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Abstract: In this paper, we investigate the monotonicity of the functions

X — 1 (1—a+ \/%ax2 +a2) arctanx,
X 3
1(4  [4,

X— — | — +4/ —=Xx~+a | arctanx
x \ m? 2

on (0, o) for a > 0, which not only gives relative errors of known bounds with quadratic for arctan x, but also

yields some new accurate bounds. Moreover, the known bounds are extended and a more accurate estimate
for arctan x is presented.
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1 Introduction

In [1], Shafer proposed the elementary problem: Show that for all x > 0 the inequality

X < arctan x (1.1)

1+2vx2+1

holds. This was proven in [2]. In [3], Qi, Zhang and Guo discussed the monotonicity of the function

a+vx?+1
X — #arctanx

on (0, o0), and sharpened and generalized Shafer’s inequality (1.1). Chen and Sun [4] further determined the
best b, ¢ such that the inequalities

_ bx <arctanx < — X (1.2)

1+avx2+1 1+avx2+1
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hold for a, x > 0. More refinements and sharpenings of inequality (1.1) can be seen in [5] and the recent paper
[6].

A more general form of Shafer’s inequality (1.1) is that

X
5 < (>)arctanx

c+vbx?+a

for all x > 0, where a, b > O and c + a > 0. For this, Shafer [7] established the following analytic inequalities:

Ba,b,c (X) =

8x

3++/80x2/3 +25

for x > 0. Zhu [8] found a double inequality

< arctan x (1.3)

8x < arctan x < 8x (1.4)

3+4/80x2/3 +25 3++/256x2/m2 + 25

holds for x > 0 with the best constants 80/3 and 256/72. Alirezaei [9] provided other two sharp lower and
upper bounds for arctan x, that is, the double inequality

x <arctanx < X (1.5)
4+\/4ﬂzxz+<n2_4)2 m2 -6+ V4am?x? +36

holds for x > 0. Moreover, by observing the graph, he showed that the maximum relative errors of the lower
and upper bounds are approximately smaller than 0.27% and 0.23%, respectively. Recently, Nishizawa [10]
proved that

2 2
X < arctan x < # (1.6)

Van2x2 +32

4+\/4r[2x2+(n2—4)2 4 +4m2x? + 32

for x > 0, where (n2 - 4)2 and 32 are the best constants.

Other approximations for the arctangent function can be found in [11, 12].

To describe the coincidence of an odd function f (x) = arctan x with its approximation A (x) which is also
odd, we use a similar suggestion as presented in [13] by Gasull and Utzet, which states that the function f is
equal to A at O of order i = 1 if f and A, and their derivatives up to order (i — 1) coincide at O, that is,

i FOO-AM) _ _ ;
)}LIR)XZT_O’ k—1,3, ...21—1. (17)

In a similar way, f and A are equal at infinity of order j = 1 if

lim W=Ofork=l,2,...,j—l. (1.8)

X—ro0

Fori,j = 0, that f and A are equal of order (i, j) if they are equal at O of order i and at infinity of order j.
Now, expanding in power series gives

arctanx=x—%x3+%x5+0(x7), (1.9)
2
Byyo () L x— P 2x3+b (3“+C)3x5+0(x7) (1.10)
T a+c  2a(a+c) 8a3(a+c¢)
as x — 0, and
T 1 1 1 1
arctanx-Z—arctanx—z—x+3x3+0(xs>, (1.11)
1 1 c¢c1 a’-2c21 (1)
Bape(x) = - ---_Z2 7 —L0(= (1.12)
abie () c/x++v/b+a2/x2 Vb bx 2bVb X? x3

as1l/x — 0.
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(i) If arctan x and B, j . (x) have a coincidence of order (2, 0), that is, the parameters a, b and c satisfy the
relation (1.7) for k = 1, 2, then comparing respectively the coefficients of x and x> in the Maclaurin expansions
(1.9) and (1.10) we get

a+c=1 and Lz=1,
2a(a+c)y 3
which indicates that )
b=?a,c=1—a. (1.13)
Thus
X

Ba,b,c ()=

= A(z,o) (X; a) . (114)

1-a++/2ax?/3 + a2 '

Further, if arctanx and B, ; . (x) have a coincidence of order (3, 0), then comparing respectively the
coefficients of x> in the Maclaurin expansions (1.9) and (1.10) we have

b%(3a +c) _1
8a3(a+c)y 5’

which in combination with (1.13) yields a = 5/8. Therefore,

X

5
Ao [x:2) = = A0 (0, (1.15)
(2’°)< 8) 3/8+\/5x2/12 + 25/64 ¥

which is the lower bound given in (1.3). Likewise, if A, o) (x; a) satisfies (1.8) for k = 1, then

1 T

V2
which in combination with (1.13) yields a = 6/72. That is,

6 X
Apo (x> ) = = Ap (),
@0 ( ”2) 1-6/m? ++\/4x?|n? +36/m* @1

which is the upper bound given in (1.5).

(i) If arctan x and B, . (x) have a coincidence of order (1, 1), that is, the parameters a, b and c satisfy the
relations (1.7) for k = 1 and (1.8) for k = 1, then comparing respectively the coefficients of x in the Maclaurin
expansions (1.9) and (1.10), and the constant items in the asymptotic expansions (1.11) and (1.12), we get

(1.16)

a+c=1 and i=£

vb 2’

which implies that
X
Ba,b,c (x) = = A(l,l) (x;a). (1.17)

1-a+/4x2[m2+ a2’

Analogously, we have

6 X
A X;— | = =A X),
@ ( ”2) 1-6/m2+\/4x2/n? +36/m* .1 ()
4 X
A(l,l) (X; 1- ﬁ) = > = A(Lz) (X) .
4/m2 + \/4x2/rr2 +(1-4/m?)

Clearly, A, 1) (x) and A7) (x) are the upper and lower bounds given in (1.5).

(iii) If arctan x and B, ;  (x) have a coincidence of order (0, 2), that is, the parameters a, b and c satisfy
the relations (1.8) for k = 1, 2, then comparing the constant items and coefficients of x ™! in the asymptotic
expansions (1.11) and (1.12), we get

n
~ = 1-
5 and

<
b

Si-
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Thus
X
B X) = =A x;a). (1.18)
a,b,c (X) (4/7_[2) N \/m ©0,2) (x; a)
We also check that
4 X
A(O,Z) (X; 1- F) = > = A(l,Z) (X) y (1.19)
4/m? + \/(4/712) X2+ (1-4/m2)

42 X
40,2 (X; 2 ) = =4A0,3 (),
U 42 +\/4x2[n2 +32/n*

where A(; 5) (x) and Ao 3) (x) are clearly the lower and upper bounds given in (1.6).

From the inequalities (1.3), (1.5) and (1.6), we see clearly that there are two sharp lower bounds 43 ) (x),

Aq,2) (x) and two sharp upper bounds A, 1) (X), Ao,3) (x) for arctan x, all of which have the form of B, 5, . (x).

Moreover, A o) (x) and A, 1y (x) are contained in the family of bounds A, o) (x; a), while A, (x) and

A(o,3) (x) belong to the family of bounds A ) (x; a). Inspired by these facts, the aim of this paper is to
investigate the monotonicity of the ratios

(1.20)

arctan x arctan x

and R, (X)) = —————,
A,0) (x; a) 20 A,z (X Va)

which gives new proofs of inequalities (1.3), (1.5) and (1.6). Moreover, as we all know, analytic inequality
plays an important role in many different blanch of mathematics (See for example, [14-18]). By the obtained
monotonicity of R;(x) and R,(x) we find some new inequalities, that is, new sharp bounds for arctan x. We
show the maximum relative errors and maximum absolute errors estimating for arctan x by the four known
sharp bounds mentioned above, and offer a new sharp bounds in the form of AB, j, - (x) (A > 0 with A # 1).

The main tool dealing with the monotonicity or R; and R, is two identities on the derivatives of ratio of
two functions p and g, where p and q are twice differentiable on (a, b) (a < b) with ¢, ¢’ # 0 on (a, b):

4 ! 1 ’
p q (b q
(a) e (aq—}’) = ?Hp,q (1.21)

Ii/ /
(q,> q. (1.22)

Identities (1.21) and (1.22) (for short, IDR) were introduced in [19] by Yang. We remark that the auxiliary
function Hp 4 and its properties are very helpful to investigate those monotonicity of ratios of two functions,
see for example, [20-22]. Similarly, the auxiliary function Hy 4 together with the IDR (1.21) and (1.22) will be
used effectively to prove Theorems 1 and 2.

Ri(x) =

/
Hp,q

2 Lemmas

The following three lemmas are used to prove Lemma 4.

Lemmal. [23] For-co < a < b < oo, let f and g be differentiable functions on (a, b) with f(a*) = g(a*) = 0 or
f(b7) = g(b™) = 0. Assume that g’(x) # O for each x in (a, b). If f' /g’ is increasing (decreasing) on (a, b) then
soisf/g.

Lemma 2. [24] Let an and bn (n =0, 1, 2, ...) be real numbers and let the power series A (t) = >, ant" and
B(t) = > o bnt™ be convergent for |t| < r.If by > O forn = 0,1, 2, ..., and an/bn is strictly increasing (or
decreasing) forn = 0, 1, 2, ..., then the function t — A (t) / B (t) is strictly increasing (or decreasing) on (0, r).

Lemma 3. [25] The following expansions

1 1 =222 -1
sinx_§+; (2n)! [Ban| X, @1



1454 = Zhen-Hang Yang, King-Fung Tin, and Qin Gao DE GRUYTER

cosx 1 =(n-1)(2""-2) 2n-2
= - _ E A S— ] B D (2.2)
Sinzx XZ o (21’1)! | 2n‘
1 2n-1
cotx = X E_l an)! |BZ,,\X , (2.3)
1 1 = (2n-1)2%" -2
= 4 E = 27 Byl x , x| <m, (2.4)
sinx x> &= (2n)! Bl X

hold for |x| < m, where By, is the Bernoulli numbers.
Lemma 4 plays a key role in the proof of Theorems 1 and 2.

Lemma 4. Let

¢+ (t) = (sint - tcos t)sin’ t, (2.5)
¢, (t) = t? —2cos? tsin® t — 2t costsin® t + tcos tsin t. (2.6)

Then ¢ (t) > O for t € (0, 11/2), and ¢+ (t) /> (0) is strictly decreasing from (0, 71/2) onto (4/n*,15/32).
Proof. We write ¢, (t) as
4ep, (t) = (2t) + (2t) sin 2t cos 2t — 2 sin’ (2¢) := P4 (21).

Differentiating and expanding in power series by (2.3) and (2.4) yield

¢ (s) _ 3s-3cosssins - 2ssin®s _ s 3C08S 5o _ Z (6n) 22"

> @n)!

2n-1
- - - Baonls >0, 2.7
sin’ s sin’ s sin’ s 3 Sins

where s = 2t € (0, 71). Then ¢4 (2t) = ¢4 (s) > ¢4 (0) = 0, which implies ¢, (t) > 0 for t € (0, 71/2).
Similarly, ¢; (t) can be written as

1 . . .
1) == scosssins —2sin’s — 4coss —ssins + 4 ,
8

where s = 2t. Then ¢ (£) /2 ()

o1 (t) _ 1scosssins —2sin®s - 4coss —ssins + 4 _1 1 4coss+ssins+s? -4 _1 1¢3(s)
$2(t) 2 s2 + ssinscoss - 2sin’s 2 2s2+ssinscoss-2sin’s 2 2 ¢4(s)
where

¢3(s) = 4coss +ssins +s* - 4.

Thus, to prove the desired monotonicity, it suffices to prove that ¢s (s) /¢4 (s) is strictly increasing on (0, 7).
Expanding in power series by (2.4), (2.1) and (2.2) leads to

q.'>’3(s):25—3sins+scoss=2 s _ 3, coss ziz((n—2)22”+2n+2) Bon| 7", (2.8)
sin’ s sin’ s sin”s  sins  “sin’s 4 (2n)!
Taking into account (2.7) and (2.8) we get
. oo 2((n-2)2""+2n+2 2n-1 -
$5(s) _ p5(s)/sin’s _ no X @ny ) B 57" - Lpep Uns™
¢, () ¢ (s)/sin’s S, (6(’2‘nz),z" |Bon| s21-1 S, Vns2n

By Lemmas 1 and 2, it is enough to show that the sequence {un/vn}ns2 is increasing. A direct verification
yields

un _ (n=2)2°"+2n+2
Vn (3n)22n ’
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Upsp Un 4" —(3n® +6n+4)
Vnsi Van o 6n(n+1)x22n

Using the binomial theorem we arrive at
n+l 2 nn+1),, 2 3
47 — (Bn +6n+4) > 1+(n+1)3+T3 - (Bn +6n+4) = in(n+1)>0,

which gives the increasing property of the sequence {un/vn}ns32.
An easy calculation gives

p1(t) _ 15 p1(t) _ 4

fim 5,0 " 32 24 Jmos o T

which completes the proof. O

Remark 1. Using the methods from [26-29], one can directly prove the Lemma 4.

3 The monotonicity of R; and inequalities

We now state and prove our first main result, which reveals the monotonicity pattern of R; on (0, o).

Theorem 1. (i) If a = 5/8, then the ratio

Ri(x) = % (1 -—a+ g/gaxz + az) arctan x

is strictly increasing from (0, o) onto (1, m/al 6). Therefore, the double inequality

2

am? X
6 1-a+2ax?/3+a?

< arctan x < (3.1)

X
1-a++/2ax?/3 + a2
holds for x > 0.

2
(i) If (\/ 3m2 +2 - ﬁ) / (3712) =a, < a < 5/8, thenthereis an xo > 0 such that R, is strictly decreasing
on (0, x¢) and increasing on (xg, o). So the double inequality

max (1, m) X X

Ry (xo) xx < arctan x < (3.2)
1-a++/2ax2/3 +a? 1-a++/2ax2/3 +a?
holds for x > 0. In particular, for a = 6/m%, we have
€a1X < arctanx < X (3.3)

1-6/m?++\/4x?|m?2 + 36/ 1-6/m2+\/4x2/m? + 36/714’
where c31 = Ry (xp) = 0.9976914... is the best possible.
2
Gi)If0<a<a = (v3n2 +2- ﬂ) / (3712) = 0.598..., then Ry (x) is strictly decreasing from (0, o)
onto (n\/a/6, 1). Then the double inequality

vam?/é6xx X (3.4)

arctan x <

1-a++/2ax?/3 +a? 1-a++/2ax?/3 +a?

holds for x > 0.
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Proof. Making a change of variable x = tan ¢ for t € (0, 77/2) yields

1- 2a/3) tan? t + a2
R1(X)=i(1—a+W> arctan x = a+\/((tacr11/t))/tan T :=%,

where
p(t)=1—a+1/§atan2t+a2, q(t)=m—?t.

Differentiation yields

p'(t) _ 2a t?sint

a' () V3 (¢t-costsint)V/3a?cos? t + 2asin® t

(p’ (t))’ _2  (teost)x[3ag (t) - 4 (0] G5)
’ 3 ’ :
a0 V3 (\/Za sin? t + 3a2 cos? t) (t - cos tsin t)?

where ¢, (t) and ¢, (t) are defined by (2.5) and (2.6), respectively. As shown in Lemma 4, ¢, (t) > O for t €
(0,7/2), ¢1(t)/¢> (t)is strictly decreasing from (0, 71/2) onto (4/n, 15/32). Then the relation (3.5) can be
written as

p’(t))’zzﬁaz (tcost) x ¢ (1) [a_ﬁqsl(t)}_
(q’ ® (\/Za sin® t + 3a2 cos? t) ’ (t - cos tsin t)* 30200
Therefore, (p' (t)/q’ (t))’ > (<) 0 if and only if
. A1) _5 . 41 (t)| _ 16
“* te(s(;lzl-?/z) 3¢ (t)] 8 % 9% el [3 (o]) (t)} 312’

while a € (16/ (3712) ,5/8), thereis a t; € (0,7/2) such that (p’(t)/q’ (t))' < Ofort € (0,t;) and
(' ®/q (t))' >0fort e (t1,m/2).
On the other hand, we easily get

/.~ [ tant /_ 2t —sin 2t
7= ( t ) = 26 costt Y GO
P 2a t?sint
Hp,q(t) = q)-pt)= —
q'(t) V3 (t-costsint)V/3a2 cos? t + 2asin® t

xm—?t— (1—a+1/§atan2t+a2>

_a 2sin® t - 3a (t - cos tsin t) cos t
V3 (t —costsint) V2asin? t +3a2 cos? t

0 ast— 0,
— 2f
a+

~(1-a)

6
B—H\/E—last—wr/z.

Now, we distinguish three cases to determine the monotonicity of p/q.

Case 1: a > 5/8. By the relation (1.22), we have Hj, ; = (p’/q’)' g > 0,and so Hp,q (t) > Hp,q (0%) = O for
t € (0,7/2). The relation (1.21) in combination with ¢’ (f) > 0 and Hyp,q (t) > 0 leads to (p (t) /q(t))’ > 0 for
t € (0,7/2). Hence, for t € (0,71/2),

1_}£I(I>q(t)<q(t)<t£21/2qm 6’

which is equivalent to (3.1). This proves the first assertion of this theorem.
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Case2:0 < a < 16/ (3:‘[2). Likewise, we deduce that (p (t)/q(t))/ < 0fort e (0,7/2). So the double
inequality (3.4) holds for x > 0.

Case 3: 16/ (3712) < a < 5/8. As shown previously, by the relation (1.22) it is seen that Hp, ; < O for
t € (0,ty)and H, 4 > Ofor t € (t1,7/2). Since Hp,q (0%) = 0 and

V6 >0ifa <a<5
- 1 o
Hp,q(5>—a+2—f 1{ 8

2 .. 16
501f3?<asa1,

where a; = (\/371T f) / (37%) = 0.598..., we find that

Subcase 3.1: 16/ (371?) < a < a;. We have Hp 4 (t) < O for t € (0,7/2), sois (p (t) /q(t))/, which implies
the double inequality (3.4) holds for x > 0.

Combining Case 2 and Subcase 3.1 gives the third assertion of this theorem.

Subcase 3.2: a; < a < 5/8. Thereisa to € (t1,/2) such that Hp,q (t) < 0 for t € (0, to) and Hp,q (£) > 0
fort € (to, n/2), and so is (p (t)/q (t))/. That is, the ratio p/q is decreasing on (0, tp) and increasing on
(to,/2). This leads to

p(t) . p(H) . p()
OB TOREXI0)

pto)  p(®) . p) _ |ar? P
q (to) < q(0 < tgg}zm - \/Tfort < (to’ 5) ’

p(to) _p(t) | ar* oo
7t = a0 < max <1, ¢ ) for x € (0, =),

which is equivalent to the double inequality (4.2), where x, = tanto. In particular, for a = 6/m?, solving
the equation Hp 4 (t) = O gives tp = 1.2900104..., then xo = tanty = 3.467 341..., 50 c21 = Ry (x0) =
0.9976914..., which proves the second assertion of this theorem.

Thus we completes the proof. O

=1forte (0, ty),

that is,

Takinga = 5/8, a; = (\/ 3m2+2-42 ) / (3m*) in Theorem 1, we obtain two new sharp double inequalities.

Corollary 1. The following inequalities

8x (Zn\/ﬁ) X

< arctan x < , (3.7)
3 +4/80x2/3 + 25 3 ++/80x2/3 + 25
2 \/2(3m+2)+2)x
X < arctanx < ( ) (3.8)

2 2
4+\/4n2x2+( 2(3n2+2)—2) 4+\/4n2x2+( 2(3n2+2)—2)
hold for all x > 0. All the bounds are sharp.

Remark 2. It is easy to verify that

042,0) (x; @) x> +3a-v6axZ + 9aZ
—oa <0,

2
(3 -3a++v6ax? + 9a2) V6ax? +9a?

0 [VaAp,o(a)  9x (1 +a)V6ax? + 9a? - 3a>
= 7
oa 2va (3—3a+\/6ax2+9a2) Véax? +9a?

>0,
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thatis, a — Ap ) (x; a) and a — /aA, o) (x; a) are decreasing and increasing on (0, o), respectively. Then
taking a = 2/3, oo in inequalities (3.1) gives

3x 3x X

<arctanx < ——— 3.9
X2+3  142Vx2+1 1+2vVx2+1 (39)
for x > 0; taking a = 1/2,7/12 in (3.4) yields
X < v3anx <arctanx < 12x < 2v/3x
V3+Vax2+3 5+56x2+49 5+v56x2+49 /3 +V4x2+3

forx > 0.
As a direct consequence of Theorem 1 we immediately obtain the following
Proposition 1. The double inequality

X ar1x
P < arctan x < 1

1-a++/2ax2/3 +a? 1-a++/2ax2/3 +a?

holds for x > 0 with the best constants

(3.10)

. 5
1 > =
fazg an?

. 6
. 5 am® 6
Bi={ Rilxo)far<a<g, and a; - o faz_3,

. 6
@if0<asa1, 1 1f0<asﬁ,
where a; = (m - ﬂ)z / (3m%) and Ry (xo) is given in Theorem 1.
Using Proposition 1 with the decreasing property of a — A, o) (x; a), we deduce the following corollary.
Corollary 2. Let a, b > 0. The double inequality

X < arctanx < X (3.11)

1-a++/2ax2/3 +a? 1-b++/2bx2/3 + b2

holds for x > O if and only ifa > 5/8 = 0.625 and 0 < b < 6/m* = 0.607....

Remark 3. Clearly, the lower and upper bounds given in (3.11) for a = 5/8 and b = 6/n?, that are, Ags,0) (0
and A, 1y (x), are the sharpest lower and upper bounds of arctan x of the form B, j, . (X).

Remark 4. The first inequality of (3.11) for a = 5/8 was first presented in [7], while the second one of (3.11) for
b = 6/ appeared in [9]. It is easy to check that

8x %X

- >
3+4/256x2/m2 +25 mw2-6+2vVaix2+9

for all x > 0, the upper bound in (3.11) for b = 6/n? is better than one in (1.4).

0

Taking into account Proposition 1 and the proof of Theorem 1 we obtain a new double inequality for arctan x.

Corollary 3. Let a, b > 0. The double inequality

X

a X I'b
— <arctanx < 4/ —
61—a+\/2ax2/3+a2 61—b+\/2bx2/3+b2

2
holds for x > Oifand only if 0 < a < a; = (\/3712 +2 - ﬁ) / (3n*) and b = 6/m.

(3.12)
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Proof. We only prove that the left hand side inequality of (3.12) holds for x > 0 if and only if 0 < a < a;. The
sufficiency follows from Proposition 1 and the increasing property of a — /a4, ) (x; a) on (0, o). Suppose
that the left hand side inequality of (3.12) holds for all x > 0.Ifa > a;, thena > 5/8ora; < a < 5/8.Ifa > 5/8,
then by Theorem 1, the second inequality of (3.1) holds for all x > 0, which yields a contradiction with the
assumption. If a; < a < 5/8, then from Subcase 3.2 we see that

p(® . p) Jam? m
Wﬂﬂ%ﬁ‘ Tforl‘e(to,z),

a T
arctanx < 4/ —

X
61-a++2ax?/3 +a?
where xo = tantg, which also yields a contradiction with the assumption, and the necessity follows. This
completes the proof. O

which is equivalent to

for x € (xg, =),

Remark 5. Corollary 3 offers a new family of lower bounds in the form of AB, ,  (x) (A > O with A # 1) for
arctan x. And, a sharp lower bound is

m%x

fay X
< =
1-ay+4/2a1x2/3 + a3 4+\/4712x2+<\/m—2)

== £(0). (3.13)

4 The monotonicity of R, and inequalities

Our second main result is the following theorem, which exposes the monotonicity pattern of R, (x) on (0, o).

2
Theorem 2. (i)Ifa=ag=2 (v3n2 +2- ﬁ) /m* = 0.363..., then the function

Ry(x) = % (;‘2 + \/%xz + a) arctan x

is strictly decreasing from (0, =) onto (1, 4/m? + \/E). Therefore, the double inequality
X (4/m* +/a) x

<arctanx <

4/m2 +\/4x?[n? + a 4/m2 + \/4x?[n? + a

(4.0)

holds for x > 0.
2
(i) If32/n* <a<ag=2 (\/3712 +2- ﬁ) /m*, then there is an xo > O such that R is strictly increasing

on (0, xo) and decreasing on (xg, o). So the inequalities

min (1, 4/7% + Va) x x
(L,4/7 + va) <arctanx < R; (xo) xx
4fm? + \/4x2[m? + a 4/m? +\/4x?[n? +a

hold for x > 0, where xq is the unique solution of the equation R’ (x) = 0 on (0, o). In particular, for a =
(1- 4/712)2, we have

(4.2)

X C1oX
< arctan x < 12

4/m2 + \/4x2/r[2 +(1- 4/712)2 4/m? + \/4x2/r[2 +(1- 4/712)2
where c12 = R; (xp) = 1.0026766... is the best possible.
(iii) If 0 < a < 32/n* = 0.328..., then R, (x) is strictly increasing from (0, o) onto (4/:‘[2 +va,1).
Therefore, the double inequality
(4/7 + a) x X

< arctanx < (4.4)

4/m2 +\/4x?[n? + a 4/m? +\/4x?2[n? +a

, (4.3)

holds for x > 0.
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Proof. Making a change of variable x = tan ¢ for t € (0, 77/2) yields

1[4 4 4/m + \/m y
Ra() =+ ( + m) arctan x = Gt — 278’

2
where
4 4 > tant
p(t)=?+,/ﬁ(tant) +a, q(t)=T.
Differentiation yields
p(t) 4 t*sint

q' (D) T (t —sintcost) Vr2acos? t + 4sin? t
(p’ (r))’ _4 (tcost) x [am®d (t) - 8¢ (8)]
7 & (\/4 sin’ t + 712a cos? t)3 (t - cos tsint)®
_ 471 (t cos t) x ¢; () [a— ﬁqbl(t)}
<\/4 sin® t + m2a cos? t)3 (t - cos tsin t)? 2 $a (D)

where ¢, (t) and ¢, (t) are defined by (2.5) and (2.6), respectively. As shown in Lemma 4, ¢, (t) > O for t €
(0,7/2), ¢1(t) /¢, (t) is strictly decreasing from (0, 77/2) onto (4/712, 15/32). Therefore, (p’ (t)/q’ (t))/ >
(<) 0 if and only if

a2

8 ¢ (t)} 15 . [8 1 (t)} 32
su — =_—— oracs inf — =,
te(o,f/z) {ﬂz $2(t)]  4m? te@,n/2) | T2 P2 (t)| A
while a € (32/n%,15/ (4n?)), there is a t; € (0,7/2) such that (p’ (£)/q'(t)) < Ofort € (0,¢) and
(v’ (t)/d' (t) > 0fort e (t1,7/2).
On the other hand, we easily get

p' (6
q' (t)

t2sint

4
aO-pO)= 7 )
(t -sintcost) Vmacos? t + 4sin® t

Jant (4 1[4 G2y geos?t
t n2  cost\ m?

Hpq(t) =

_ 4sin’t-na(t-costsint)cost 4
vV m2acos? t+ 4sin? t(t - costsing) T

_ma+4/a-6
%

p ast — 0,
0 ast— /2,
Now, we distinguish three cases to determine the monotonicity of p/q.
Casel:a > 15/ (47%). By therelation (1.22), we have Hj, ; = (p’/q’)/ g >0,andso Hp,q (t) < Hp,q (7/2) =
0 for t € (0, /2). The relation (1.21) in combination with ¢’ (f) > 0 and Hp,q (t) < Oleads to (p (t) /q (t))' <0
for t € (0, 1/2). Therefore, for t € (0, 71/2),
_ p@® PO PO _ 4
t—r/24(t) q(t) ll—I>r(1> qt) m? " Ve,
which is equivalent to (4.1).
Case 2: 0 < a < 32/n". Similarly, we deduce that (p (t)/q (t))' > 0fort € (0,7/2). So the inequalities
(4.4) hold for x > 0, which proves the third assertion of this theorem.
Case 3: 32/n* < a < 15/ (47*). As shown previously, by the relation (1.22) it is seen that Hp, 4 < 0 for
t € (0,t1)and H, , > Ofort € (t1,71/2). Since Hp,q (7/2) = 0 and

ma+4y/a-6 >Oif%<a<a0,
Hpg(0)=-—5 T

712\/5 0 if <£
<Oifapsa< =,
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2
where ag = 2 (v3n2 +2- ﬁ) /n* = 0.363..., we find that

Subcase 3.1: ag < a < 15/ (47*). We have Hp 4 (t) < O for t € (0,7/2), sois (p (¢) /¢ (8)). So the double
inequality (4.1) also holds for x > 0. This in combination with Case 1 proves the first assertion of theorem.
Subcase 3.2: 32/n* < a < ap. Thereis a ty € (0, t1) such that Hy 4 (t) > O for t € (0, to) and Hp,q (f) < O
fort € (to,m/2),and sois (p(t)/q (t))/. This yields
4 b p@O _p(t)
— ++va =lim = < Z=~° <
n? t=0q(t) q() q(to)

_ i 2@ PO _ p(to) n
L= Jim B <0 < a Pree (003):

fort € (0, to),

that is,

o P _ pito) .
min (1,?+\/E) < TG for x € (0, 0),

which is equivalent to the double inequality (4.2), where xo = tantg. In particular, for a = (1 -4/ 7'[2)2,
solving the equation Hy 4 (t) = O gives ¢, = 0.9081516..., then xo = tanty = 1.2814739...,s50 c12 = Ry (xo) =
1.0026766...... , which proves the second assertion of this theorem.

The proof is finished. O

2
Taking a = ag = 2 (\/ 3m2 +2 - ﬁ) /n*, 32/n* in Theorem 2, we obtain two new sharp double inequalities.

Corollary 4. The following inequalities

2x (,/2(3n2+2)+2)x

~ <arctanx < = (4.5)
4+\/4n2x2+( 2(3n2+2)—2) 4+\/4n2x2+<1/2(3n2+2)—2)
2(V2+1)x (n*/2) x
/= t R S 4.6
PRV S SN = 5 (46)

for x > 0. All the bounds are sharp.
RemarKk 6. It is interesting that the double inequality (4.5) is the same as (3.8).

Remark 7. Obviously, a — A,z (x;/a) is decreasing on (0,0). And, a — (4/m* +/a) A,y (X;v/a) is
increasing on (0, o) due to

o [(4/m* +/a) A,z (x;v/a)] _2x ax? +Vax? + an? - Jan
=— 2
da \/E\/ltxz +am? (\/4)(2 +am? +4/n)

>0

for x, a > 0. Then taking a = 36/a*, 4/, 4/9 in (4.1) we obtain that for x > 0,

(3m%/2) x . m2x/2 . m*x/2
6+mVIX2+m2 2+mnvVx2+1 2+Vm?x2+9
5x c_(mr)x (m® +6) x

< .
2+Vm2x2+9 2+avx2+1 6+ mV9x2 +m?
Taking a = 32/n*, 3/n?, 0 in (4.4) we have that for x > 0,

2x < (ﬁn+4)x < 2(ﬁ+1)x

< arctan x

< arctan x
MX+2 44+aV4x2+3  2+Vm?x2 +8
(4.7)
(m*/2) x m’x m’x

< < .
2 VA T8 4rmVii3  2ax+h
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As a direct consequence of Theorem 2, we have the following proposition.

Proposition 2. The double inequality

pax < arctanx < gax (4.8)
42 + \/4x%[n? + a 42 +\/4x%[n? + a
holds for x > 0 with the best constants
2 4 i >
1 ifaz(1-%)", ﬁJr\/alfa—ao,
Pa= A Vaifo<as (1—%)2, and a2 =9 Ry(xo) ¥ 2% <a<ao,
2 4 1 ifo<as3,
2
where ag = 2 (\/37[2 +2- ﬁ) /n* and R, (xo) is given in Theorem 2.
Proposition 2 with the decreasing property of a — A 2 (X; \/E) implies the following corollary.
Corollary 5. The double inequality
X < arctan x < X (4.9)

4/m? +\/4x2[m? + a 4/m? +\/4x2|m? + b
holds for x > O ifand only if a > (1 - 4/712)2 =0.353...and 0 < b < 32/n* = 0.328....

Remark 8. Obviously, the lower and upper bounds given in (4.9) for a = (1 - 4/:12)2 and b = 32/7", that are,
A2y (x) and A 3) (x), are also the sharpest lower and upper bounds of arctan x of the form B, p, . (X).

Remark 9. Inequalities (4.9) for a = (1 - 4/712)2 and b = 32/1* were first proven in [10]. Clearly, we here give
a new proof.

By Corollaries 2 and 5 with the increasing property of a — Ay 1) (x; a) we easily deduce the relation between
arctan x and Ay 1 (x; a).

Corollary 6. Let a, b > 0. The double inequality

X < arctan x < X (4.10)

1-a++\4x2/n? +a? 1-b++/4x2/n? + b2

holds ifand only if 0 < a < 1 - 4/n? and b = 6/m°.

Proof. The necessity follows from

2
lim x | arctanx - X - {a— (1 - izﬂ >0,
x-res l-a+ Ve im+a2) & m

lim

1 b 1 6
— | arctanx - =—57|b-—)=0.
xX—0+ X 1-b+\/4x2|n? + b2 3b m

The sufficiency follows from the first inequality of (4.9) for a = (1 -4/ nz) ? and the second inequality of
(3.12) for b = 6/m% with the facts that

04,1 (X5 @) _ N Vaxt/m? + a2 -a "
2
oa Vax2[n? + a2 (1—a+«/4x2/n2+a2)

for x,a > 0. O
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Remark 10. Corollary 6 shows that Ay, (x) and A, 1 (x) are the sharpest lower and upper bounds of arctan x
of the form B, j, . (x) in the sense that Ay 1y (x; @) < arctanx < A 1) (X; b).

Proposition 2 also contains another new double inequality.

Corollary 7. Let a, b > 0. The double inequality

(4/m" + Va) x <arctanx < (4/712“/5))(
4/m? +\/4x?[n? + a 4fm? +\/4x?[n? + b

2
holds for x > 0 if and only if 0 < a < (1 —4/712)2 =0.353...andb = ag =2 (\/3712 ¥2- ﬁ) /m* =0.363....

(4.11)

Remark 11. Corollary 7 provides a new family of upper bounds in the form of AB, j,  (x) (A > O with A # 1) for
arctan x. And, a sharp upper bound is

(4/m* + ao) x _ (\/m+ 2> i =n(x). (4.12)
4/7‘[2+\/m 4+\/4T[2X2+(\/m_2>2

5 Concluding remarks
Fori,j € {0,1, 2,3} such thati+j = 3, let A ; (x) be given by (1.15), (1.16), (1.19) and (1.20), respectively.

Remark 12. From Corollaries 2, 5 and 6 we see that A3 o) (x) and A4 3) () are the sharpest lower bounds of
arctan x of the form B, j . (x), while A,,1) (X) and A 3) (x) are the sharpest upper bounds of arctan x of the
form B, p . (x). Then we have

max (Ag,0) (X), A,z (x)) < arctanx < min (A1) (), Ao,3) (X)) -« (5.1)

Numeric computations show that the two sharpest lower bounds A3 o) (x) and Ay (x) are not comparable for
all x > 0, so are the two sharpest upper bounds A, 1y (x) and A 3y (X).

Remark 13. From the inequalities (3.3), (3.7), (4.3) and (4.6) we obtain that for all x > 0,

A X
0.0023139... =1 L <1 Aen® 4
Cr1 arctan x

>

A b
1-Aco® 12

< =0.013752...,
0 arctan x Jism 375
X
0<1-2020) 4 L 0026694,
arctan x C12
2 A X
~0.022030... = 1 o Aen®

- 4 (ﬁ+ 1) - arctan x

These indicate that the maximum relative errors of the four sharpest bounds of arctan x equal 0.0023139...,
0.013752...,0.0026694... and 0.022030....

Remark 14. It has been shown in [9] that D, ) (x) = arctan x — Ay 5y (X) is strictly increasing on (0, x12) and
decreasing on (x12, o), while D(, 1) (x) = arctan x — Ay 1 (x) is strictly decreasing on (0, x21) and increasing
on (x,1, o), where

(n - 4) /2 (10-72) (22 - 8)

8= 16 =1.67133...,

X12 =
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|/ (572 - 48) (12 - m2)

= 4.36812....
(0= 4.368

X21 =

These actually reveal the maximum absolute errors estimating for arctanx by A 5y (x) and A, 1) (x). More
precisely, we have
0 < arctan x - A 5) (x) < D12 (x12) = 0.0025995...,

-0.0030381... = D(Z,l) (X21) < arctan x _A(Z,l) (X) <0
for all x > 0, which means that the maximum absolute errors of bounds A 5 (x) and A 1y (x) equal
0.0025995... and 0.0030381..., respectively.

To show the maximum absolute errors of bounds A3 ) (x) and A g 3y (x), we need to prove Theorem 3.

Theorem 3. (i) The difference D o) (x) = arctan x — A o) (x) is strictly increasing on (0, o), and therefore,
the double inequality

0 <arctanx = A,0) (9) < 5~ 2\/15 =0.021602...

holds for all x > 0. (ii) The difference D(g 3y (x) = arctanx — A, 3) (x) is strictly decreasing on (0, xo3) and
increasing on (xo3, o), where

8 (" - 8m2 - 16)
= =0.66178....
X03 p (12 ~ 7_[2) 0.66178

Consequently, the double inequality
—0.0080482... = D(,3) (x03) < arctan x — A g 3) (x) < 0
holds for all x > 0.
Proof. (i) Differentiation yields
8 640x?/3

1
- +
X1 \/BOX2/3+25+3 /50,334 25 (\/80)(2/3 125+ 3)2
(8x?/3 +10) \/80x2/3 + 25 - 10 (4x* + 5)
B 2
(x2+1) \/80x2/3+25 (\/80x2[3+ 25 + 3)

Di3,0) (%) =

>0,

where the inequality holds due to
2
[(gxz + 10) ,/83—0x2 +25
T

2
0= D(3,O) (0) < D(3’0) (X) < D(g,o) (00) = 5 - g\/ 15 =0.021602....

2 5120
—_ 2 = 6
[10 (4x +5)} 7 x> > 0.

This leads to

(ii) Analogously, we have
1 m? . 2mx?

X2+1 2VaxZ+8+4 ViK1 8 (2\/712)(2 T8 +4)2
(12-m%) Vn2x2 + 8 -4 (n* - 8)

(x2+1)Vm2x2 + 8 (2\/7'[2X2 +8+ 4)2.

Dio,3 (%) =

=4

Then

sgnDyg 3) (X) = sgn [(12 - nz) Vaix2 +8-4 (nz - 8)}
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- sgn [(12 - nz)z (n2x2 + 8) ~16 (n2 - 8)2} - sgn (x2 - x<2)3) .

It is therefore deduced that D(, 5, (x) < O for x € (0, X03) and D( 3, (x) > O for x € (xo3, °°), s0 we arrive at
-0.0080482... = D(0,3) (X03) < D(0,3) (X) < max (D(0,3) (0) s D(0,3) (00)) = 0,

which completes the proof. O

Remark 15. Taking into account Remarks 13, 14 and Theorem 3, we have the following table:

Sharp bounds Type  Maximum absolute errors Maximum relative errors

Ag0) (%) lower 0.021602... 0.01352...

Apyy(¥)  upper 0.0030381... 0.0023139...
Az (%) lower 0.0025995 .. 0.0026694...
Aps(X)  upper 0.0080482... 0.022030...

From the table, we see that Ay ) (x) and A, 1) (x) are respectively better than A 3 o) (x) and Ao 3) (X) in the
sense that both of the maximum absolute errors and maximum relative errors are minimum on (0, oo).

Remark 16. As mentioned in Remarks 5 and 11, inequalities (3.12) and (4.11) offer a new family of bounds in the
formof AB, . (x) (A > O with A # 1) for arctan x. As sharp bounds, by (3.8) or (4.5), we have & (x) < arctan x <
n (x) for all x > 0. Similar to Theorem 3 we can prove that

0 < arctanx - & (x) < 0.0055530...

for all x > 0; also, by (3.8), we have that for all x > 0,

2
0<1- & <c1-— " _0.0081747....
arctanx 2(3n2+2)+2

Thus it can be seen that the maximum absolute error and maximum relative error estimating arctan x by & (x)
are less than 0.0056 and 0.82%.

Remark 17. The families of bounds A, o) (x; a) and A ) (x; a) for arctan x also contain several rational
bounds listing in (3.9) and (4.7), that are, for x > 0,

X
- < arctan x,
X% +3

2

x <arctan x < X
X+ 2 2nx +4°

Remark 18. Due to the identity
m 1
arctan x = 5" arctan X (5.2)

for x > 0, ifarctan x < (>) A (x) for all x > O, then there must be

arctanx > (<) g -A (%)

for all x > 0. Thus the inequalities (5.1) can be extended as

s 1 s 1
maXx (A(B,O) (X) , A(1,2) (X) s i - A(Z,l) (;) s i - A(0’3) (;))
. n 1 Vi 1
< arctanx <min (Aa,l) (), 40,3 (0 5 ~Ap,0) (;) 5~ A <;)) :

And, all four lower (upper) bounds given in the above inequalities are not comparable.
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Remark 19. Similarly, inequalities (3.8) can be extended as

max (s((x),g—{(%)) < arctan x < min (q(x), g -1 (%)) ,

where & (x) and n (x) are defined by (3.13) and (4.12), respectively.

Remark 20. Although the bound A o) (x) for arctan x is inferior to others in the sense that both of the
maximum absolute errors and maximum relative errors are minimal on (0, =), but it is a priority selection in
the applications of engineering because that for 0 < x < 1,

0 < arctan x - A3 gy (¥) < % - 7“‘6156‘9 =0.000156...,
arctanx - A X v/ -
< oM | VA5 -9 4 00199,
arctan x 47T
and for x > 1,
V465 -9 b 1
~0.000156... = ~———= - ;- <arctanx -5 +Agg ( | <0,
v/ - arctanx - /2 + A 1/x
0.000199... = -1+ Y4659 [2+ A0 (1/%) <0,
4 arctan x

where the first and third inequalities follow from Theorem 3, the second follows from Theorem 1, and the last
follows from Theorem 4.

Theorem 4. The ratio
/2 -8/ <3x +./80/3 + 25x2)

arctan x
is strictly decreasing from (0, =) onto (1, o). In particular, the double inequality

/2 -8/ (3x+ \/80/3+25x2> , VAG5-9
< —_
47t

arctan x

Ro(x) =

1< =1.000199...

holds for x > 1.

Proof. Making a change of variable x = (4tant) /v/15 for t € (O, m/ 2) yields

7/2 -8/ (3x+/80/3 + 257 n/2-2VT5(cost)/ Gsint+5) _ p()

Ro(x) =

arctan x arctan ((4tant) /v/15) S’
where ]
n cos
pO=T-2VI5. 2, q(O=arctan [(4 tan ¢) /\/15} .
Differentiation yields
a0 1 (3 +5sint) (15 +sin? t)
q @ 2 (5 +3sint)’ ’
(p’ (t))/ _15(7 +sint)(1 - sin t)? cos t 50
q’ (6 2 (5 +3sint)’ '
This together with g > 0 yields H}, 4 = (p’/q’)/ q > 0. Since
/ (3 +5sint) (15 +sin® t)
Hya 0= 2Y9q0-p-1 :
q’'(t) 2 (5 +3sint)
T cost
x arctan ((4 tan t)/\/15) - (5 - 2\/15m) -0

as t — m/2, we achieve that Hp,q (t) < lim;_, (/5 Hp,q (t) = O for t € (0, /2), which in combination with
q’ > 0 gives (p/q)/ = (q’/qz) Hp,q < Ofort € (0,71/2). That is, R is strictly decreasing on (0, o). Clearly,
Ro (0%) = o0, Ro (1) = 2 - (V465 - 9) / (47), Ro (e2) = 1, which completes the proof. O
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