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1 Introduction

There are quite a lot of papers investigating injective hulls for algebras. Here we only mention some of them
which our current manuscript is related to. Injective hulls for posets were studied by Banaschewski and Bruns
([1], 1967) where they got that the injective hull of a poset is its MacNeille completion. After that, Bruns and
Lakser, and independently Horn and Kimura constructed injective hulls of semilattices ([2], 1970 and [3],
1971), and their results were soon applied into S-systems over a semilattice by Johnson, Jr., and McMorris
([4], 1972). By the conclusion of Schein ([5], 1974) that there are no non-trivial injectives in the category of
semigroups, it took a long time to make further progress for the theory of injective hulls on both discrete
and ordered (general) semigroups. In 2012, Lambek, Barr, Kennison and Raphael ([6]) studied a kind of
category of pomonoids in which the usual category of pomonoids is a subcategory, and found injective hulls
for pomonoids. Later on, Zhang and Laan generalized their results, first to the posemigroup case ([7], 2014),
and later to S-posets ([8], 2015). In 2017, Xia, Zhao, and Han ([9]) obtained almost the same constructions as
in [7], but they described it in a different way. A related approach to injectivity can be found in [10] and [11]
for quantum B-algebras (which cover the majority of implicational algebras). Recently, injective hulls were
constructed for quantum B-modules [12], as well as for S-semigroups and semicategories [13].

It is natural to study injectivity with respect to homomorphisms that are order-embeddings in the case
of ordered algebras. However, in many cases it turns out that the only injectives with respect to this class are
the trivial ones (see, e.g., [14] for the case of lattices or [6] for the case of posemigroups). If we admit more
morphisms, one will get non-trivial injectives (see Section 3 for details).

The purpose of this paper is to study injectivity on universal ordered algebras which are many-sorted. We
will deal with heterogeneous algebras, as in [15]. Let us first fix terminology and notation.
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Throughout the paper, X = (S, O) will be a fixed but arbitrary signature, where S is a set of sorts, O is a
family of operation symbols. A X-algebra A is an S-indexed family of sets As, s € S, equipped with operations
04 : As, x+++xAs, — As for each operation symbol o of rank s; -++sy, —+ s, n € N.

A homomorphism h : A — B of X-algebras is an S-indexed family of mappings hs : As — Bs, s € S, such
that for any o € O withrank sy -++sp, —+ s, n € N,and xs; € As;, i =1, ..., n, we have

hs(04(Xsy, - .., Xs,)) = 0p(hs, (Xs,), . . ., hs, (Xs,)).

A X-algebra A is said to be ordered if for each sort s € S, Asisaposet,and 04 : As, x -+ x As, — As
preserves ordering for each o € O withrank sy ---sp — s, n € N.

Let A, Bbe ordered 2-algebras, h : A — B an S-indexed family of mappings hs : As — Bs, s € S. We say
that h is a lax morphism if each h;s is monotone and

OB(hsl (Xsl)’ L] hsn(Xsn)) < hS(OA(X51’ e Xsn)),

foro € Owithranks;---sn — s, x5; € As;, i =1,...,n, n € N. All ordered X-algebras together with their
lax morphisms form a category which we denote by OAL§.
For an ordered X-algebra A, X-terms of sort s, s € S are inductively defined as following:

(1) Every xs € As is a X-term of sort s;

2 1t Xs, € As, are X-terms ofsortss;, i = 1,...,n,n € N,and o € O withrank s;---s, — s then
0(Xsy5 ..., Xs,) is a Z-term of sort s;

(3) 2-terms of sort s are those and only those which we get from (1) and (2) in a finite number of steps.

Recall that for a class of morphisms M in a category C, an object Q from C is called M-injective in C
provided that for any morphism h : A — B in M and any morphism f : A — Q in @ there exists a morphism
g : B — Qin Csuchthat gh = f. A category C is said to have enough M-injectives if for every object C of C,
there exists an M-morphism from C to an M-injective object.

A morphism n : A — B in M is called M-essential if every morphism i : B — C in C, for which the
composite P is in M, is itself in M. An object H € C is called an M-injective hull of an object A € Cif H is
M-injective and there exists an M-essential morphism A — H (see [16, Def. 9.22]).

An order-embedding is a mapping h : A — B between posets (4, <4) and (B, <g) such that a <4 b iff
h(a) <g h(b), for all a, b € A. For the case of ordered X-algebras, a lax morphism h : A — B of ordered
2-algebras is said to be an order-embedding if for every s € S, hs is an order-embedding between posets As
and Bs.

In this paper we will study injectivity in classes of ordered X-algebras with respect to two classes of order-
embeddings. The first of them is the class o of order-embeddings that are homomorphisms. The other class
is a weak version in terms of lax morphisms.

We denote by T§ the set of all 2-terms t* of sort s, s € S. Let oS be the class of mappings h : A — B
between ordered X-algebras that satisfy the following conditions:

(1) hisalax morphism;
(2) forevery t5 € Tg, as, €As, i=1,...,n, neN,

t%(h51 (aS1), ey hSn(aSn)) < hS(a) = tz(a519 ceey aSn) < a.
Morphisms in ¢S will be called lax order-embeddings. Using the term t = x, we see that every lax order-
embedding is an order-embedding between ordered X-algebras.

Lemma 1. For a class of ordered 2-algebras, o C 0<.

Proof. ltis clear that a morphism h from o is a lax morphism. Assume that t3(hs, (as,), - - . , s, (as,)) < hs(a).
Then hs(t;(as,, .. ., as,)) < hs(a) since h is a homomorphism, and hence t(as,, . .., as,) < a by the fact
that h is an order-embedding. O
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By a sup-X-algebra, we mean an ordered X-algebra whose carriers are also sup-lattices and whose
operations are sup-lattice homomorphisms in each variable separately. A homomorphism of sup-X-algebras
is a homomorphism of ordered X-algebras whose components are sup-lattice homomorphisms.

Let A be a sup-X-algebra. A nucleus j on A is an S-indexed family of closure operators which is a lax
morphism.

Let A be a sup-2-algebra, j a nucleus on A with an S-indexed family of closure operators js, s € S. Then
A;, which is an S-indexed family of As; , is a sup-Z-algebra under the operation induced from A :

OA,-(asly ceey aSn) = jS(OA(asls ceey aSn))’

where o € Owithranks; ---sp = s,neN, as, € Asijs_, i €{1,...,n},and by the fact that As; isacomplete

lattice under joins
\/ M =js <\/ M) s

foreveryM C As; , s € S.

2 o-injective and o<-injective presentations

This section contributes to the observation of o-injectives and o -injectives in the category OAL§.
Theorem 2. Every sup-2-algebra is 0 -injective and therefore o-injective in the category OAL§.

Proof. Let Q be a sup-Z-algebra. It is enough to show that Q is o< -injective in OAL;. Supposethath : A — B
is a lax order-embedding and f : A — Q is a morphism in 0AL§. We have to find a lax morphism g : B — Q
such that the following diagram commutes.

Let g : B — Q be an S-indexed family of mappings gs : Bs — Qs, s € S, which is defined by
gs(bs) = \/{tf)(fsl(asl)y e ,fsm(asm)) | t%(hsl(asl)’ ooy hsm (asm)) < bs,
t°cTs,s€S, as, € As,, i=1,...,m, meN},

for any bs € Bs. Let us write the above join shortly as

\/ tsQ(fsl(asl), cen ,fsm(asm))-

hbs

It is clear that gs is monotone. Let us show that g is a lax morphism, that is, the inequality

OQ(gsl(bsl)y ceey gSn(bSn)) < gs(OB(bsl; ceey bSy,))!

holds for any o € O withranks; -+-sn —+s, neN, bs; € Bs;,, i =1, ..., n.Since Q is a sup-X-algebra whose
operations are sup-lattice homomorphisms in each variable separately, it turns out that

00(8s, (bs)), -+ 81(bs,) =00 | \/ € (s @sr)s oo fosm, @51 )) oo \ €5 (Fora(@si)s oo fonm, (@s0,)

hb®t hb*n
= \/ OQ (tzl (fsll(aSn)’ e )fSlml (a51m1)> ey tSQ" (fsnl(asnl)’ e ’fsnmn (asﬂm,,)))
Ps1

hbsn
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< \/ tzm (fsl(asl),---,fsm(asm))

hOB(bsl seensbsy)

=gS(OB(b51y ceey bsn)).

Note that the inequality holds because the inequalities

tzl <h511(a511)s ceey h$1m1 (a51m1)> g bS1

£ (Mo (@s,.)s s Ry, (@5,,,)) < s,
imply that
Op (tsQl (hS“(aS“)s ceey hS1m1 (aslml )) ey tSQn <h5n1(a5n1)9 ceey hSnm" (asnmn))) < OB(bS15 e bSn)’
and

OB(E (K11, -+ s Xim)s -+ +» (Xt - s Xrum,)

is a 2-term of sort s.
To complete the proof, let us show that gshs = fs for any s € S. Take as € As, by the fact that

gshs(as) = \/ tsQ(fsl(asl)» e yfsm (asm))

hhs(as)

and
t)sg(hm(am), ...s hs, (aSm)) < hs(as),

we obtain that t(ds, , . . . , as,,) < as since h € ¢<. This indicates that

tsQ(fsl(asl), e yfs,.(asm)) < fs(tZ(asl, ey asm)) < fs(as)-

Therefore gshs(as) < fs(as). On the other hand, using the term t° = xs, we see that fs(as) is in the join that
defines gshs(as), consequently gshs = fs as required. O

Let A be an ordered X-algebra. We write #2(A) as an S-indexed family of posets (#(4)s, C), where Z2(A)s
is the set of all down-sets of A for any sort s € S. The operations on #?(A) are derived from A in the following
sense:

O?/(A)(Dsn'-- ,Ds,) = 04(Dsy, ..., Ds,)| (21

forany o € O withranks; :--sp — s, Ds; € P(A)s;, i=1,...,n, n € N, where
OA(DSI, [P ,Dsn) = {OA(dsl, ...,dsn) I dsl S Dsl,... ,ds,l S Ds"}.

It is routine to check that £#(A) equipped with the operations defined in (2.1) is a sup-X-algebra, and thus
injective by Theorem 2.
The following lemma is easy to verify.

Lemma3. Let A be an ordered X-algebra. Then foranys € S, n € N, o € O withrank s1++--sn — S, and
as; € As;, i=1,...,n,wehave

OA(aSpl/) D) aS,nl/)\L = OA(asl, ey asn)\ln

and therefore
tSA(aSpl/; ey aSnJr)\L = tSA(asly ceey aSn)Jr

S
forany t® € Ts.
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Proposition 4. Let A be an ordered 2-algebra. Then 2(A) is oS -injective and o-injective in the category OALS,
which A can be embedded in.

Proof. Given an ordered X-algebra A, the injectivity of £2(A) follows by the fact that 92(A) is a sup-Z-algebra.
Let us consider n : A — 22(A), which is an S-indexed family of mappings 1s : As — Z(A)s, s € S, where
ns(as) = asl, for any as € As. It is clear that for each sort s, 15 is an order-embedding of the poset (A4s, <4,)
into the poset (#(A)s, C). Moreover, forany s € S, 0 € O withranks; ---s, — s, n € Nand as, € As,, i =
1,...,n, Lemma 3 gives that

O@(A)(rl& (aS1)a cees sy (as,,)) = OA(aSPL’ e as,,\L)L
=04(as;, ..., as,)|
= rIS(OA(aSu cee as,,))-

Son : A — 2(A) is a homomorphism of ordered >-algebras, thereby n belongs to both ¢ and 6. O
Lemma 5. In the category OAL§, every retract of a sup-X-algebra is a sup-X-algebra.

Proof. Let Q be a sup-X-algebra and let A be a retract of Q. Then there exist lax morphisms ¢ : A — Q and
f: Q — A,where(and f are relative S-indexed family of mappings is : As — Qs and fs : Qs — As respectively,
fulfilling fsgs = id,, forall s € S, where id,_ is the identity mapping on As. Clearly, As is a sup-lattice for all
seS.

Forany o € O withranks; ---sp =+ s, n€ Nand M C As;, i € {1,...,n}, let us show that
oA(asl,...,\/M,...,as,,) = \/ osl@s,y...,m,...,das,),
meM
foras, € As,, k={1,...,n}\{i}. For this purpose, assume that u is an upper bound of the set of all elements
oaslas,,...,my...,as,), me M.Thenis(u) > \/ s(oa(as,,...,m,...,as,). Hence we have
meM
04 (asl,...,\/M,...,as"> =0y (asl,..., \/ fs,.(lsi(m)),...,asn)
meM

/N

04 (asl,...,fs,. ( \/ ls,.(m)> ,...,asn)
meM

047 (fsl(lsl(asl)), cosfs ( \/ ls,-(m)) yeee ,fsn(ls,,(asn)))

meM
<fs (OQ <151(a51),..., \/ tsi(m),...,tsn(asn))>
meM
= fs ( \V OQ(lsl(asl)y---,lsi(m)y---,lsn(asn))>
meM
<fs ( \/ ls(oA(asl,...,m,...,asn))>
meM

< fslis(w)) = u.
O

By the above preparations, we eventually conclude that there are enough o-injectives and o'S-injectives in
the category OALS, which are exactly sup-Z-algebras.

Theorem 6. For an ordered X-algebra A, the following statements are equivalent:

(1) A is oS-injective in OALS,
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(2) A is o-injective in OALS,
(3) Ais asup-X-algebra.

Proof. (1) = (2) follows from Lemma 1, and (3) = (1) follows from Theorem 2.
(2) = (3) holds by the reason that  : A — 9?(A) given in Proposition 4 has a left inverse, and thus 4 is a
retract of #(A). Therefore A is a sup-Z-algebra by Lemma 5. O

3 Some applications

Example 7. A posemigroup (S, ®, <) is a semigroup (S, ®) equipped with a partial ordering < which is
compatible with the semigroup multiplication, thatis, s ® s’ < t ® ' whenevers < t, s’ <t'in§S.

A mapping f : S — T between posemigroups (S, ®, <) and (T, ®, )is said to be submultiplicative if
fla)®f(d) < fla®a’)foralla,a’ 8.

A quantale (cf. [17]) is a posemigroup (S, ®, <) such that

(1) the poset (S, <) is a complete lattice,
2) se(VM)=V{s@m|me M}and (VM) ®s =\ {m®s|me M} for each subset M of S and each
seS.

Then quantales are injectives in the category PoSgr where objects are posemigroups and morphisms
are submultiplicative order-preserving mappings ([7]).

Example 8. Let (S, ®, <) be a posemigroup. A poset (A4, <) together with a mapping S x A — A (under
which a pair (s, a) maps to an element of A denoted by s * a) is called an S-poset, denoted by A, if for any
a,beA, s, tes,

1) st)*a=s*(t*a),
2) a<b,s<t=s*a<t*b.

If S is a pomonoid, then sA fulfils
l*a=a, VacA.

An S-poset Ag is called an S-quantale if

(1) the poset A is a complete lattice,
(2) s*(\VM) =\/{s*m|m e M} for each subset M of A and each s € S.

A mapping f : sA — sB of S-posets is said to be S-submultiplicative if s * f(a) < f(s * a) for any
ac A, s e S.LetSbeapomonoid, PosS< be the category where objects are right S-posets and morphisms are
S-submultiplicative order-preserving mappings, €< be the class of morphisms e : ;A — B in the category
Pos§ which satisfy the following condition: s * e(a) < e(a’) impliess*a < a’ foralla,a’ € Aands € S.
Evidently, each morphism in € ¢ is an order-embedding. Then € ¢ -injectives in the category Pos§ are exactly
S-quantales ([8]).

Example 9. Let (S, ®, <) be a posemigroup. A posemigroup (4, -, <), which is also an S-poset, where the
action is denoted by *, is called an S-semigroup, if forany a, b € A, s, t € S,

s*(a-b)=(s*a)-b=a-(s*b).

An S-semigroup quantale is an S-semigroup (54, -, *) such that (4, -, \/) is a quantale and (54, *) is an S-
quantale.

An order-preserving mapping f: ;A — B of S-semigroups is called a subhomomorphism if it is both
submultiplicative in posemigroups, i.e.,

f(a1) - f(a2) < f(ai - a2)
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forall a1, a, € A, and S-submultiplicative in S-posets, i.e.,
s*fla) < f(s*a)

forall a € A, s € S. The category of S-semigroups with subhomomorphisms as morphisms is denoted by
Ssgre.

Let < be the class of morphisms e : sA — B in the category Ssgr which satisfy the following
conditions:

s*(e(a)-...-elan)) <e(a)=s*(a;-...-an) <a,
and
e(a;) ...re(an) <el@)=ay-...-an < a,
for all aq,ay,...,an,a € A, s € S. Then E-injectives in the category Ssgrg are indeed S-semigroup
quantales ([13]).

Example 10. Let us denote by Pos the category of posets and order-preserving mappings and Sup the
category of sup-lattices and sup-preserving mappings. An ordered semicategory (category) is a locally small
semicategory (category) such that hom-sets are partially ordered and composition on both sides is order-
preserving.

A lax semifunctor F: C — D of ordered categories is given by functions

F: obC — obDand Fy y: C(X, Y) — D(FX, FY)

for all X € ob € (with Fx,y usually written only as F), such that

(1) Fx,y is monotone;

(2) Fgo Ff < F(gof),

forallX,Y,ZcobC,f: X - Y,g: Y — Zin C. A lax semifunctor F: € — D is a semifunctor if
(2=)FgoFf=F(gof),

forallX,Y,ZcobC,f: X—>Y,g: Y —=ZinC.

Let 8 be a small ordered semicategory. An S-module is a semifunctor A: 8 — Pos of ordered semicate-
gories.

An 8-morphism s alax natural map between §-modules A and B, that s, a family & = {ay € Pos(AX, BX) |
X € 8} of order-preserving mappings such that for every f: X — Y in 8, we have B(f) o ay < ay o A(f).

An 8-O-module is an S-module A such that for every two objects X, Y € S and for every f: X — Y we have
that AX and AY are sup-lattices and A(f) is a sup-preserving mapping, i.e., A yields a semifunctor of ordered
semicategories into Sup.

The category 8§ — Mod of S-modules has 8-modules as objects and lax natural maps as morphisms.

An order embedding € between 8-modules A and B is an §-morphism €: A — B such that ex: AX — BX
is an order embedding in posets for all X € 8. Let £ be the class of order embeddings € : A — B in the
category 8 — Mod which satisfy the following conditions:

B(f)(ex(a)) < ey(b) = A(f)(a) < b,

foralla € A(X), b € A(Y)andallf: X — Yin 8. Then 8-Q-modules are € ¢ ;-injectives in the category § -Mod
of §-modules ([13]).

4 Constructions

In this section, we find a way to construct o<-injective hulls of ordered >-algebras in the category OAL§.
We first introduce the concept of unary polynomial functions. Let A be an ordered X-algebra. A unary
polynomial function p® over As for any sort s € S is of the form ¢ (as,, ..., as,,, _, Asp1s - - - » ds,), Where t°
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isa X-term of sort s, as, € As,, k € {1,...,n}\{i}, n € N. In this situation, pg is indeed a mapping from As
to Az. We denote by P} the set of all unary polynomial functions over As.
In particular, for o € O withrank s, ---sp, — s, n € N, the function

OA(asl, ceey asi_l,_, asi+1, ceey asn) :AS,' — As,

which we write as os;, is called an elementary translation with dependences as; from A, forj € {1, ..., n}\{i}.
Letj: #(A) — Z(A) be an S-indexed family of mappings js : Z(A)s — Z£(A)s, s € S, where s is defined

by
js(Ds) = {x € As |p§(Ds) Cal= pg(x) < a for allpg € P}ls, ach; seS} (4.1)

for any Ds € #(A)s, and the p°(Ds) are given by {pg(d) | d € Ds}. It is straightforward to verify that js(Ds) is
a down-set in #2(A)s. Furthermore, we claim that j is a nucleus on 22(A).

Proposition 11. Let A be an ordered S-algebra, j : 2#(A) — (A) be an S-indexed family of mappings js
defined as in (4.1). Then j is a nucleus on Z(A) satisfying js(as|) = (as|) forany as € As, s € S.

Proof. Let us first show that for any s € S, js is a closure operator on Z2(A)s. It is obvious that js is increasing
and monotone, in particular |S(D5) C js(js(Ds)) for every Ds € Z(A)s. Take u € js(js(Ds)) and assume that
S(Ds) C al for some a € A; andp c PA , S € S. Since for any v € js(Ds), we have p(v) < a, it follows that
p (]s(Ds)) Cal. Thusp (u) < aand u € js(Ds). Consequently, js(js(Ds)) = js(Ds) as needed.
We next show that j is a lax morphism on #(A), namely, we need to prove 0 g)(js, (Ds,), . - - » js,(Ds,)) C
js(02(4)(Dsy,...,Ds,)) foranys € S, o € Owithranks; ---sn = s, ne Nand Ds; € #(4)s;, i=1,...,n
It is sufficient to show that the inclusion

O@(A) (Dsl, ceey DSi,11 jSi(DSi)’ DSi+1, ceey DSn) g jS (OQ(A)(Dsly ceey DSn)) (4'2)
is satisfied, that is, the inclusion
OA (DS1) ceey DSi_1’ jSi(DSi)s DS,'+1, ceey DSn) \L g jS (OA(DS1’ ceey DS,,)\I/) (4-3)

holds. For this aim, take z € As such that z < o04(ds,,...,ds,,,ds;, ds.,, ..., ds,), where ds; € Ds,, je
{1,...,n}\{i}, and ds, € js,(Ds,). Then z < o0s,(ds,). Suppose that for a unary polynomial function p® over
As, p? (oA(Dsl, ..., Ds,)]) C a| for some a € Az, then we have

p* (0s5,(Ds)) € p° (0a(Ds,, ..., Ds,)) C p° (04(Ds,, ..., Ds,)L) C al.

Since pSos, € P}, we obtain p30s,(ds,) < a because ds, € js,(Ds,). Therefore, p*(z) < p*(0s,(ds,)) < a. We
have shown that z € js(04(Ds,, ..., Ds,)l), and hence the inclusion (4.3) holds.
Applying this fact n times and using idempotency of js, it follows that

O(@(A) (j51 (Dsl), ) iSn(DSn)) c jS (O<@(A)(Dsl ’ jSz(DSZ)’ ) iSn(DSn)))
g jS (O'@(A)(Dsl ] DSZ ] ng (D53)) ey an(DSn))>

Cijs (097(A)(Dsl, Ds,, ..., Dsn)) s

which imply that j is a lax morphism and hence a nucleus on £?(A). Finally, by the definition of js and the
fact the idy, is a Z-term of sort s, we immediately get that js(as|) = as|, forall as € As. O

Given an ordered XZ-algebra A, Proposition 11 presents a sup-2-algebra #(A4);, which is a quotient of 27(A4)
through the nucleus j, where &2(A); is an S-indexed family of &2(4), , and

@(A);s ={Ds € Z(A)s | js(Ds) = Ds}
for any s € S. We note that the operations on #(4);, are given by
O:@(A)i (Dsl’ L] Dsn) = jS (O@(A)(Dsli ey DSn)) = js (OA(DS1s ey DSn)xL) s

foro € Owithranks;---sp —s, s€ S, neN,and D5, € #(4); , i=1,...,n
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Lemma 12. [18, Lemma 2.2.6] Let j be a nucleus on a sup-X-algebra A with an S-indexed family of closure
operators js,s € S.Ifforn € N, 0 € O withrank s, ---sp — S, xsi,x;l. € As;, we have x5, < x;i < Jjs; (xs;), for
anyie€{1,...,n}, then

Js (OA(X;I, .. ,x;n)) =Jjs (0a(Xsys .., Xs,)) -

By Lemma 12, we immediately get the following result.

Lemma 13. Ifj is a nucleus on a sup-X-algebra A, then for any o € O withrank s, +--sp —+ s,s € S, n € N,
and as;, € As;, i=1,...,n,one has that

jS (OA(jSl (asl)a s ’an(aSn))) = jS(OA(aS1 LICICICIEY as")).
The following result can be easily obtained from Lemma 13.

Lemma 14. Let A be an ordered X-algebra, j be the nucleus on #(A) with an S-indexed family of closure
operators js, s € S, defined in (4.1). Then for any o € O withrank sy ---sn — s, n € N, and Ds; € 2(A)s;, i =
1,...,n, we have

s (ng(A)(Dsl, ey Ds,,)) =js (ng(A)(]sl(Dsl), ceey js,l (Dsn))) .

Therefore, for every t° € TS, s e, Ds, € P(A)s;, i=1,...,n,n €N, we have
jS (t:s@(A)(Dsly ceey DSn)) = jS (tfgz(A) (isl(DS1)’ ceey an(DSn))) .
As a result, we obtain a corollary.

Corollary 15. Let A be an ordered X-algebra. Then
t(S@(A)](Dsl g e ey Ds,,) = is (t‘?@(A)(Dsl g ey Dsn)) = js (tZ(Dsl, ceey Dsn)\l/)

foreveryt® € T3, s € S,Ds, € #(A);,, i=1,...,n, neN.

Now we assert that we are ready to construct a suitable injective hull for every ordered X-algebra in the
category OAL§.

Theorem 16. Let A be an ordered X-algebra. Then (A); is the oS-injective hull of A in the category OAL?.

Proof. 1t is clear that #(A4); is oS -injective. Consider the mapping n : A — 2(A);, which is given by an S-
indexed family of mappings s : As — 2(4);,, where ns(as) = as{, forany as € As, s € S. Then obviously
is an order-embedding. Moreover, 7 is indeed a homomorphism and thus belongs to ¢ and o<, respectively.
Infact, forany s € S, 0 € Owithranks; ---sp —+ s, n € N,and as; € As;, i =1, ..., n, by Lemma 3, we have

0 (), (Ms1(@s,)s - -+ M5, (@s,)) = 0.a) (@s, s - ., A5, 1)
=js(oalas, ..., as, 1))

js(oalas,,...,as,)))

04(@syy ..., as,))

= rls(OA(asl, ey aSn))'

It remains to show that 7 is 0S-essential in the category OAL§. Let ¢ : 2(4); — B be a morphism of
ordered X-algebras in OAL§ such that yn is a lax order-embedding. We have to show that i is a lax order-
embedding, as well, i.e., condition (2) in the definition of o is satisfied.

Assume that t3(ips, (Ds,), - .., Ps,(Ds,)) C Ps(Ds) in B, for t* € T3, s € S, where Ds, € 2(A);, , i =
1,...,m, m € Nand Ds € 2(A);,. Our aim is to establish the inclusion tf@(A)i(Dsl, ..., Ds,,) C Ds = js(Ds).

Take u € tsg,,(A)i(Dsl, ...+ Ds,) = js(t5(Ds,, ..., Ds,)!). Suppose that pg(Ds) C a| for some pg c P}ls, ac
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Az, s € S, wemay further suppose that pg has the form ti (ag,,..., Az, > 5 A5, 5.+, 05, ), i.e., afunction from
As to Ag,, where ti is a X-term of sort s, as, € As;, je{1,...,n} \{i}, neN. prg(tj(Dsl, ...,Ds,)) Cal,
then we conclude that pg(u) < a because u € js(t3(Ds,, - . . Ds,)!), which means that u € js(Ds) = Ds as
needed. Therefore, to complete the proof, it remains to prove the implication

p*(Ds) C al = p*(t5(Ds,, ... Ds,)1) C al. (4.4)

Since pE(Ds) C al, we have pE(Ds)i C al.By Lemma 3, it comes out that

pS(Ds)i = t,s4(a§1; ey a§i71 ’ Ds, agiﬂ yeee agn)\L
= ta(as,d ... as, 1, Ds, as, L,...as5,0))
C al.
We need to verify that B
ti(aay e Qs t3(Ds, 5 ... Ds, ), Agps e e e agn) Cal (4.5)

Take ds, € Ds,,...ds, € Ds,, then

t(Ws5,15,)(as,)s -, (s, s, )as, ), (s, M5, )(ds,),
Ys,ns.)ds,), (s, n5,,,)as,,,), - - - » (Ys,115,)(as, )
= t%(‘;bEl (a5, 1), ., s, (a5, 1), tg(Ws,(ds, 1), - . ., s, (ds,, ), Y5, (a5, 1), - . ., 5, (a5, 1))
< t%(l/JEl (as,)s .- Y5, (a5, 1), tg(Ps,(Dsy), . . ., Y5, (Ds,)), ¥, (as, . 1), - - - » s, (as, 1))
< (s, (a5, 1), s s, (a5, 1), Ys(Ds), s, (@5, 1), - - ¥s, (a5,4)
< lpE(tgy(A)i (as,ds... a5, 1, Ds, a5, |,...,as,]))
= l/)§(j§(fi(a§1¢» cees@s by Ds, ag 4oy a5, 0)1)
< Psljs(al)
= Ps(al)
= (Ysns)(a).

Since 1 is in oS, we achieve that
s s
tA(agl, ceey agH, tA(ds1 s e dsm), agiﬂ, ceey agn) < a,

which indicates that (4.5) holds eventually.
O
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