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Abstract: We first introduce the concept of the random uniform exponential attractor for a jointly continuous
non-autonomous random dynamical system (NRDS) and give a theorem on the existence of the random uni-
form exponential attractor for a jointly continuous NRDS. Then we study the existence of the random uniform
exponential attractor for reaction-diffusion equation with quasi-periodic external force and multiplicative
noise in R>.
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1 Introduction

The concept of the exponential attractor was introduced by A. Eden et al., which is a compact positively
invariant set with finite fractal dimension and attracts trajectories exponentially fast, see [1]. It can describe
the asymptotic behavior of trajectories of autonomous dynamical system or the solutions to dissipative
autonomous evolution equations. In contrast to a global attractor, the exponential attractor has finite fractal
dimension, if it exists, the asymptotic behavior of infinite dimensional dynamical systems can be character-
ized by the dynamics on the finite dimensional compact set (i.e., exponential attractor). Besides, exponential
attractors are stable under perturbation because of the exponential rate of convergence of trajectories to it.
We should note that an exponential attractor is not necessarily unique since it is not invariant, and includes
a global attractor in general.

By the notion of pullback attraction, the concept of the exponential attractor can be extended to the case
of non-autonomous dynamical system, called pullback exponential attractor, see [2-6] and the references
therein. An alternative extension to the case of non-autonomous dynamical system of the concept of the
exponential attractor was based on the work [7] of Chepyzhov and Vishik (see also [8, Chapter 4]), in which
they introduced an approach to study a family of non-autonomous evolution equations of the form
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where u € E (Banach space) and X is an appropriate compact symbol space. More precisely, they constructed
a semigroup (skew-product semiflow) associated with (1) on extended phase space 2 x E and used the theory
of semigroup to study the longtime behavior of solutions of non-autonomous evolution equations. Newly
extended attractors for non-autonomous dynamical system are called uniform exponential attractors, see
[9-13] and the references therein. By its definition, a uniform exponential attractor is time independent
exponentially attracting compact set and has finite fractal dimension. Because we regard extended phase
space X x E as a whole, symbol space X require to be compact and finite dimensional when we use semigroup
on 2 x E to study the existence of a uniform exponential attractor of non-autonomous evolution equations,
this is why we choose k-dimensional torus T, k € Z, (corresponding to the hull of quasi-periodic functions,
see [8]) as the symbol space.

Our aim in this article is to extend the uniform exponential attractor to the random uniform exponential
attractor for a jointly continuous non-autonomous random dynamical system, and give a theorem on the
existence of a random uniform exponential attractor for a jointly continuous NRDS. By definition, a random
uniform exponential attractor is arandom compact set with finite fractal dimension, which (pullback) attracts
uniformly every element of attraction universe D with exponential rate. We emphasize that the attraction
universe considered in the definition is autonomous attraction universe (it contains only autonomous ran-
dom set, see [14, 15]). We also emphasize that the random uniform exponential attractor has no (positive)
invariance property along the sample path. According to [16], we have a criterion for the existence of a random
exponential attractor for a continuous random dynamical system on a separable Hilbert space. Other results
on existence criteria of a random exponential attractor for a random dynamical system can be found in [17, 18].
With the help of the concept of skew-product cocycle (i.e., random dynamical system) introduced in [15], we
consider the existence of the random exponential attractor for a continuous skew-product cocycle (generated
by ajointly continuous NRDS ¢ and a base flow 6) on the extended phase space T*xE, and project this random
exponential attractor onto the phase space E. Then we obtain the random uniform exponential attractor
for the jointly continuous NRDS ¢. Consequently, we formulate Theorem 2.8 on the existence of a random
uniform exponential attractor for a jointly continuous NRDS.

As an application of Theorem 2.8, we will consider the following reaction-diffusion equation with quasi-
periodic external force and multiplicative noise on R3,

{ du + (Au - Au)dt = (F(x, u) + g(x, 5(£)))dt + bu o dW(), t>O0, -

u(x,0) = up(x), x € R3,

where u = u(x, t) is real-valued functions defined on R x [0, +o0), the coefficients A, b are positive constants.
W(t) is a two-sided real-valued Brownian motion on a probability space which will be specified later. The
symbol “ o ” means that the stochastic integration in system is in the Stratonovich sense. o(t) = (xt +
0)mod(T¥), where ¢ € T, x = (X15...,x1) € R is a fixed vector satisfying that x4, ..., x; are rationally
independent. The functions g, f are assumed to satisfy some conditions.

There have been many works concerning random attractors for stochastic reaction-diffusion equation,
see [19, Introduction] for detailed summary. It is worth noting that Zhou [19] considered the existence of
random exponential attractor for non-autonomous stochastic reaction-diffusion equation with multiplicative
noise in R>. In the setting of f, g in [19], we here further assume that the external force g is quasi-periodic
and prove the existence of a random uniform exponential attractor.

This paper is organized as follows. In the next section, we show some preliminaries and give a theorem
on the existence of a random uniform exponential attractor for a jointly continuous NRDS. In section 3, we
study the existence of a random uniform exponential attractor for the non-autonomous stochastic reaction-
diffusion equation (2) defined on R3.
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2 Existence of random uniform exponential attractors

In this section, we present some notations and provide a criterion concerning the existence of a random
uniform exponential attractor for a jointly continuous NRDS.

Let X be a separable Hilbert space with norm || - ||x and Borel o-algebra B(X), dx denotes the metric
induced from norm || - || x, the Hausdorff semi-distance between two nonempty subsets F;, F, in X is defined
by diStx(Fl, Fz) = SUPycF, il’lfvepz ||u - V||X.

Let TX be the k-dimensional torus:

’H‘k={o=(01,...,ak):oj e€l-n,nl,vj=1,...,k}
with the identification
(01,445 0j21, =T, 0js15 0+, 0)) ~ (01, .00, Oj_1, T, Ojigs .20, 07, Vj=1,...,1,

and the topology, metric induced from the topology, metric on R¥. Thus, the norm in T is given by

' 1/2
lo||px = Zojz , V0=(01,...,0k)€Tk.
j=1
Letx = (Xx1,...,Xx;) € R* be a fixed vector such that X1, ..., Xy are rationally independent, i.e., if there exist

integers l4, ..., l; such that 27:1 lixj=0,thenlj=0forj=1,...,k Fort € R, define
;0 = (xt + 0) mod(T¥), o T, 3)
then {6;}:cr is a translation group on T* with
6T =T, vteR (4)

and
(t, 0) — 0;0 is continuous. (5)

When the time symbol is quasiperiodic, we consider TX as the symbol space (see [8]). B(T*) denotes the Borel
o-algebra of T,

Let (Q, F, P) be a probability space, and let (Q, F, P, {9};cr) be an ergodic metric dynamical system,
where {9} ;<R satisfies: (i) 9o is the identity on Q; (ii) 950 9¢ = Is+, VE, s € R; (iii) (¢, w) — Jrw is (B(R)xF, F)-
measurable; (iv) P-preserving: P(9;F) = P(F), Vt < 0, F € F; (v) if for any F € 7, provided P(9;1FAF) = 0, it
holds P(F) = O or 1, vt € R; (vi) 9:Q = Q, Vt € R (see [20]).

Two groups {0;}cr and {I9}cr are called base flows.

Definition 2.1. A (autonomous) random dynamical system (RDS) on X with base flow {9};cR is defined as a
mapping Y(t, w, x) : R* x Q x X — X satisfying

(i) Yis (B(R") x F x B(X), B(X))-measurable;
(ii)) Y(0, w, -) is the identity on X for each w € Q;
(iii) it holds the cocycle property Y(t + s, w, -) = Y(t, Ssw, -) o Y(s, w, *), Vt,s 2 0, w € Q.

A RDS is said to be continuous if for each t € R*, w € Q, the mapping ¥(t, w, -) is continuous.

Definition 2.2. A non-autonomous random dynamical system (NRDS) on X with base flows {9}:cr on Q and
{6¢}icr on TX is defined as a mapping ¢(t, w, 0, x) : R* x Q x TX x X — X satisfying

i) ¢Pis(B(R")xFx B(T) x B(X), B(X))-measurable;

(ii)) (0, w, g, -) is the identity on X for each o € Tk and w € Q;
(i) it holds the cocycle property ¢(t +s, w, d, ) = p(t, Isw, 650, -) o P(s, w, 7,-),Vt,s20,w € Q,0 € Tk,
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ANRDS is said to be continuous if for each t € R*, w € Q and ¢ € T¥, the mapping ¢(t, w, 0, ) is continuous.
It is called jointly continuous in T and X if the mapping ¢(t, w, -, -) is continuous foreach t € R* and w € Q.
We obtain the general definition of NRDS by replacing torus T* with general symbol space 2 in Definition 2.2
(see [15, Definition 2.1]).

Definition 2.3. A (autonomous) random set D(-) in X is a multi-valued map D : Q — 2% \ 0 such that for each
x € X the map w — dx(x, D(w)) is measurable. It is said that the (autonomous) random set is bounded (resp.
closed or compact) if D(w) is bounded (resp. closed or compact) for a.e. w € Q.

We often write D(:) as D or {D(w)}4cq- Given two random sets Dy, D, we write D; C D; if D1(w) C Dy(w)
fora.e.w € Q.

Definition 2.4. A random set D(-) in X is called tempered with respect to {9}icg, if for a.e. w € Q,
e PD9_w)|x =50, VB>oO,
where || D(w)||x = Supyep(w) IIX]-

Hereafter, we denote by D(X) the collection of all tempered bounded random subset of X. For simplicity, we
identify “ a.e. w € Q” and “w € Q” unless otherwise stated.
Define the extended space X = T* x X with norm:

1/2
0l = (ol + %) ¥ = {0} x {x} € X. ©

and Borel o-algebra B(X).
Obviously, any subset B C X has the form B = U, {0} x B(0), where B(0) (possibly empty) is called
the o-section of B. Let P¢sB = B(0), VB C X, and let

PxB = U PsB = {x € X: thereis some o € TK such that {0} x {x} € B}.
oeTk

Then Py is the projection from X to X. Denote by Py the projection from X to T*.

Definition 2.5 (see [15]). A set-valued mapping B(-) : Q — 2*\0 is called a random set in X if for each X € X
the mapping w — dx(X, B(w)) is (F, B(R*))-measurable. If, moreover, B satisfies

Po(Bw) #0, YoeTK weQ, @

and
Px(B) € D(X),

where D(X) is the collection of all tempered bounded random subset of X, then it is said to be proper random
set.

By [15], condition (7) is equivalent to
Pu(Bw) =T, VweQ,

which implies the stochastic perturbation happens only to the X-component.
By Definition 2.4, a random set B in X is tempered if it satisfies e | B(9_w)||x =5 0, VB > 0. Let

Do,x = {B : Bis a bounded tempered random set in X},

Dix = {B:B=TxB = {T"xB(w)},ecoand B € D(X)}, )
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and
Dx = {B : Bis a proper random set in X}

then D; x C Dx C Do x and for any element B € D, there exist an element B; € D, x such that B C B;.
For K-dimensional subspace Xg of X (K € N), we define the bounded projections Py, x : X — Xg = TKxXg
and Q. : X — Xg = TX x Xg as

PrgX = {0} x {Pxx},  QuegX ={0} x{Qgx}, VX ={0}x{x}eX )

where Py : X — Xy is K-dimensional orthogonal projection from X into Xg, Qg = Ix—Px and Q. x = Ix—Pi.x»
where Ix is the identity operator on X.

To study the existence of a random uniform exponential attractor for a NRDS on a separable Hilbert space,
we need to introduce a skew-product cocycle on extended space X (see [15, Section 4.1]). Given an NRDS ¢,
define a mapping 7 : R* x Q x X — X by

n(t, w, {0} x{x}) = {60} x {¢(t, w, 0, X)}. (10)
Then the mapping 7 is a RDS, namely, satisfying

(1) mis (B(R*) x F x B(X), B(X))-measurable;
(i) 70, w,X) =X, Vwe Q,X €X;
(iii) the cocycle property ni(t + s, w, X) = n(t, Ssw, (s, w, X)), Vt,s 20, w € Q, X € X.

The RDS 7 is called the skew-product cocycle generated by ¢ and 6. Note that 7 is continuous, that is, the
mapping X — (-, -, X) is continuous in X, if and only if ¢ is jointly continuous in T* and X.

Now we define the random uniform exponential attractor for continuous NRDS {¢(t, w, 0)} 0. wcq.geT*
on a separable Hilbert space X.

Definition 2.6. A random set {M(w)},cq in X is called a D(X)-random uniform exponential attractor for the
continuous NRDS {¢(t, w, 0)} 10, wcq. 0Tk ON X if there is a set of full measure Q € F such that forevery w € Q,
it holds that

(i) Compactness: M(w) is compact set.
(ii) Finite-dimensionality: there exists a random variable &,(< o) such that dimy M(w) < & < oo, where
dim; M(w) is the fractal dimension of M(w).
(iii) Exponential attraction: there exists a constant a > 0 such that for any B € D(X), there exist random
variables tg(w) = 0, Q(w, ||B||x) > O satisfying

sup disty((t, _w, 0_10)B(9_(w), M(®)) < Qw, [Bl)e™, ¢ Iz(w). (a1
o€Tk

Remark 2.7. By definition the random uniform exponential attractor has no (positive) invariance property
along the sample path.

We make the following assumptions on the continuous skew-product {71(t, w)}0,0co On extended space X
defined in (10):

(A1) there exists a tempered closed random set {y(w)},cq of X such that for any w € Q,
(a11) the diameter ||y(w)||x of y(w) is bounded by a tempered random variable Ry, i.e.,

sup ||~ Yllx < Ry < oo,
X,Yex(w)

where Ry, is continuous in ¢ for all t € R;

(a12) x(w) is positively invariant with respect to {9;}cr in the sense that n(¢, 9_;w)x(9-tw) C x(w),

forallt > 0;

(a13) x(w) is pullback absorbing in the sense that for any family of set B € Dy, there exist Ty = Tg(w) 2

0 such that ri(t, 9-¢w)B(I-tw) C y(w) for t = Ty;
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(A2) there exist positive numbers A, §, random variables Co(w), C1(w) = 0 and (k+K)-dimensional projector
Prix: X = P, g X (dim(P, ¢ X) = (k + K) € N) such that for every w € Q and any X, Y € y(w),

8In2
12 8ln2
172(t, @)X = 71(t, w)Y|xc < el Co®swldsx _yy oyt e o, Tn] (12)

and

where A, K are independent of w;
(A3) Co(w), C1(w), A, b satisfy:

8In2

< (e—8 In 2+f0T Cl(Gsa))ds + geﬁfo Eo(esw)dS)”x _ 9||Xy
X

(I - Pk (n(glﬁiz, w02, w)y)

(13)

0 <E[C}(w)] <o, 0<E[C;(w)] =L,

0 <5 <min { L i (PR 2 W) } "
<min{ &,

ol

]

where “E”denotes the expectation.

Theorem 2.8. Assume that conditions (A1)-(A3) hold. Then the continuous skew-product cocycle i acting
on X generated by jointly continuous NRDS {¢(t, w, 0)} 0 ycq.octr With base flow {9t} cr possesses a Dx-
random exponential attractor & C x. Moreover, PxE is the D(X)-random uniform exponential attractor of jointly
continuous NRDS {¢p(t, w, 0)} 10, weq,oeTt

Proof. The existence of Dx-random exponential attractor E for {n1(t, w)}¢0,0co follows from Theorem 2.1 in
[16]. We claim that P(E(w)) = TK a.e. w € Q. If otherwise, P{w : Pp(E(w)) # ’IF"} >0.LletT = {w :
P (E(w)) # T*}. Then PrE(w) = A(w), w € T, where A(w) & TX. There exist an element oo(w) € TX\A(w)
such that diStTk(Tk , A(w)) = distp(0o(w), A(w)) > 0, w € T, this is contrary to the exponential attraction of
exponential attractor E. In other words, there exist a subset J of Q such that P(J) > 0 and the exponential
attraction of exponential attractor E fails to hold for w € J, which contradicts the definition of exponential
attractor; The compactness and measurable of PxE follows from E directly. Obviously, dim; PxE(w) <

2(k+K) In( szk”‘ +1) < In NE(UaElTk PoE(w)) < In Ne(Uaewkl{o}xPaE(w))
—Ine - —Ine

, Yw € Q; We next

7 oo, Yw € Q, since

dim; E(w) <
show the uniform exponential attraction of PxE with respect to D(X). Note that foreach x € X, 0 € T¥, w € Q,

and t = 0, we have
disty(x, PxE(w)) = inf distx(x, Py E(w))
o’ €Tk
< inf (disty(x, PoE(w)) + [|01 - 02 |7x)
o’ eTk
= disty ({0} x {x}, Uy e {0} x {Po E(@)}).

For VD € D(X), since D with D(w) = TX x D(w) belongs to Dx, D is attracted exponentially by E. Thus we
have foreach t 20, w € Q, o € T¥,

sup distx (¢(t, 9-w,0-:0)D(I-;w), PxE(w))
ocTk
< sup distx ({0} x P(t, 9_¢w, 0_;0)D(I_tw), Uy {0’} x Py E(w))
o€Tk (15)

= sup disty (71(t, 9_w){6-t0} x D(9_tw), E(w))
oETk

n

In4
= disty (1(t, 9_tw)D(9_(w), E(w)) < b(w, D)e "', t> T(w, D),

which indicates the uniform exponential attraction of Px[E. The proof is complete. O
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2.1 Application to stochastic reaction-diffusion equation

In this section, we apply Theorem 2.8 to the reaction-diffusion equation with quasi-periodic external force and
multiplicative noise on R>. Namely, we consider the equation (2). The functions g, f are assumed to satisfy
the following conditions:

(H1) w; — g(-, w1, ..., wy)is 2m-periodic, i = 1, ..., k, g € C(R? x TK, R), g(x, -) € C(T*, L>(R?)) with
18112 = supger [18(, 0)[|% < oo. g(x, Or) = 0. There exists 0 < h(x) € L*(R?) such that

lg(x, 51(8)) — g(x, 02(£))] < h(X)||o1 — O2 || px. (16)

(H2) There exist real positive constants c1, c;, c3 > 0 and integral functions 8, € L*(R3,R4), B2, B3 €
L2(R?,R.), B4 € L>(R3, R,) such that

uf(x,u) < 100,  |fx, w)| < c1jul® + B (x),
|%§(Xs u)| SB3(X)a %(X’ u)SCZ’ VX€R3’ ueck. (17)
| (x, w)| < c3u? + B4 (x),

Hereafter, let (-, ), || - || and (-, )1, || - |1 denote the inner products and norms of L*(R>) and H*(R?),
respectively, where

(vl,Vz)=/V1(X)Vz(X)dx, (v1,v2)1 = (Vv1, Vv2) + (v, v).
R3

2.2 Setting of the problem

In the sequel, we will use the probability space (Q, F, P), where
0={we CR,R): w(0) =0},

F is the Borel o-algebra on Q generated by the open compact topology, and P represents the Wiener measure
on . The Brownian motion has a realization W(t) = W(t, w) = w(t) for w € Q, t € R. Define

Jiw() = w(t++)-wt),Vw € Q, teR,

then P is ergodic and invariant under 9 (see [20, 21]). It is known that z(9;w) = - j;ow e5(9:w)(s)ds (t € R)
is a stationary solution of one-dimensional equation dz + zdt = dW(t). From [22], we know that for w € Q,
t — z(9;w) is continuous in t and

t
tgrpw % = tgrpm % /Z(Ssa))ds =0. (18)
0

Considering variable transformation v(t) = e bzdw)

random coefficients

{ MO~ Av(f) - A(D) + bz(Jrw)V(t) + e OO f(x, b7 Oy (8)) + e P70 g(x, G(1)),

u(t). Then (2) is equivalent to the following system with

v(x, 0) = vo(x) = e 2@y (x), x e R3. (19)
We known from [19] for each 0 € TX, w € Q, v, € L*(R>), the unique solution v(t, w, o, vo) of (19) exists
globally for ¢ € [0, o) and v(-, w, 0, Vo) € C([0, +o0); L2(R?)) N LE, ([0, +o0); H' (R?)). Moreover, (-, w, 0, vo)
is (F, B(L?(R?)))-measurable in w and continuous in ¢ and vo. Thus the mapping of solutions generates a
NRDS ¢ : R* x Q x TX x L2(R3) — L?(R%), i.e., ¢(t, w, 0, vo) = V(t, w, 7, Vo), which is continuous both in
initial value and symbols.
From now on, let D = D(L?(R?)) be the collection of all tempered bounded random sets of L(R3), i.e.,

D= {D : D is the bounded random sets in L?(R?) satisfying e || D(9_¢w)||> =% 0, Va > 0, w € Q} .

We will prove the existence of D-random uniform exponential attractor of ¢ in this paper.
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2.3 Boundedness of solution

Foreveryw € Q, 0 € Tand t = 0, let v(r) = v(r, 9_tw, 0, vo(I-tw)) (r = 0) be a solution of (19) with symbol &

and initial value vo(9_¢w) € L?(R3).

Lemma2.9. Forevery D ¢ D and w € Q, there exist Ty = To(w, D) = 0 and a tempered random variable

M3(w) > 0 such that for vo(9_¢w) € D(9-tw),

t
IV(E, 9-c, 0, vo(O-ca))|2 + 2 / D0 NS Ty 12d1 < M), 3 To
0

holds uniformly for o € T.
Proof. Taking the inner product of (19) with v(r), we have for r > 0,
d
a||v(r)||,2E + (24 = 2b2(9r-¢)) [[V(D)||* + 2||Vv(D))?
= e I Of(x, POy (r), v(r) - e P glx, 5(1), v(n)),

where 6(r) = (xr + 0) mod(T¥) € TX. By

pe b7 9r-w) / Flx, ePOy)ydx < | By || 1 gy 2020, (by (17))

R3

_ ~ 2 _ A
2e7 P70 g(x G(r), V(1)) < 7€ 2b2(8r-1w)) g2 4 5Hv(r)Hz,
it follows that for r > 0,
LIV + 29V < (2b2(8-w) - A) VO + cae 220,

where ¢, = %|/g||* + 2||1]|1:. Applying Gronwall inequality to (20) on [0, r] (r = 0), we obtain
r

V(r, 8-cw, 0, vo(9_w)) || + 2 / e bz Nds| 7y(1) 12 a1

0
r

<e fo’(zbz(Ss,tw)—/l)ds”VO(S% W%+ c4 / o (2bz(9s-w)-Nds-2bz(9-w) )

0
Let r = t in (21), we get
t

V(t, 9-tw, 0, vo(9_(w))||* + 2 / el b0 )-Nds 17y ()| 2 al

0
0

<e f}’,(zbz(sswm)dsHVO(S% W)|? + ¢, / o 2bz(9:w)-Nds-2bz(9w) 4]
-t

ForvD € D, let

To(D, w) = min{t : e/ (@P7ED-Vds gy 2 < 13,
veD(9-tw)

(20)

(1)

(22)

Take M}(w) = 1+ c4Ko(w), where Ko(w) = f,ooo )i’ (2b2(95w)-N)ds-2bz(91w) 4] then M3(w) is tempered. The proof

is completed.

O
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Lemma 2.10. For each w € Q, let Bo(w) = {u € L*(R?) : |lu|| < Mo(w)}. Then for each w € Q, there exist
T; = T1(Bo, w) = 1 and a tempered random variable M3(w) > O such that for vo(9_w) € Bo(9-w),

IVV(t, 9-w, 0, vo(9-w))||* < Mi(w),  t= T1(Bo, w)
and
Iv(t, 91w, 0, vo(9-w))||* + | VV(t, 9w, 0, vo(9-cw))||* < Mj(w) + M3 (w), t = To(Bo, w) + T1(Bo, w)
hold uniformly for o € TX.

Proof. By vo(9-¢w) € Bo(9-¢w) and (21), we obtain for t > 1,

t-1
Iv(t-1, 9-¢w, 0, vo(9-_w))||* + 2 / e @bz )-Nds | Gy, (1) 1241

0
-1

< el 1@bHOWNds 9 )2+ ¢, / o i ' @bBsw)-Nds-2b20w) g1 (23)

~t

Using Gronwall inequality to (20) on [t - 1, t], we have

t 0
Hv(t)HZ ) /eflf(ZbZ(SHw)%)dsHVV(I)HZdl < effol(sz(gst)dsHV(t—1)||2 +cy /eflo(ZbZ(SSw)%)dsabz(slw)dl,
21

t-1

which and (23) implies

t
V@I + 2 / R N NIRRT
-1

t

0
< efﬁ(sz(st)*A)dS ||V0(l9—tw)”2 rey /eflo(zbz(flsw)—A)ds—zbz(Slw)dl. (24)
Notice that
t t
2 / eﬁ[(zbz(Ss,tw)—A)dsva(l)”Zdl >2e” ff’l 2b|z(9sw)|ds-A / ||VV(I)H2dI. (25)
t-1 t-1

We derive from (24) and (25) that

t
0 0 _
2/ ITV(D)|2dl < eJ5 2PI20swldsis [5@b=Bsw)dsNds 0 g )12

t-1
0
+ C4€f-01 2b|z(9sw)|ds+A / eflo(zbz((?sw)ds—/\)ds—sz(Sla))dl.

—co

Take
T1(Bo, @) = min{ : eff’l 2b|z(.95w)\ds+/1+ff)[(2bz(85w)ds—A)dsMé(S_Iw) <1)s1.

Let M2 (w) = 1 + ciel1 2b128s@)ldseA g (4)) then 2 ftil Ivv(D]|>dl < M2(w), for t > T1(Bo, w).
Taking the inner product of (19) with —-Av(r), we have

%nwmuz + 214V |7 + @A = 2b2(8, 1 @))||V V(D)
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= —2¢7P0r®) / fx, ey av(r)dx - 27770 (g(x, 6(r)), Av(r)). (26)
R3
By
e VIO g, 5(1), Av(1) < 5 e 20 g2 4 2 av(r)|
and
—2¢7b#0-@) /f(x, Py () Av(r)dx = 2e7P-w) /(%(x, P70 @y)gy 4 ebz(‘g”‘“’)%va)dx
R3 R3
< e 2070 g 112 4 (14 20| Vv|?, (by (17))
it follows that
d%HVvH2 +]|Av]1? = @bz(9,-cw) - D[ V|1 + (1 + 2¢2) || VV|? + c5e 2b2 0@ 27)

where c5 = ||3]|% + ||g||?. Take t > T1(Bo, w) = 1and s € [t - 1, t]. Integrating (27) over [s, ], we obtain

IVv(t, 9-¢w, 0, vo(9-w))||* - [|VV(s, 9-tw, 0, vo(9-1w))||*
t t

< cs/e"sz(Sl"‘”)dl + /(1 +2b|2(9,_w)| + 2¢2)||Vv(D||*dl. (28)

S S

Integrating (28) with respect to s over [t - 1, t], we arrive that for t > T1(Bo, w),
0
IVv(t, 9_tw, 0, vo(9_w))|? < c5 /e’ZbZ(S"”)dl +(1+b ma})% |2(9,w)| + c2) M3 (w) = M3 (w).
—1<l<
]

The proof is complete. O

Lemma 2.11. Foreachw € Q,let By = {u € H*([R?) : |[u||? < M3(w) + M?(w)}. Then for each w € Q, there
exist T,(B1, w) > 0 and a tempered random variable M3(w) > O such that for vo(9-¢w) € B1(9_¢w),

IVv(t, 9-tw, 0, vo(9_w))||* + [|v(t, 9w, 0, vo(9-cw))||* < M3(w), t> T2(Bo, w)
holds uniformly for o € T.
Proof. According to (20) and (27), we derive for r > 0,
%(HVVHZ + V) £ @bz(9r—cw) = N(|VV))2 + [VI[2) + (1 + 2¢2)|VV)? + (cq + c5)e 2220, (29)
Applying Gronwall inequality to (29) over [0, t], we get

IVV(t, 9-w, 0, vo(9-cw))||* + |[v(t, 9-tw, 0, vo(9-cw))||*

< oI (1 7v(9_w) | + vo(9-cw)|I*)
t

+/efz[(2”2(‘957“")‘/0‘1S ((1 +265)||[ Vv + (cq + c5)e"2bz(‘91"“')) dl. (30)
0
It follows from (22) and (30) that

1+2c 0 _
Vv + V(O] < (1 + TZ) el 2P Dds (3(9_w) + M3 (9-w)) + csKo(w),
where cg = 3¢, + ¢4 + c5. For every w € Q, let M3(w) = 1 + ¢¢Ko(w) and

T»(B1, w) = min{t : (1+ %)eﬁ@bzw'wm"s(M%(s,tw) + M2(9_w)) < 1} 2 0.

The proof is completed. O
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Lemma 2.12. Forevery w € Q, let By(w) = {u € H*(R?) : ||lu||1 < My(w)} ¢ HY(R?). Then for each w € Q, the
following hold uniformly for o € TX,

$(t, 9-¢w, 0)Bo(9-tw) C Bo(w) C L*(R?), t= To(Bo, w) (€3]
d(t, 91w, 0)Bo(9-1w) C Ba(w) € L*(R?),  t > To(Bo, w) + T1(Bo, ) + T2(B1, w) (32)
Proof. 1Itis a direct consequence of Lemma 2.9-2.11. O

2.4 Estimation on tail of solutions

For every w € Q, let T«(w) = To(Bg, w) + T1(Bg, w) + T(B1, w) and

Bs;(w) = U B(t, 9-1w, T)Bo(I9-w),
t=T«(w)

where ¢(t, 9w, Tk)Bo(lg_t(U) = UUeTk(p(t, 9_t+w, 0)Bo(9_¢w), then B3(w) C Bo(w) N By(w). Set

@(8-50)) = UtzmaX{T*(lg_sw),T*(w)}n(t’ 194750.))’]1‘}( X B3(.9,H(u), S 2 O, w € .Q, (33)

where 7 is the skew-product cocycle generated by ¢ and 6. Evidently, B belongs to Dy, since PLZ(Rs)E C Bs,
where P, 3 denotes the projection from T* x L?(R?) to L*(R?).
We assert that B is positive invariant, i.e., (¢, 9_;w)B(9_;w) C B(w), for Vw € Q. Indeed, for any
w € Q, take {0} x {x} € Ugpmax({T.(9. ) T-()}7(S 9_s_¢w)TX x B3(9_s_¢w) arbitrarily, then there exist
t > max{T«(9-w), T«(w)}, & € TX and % € B3(9_; ,w) such that
{0} X {X} = n(,t\) S,Z,tw){a-} x {)?} = {926} x {¢(E) S,i,tw, 6-7 52)}7
therefore, for vVt = 0,
n(t, 9-w){0} x {x} = n(t, I_w)n(t, 9_; ,w){6} x {x}
= n(t+t,9; ,w) {6} x{x}
S T[(,f +t, 19_?_[6(1){6'} X Bg(g_z_ta)).

Note that ¢ + t > T«(w) + t, by (33), we have n1(t, 9_;w){0} x {x} € B(w). Considering the continuity of 7 and
the closeness of B, we derive (¢, 9_w)B(I_rw) C B(w). Moreover, for Vr = 0, t = 0, w € Q, we have

n(r, 9-1w)B(I-1w) C B(,-rw), (34)
which along with Pp>»B C B; imply for vr>0,t20, w € Q,
o(r, 9-¢w, 0,x) € B3(9r-¢w), V{o}x{x} € B(I_(w). (35)
Choosing a smooth increasing function ¢ € C1(R*, R) such that

&(s) =0, O<s<1;

0<é(s)s1,1<s22;

£(s)=1, 2 <5< +oo;

|&(s)| < C, Vs eR*" and some constant C > 0.

Lemma2.13. Foreveryw € Q,R = 1,t > 0, let v(r) = v(r, 9-tw, 0, vo(9-tw)) be the solution of (19) with
{0} x {vo(9_w)} € B(I_¢w). Then
(i) there exist a tempered random variable K1 (w) and a function -y, such that

2 "0
[ 4810, 0, vo(0-w)Pax < eSO Va9 )+ KU o), G6)
R3
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(ii) there exist c; > 0, a tempered random variable K»(w) and a function Y . such that

/{(| ) VV(t, 9-tw, 0, vo(9_cw))|* dx < Cyef (2bz(9;w)- s A2 (9_w) + ~2 KZ(w)

(iii) For Ve > 0, there exist T(e, w) > O such that
/5(' ) (VLt, 8w, 0, vo(8- ) + [9V(t, 8-, 0, vo(8- ) ) dx

N Ki(w) + K> (w)

< R + YRI<0((U), t= T(E, CU).

Proof. By (35), we know forvr>0,t>0, w € Q,

v(r) € B3(9y-w) C Bo(9y-tw) N By(9r-1w) C Hi(R?),
v(n)||? + [Vv(r)]|? < M3(9,_¢w),
Vo(9-w) € B3(9_¢w),  [[vo(9-¢w)||* + [ Vvo(I9-w)[|* < M5(9-¢w).

(i) Taking the inner product of (19) with &('5; X )vin LZ(R3), we have

/.f (2 )Iv2dx + (24 - 2b2(9,- tw))/.{(l )|v|2dx
= 2/£(|X| )(Av)vdx + 27020 f“)/£(|x| ) (x, PO yyvdx
2670 / §XDygx, B,

Similar to (3.26)-(3.28) in [19], we have
Z\f C

/s(' Jvvdx < -2 /s(' )i vvZdx
2 bz tw)/f(‘)q (x, b7 ‘w)V)VdX<2€72bZ(9’ zw)/{(| )B1(x)dx,

2bz(l9Htu)
26 ~bz(9pw) §(|X| )g(x 0'(7’))de< n §(| | )\V\ dX+ /{(' )g (x, U(I’))dX.

R3 ]R3

It follows from (42)-(45) that

/g(‘ vl dx+2/.f(‘ ' )| Vv|2dx < (2bz(9y-w) - A)/g "“ ) v|Pdx

R3
ZfCMz(sr W) + 262070r) / & )(ﬁl(x)+ Lo, o(r)))

Using Gronwall inequality to (46) over [0, t], we obtain

/.{(‘ W(t, 9-tw, 0, vo(I_tw))| dx+2/ejl (2bz(8s-(w)-Nds /.{(‘X‘ )| Vv(D)|?dxdl
0

< effot(zbz(‘()s“’)"’\)dsM%(S_ta))+ <11(2 ) +vrKo(w), (refer to (3.30) in [19])

+ YRI(()((U) ,

G7)

(38)

(39)
(40)
(41)

(42)

(43)

(44)

(45)

(46)

(47)
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where
0

Ky(w) = 2V/2C / e @8NS 2 (9 ) dl,

—oo

YR =2 / B1(x)dx + 2 sup / g°(x, 0)dx.
A o€Tk
|x|=R |x|=R

(ii) Taking the inner product of (19) with —& (@)Av in L2(R3), we derive
g(' )Avdx + / g('Rz )AvPdx = (A = bz(9r—w)) / .,r(‘ )Av)vdx
R3

e PArw) / f('%)f(x, PO @y) Aydx — e P / f(‘R—‘z)g(x, a(r)Avdx. (48)
3

By embedding H'(R?) — Lé(R3) [23], there exists C > O such that

IVlizs@s) < Collvli = Co(IWVI® + VD2, wv e HA(R?).
Thus, [[v(r)||sgs) < Co([[v(r)||> + IVv(n)||2)Y? < CoM,(9,-w), which together with (17) implies
|20 f(x, POt |2 < 263 CGe MGy w) + 2] Ba e

By (19), we have

ﬂz
dt

<4 (|\Av||2 + (b2(9y-tw) -2 |v(P)||? + || e P70 f(x, P70ty 2 & e_ZbZ(‘g”“’)\|gH2)

< 4] AV||? +c5 (1427 (9 ) M3 (9rw) + 87 Coe P ) MS (9 ) + te™2PZ ) (2 By | >+ g]|2).

Consequently,
Grelbmvacs 34 / sy vax - v - C10 20w
R3 (49)
- % (M%(Sr,tw) +22(9,_tw)M3(9,-1w) + e4bz(‘9f"‘”)M§(.9r,tw)) . (refer to (3.32) in [19])

/3t

(A= b2(9,)) / g(' YAv)vdx < (b2(9,cw)~A) / .g(‘ ) v2dx+ C(A+b\z(.9r @))M2O,w). (50)

_ o h20w) / {(\XI ) (x, 2@ ) Avdx

< 1 -2p20- tw)/g(‘x‘ )Bgdx+C11/§(| )| Vv|*dx

+% (Mz(Sr_ta)) + e‘*bz(g"‘“’)Mg(Sr_tw) + e'ZbZ(S"“")) . (refer to (3.34) in [19]) (51)
e b / §X)gx, () avdx < 220 0) / §D)g e, 5)dx + / sDyavPax. (2

It follows from (48)-(52) that

/g(' )| Vv2dx < (2b2(9,1w) - A)/g(‘ v dx+c13/§(| ) Vv2dx
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C14 MZ 9 9 9 4bz(9,_;a ’”6 9 Cc A 2 C1e ~ —2bz(9,_;w
}12 ( 2( r—tw) 22( ,,tw)Mg( T*tw) e ( t ) 2( r—tw)) lles H v H ( }12 )R) e ( t )a

where 5g = 1 supgcm fIXIER g%(x, o)dx + f\x|zR B3(x)dx. Applying Gronwall inequality to (27) over [0, t], we
have

¢
2 J1(2bz(9s-1w)-N)ds 2
y U—tw, U, -
|Vv(t, 9-tw, 0, vo(9-tw))|~ + /el lAv(D)]~dl
0

0
< eff)t(ZbZ(‘gs“’)’A)dsMﬁ(S_Iw) +(1+2c) / eflO(sz(SS‘”)’/‘)dsM%(81w)dl + 5 Ko(w).
2t

(54)
Using Gronwall inequality to (53) over [0, t], by (47) and (54), we get
2
X
/€(|R—|2)\VV(t, 9-tw, 0, vo(9_¢w))|*dx
R3
< efot(zbz(sl,ta})—/\)dl vao(lg—[w) HZ
t
2
. C13/eflz(zbz(&,[a))—/t)ds/‘f(%)'V”ZdX
0 R3
t
+ 1 / e/iCHO NI (39, @) + 22 (9 @M (91 w) + P ME(O)w)) dl
0
t t
+ Cﬂ efll(sz(Ss—tCU)—A)dSHAV(Z)HZdl + (Cj " &R) e,]}((2bz(l95—tw)—A)dS—ZbZ(SHCU)dl
R R
0 0
< ¢;e PPN ) + T (Ko(w) + K (@) + K3(@)) + c1gyp + TR)Ko (),
where K5(w) = jf)oo eJi'(2bz(9;w)-Nds (M%(Sla)) + 22(9w)M3(9w) + e4bz(91“')M§(3,w)) dl. Let
Yg =cis(r +9r), Kao(w) = c17(Ko(w) + Kq(w) + K3(w)), (55)
then (37) holds. .
iii) Take T(e, w) = min{(1 + c7)e/- st _tw) < €} < oo, which along with (36), (37) implies
(ii) Take T(e, @) = min{(1 + c;)e/@b=w)Nds p2(9_, ) hich along with (36), (37) impli
(38) holds. O
2.5 Existence of random uniform exponential attractor
Foreveryw € Q,s =0and ¢ = 0, set
B(S_sw) = Utamax{T*(S,S(u),T*(a}),T*(S,T(S,M)w)}+T(£,w)n(t’ S—f—sw)Tk X B3('9—I—Sw)’ (56)

where T(g, w) is defined in (38). Then B C B and Pr2gs)B C Bs. Consequently, B € Dx. It is easy to prove
that B possesses the following properties,

(a-11) for every w € Q, B(w) C TX x Bs(w) C TX x (Bo(w) N B>(w)). Hence, the diameter of B(w) in
T* x L2(R?) is bounded by (k(271)? + 4M3(w))*/?, where M3(9;w) is continuous in t € R.

(a-12) B(w) is positive invariant, i.e., 7(t, 9 w)B(9-¢w) C B(w), Vw € Q, t > 0. Moreover,

7(r, 9_¢w)B(9_tw) C B(9,-tw), YweQ, r=0, t=0. (57)
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(a-13) B is pullback absorbing in Dx. Indeed, note that for VD € Dy, there exists D; € D, x such that
D C D;. On the other hand, for VB, € D; x, w € Q, there exist t(B1, w) > 0 such that

a(t, 9-¢w)B1(9-¢w) C B(w), t= By, w),

thus B is pullback absorbing in Dx.
(a-14) for any {0} x {v} € B(w), the following holds,

Ki(w) + K> (w)
R

/ f(',’%'zz)(|v|2+|w|2)dxse+ + YrKo(w). 58)
R3

In fact, for any {0} x {V} € Upmax{T.(),T-(9r¢0@)}+T(e.w) (L 9_w)T* x B3(9_(w), there exists ¢ >
max{T«(w), T«(I_r, @)} + T(e, w), 6 € Tk, § ¢ B3(9_;w) such that

{0} x{v} = n(t, 9 w){6} x {¥}

= 1(T(e, w), I_1(e, )W) 1t - T(e, w), 9_;w){6} x {V}
€ n(T(e, w), 9_r(c, )W) 1t - T(e, w), §_;w){6} x B3(9 ;)
C n(T(e, w), B_T(g’w)w)IE%(S_T(g’w)w) (since t- T(e, w) > max{T+(w), T*(S_T(E’w)w)}) .
Hence, there exist {7} x {¥} € B(9_r( o)w) such that {0} x {v} = {O7¢,4)0} x {P(T(e, W), I_1(.0yw, T, )}
By the jointly continuity of ¢ and the closeness of B, we conclude from (38) that (58) holds.
In order to prove the existence of a random uniform exponential attractor for ¢», we need to prove the

existence of a random exponential attractor for 7. Consequently, we next present B satisfy (42), (43) in
Theorem 2.8.

2.5.1 Lipschitz continuity of

Foranyr=0,t20, w € Q, {0;} x {vf)(S_tw)} €eB_tw),i=1,2,let
y() =vi() -va(),  vi(r) = v(r, 9w, 0y, vH(9-w)), i=1, 2. (59)

By (57), we have
vi(r) € B3(9r-cw),  [vi(M|l1 < Mp(8r-¢w), =1, 2. (60)

It follows from (59) that

B = Ay +(b2(9r-1w) -y (r)+e O (f(x, POy (1) f(x, PPy, (1))

+e7020) (g(x, 01(1)) - g(x, 32 (1), (61)
y(0) = v1(0) = v2(0) = v§(9-(w) - v§(9-w), r=0.

The following theorem shows the Lipschitz continuity of 7 on B.
Lemma 2.14. Foranyr=0,t20, w € Q, {0;} x {vé(&tw)} € B(9-¢w), i = 1, 2, the following holds

17(r, 9-cw){01} x {v(9-w)} = m(r, 9-cw){02} x {v5(9-rw)} %

r —2bz(9s_tw) | C
< eJo(@blz(Os-(w)] +ee et 52)ds (Hv(l)(..‘)_[w) — v w)|* + |0y - UZH%N) . (62)
Particularly,

|7(t, 9-cw){o1} x {vo(I-¢w)} — mi(t, 9-rw){o2} x {V)(9-rw)}|I%

< e‘ﬁot(zb‘Z(st)‘+£e’2bz(85w)+c%)ds (||Vé(87tw) _ V(Z)(Sitw)HZ +oq - 02”’]2”) . (63)
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Proof. Taking the inner product of (61) with y(r), and by

(e (f(x, ey (1) - flx, vy (), y(0) < cally®I?,  (by(7)

(e‘bz(g'*“")(g(x, 01(n) —g(x, 32(n)), y(1)

< |g(x, 01(1) - g(x, 32 ()] - e PZ= Dy ()|

2
_Inj

€ _2bz(9,1w) 2
" YOI,

o1 — 02||12rk +5e (hereafter, we set O < € < 1)

then we have
d 2 _ 2 2 -2bz(9,w) , €19 2 _ 2
a(\lyll +[jo1 = 02]l) + 2[|Vy[|” < 2b|z(Ir-tw)| + €€ e )(Iy[I” + llo1 = o2(1) (64)

where c19 = 2¢; + ||h||2. Using Gronwall inequality to (64) over [0, r], we arrive

r

r —2bz(9s_tw) , €19
YOI + (o1 - 03 + 2 / e/ @PIEE: e TR DA Gy () 12l

0
< efor(Zb‘Z(Ss—tlu)‘+£e’2bz(85—["l)+ClTQ)dS (HY(O)HZ + Ho-l _ 02||'2ﬂ‘k) , (65)
hence, (62)-(63) hold. We have thus proved the lemma. O

2.5.2 Decomposition of solution

Denote Ug = {x € R? : |x| < R} the ball in R?, 0 < R < cc. Consider the eigenvalue problem

-Aii(x) = pii(x) in Uyp
i(x)=0 on 0 Uyp.

It is known that there are a family of eigenfunctions {&,, g } men, which form an orthonormal base of L(U,g)
and H}(U,R), and a family of eigenvalues {u, g }men Such that

O<MIR<SMIRS* *SUmRS***> MmR—>+o0 aS M — +oo. (66)
Moreover, for m € N, ~A&y g = Um.rEm.g> m.r € H*(Usg) N H(Uzg). Let
L3(U,yg) = span{é1 g, 8s.p, -+ » 8mr}> Lo(Uap)" = span{@m.1.r» Emsz.p> - }-

and
Py g : I*(Uzp) = L(Uag), Qg 2 L2(Uzr) — Lin(Up) ™,
then P,, r are m-dimensional orthonormal projector, and for v € Li,(Upg)*
Mmet Rl Qv < [VV]2.
Write
emr(x) = {i""’R(X)’ ||);||<2221; , meN,

then {e,; r} men is a family of orthonormal functions of L?(R?). For given m € N, let

2 3 2 3L
Lm,R(]R )= Span{el,R: €I Ry " em,R}, Lm,R(]R ) = Span{emﬂ,R’ €m+2,R> """ 1

Pog: LA(R?) = L2 r(R?), Qug:L*(R?) — L} r(R?)*,
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then Py, g is a m-dimensional projector from L*(R?) into Ly, (R?) and
Hmi1 gl Qmrvl® < [VV]? < [V]T, W€ Ly p(R)™. (67)

Let y(r) = vi(r, 9-tw, 01, v (9-tw)) — vo(r, 9-tw, 02, v3(9_w))(r = 0) be the solution of (61) with initial value
y(0) = v3(9-tw) - v3(9_¢w). Set

Ppry(n, [x|<2R

2 3
0, x| s 2 € Emr(RD),

YI,m,R(r) = Pm,RY(r) = {

Qmry(M, |x|<2R

2 3y L
0, x5 2R € EmRE®D

V2,m,r(r) = Qu ry(r) = {

y(r), |x|=2R,

Y3.mR(r) = (I = Py g = Qm,R)Y(1) = {O, x| < 2R.

Then
Y(r) = y1,m,R(r) + yz,m,R(r) + y3,m,R(r),

moreovet,
01,m R Y2,mr() = V2,m, (1), ¥3,m,r(1) = V1,m,r(1), ¥3,m,r(r)) = 0.

Next, we estimate ¥,  r(1), ¥3,m,.r (1)

Lemma 2.15. Foreveryr>0,t>0,w € Q, R > 0 and m € N, there exists a random variable C,(w) = 0 such
that for any {0;} x {v}(9_¢w)} € B(I-tw), i = 1, 2, the following holds

1V2.m O = Qm.r@(t, 9-tw, 01, V(I-t®)) — Qg P(t, I-tw, 02, VE(I-tw))||
< (ef-ot(bzws‘”)‘“%e’ws”’))ds + H(e, 24 + pyyr p)e Cl(gsmds) (68)
1
% (V3 (9-cw) = v3(9-¢w)||* + l|o1 - 02]13)2,

where

+ b
20+ pPmi,R)  J2A+ Mm+1,R

Proof. Taking the inner product of (61) with y; ,, g in L*(R?), we obtain

C C
H(g, 2A + pmi1,R) = \/S( 21 21 c>1 > 0.

%%Hyz,m,feuz == [Vy2ml* + (b2(9r-c@) = A) [y2,m e’
+ (e’bz(s"”")(f(x, eP?0- @)y (1) - f(x, 22Oy, (1)), )’Z,m,R) (69)
+ (e gx, 30) - 806, N, Vo)
Refer to (3.47) in [19], we have
(e‘bz(g'*f“’)(f(x, eP? @y (1)- Fx, POy, (1)), YZ,m,R>
< Sc20 (OIS, () + & O |y + 2V mpl, (70)

where cy0 > 0 depends on c3, Co and ||B4||;3gs3). Note that

_ — — £ h||?
(e gx, 520D - 86, T2, yamr) < e 0Dy gl + I yo, oy 2, )

IVY2,mrl? 2 Hmet gV 2,m R ] 72)
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It follows from (69), (70), (71) and (72) that

d
EHVZ,m,RHZ - I"m+1,RHy2,m,R||2 +2 (bz(«‘)r_[a)) - A) H)’Z,m,RH2

- - h||?
+ Coo (P OMYG, ) + 2 ) Iy 4 ee OOy, 2 o, o2,
7

Putting (65) into (73), we get

d -
Si2m DI < (2b2097-0) - 24~ pney p + £8P0 ) o (O
+Co1 (1 + (2P MY (9, ) + e P )elo (zbzws-tw)we“’”sf“”?)ds) (74)
&

x (|y()||* + [lo1 — 2|2

Using Gronwall inequality to (74) over [0, t], we derive

2 0 (2 b2(9s )~ 2\l -2bz(95w)) 4 )
[Y2,mrO]7 < el pmare DLy p(0))

0
c 0 —-2bz(9sw)
+ (YO + 01 - 0p[) [ el EoEree s Ao gy

~t

0
0 —-2bz(9sw) | €19
+ C21(Hy(0)”2 + oy - 02”'2]1*1()/ef_t(sz(st)we +1)ds
~t
% e(2/1+}1m+1,R)l(esz(Slw)Mg(glw) + e—ZbZ(Slw))dl

0 9 —2bz(9sw)
Séd,fit(zbz(l‘)sa)) 21, rHEE )dS(Hy(O)HZ (75)

2
+ |01 = 02 l70)
C21 2 2 1 [2(2b|2(9s w)| +ee 205N g
+ —=(|ly(0)||* + [|o1 = 02| k) 55— €’ s
2O + o1 - 021170) 3 —

0 —2bz(9sw) , €19
+ C21(H}/(0)H2 +loy - 0.2||%k)ef,,(2bz(95w)+£e +19)ds

1 0 4bz(9 w) 318 ~4bz(9;w) .
% B ef_t(Ze 19M5 (9 w)+2e 1“))dl (Sll’lCE \/)*( < eX)
vV + Um+1,R

< (eff)t(ZbZ(SSw)—2A+se’2bz(‘95“'))ds L H? eff)[ 2C1(.95w)ds)

(g, 20+ }lm+1,R)
(Y1 + l|o1 = 02|20,

where C;(w) = b|z(w)| + §e7207@) + G2 4 4b2(@) M8 (w) + e7#%(@) and

C C
H(e, 24 + Hm+1,R) = \/ 21 21

+ .
8(2A+Hm+1,R) \/m

The proof is completed. O

1/2
Lemma 2.16. For R > 2 satisfying hy = (f|x\zR hz(x)dx) <e(0<e<l)andt=20,w € Q, m € N, there
exists a random variable C,(w) = 0 such that for any {0;} x {vB(S_tw)} € B(9-tw), i = 1, 2, the following holds

2

||YB,m,R(t)|| = / |¢(ty Sfl’wy 01, v(l)(S,tw)) - ¢(t, Sftwy 07, V(z)(‘gftw))lzdx
X|2R (76)

0 hgp -2bz(95w) 0 1
< (effr(bzwswmﬂ Tl rel Cz(”s‘“)ds) (V3 (9-cw)=V3(9-w)|*+ |01 -02|7)?
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where

3

1 1
IS,R=£+—2+—+Y§+B4,R+hR, Bur= / ﬁz(x)dx s

R R
x|2R
PRSI S
AT oV VB
Proof. By (3.51) in [19], we have
2 16C2 |x|? 13
IVIIZo@a\w,p) < lv]|? 2Co f( )(IVV| +[v|)dx, veH'®). (77)
considering (57),(58), (60) and (77), we get
64C3C? 2K (9,- 2K5(9,-
Vi e < g2 M3(9r-c) +2C5 ( 10r- (@) + 2060 ) | YgKo(sr_tw))
1 1 (78)
< 2Coe + (R2 TRt Yg) K4(9,_tw),
where K, (w) = 64C3C*>M3(w) + 4C3(Ko(w) + Kl(a)) + K> (w)).
Taking the inner product of (61) with (‘5 1] )y in L?(R3), and by
x|? 2V2C
(ay, §Xyy) < 228y oy (79)
2
(750 100, 0 ) -, ), 63y )
< 163 Coel?%r-®) (2C<2)£ + (% + % + Y§)1<4(t9r—tw)) (VI + Iyl - 19yID
+ 2CoBa,re X O(yI12 +lly) - 19y, (refer to (3.54) in [19]) (80)
r —2bz(95_tw) | €19
IYOI? + [y - [Vy0] < el @EGeliree =004 (130)2 + [0y - 05 )
(81)

1
+ [ Vy()]| e PR G (1y0))12 + floy ~ 013) T (By (65))

I ECREImO1 - o = e - 70 [ By

hR”01 ‘72H1rk+ h e 2o tw)/f(‘x‘ )y dx,
R3

IN

( bz(Sy_tw)(g(X 01(r) - glx, 02(1))), ‘f(‘ ‘ )

IN

(82)

we arrive

/ £y = (26209,-1) - 2+ he 70 )) / £ yy2ax
R3

r ~2bz(95_tw) , €19
+ (IS,R +IS’RKS(Sr_tw)efo(Zb\zws—m})\ﬂse 2bz(95-¢w) 129 )ds) (Hy(O)HZ + ”0.1 _ 0’2”'211*1()

r £ ,—2bz(95_tw) | €19 1
+ I g K (9 w)e o @170+ 5505y 012 4 0y - 021202 Wy (D],
where

Ks(w) = 2,911 + M3(w) + Ko(w) + K1 (w) + Kz (w)), (83)
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and ¢, > 0 is a constant depending on co, C3, C. Applying Gronwall inequality to the above equation over
[0, t], we have

2 g 2
X 0 _ ~2bz(9jw) X
/5(7|R|2 )2 (t)dx sel-(2baw)-2Ashee )dl/ {(LRL )y?(0)dx
R3

R3
t

¢ _ ~2b2(95_¢w)
+ Ig,R/efl (2bz(9s-¢w)-2A+hge t )ds(Hy(o)HZ +|lo1 - 02||’2H‘k)dl
0

t
ot _ ~2b2(9_¢w) ! ~2b2(9_qw)+ 12
+ Is,R / ef, (2bz(9s-tw)-2A+hge s-t )dsefo(zbz(Ss,ta))we s £ )dsK5 (Sl—tw)

0

2 2
x ([ly(0)[|* + [Jo1 = 02| p)dl
t
c
+1I. R / efzt(sz(SHw)—2A+hRe’2bz(Ss—t“‘))ds e K (b\z(l%ftcu)\+§e’2b2(35"‘”)*2%9 )ds Ks(9) )

° ) (84)
x (|[y(0)| +||o1 - 02[3)2 - [|Vy (D] dl

0 _ —2bz(9,w)
< e/ SCbHID 2Nk N 0)12 4 gy — 0y 12,)

1 "0 ~2bz(9s w)
+ 3 e YO + o1 - 0a g )e oI @lthne TS

+;ﬁkﬂwmmﬂwmeamﬁkﬁmmwmwhme”%M%ﬁ@@M“

t
1 t hR -2bz(95_tw) _
+ (HJ’(O)HZ +o1 - 02”121‘1()215,1%/6‘[; (bo(s-cw)+ e “ds o210
0

. _ ‘19
e S (b]2(95-cw) |+ 1R &2 05t 52 ) g

£ ,-2bz(95_ w)+c1—€9
x el Bl 5e 0T ds g (9 )Ty (D)L

Take R > 2 large enough such that hy, < €, since

t
hg - _ 19
(ly(©)] + o1 - 02127 I & / o (0295 w)+ S e 05t ds ,20(1-0) o [/ (Bl2(O-w) |+ & 2Pt 20 ) ds

0

£ p-2b2(8s_pw)+ 12
x Pl a5 DS (9, ) [y

erhg -2bz(9sw)r D2
< ()2 + o1 - 02szrk)%I&Ref,ot(b\z(&w)HTRe 2 2¢ )ds (85)
t % t 2
y / ef,’(sz(sztw)+hRe'sz(ss"m+%)ds HVy(l)szl / elﬂl(lft)I(S (Bl_ta))dl (by hR < 8)
0 0

1 0 —2bz(9sw) | €19 | 1 g4
< W(Hy(O)HZ + ||0.1 _ O-ZH’ZI[‘k)Is,R ef,[(2b|2195(01)‘+(8+h13)e + +2K5(195(u))ds, (by (65))
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thus

g 2
X 0 _ —2bz(9s w)
/ £y (0dx < 12000 2ote s 1) 2 1 g, - g 12)

R3
1 0 ~2b2(95w)
i ﬂlg,R(Hy(O)Hz + ||0.1 _ 02H'Z]I‘k)ef’[(Zb‘Z(&w)HhRe 2 )ds
1 2 2, [2(2b|2(9sw) | +(e+hg)e 2P L 19 L K2(9. w))ds
+ —=I r([[y(O)|” + [lo1 - 02| u)e’ ’ ! s
2VA
1 2 2\ [22b|29s(w)|+(e+hg)e 20205 @)y 119 L 1 gh(9, ))ds
+ o =I r([y(0)||” + [l01 — 02| 7n) @777 ! sorr
Ver®
-2bz(9s w)
< (eff’t(zbz(st)—ZMse 2 )ds C,\Ig’Ref*Of 2Cz(x95w)d5) (||y(0)||2 +]jo1 - 02||12Tk)
where
C2(@) = blz(w)| + e 2 4 S2 4 24 2Kh(w),

2¢€
The proof is completed.

(86)

O

Lemma 2.17. For w € Q, R > 2 satisfying hg <€ (0 < € < 1), {0;} x {vf)(f)_tw)} € B(9_tw), i = 1, 2, there exist

a random variable C3(w) = 0 and a (k + m)-dimensional projector
Promg @ Tx L2(®) = T < L g ®), {0} x {x} = {0} % {Pm,rx, }
((k + m) is independent of R) such that the following hold
@
|7t(t, 9-¢w){o1 }x {vo(9-tw)} - a(t, 9-;w){o2} x {v5(I-cw)}|Ix

0 7
< ej—t C5(9sw)ds (”V(l)(lg_t(U) _ v(Z)(S_tw)”Z + ||0.1 _ 0_2”%k> ,

(i) for t = 21}1‘2,

[(Ix = Prom,r) 71t, 9-¢w){01} x {V§(9-¢w)} = (Ix — Prym p)71(t, 9-¢w){02} x {V§(9_¢w)}|x
= |‘(IL2(R3) - Pm,R)[d)(t; 197[6!), 01, Vé('gftw)) - ¢(t’ 197[(0, 0y, V%(S,tw))]u
< 1y2,mr@OI + y3,mrO]l
< (e-%t+f3(b\z(95w)I+§9’2"“93“))d5 + (H(e, 22+ pmen,p) + /Cle g ) et 00
1
< (IV9-w) = VEO-w)|* + o1 - 03 ) 7

where C3(w) = b|z(w)| + ee2P%@) + G0 4 1 4 1g¥(w) + e S (w) + 7407,

Proof. Considering Lemma 2.14-2.16, we find (i), (ii) hold. Thus, the lemma holds.

2.5.3 The boundedness of expectation

We next check the boundedness of expectation, we need the following lemma.

Lemma 2.18 (see [24, 25]). The Ornstein-Uhlenbeck process z(0;:w) satisfies

E [en /7 126:0)lds] o ont g < <1, 7R, t=0,

r(sp)

,Vp>0, teR, E[e¢%%®)] < @, seER, |e|=<1.

E[|z(6:w)|"] = NG

N

where I is the Gamma function.

(87)

(88)

(89)

(90)
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Lemma 2.19. Let the coefficient b of the random term in (19) be small enough such that

. [AVr A 1
b<m1n{—64 ’7@’7@} o1
and let € be small enough, R > 2 be large enough such that
g 4/m+3e A
hgp<e, 5 WS@’ (92)
then 1
Elblz(@)| + 5e ] < £, 0<E[C3()], E[C3(@)] < ee.
Proof. According to (90), (91) and (92), we have
€ -2bz(w) i i _ i
E[b|z(a))|+2e ]564+64 33
Note that
C3(w) < C23[£i2 + 22 (w) + e PIHWN . @8Iy p16bIZWI . g16(4) 4 K10(w) + K20 (w)],
where
0
Ke(w) = / eI @b0:w)-Nds 12 9, 4y)a, 93)
0
K7 (w) = /eflo(sz(es“’)"A)dS (zz(elw)M%(le) + e4bz(91”’)M§(61w)) dl. (94)

By Lemma 3.11 in [19], we have E[C2(w)] < oo, thus E[C5(w)] < (E[C3(w)])? < oo. The proof is completed. [

Theorem 2.20. Assume (A1) - (A3), (91) and (92) hold, then the NRDS {¢(t, w, 0)}10 e, oeTv has a D-
random uniform exponential attractor {M(w)},cq With properties:

(i) M is a random compact set;
2(k+my) In(2YEM L 1)

(it) dim; M(w) < SR v € Q.
3

(iii) for¥ w € Q, D € D, there exist random variables T(w, D) and b(w, D) such that

o Aln & -
sup diStLZ(RS)(¢(t, 9_tw, 0_40)D(9_;w), M(w)) < b(w, D)e'é*Tszt, t>T(w,D),
oETk

where D = TX x D.

Proof. By (A1) - (A3), we take 21}%2 < t = to = 8112 jn (88) and the right-hand side of (87). From Lemma 2.19,
2
it follows that the number v = t3 (2E[C§(a))] + %E[Cg(w)]) < oo, Write

3 1 _lnziv
n = min E,e 2 .

Evidently, we can choose € = €, small enough and R = R; > 2 big enough such that

2 CAISth < hR <€1.

1

n
2)

For fixed €1, Ry, by pm+1,r, — oo, there exists a m = m; big enough such that

2H(e1, 24+ P, +1.R,) < g
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Thus
681,R1,m1 = 2H(€19 2A + Hm1+1,R1) + 2 \/ CAI€1,R1 < rl‘

Considering (a-11)-(a-13), Lemma 2.17, Lemma 2.19, by Theorem 2.8, we know the skew-product cocycle
generated by ¢ and 6 has a Dx-random exponential attractor {O(w)} 4o with

2(k + ml)ln(iim +1)

4
In3

dims O(w) < , YweQ.

Consequently, ¢ has a D-random uniform exponential attractor M = P2(g3)O with dim, M(w) < dimy O(w),
Yw € Q. Moreover, by (15), forVw € Q,D € D,

. Aln 4 ~
sup dist;2(zs) (P(t, 9-¢w, 6-¢0)D(I9-¢w), M(w)) < b(w, D)e #m2', ¢ = T(w, D),
ocTk

where D = TX x D. The proof is complete. O

Remark 2.21. Similarly, we can obtain the existence of a random uniform exponential attractor for the following
reaction-diffusion equation with quasi-periodic external force and additive white noise in R3:

(95)

du + (Au - Au)dt = (f(x, u) + g(x, o(t)))dt + q(x)dW(t), t>0
u(x, 0) = up(x), x e R3,

where q € HY(R?) n H2(R?) and g, f satisfy (H1)-(H2), the random term is understood in the It6 sense.

Acknowledgments: This work was supported by the National Natural Science Foundation of China (No.
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