I| where i € A. We define

rinf @; = [inf aj, inf a{'} and rsupd; = {sup a;, sup a{'} .

I ied ' ieA icA icA icA
Let X be a nonempty set. A function A : X — [I] is called an interval-valued fuzzy set (briefly, an IVF set)

in X. Let [I]¥ stand for the set of all IVF sets in X. Forevery A € [[1¥ and x € X, A(x) = [A’(x), A*(x)] is called

the degree of membership of an element x to A, where A” : X — I'and A" : X — I are fuzzy sets in X which

are called a lower fuzzy set and an upper fuzzy set in X, respectively. For simplicity, we denote A = [A~, A*].
Let X be a non-empty set. A neutrosophic set (NS) in X (see [3]) is a structure of the form:

A= {(x;A7(0, A[(0), Ap() | x € X},

where A7 : X — [0, 1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ar : X — [0, 1] is a false membership function. For the sake of simplicity, we shall use the
symbol A = (Ar, A, Ar) for the neutrosophic set

A = {(x;Ar(x), A;(x), Ap(0) | x € X}.

We refer the reader to the books [17, 18] for further information regarding BCK/BCI-algebras, and to the
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory.
Let X be a non-empty set. By an MBJ-neutrosophic set in X (see [16]), we mean a structure of the form:

.A. = {<X; MA(X)a BA(X)9]A(X)> | X e X}’

where M, and J, are fuzzy sets in X, which are called a truth membership function and a false membership
function, respectively, and By is an IVF set in X which is called an indeterminate interval-valued membership
function.

For the sake of simplicity, we shall use the symbol A = (M, By, J4) for the MB]J-neutrosophic set

A= {(x; Ma(x), Ba(x), J4(0)) | x € X}.

Let X be a BCK/BCI-algebra. An MBJ-neutrosophic set A = (Mg, Ba, J4) in X is called an MBJ-
neutrosophic subalgebra of X (see [16]) if it satisfies:

My(x*y) 2 min{Ms (), MaO/)},
(Vx,y € X) | Ba(x *y) = rmin{B4(x), B4(¥)}, (2.13)
Ja(x *y) < max{J,(x), Ja(y)}.
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3 MBJ-neutrosophic ideals of BCK/BCI-algebras

Definition 3.1. Let X be a BCK/BCI-algebra. An MBJ-neutrosophic set A = (M, By, J4) in X is called an
MBJ-neutrosophic ideal of X if it satisfies:

M4(0) = Mu(x)
(vx € X) | Ba(0) = B4(x) (€3]
J4(0) < J4(x)
and
{VIA(X) > min{JV{A(X *y), IlfIA(y)}
(vVx,y € X) | Ba(x) = rmin{B4(x *y), BA(y)} | - (3.2
Ja00) s max{Ja(x *y), Ja(y)}

An MBJ-neutrosophic ideal A = (M, Ba, J) of a BCI-algebra X is said to be closed if

M4(0* x) 2 My(x)
(vx € X) | B4(0*x) = Ba(x) | . (3.3)
Ja(0*x) < J4(x)

Example 3.2. Consider a set X = {0, 1, 2, a} with the binary operation * which is given in Table 1. Then
(X;*,0) is a BCI-algebra (see [17]). Let A = (M4, By, J4) be an MBJ-neutrosophic set in X defined by Table 2.

Table 1: Cayley table for the binary operation “*”.

* 0 1 2 a
0 0 0 0 a
1 1 0 0 a
2 2 2 0 a
a a a a 0
Table 2: MBJ-neutrosophic set A = (M, By, Ja).
X My (x) By(x) Ja(x)
0 0.7 [1.0,1.0] 0.2
1 0.5 [0.2,0.6] 0.2
2 0.4 [0.2,0.6] 0.7
a 0.3 [0.2,0.6] 0.7

It is routine to verify that A = (My, B 4, Ja) is a closed MBJ-neutrosophic ideal of X.

Proposition 3.3. Let X be a BCK/BCI-algebra. Then every MBJ-neutrosophic ideal A = (My, By, J4) of X
satisfies the following assertion.

My (x) 2 min{My(y), My (2)},
x*ysz =< By(x) = rmin{B4(y), Ba(2)}, (3.4)
Ja(x) < max{J4(y), Ja(2)}

forallx,y, z € X.
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Proof. Letx,y,z € Xbesuchthat x *y < z. Then
Ma(x*y) 2 min{M4((x *y) * 2), M4(2)} = min{M,4(0), M4(2)} = My(2),

Ba(x*y) = rmin{B4((x *y) * 2), Bs(2)} = rmin{B,(0), B4(2)} = Ba(2),

and
Jalx*y) < max{Ja((x *y) * 2), Ja(2)} = max{J4(0), Ja(2)} = Ja(2).

It follows that

My () 2 min{M(x * y), Ma(y)} = min{My(y), Ma(2)},

B4(x) = rmin{B4(x *y), Ba(y)} = rmin{B4(y), Ba(2)},
and

Ja(x) s max{J4(x *y), Ja(y)} = max{Ja(y), Ja(2)}.

This completes the proof. O

Theorem 3.4. Every MBJ-neutrosophic set in a BCK/BCI-algebra X satisfying (3.1) and (3.4) is an MBJ-
neutrosophic ideal of X.

Proof. Let A = (My, By, J4) be an MBJ-neutrosophic set in X satisfying (3.1) and (3.4). Note that x * (x *y) < y
for all x, y € X. It follows from (3.4) that
My (x) =z min{M,(x *y), My (y)},

B4(x) = rmin{B,(x *y), Ba(y)},
and
Ja0) s max{Jo(x *y), Ja(y)}.
Therefore A = (M, By, J4) is an MBJ-neutrosophic ideal of X. O
Theorem 3.5. Given an MBJ-neutrosophic set A = (Mya, Ba, J4) in a BCK/BCI-algebra X, if (M4, ]4) is an
intuitionistic fuzzy ideal of X, and B, and B}, are fuzzy ideals of X, then A = (M4, B4, 1) is an MBJ-neutrosophic
ideal of X.
Proof. 1tis sufficient to show that B, satisfies the condition
(Vx € X)(BA(0) = By(x)) (3.5
and
(vx,y € X)(Ba(x) = rmin{B,(x * y), Ba(y)}). (3.6)
For any x, y € X, we get
B4(0) = [B4(0), B4(0)] = [B1(x), By(x)] = Ba(x)
and
Ba(x) = [B1(x), B4(x)]
= [min{B,(x *y), B4(¥)}, min{Bj (x * y), By(y)}]
= rmin{[B,(x *y), By(x * ¥)1, [Ba(y), BA(¥)]
=rmin{B4(x *y), Ba(y)}.
Therefore A = (M, By, J4) is an MBJ-neutrosophic ideal of X. O
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IfA =My, B 4, J4) is an MBJ-neutrosophic ideal of a BCK/BCI-algebra X, then

[B4(x), By(x)] = B4(x) = rmin{B,(x *y), Ba(y)}
= rmin{[B, (x *y), B4(x *y), [Ba(¥), BA(»)]}
= [min{Bj (x * y), B4 ()}, min{B; (x * y), By (y)}]
for all x,y € X. It follows that B;(x) = min{B,(x * y), By(y)} and B (x) = min{B}(x * y), B;(y)}. Thus B,
and B}, are fuzzy ideals of X. But (M, /) is not an intuitionistic fuzzy ideal of X as seen in Example 3.2. This

shows that the converse of Theorem 3.5 is not true.
Given an MBJ-neutrosophic set A = (M, By, J4) in a BCK/BCI-algebra X, we consider the following sets.

UMy;t) :={x € X| My(x) = t},
U(By;[61,6,]) == {x € X | B4(x) = [61, 6,1},
LUa;58) :={x € X |Ja(x) < s},

where t, s € [0, 1] and [61, 8>] € [1].

Theorem 3.6. An MBJ-neutrosophic set A = (My, By, Ja) ina BCK/ BCI-algebra X is an MBJ-neutrosophic
ideal of X if and only if the non-empty sets U(My; t), U(By; [61, 85]) and L(J 43 s) areideals of X for all t, s € [0, 1]
and [61, 62] S [I]

Proof. Suppose that A = (My4, By, J4) is an MBJ-neutrosophic ideal of X. Let t, s € [0, 1] and [61, §5] € [I] be
such that U(M_; t), U(Bg; [61, 6,]) and L(J4; s) are non-empty. Obviously, 0 € U(My;t) N U(By;[61, 82]) N
L(Jga;s). For any x,y,a,b,u,v € X,if x *y € UMy;t),y € UMy;t), a*b € U(Ba;[61,62]), b €
U(B4;[61,82]), u*v e LUa;s)and v € L(Ja; s), then

My (x) =z min{M,(x *y), My(y)} =z min{t, t} = ¢,
Ba(a) = min{By(a * b), B4(b)} > rmin{[61, 6], [61, 821} = [61, 621,
Ja() cmax{J,(u*v),J4(v)} < min{s, s} = s,
andsox € UMg;t), a € UBa;[81, 85]) and u € L(J4; s). Therefore UM a; t), U(Ba; [61, 62]) and L(J4; s) are
ideals of X.
Conversely, assume that the non-empty sets U(My; t), U(By4; [61, 85]) and L(J4; s) are ideals of X for all
t,s € [0,1] and [81, 6>] € [I]. Assume that M4(0) < Mu(a), BA(0) < Ba(a) and J4(0) > J4(a)for some

acX. Then0 ¢ UMgy; Ma(a)) N U(By; Ba(a)) NL( 4;Ja(a), which is a contradiction. Hence M 4(0) = M4 (x),
BA(0) = B4(x)and J4(0) < J4(x) for all x € X. If

My(ao) < min{My(ao * bo), Ma(ho)}

for some ag, bg € X, then ag * by € U(My; to) and by € U(My; to) but ag ¢ U(My; to) for to := min{My(ap *
bo), M4(bo)}. This is a contradiction, and thus M4 (a) = min{M(a*b), M4(b)} forall a, b € X. Similarly, we
can show that J4 (a) < max{J,(a*b), J4(b)} foralla, b € X. Suppose that B,(ao) < rmin{B4(ao*bo), Ba(bo)}
for some ap, b() € X. Let BA(GO * bo) = [/\1, /\2], BA(b()) = [/13,/14] and BA((J()) = [51, 52] Then

[61, 62] < rmin{[A1, A2], [A3, A4]} = [min{A;, A5}, min{A;, A4},
and so 6; < min{A;, A5} and 6, < min{A,, A4}. Taking
[v1,72] := § (Ba(ao) + rmin{B,(ao * bo), Ba(bo)})
implies that

[’71’ '72] = % ([61, 62] + [min{/\l, /13}, min{)lz, A4}])
= [1(81 +min{A1, A3}), 1(8; + min{Az, A4})] .



594 —— YoungBae Jun and Eun Hwan Roh DE GRUYTER

It follows that

min{Ay, A3} > v = 3(61 + min{A, A3}) > &4
and

min{A, A4} > 72 = 3(8, + min{A;, A4}) > 65.

Hence [min{A;, A3}, min{A;, A4}] = [v1,72] = [61, 62] = Ba(ao), and therefore ag ¢ U(By; [1,72]). On the
other hand,

Ba(ao * bo) = [A1, Az] = [min{A;, A3}, min{A, A4}] = [1, 72]
and
Ba(bo) = (13, A4] = [min{A1, A3}, min{Az, A4}] = [y1, 721,

thatis, ao * bo, bo € U(By; [11,72]). This is a contradiction, and therefore B, (x) = rmin{B4(x *y), B4 (y)} for
all x, y € X. Consequently A = (M, B4, J4) is an MBJ-neutrosophic ideal of X. O

Theorem 3.7. Given anideal I of a BCK/BCI-algebra X, let A = (M4, B4, ) be an MBJ-neutrosophic set in X
defined by

t ifxel, ~ [v1,72] ifx €1, s ifxel,
M = B = = .
a0 {0 otherwise, a0 { [0,0] otherwise, Ja®) 1 otherwise, G.7)

where t € (0,1],s € [0,1) and v1,v, € (0, 1] with v, < ~,. Then A = (M4, B4, J4) is an MBJ-neutrosophic
ideal of X such that UM ; t) = UBa; [v1,72]) = LU4;8) = L.

Proof. Letx,y e X.Ifx*y e Iandy € I, then x € I and so

My(x) = t = min{M,(x *y), Ms(y)},
BaA(x¥) = [y1,72) = min{[y1, %], [v1, 721} = rmin{B4(x * ), Ba(y)},
Ja0) = s = max{J4(x *y), ]a(y)}.
If any one of x * y and y is contained in I, say x * y € K, then My(x *y) = t, BA(x *y) = [y1, 2], Ja(x * y) = s,
Ma(y) =0, B4(y) = [0,0] and J,(y) = 1. Hence
My (x) = 0 = min{t, 0} = min{M4(x * y), Ma(y)},
Ba(x) = [0, 0] = rmin{[y1, 72], [0, 0]} = rmin{B4(x * ), B4(y)},
Ja(x) < 1 =max{s, 1} = max{Ja(x *y), Ja(y)}.
Ifx*y,y ¢ K, then Ma(x *y) = 0 = M4(y), B4(x *y) = [0,0] = B4(y) and J4(x *y) = 1 = J4(¥). It follows that

M4 (x) = 0 = min{0, 0} = min{M(x * y), Ma(y)},
B4(x) = [0, 0] = rmin{[0, 0], [0, 0]} = rmin{B,(x *y), B4(y)},
Ja(x) <1 =max{1, 1} = max{J,(x * y), Ja()}.

It is obvious that M4(0) = M (x), B4(0) = Ba(x) and J4(0) < J4(x) for all x € X. Therefore A = (M4, B4, Ja)
is an MBJ-neutrosophic ideal of X. Obviously, we have UMy; t) = UBy; [v1,72]) = LU4;s) = I. O

Theorem 3.8. For any non-empty subset I of X, let A = (My, B 4, J4) be an MBJ-neutrosophic set in X which is
givenin 3.7). If A = (M, B4, J4) is an MBJ-neutrosophic ideal of X, then I is an ideal of X.
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Proof. Obviously, 0 € I. Let x,y € Xbesuchthatx*y € I'andy € I. Then My(x *y) = t = Mu(y),
Ba(x*y) = [y1,72] = Ba(y) and J4(x *y) = s = J4(y). Thus

Ma(x) = min{My(x *y), Ma(y)} = ¢,
Bo(x) = rmin{B4(x *y), Ba()} = [71, 12,
Ja(x) s max{Ja(x*y), Ja()} = s,

and hence x € I. Therefore I is an ideal of X. O
Theorem 3.9. In a BCK-algebra, every MBJ-neutrosophic ideal is an MBJ-neutrosophic subalgebra.

Proof. Let A = (My, By, J4) be an MBJ-neutrosophic ideal of a BCK-algebra X. Since (x * y) * x < y for all
X,y € X, it follows from Proposition 3.3 that

My(x*y) =2 min{My(x), Ms(y)},
Ba(x*y) = mmin{B,(x), B,(»)},
Jax*y) < max{J(x), Ja(y)}

forall x,y € X. Hence A = (M, By, J4) is an MBJ-neutrosophic subalgebra of a BCK-algebra X. O

The converse of Theorem 3.9 may not be true as seen in the following example.

Example 3.10. Consider a BCK-algebra X = {0, 1, 2, 3} with the binary operation * which is given in Table
3. Let A = (My, By, J4) be an MBJ-neutrosophic set in X defined by Table 4. Then A = (My, By, J4) is an
MBJ-neutrosophic subalgebra of X, but it is not an MBJ-neutrosophic ideal of X since

BA(1) # rmin{B,(1 * 2), B4(2)}.

Table 3: Cayley table for the binary operation “*”.

* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0
Table 4: MBJ-neutrosophic set A = (M, By, Ja).
X My (x) Bax) Ja(x)
0 0.7 [0.3,0.8] 0.2
1 0.4 [0.2,0.6] 0.3
2 0.4 [0.3,0.8] 0.4
3 0.6 [0.2,0.6] 0.5
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We provide a condition for an MBJ-neutrosophic subalgebra to be an MBJ-neutrosophic ideal in a BCK-
algebra.

Theorem 3.11. Let A = (My, By, J4) be an MBJ-neutrosophic subalgebra of a BCK-algebra X satisfying the
condition (3.4). Then A = (M, By, J4) is an MBJ-neutrosophic ideal of X.

Proof. For any x € X, we get

M4(0) = My(x * x) 2 min{M(x), Ma(x)} = Ma(x),

B4(0) = By(x * x) = mmin{B,(x), B4(x)}
= rmin{[B3(x), By(x)], [Bx(x), By (x)]}
= [Bx(x), B4(x)] = Ba(x),

and
J4(0) = Ja(x * x) s max{Jo(x), Ja()} = Ja(x).
Since x * (x *y) < y for all x, y € X, it follows from (3.4) that

My (x) =z min{M,(x *y), My (y)},
Ba(x) = rmin{B,(x * y), B,()},
Ja(x) < max{J4(x *y), Ja(y)}

for all x, y € X. Therefore A = (M, B4, J4) is an MBJ-neutrosophic ideal of X. O

Theorem 3.9 is not true in a BCI-algebra as seen in the following example.

Example 3.12. Let (Y, *, 0) be a BCI-algebra and let (Z, —, 0) be an adjoint BCI-algebra of the additive group
(Z, +, 0) of integers. Then X = Y x Z is a BCI-algebra and I = Y x N is an ideal of X where N is the set of all
non-negative integers (see [17]). Let A = (M, By, J4) be an MBJ-neutrosophic set in X defined by

t ifxel, ~ [v1,72] ifx €1, s ifxel,
M = B = = 3.8
409 { 0 otherwise, a0 { [0,0] otherwise, Jat0 1 otherwise, G.8)

where t € (0,1], s € [0,1) and ~1,72 € (0, 1] with 41 < v,. Then A = (My, By, J4) is an MBJ-neutrosophic
ideal of X by Theorem 3.7. But it is not an MBJ-neutrosophic subalgebra of X since

MA((Os 0) * (Oa 1)) = MA((09 _1)) =0<t= mln{MA((O’ 0))’ MA(Oa 1))}’

B4((0,0) * (0, 2)) = Ba((0,~2)) = [0, 0] < [y1,72] = rmin{B,((0, 0)), B4 (0, 2))},
and/or
J4((0,0) * (0, 3)) = Ja((0, -3)) = 1 > s = max{J,((0, 0)), J4(0, 3))}.
Definition 3.13. An MBJ-neutrosophic ideal A = (My, B,, J4) of a BCI-algebra X is said to be closed if
(vx € X)(M4(0* %) = Ma(x), B4(0* %) = Ba(x), Ja(0 * %) < J4(x)). (3.9)
Theorem 3.14. In a BCI-algebra, every closed MBJ-neutrosophic ideal is an MBJ-neutrosophic subalgebra.

Proof. Let A = (My, By, J4) be a closed MBJ-neutrosophic ideal of a BCI-algebra X. Using (3.2), (2.3), (III) and
(3.3), we have

My (x*y) > min{M((x * y) * x), M4 ()} = min{M, (0 * y), M4 (x)} > min{My(y), M (x)},
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By(x*y) = mmin{Ba((x * y) * x), B4(x)} = rmin{BA(0 *y), B4(x)} == rmin{Ba(y), Ba(0)},
and
Jalbc*y) < max{J,((x *y) * x), Ja()} = max{J4(0 * y), Ja(x)} < max{Ja(y), Ja()}
forall x,y € X. Hence A = (My, B 4, J4) is an MBJ-neutrosophic subalgebra of X. O

Theorem 3.15. In a weakly BCK-algebra, every MBJ-neutrosophic ideal is closed.

Proof. Let A = (My, By, J4) be an MBJ-neutrosophic ideal of a weakly BCK-algebra X. For any x € X, we
obtain

M4 (0* x) = min{M4((0 * x) * x), Mg(x)} = min{M4(0), Mg (x)} = Ms(x),

B4(0*x) = rmin{B4((0 * x) * x), Ba(0)} = tmin{B4(0), Ba(0)} = Ba(x),
and
J4(0* x) < max{J4((0 * x) * x), Ja(x)} = max{J4(0), Ja(x)} = Ja ().
Therefore A = (M, By, J4) is a closed MBJ-neutrosophic ideal of X. O

Corollary 3.16. In a weakly BCK-algebra, every MBJ-neutrosophic ideal is an MBJ-neutrosophic subalgebra.

The following example shows that any MBJ-neutrosophic subalgebra is not an MBJ-neutrosophic ideal in a
BCI-algebra.

Example 3.17. Consider a BCI-algebra X = {0, a, b, c, d, e} with the *-operation in Table 5. Let A = (My,
By, J4) be an MBJ-neutrosophic set in X defined by Table 6. It is routine to verify that A = (M, By, J4) is an
MBJ-neutrosophic subalgebra of X. But it is not an MBJ-neutrosophic ideal of X since

My(d) < min{My(d * ), M4(c)},

Ba(d) < rmin{B4(d * ), B4(c)},
and/or

Ja(d) > max{J4(d * c), Ja(c)}.

Table 5: Cayley table for the binary operation “*”.

*

O QU 0O T O

O QU 0O T OO0
St O O
QR QT o0 T
o o0 oo T So
Q O O n o
O T oo o
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Table 6: MBJ-neutrosophic set A = (M4, By, J4).

X Ma(x) Ba(x) Ja()
0 0.7 [0.4,0.9] 0.3
a 0.4 [0.04, 0.45] 0.6
b 0.7 [0.4,0.9] 0.3
c 0.7 [0.4,0.9] 0.3
d 0.4 [0.04, 0.45] 0.6
e 0.4 [0.04, 0.45] 0.6

Theorem 3.18. In a p-semisimple BCI-algebra X, the following are equivalent.

(1) A =(My, Ba, Ja)is a closed MBJ-neutrosophic ideal of X.
(2) A =My, Ba, Ja) is an MBJ-neutrosophic subalgebra of X.

Proof. (1) = (2). See Theorem 3.14.
(2) = (1). Suppose that A = (M, B4, J4) is an MBJ-neutrosophic subalgebra of X. For any x € X, we get

M4(0) = My(x * x) 2 min{M(x), Ma(x)} = My(x),

BA(O) = BA(X *X) >~ rmin{BA(x), BA(X)} = BA(X),
and
Ja(0) = Ja(x * x) < max{J,(x), Ja()} = Ja(x).

Hence M4 (0 * x) = min{M4(0), Ma(x)} = M4(x), B4(0 * x) = rmin{B,(0), B4(x)} = Ba(x) and J4(0 * x) <
max{J4(0),J4(x)} = Ja(x) forall x € X. Let x, y € X. Then

Ma(x) = Ma(y * (y * x)) = min{ M, (y), Ms(y * x)}
= min{M4(y), Ma(0 * (x * y))}
> min{My(x *y), Ma(y)},

Ba(x) = Baly * (y *x)) = rmin{Ba(y), Ba(y * x)}
= rmin{B4(y), Bo(0 * (x * y))}
= rmin{B4(x * y), B4(y)}

and
Ja(x) =Jaly * (y * x)) < max{Ja(y), Ja(y * )}
=max{/4(y),Ja(0* (x *y))}
smax{Ja(x*y), Jay)}.
Therefore A = (My, B 4, J4) is a closed MBJ-neutrosophic ideal of X. O

Since every associative BCI-algebra is p-semisimple, we have the following corollary.

Corollary 3.19. In an associative BCI-algebra X, the following are equivalent.

(1) A =(My, Ba, Ja)is a closed MBJ-neutrosophic ideal of X.
(2) A =My, Ba, Ja) is an MBJ-neutrosophic subalgebra of X.
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Corollary 3.20. In a BCI-algebra X, consider the following conditions

(1) every element x in X is minimal.

(2 X={0*x|xeX}.

B) (vx,yeX)(x*(O*y)=y*(0*x)).

4) vxeX)(0*x=0 = x=0).

(5) (Va,x € X) (a*(a*x) = x).

(6) VaeX)X={a*x|xeX}

7 (vx,y,a,beX)((x*y)*(a*b)=(x*a)*(y*b)).
(8) (vx,y e X)(0*(y*x) =x*y).

If one of the conditions above is valid, then the following are equivalent.

(1) A =(My, By, Ja)is a closed MBJ-neutrosophic ideal of X.
(2) A =My, By, J4) is an MBJ-neutrosophic subalgebra of X.

Definition 3.21. Let X be an (S)-BCK-algebra. An MBJ-neutrosophic set A = (My, B 4, J4) in X is called an
MBJ-neutrosophic o-subalgebra of X if the following assertions are valid.

]YIA(X oy) =2 min{]"{A(X), AfIA()’)},
Bs(x oy) = rmin{B,(x), B4(¥)}, (3.10)
Jalx oy) < max{Ja(x), Ja(y)}

forall x,y € X.
Lemma 3.22. Every MBJ-neutrosophic ideal of a BCK/BCI-algebra X satisfies the following assertion.

(W6, y €X) (x<y = Ma(X) 2 Ma(y), BA(0) = Bo(y), Ja(x) < Ja(y)) . (B.11)
Proof. Assume that x <y forall x,y € X. Then x * y = 0, and so

Ma(x) > min{My(x * y), Ma(y)} = min{Ma(0), Ma(y)} = Ma(y),

B4(x) = rmin{Ba(x * ), Ba(y)} = rmin{B,4(0), B4()} = Ba(y),
and
Ja(x) < max{Ja(x *y), Ja(y)} = max{Ja(0), Ja(¥)} = Ja(y).
This completes the proof. O

Theorem 3.23. In an (S)-BCK-algebra, every MBJ-neutrosophic ideal is an MBJ-neutrosophic o-subalgebra.

Proof. Let A = (M, By, J4) be an MBJ-neutrosophic ideal of an (S)-BCK-algebra X. Note that (x o y) * x < y
for all x, y € X. Using Lemma 3.22 and (3.2) implies that

My(xoy) zmin{My((x o y) * x), My(x)} = min{M, (y), M4 (x)},

Ba(xoy) = min{Ba((x o y) *x), B4(x)} = rmin{Ba(y), Ba(x)},
and
Jalxoy) s max{Ja((x oy) *x), Ja(x)} < max{Ja(y), Ja(x)}.

Therefore A = (M, B4, J4) is an MBJ-neutrosophic o-subalgebra of X. O

We provide a characterization of an MBJ-neutrosophic ideal in an (S)-BCK-algebra.
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Theorem 3.24. Let A = (My, By, J4) be an MBJ-neutrosophic set in an (S)-BCK-algebra X. Then A = (M,
By, J4) is an MBJ-neutrosophic ideal of X if and only if the following assertions are valid.

M) 2 min{M,(y), Mg (2)}, B4(x) = rmin{B,(y), Ba(2)}, Ja(x) < max{J4(y), Ja(2)} (3.12)

forallx,y,z € Xwithx<yoz.

Proof. Assume that A = (My, BA, J4) is an MBJ-neutrosophic ideal of X and let x,y,z € X be such that
X £y o z. Using (3.1), (3.2) and Theorem 3.23, we have

M (x) > min{M(x * (y 0 2)), Ma(y o 2)}
= min{M,(0), Ms(y 0 2)}
= My(y oz) 2 min{M4(y), My (2)},

Ba(x) = rmin{B4(x * (y 0 2)), Bo(y 0 2)}
= rmin{B,(0), B4(y o 2)}
= B4y 0 2) = rmin{B4(y), Ba(2)},

and

Ja() s max{Ja(x* (y 0 2)), Ja(y 0 2)}
=max{J4(0), Jaly o 2)}
=Ja(y o z) < max{Ja(y), Ja(2)}.

Conversely, let A = (My, By, J4) be an MBJ-neutrosophic set in an (S)-BCK-algebra X satisfying the
condition (3.12) for all x, y, z € X with x < y o0 z. Sine 0 < x o x for all x € X, it follows from (3.12) that

M4 (0) = min{M4(x), Ma(x)} = My(x),

B4(0) = rmin{B,(x), BA(x)} = B4(x),
and

J4(0) < max{Jo(x), Ja(x)} = J4 ().

Note that x < (x * y) o y for all x, y € X. Hence we have

Ma(x) > min{Mu(x *y), Ma(¥)}, Ba(x) = min{B4(x *y), Bo(y)} and J4(x) < max{Ja(x * y), Ja(y)}.

Therefore A = (M, By, J4) is an MBJ-neutrosophic ideal of X. O
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