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Abstract: Suppose that I'is a graph of order n and A(I') = [a; ;] is its adjacency matrix such that a; ; is equal
to 1if v; is adjacent to v; and a;  is zero otherwise, where 1 < i, j < n. In a family of graphs, a graph is called
minimizing if the least eigenvalue of its adjacency matrix is minimum in the set of the least eigenvalues of
all the graphs. Petrovic et al. [On the least eigenvalue of cacti, Linear Algebra Appl., 2011, 435, 2357-2364]
characterized a minimizing graph in the family of all cacti such that the complement of this minimizing graph
is disconnected. In this paper, we characterize the minimizing graphs G € Qf,, i.e.

Amin(G) < Amin(cc)

for each C¢ € Qyf, , where Qf, is a collection of connected graphs such that the complement of each graph of
order n is a cactus with the condition that either its each block is only an edge or it has at least one block
which is an edge and at least one block which is a cycle.
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1 Introduction

Let I' = (V(I), E(I) be a graph such that V(I') = {v; : 1 < i < n} and E(I') are set of vertices and edges
respectively. Assume that all the considered graphs are simple, finite and undirected. For each i, the degree
d(i) is the number of incident edges on v;. The adjacency matrix of I' is A(I') = [a; ;] with a; j equal to 1 if
v; is linked to v; and a; ; is zero for the rest case, where 1 < i, j < n. The solutions of det(A(I') - AI) = O are
eigenvalues of I'. It is interesting to note that A(I') is always symmetric and real, all the eigenvalues can be
arrange as A(I') < A,(I) < ... < Aq(I'). The eigenvectors corresponding to the least eigenvalue A, (I') and the
greatest eigenvalue (spectral radius) A, (I') are called first eigenvector (FEv) and Perron-vector respectively.
The spectrum of the adjacency matrix for an undirected graph is first time studied by Collatz and
Sinogowitz (1957), see [1]. Later on, many researchers discussed the largest eigenvalue (spectral radius) in
the area of spectra of graphs, see [2, 3]. It is observed that the least eigenvalue did not receive the attention
of researchers as compare of the largest eigenvalue. From the few of results of the least eigenvalues on the
graphs, the bounds related results can be found in [4, 5]. For further study, we refer [6-13]. A graph I is said
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to be minimizing in a certain collection of graphs, if the least eigenvalue of A(I') is minimum in the set of all
the least eigenvalues of the other graphs in the same collection.

Let S(p, q) be a collection of connected graphs in which each graph is of p order and ¢ size such that
0<gq <I#. The minimizing graph in §(p, q) characterized by Bell et al. [14] is stated in the below result:

Theorem 1.1. Minimizing graph in §(p, q) is either a join of two nested split graphs, or a bipartite graph.

It is important to note that the complements of the graphs characterized by Bell contain the cliques such
that order of each clique is greater or equal to & or these are disconnected. After it, the question is raised to
investigate the minimizing graphs in the collection of connected graphs such that the complement of each
graph contains the cliques of small sizes. Motivated by it, the minimizing graph in the collection of connected
graphs such that the complement of each graph is trees, unicyclic or bicyclic are characterized by Fan, Zhang,
Wang, Li and Javaid, see [15-18]. For further study, we refer to [19 — 22]. In this paper, the minimizing graph
is characterized in the collection of connected graphs such that the complement of each graph is cactus with
the condition that each block of a cactus of order n is only an edge or a cactus of order n has at least one
block which is an edge and at least one block which is a cycle. In the rest of paper; Section 2 includes some
basic definitions and terminologies, Section 3 contains the proofs of some important lemmas and Section 4
has the main results in which minimizing graph is characterized in the family of connected graphs with the
condition that the complement of each graph is cactus.

2 Preliminaries

A connected graph is called cactus if and only if its every block is either a simple cycle or a single edge. A
cactus is a tree if and only if its each block is an edge. An edge of a cactus is a cycle edge if it is in some cycle,
and tree edge, otherwise. A cactus is said to be a bundle if there is a single common vertex on all of its cycles.
Let B1(n) be the bundle of order n + 1 obtained from a star K; , of the same order with central vertex V, by
adding the edges v;v;,;, where i € {1, 3,5,...,n— 1} and n = 0 mod(2). Thus, the central vertex v, of the
bundle B;(n) has degree n and each remaining vertex is of degree 2. Similarly, let B, (n) be a bundle obtained
from K; , by adding the edges v;v;,1, wherei € {1,3,5,...,n-2},n =1 mod(2) and |V(B,(n))| = n + 1.
Thus, for the vertices of B,(n), d(vo) = n, d(vn) = 1and d(v;) = 2, where1 <i<n-1.
We define some particular cacti which are obtained from the aforesaid bundles.

Definition 2.1. Assume that p, g = 0 mod(2) are positive integers. Let B;(p) and B1(g) be two bundles.
The cactus graph C;(p, q) is constructed by the join of a vertex of B;(p) with a vertex B;(g), where both the
vertices are of degree 2. Thus, V(C1(p, q)) = {vj1 t1l<jsp-2tu{vj:2<j<T7}U {v’é 11<j<sqg-2}
and E(C1(p, q)) = {vzvj1 :1<j<p-2YuU{vavs, vt U {vjlv"f1 1j=1,3,5,..,p-3}U{Vjvj,1 : 3 <)<
5} U {v7vs, v7ve} U {v7v]£'; :1<j<qg-2}U {v’év’é"l :j=1,3,5,...,qg-3}with |C1(p,@)|=2+p+qg =n.

Assume that p,q = 1 mod(2) and p, g > 3. If a vertex of the bundle B,(p) is joined with a vertex of
the bundle B,(q) then we obtain the cactus graph C /1 (p, q@), where both the chosen vertices are pendent and
n=2+p+q= \C,l(p, q)|-Forp=3,g22,p=1 mod(2) and ¢ = 0 mod(2), if we join a vertex of the bundle
B;(p) to a vertex of the bundle B1(q) then we obtain a cactus graph C,(p, q), where the chosen vertices are of
degree 1 and 2 respectively and n = 2 + p + g = |C2(p, q)|. Similarly, if we assume p 2 2, g 2 3, p =0 mod(2)
and g = 1 mod(2), and choose two vertices of degree 2 and 1 in B{(p) and B,(q) respectively. On joining
these chosen vertices by an edge, we obtain the cactus graph Clz(p, qgwithn=2+p+q-= |C/1(p, q)|-

We note that C;(p,q) =~ Ci(q,p) and Cll(p, q =~ C,l(q,p) as p and g both are even in C;(p, q) and
odd in Cll(p, q). Moreover, as p is odd and ¢ is even in C>(p, q), and p is even and q is odd in C;(p, q)
therefore C;(p, q¥> C2(q, p), C2(p, a¥> C3(q, p) and C2(q, p) * C3(p, q). The cacti C1(p, ¢) and C3 (p, q) are
presented in Figure 1((a) and (b)) and the cacti C,(p, q) and C,(p, q) are presented in Figure 2((a) and (b)).

Let Q1,, be the class of cacti other than stars such that each block of a cactus is an edge and 2, , be
a class of cacti other than bundles such that at least one block of each cactus is an edge and at least one
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Figure 1: (2)C1(p, ¢) and (b)C (p, ).

Figure 2: (3)C2(p, q) and (b)C;(p, q).

block is a cycle. Let Qn be a class of cacti other than stars and bundles such that either all the blocks of a
cactus are edges or a cactus has at least one block which is a cycle and at least one block which is an edge,
i.e. On = 01, U Q5 . Thus, we obatain Q5 = {I'° : I'° isconnected, [I‘|=n A T € Qn}.Byinterlacing
theorem, A,,;,(I) < -1 if I' contains at least one edge. Moreover, equality holds if I is a complete graph.
Another way to achieve this equality is if I' = U;G;, where all G; are complete graphs and at least one G; is
non-trivial. Thus, for I' € Qn, A;in(F€) < -1.

If ¢/ : V(I — {X; : 1 < i < n}isallmap such that (],’)/(u,-) = X; for each u; € V(I') then it is said to be
defined on the graph I'. The eigenvector X of A(I') is naturally defined on V(I'). Thus, we have

XTAX=2 )" XuXo. 2.1)
uveE(()
The eigenequation for each v € V(I') is
AXy= " Xu, 2.2)
ueNr(v)

where all adjacent to v are in Np(v). If X € R" is an arbitrary unit vector, we have
Amin(T) < XTA(DX, (23)

where equality holds iff X is a FEv. If I'“ is complement of I', then A(I'®) = ] - I - A(I') with J and I as all-ones
and identity matrix respectively. Thus, for X € R"

xTarox = xTg - Dx - xTA(D)X. (2.4)
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Let Y be FEv of C1(p, )¢ which is defined on it. By (2.2), the vertices v"1 fori1<j<p-2,vy,v3, V4 Vs,
Ve, v7 and v} for 1 < j < g - 2 having values in Y1, say X; for 1 < j < 8 respectively. If A,yin(C1(p, 9)€) = A1 then

MX1=p-8)X1+X3+X4+ X5+ X+ X7 +(q-2)Xs,
A Xy = X5 + X + X7 +(q - 2)Xg,

AX3 = (p-2)X1 + X5 + Xe + X7 + (g - 2)X3,
MXy=(p-2)X1 +Xg + X7 +(q - 2)Xs,

A X5 =(p-2)X1 + X5 + X3 +(q - 2)Xs,
AMXe=(p-2)X1 +Xo + X3+ X4 +(q - 2)Xg,
MX;=p-2)X1+X> + X3+ Xy,
MXg=p-2)X1+Xo + X3+ X4 + X5 + Xg + (g - 4)Xs.

(2.5)

Take Y7 = (X1, X2, X3, X4, X5, Xg, X7, Xs)T then the matrix equation is (A — A;1)Y; = 0 and

fiA, p, q) = det(A — AI) =(4 + pq - 2p - 2q) + (16 — 4p — 4q)A + (-4 — Tpq + 12p + 12g)A*
+(-48 + 2pq + 14p + 14q)A° + (=20 + 7pq - 9p — 9g)A*
+(24+2pg-16p-16QA° + R4 -Tp-TPA + B8 -p- A" +25...  (26)

with least root 1.
Let Y; be FEv of C}(p, )°. By (2.2), the vertices Viforl<j<p-1,vy,vs,v4,vsandviforl<j<g-1
having values in Yll, say X; for 1 < j < 6 respectively. If Amin(Cll(p, q)°) = All then

/\/1X1 =(p-3)X1+X3+ X4+ X5 +(q - )Xo,
A1Xa = X4 + X5 + (g - DX,

/1/1X3 = -1X1 +Xs5+(q-1)Xe,

/\:1X4 =(p-1DX1+X, +(q-1)Xe,

AMXs =(p-1)X1 + X + X3,
NiXe=(p-1)X1 +Xo + X3 + X4 + (g - 1)X.

2.7)

Take Y/1 = (X1, X2, X3, X4, X5, X¢)T then the matrix equation is (4 - /1/1[)Y/1 =0and

fid, p, q) = det(A - AD)
=(8-2p-2q)+(-8-2pq+7p+T7qQA+(-18+3pq +2p +2q)A> + 2pq - 7p - TPA°
+(11-5p-5QA* +(6-p - A +A°... (2.8)

with least root )l;.
Let Y, be FEv of C,(p, q)€. By (2.2), the vertices v’1 for1<i<p-1,vy,vs3,Vs, Vs, Ve, and v’7 forl<j<q-2
having values in Y5, say X; for 1 < j < 7 respectively. If A,;,(C2(p, q)°) = A, then

LX1=p-3)X1+X5+ X4+ X5+ Xg+(q-2)X7,

Xy = Xy + X5 + X +(q - 2)X7,

X3 =(p-1)X1 + X5 + X + (g - 2)X7,

MXy=(p-1DX1 + X, +(q-2)X7, (2.9)
MXs = (p- DXy + X, + X3 +(q - 2)X7,

HhXe=(p-1X +X5 + X3,

LX;=(p-DX1+X + X3+ X, + X5 +(q - 4)X7.

Take Y5 = (X1, X2, X3, X4, X5, X6, X7)T then the matrix equation is (A — A,1)Y> = 0 and
f2(A,p, q) = det(A - AI)
=(-6-pg+2p+3q)+(-8-2p-2q+3pg)A+ (26 + pg - 10p - 13q)A> + (23 - 5pq + 3p + PA°
+(-9-2pg+11p + 1A  + (17 + 6p + 6qQA° + (-7 +p + q)/l6 -A... (2.10)
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with least root A,.
Let Y; be the FEv of Clz(p, q)°. By (2.2), the vertices v} for 1 < j < p - 2, v2, v3, v4, Vs, Vg, and v/, for
1 <j < g - 1 having values in Y;, say X; for 1 < j < 7 respectively. If Am,-n(C/z(p, q)°) = A, then

A;Xl =(p-4)X,+ X3+ X4+ X5+ X+ (q-1)X7,

Alzxz =Xs +X¢ +(q - 1)X7,

A,X3 = (p - 2)X1 + X5 + X + (g - DX,

Xy = (p-2)X1 + Xe + (g - 1)X7, (2.11)
MaXs = (p - 2)X1 + X5 + X3 + (g - DX,

)l/zX6 =(p-2)X1+X, + X3 + X4,

X7 =(p-2)X1 +Xo + X3+ X4 + Xs + (g - 3)X7.

Take Y3 = (X1, X2, X3, X4, X5, X6, X7)7, the matrix equation is (4 -~ A;1)Y; = 0 and
fQ, p, q) = det(A - AI)
=(-6-pg+2p+3q)+(-8-2p-2q+3pg)A+(26 + pg - 13p - 10g)A> + (23 - 5pg + p + 3g)A°
+(-9-2pq+11p + 11A* + (17 + 6p + 6q)A° + (-7 +p + QA® - A7 ... .12

with least root /1/2.

3 Minimizing graphs

Now, we present some important lemmas of the minimizing graph which are frequently used in next section.
The classes of cacti which have graphs of even order are discussed from Lemma 3.1 to Lemma 3.6. Moreover,
the cacti of odd order are studied from Lemma 3.7 to Lemma 3.10.

Firstly, we discuss the classes of cacti which have graphs of even order.

Lemma 3.1. Suppose that p, q = 4, n = 12 are integers with p, g, n = 0(mod 2).If p > g + 2, then
Amin(C1(P = 2, @ + 2)°) < Apin(C1(p, @),
wherep +q+2=n=|V(Ci(p-2,q+2))|=|V(Ci(p, q)°)|.

Proof. From equation (2.5), we have f1(-3, p, q) = 325-17(p + @) - 35pq. Since for p, g = 4 f1(-3, p, q) < O.
Therefore, least root of f1(A, p, q) is A1 < —3. Moreover, f1(A,p-2,q+2) = (pq—4q) + (16 - 4p - 4q)A + (24 -
2p +26q - 7Tpq)A? + (=56 + 18p + 10q + 2pq)A> + (48 + 5p — 23q + 7Tpg)A* + (16 — 12p — 20q + 2pg)A° +
4-7p-7@A° +(8-p - q@A’+2%, and

fl(A’p’ q)'fl(/l,p_zyq"' 2) = —2@—4—2)(2/\5 + 7/14 +2/13 - 7/12 + 1)
=2(p-q-2A-HA+355) A+ 355)A+ 5N + 155).

As p is greater than g + 2 and A is less than -3 therefore f1(A,p,q) - fi(A,p — 2,q + 2) > 0. Also,
f1(=3,p - 2, g + 2) < 0 which implies that A,,;,(C1(p - 2, g + 2)°) < Apin(C1(p, )°).

Corollary 3.2. Suppose that p,q > 4, n > 12 are integers with p,g,n = O(mod 2).If ¢ > p + 2, then
Amin(C1(p + 2, ¢ = 2)) < Ain(C1(p, q)°), wherep + g +2 = n.
Proof. Since, C;(p, q)¢ ¥ C1(q, p)°, therefore proof is same as of Lemma 3.1.

-2

Lemma 3.3. Suppose that p, g = 4 are integers with p, g = O(mod 2)andp+q+2 =n = |V(C1 (%=, "T‘Z)C)\ =
[V(C1(p, )9)| = |V(C1(%, 5%)°)|. Then

Amin(cl(n%z, n%Z)z:) if n=2(mod 4);

Amin(C1(%, 5%))  if n=0(mod 4);

Amin(C1(p, @)°) = {
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where equality holds iff p = %52 = gwithn> 14 and p = ¥ and g = 5% with n > 12.
Proof. Whenn = 2(mod 4), thenforp = 52 = g, the equation (2.5) becomes f (-3, %52, "52) = —(n- 7 2)(n+
5.1428). For n = 14, we have f1(-3, 5=, %2) < 0. (b) When n = O(mod 4), then forp Jandg =12 4 the
equation (2.5) becomes f1(-3, %, "5%) = —(n - 7.5159)(n + 5.4588). For n > 12, we have f1(-3, 2, %5 4) < 0.
Thus, from both the cases least root of f1 (A, p, q) is A < -3.

Now, by Lemma 3.1,if g+ 2 < pand A < -3, then A,;;,(C1(p - 2, ¢ +2)°) < Apin(C1(p, 9)€) and by Corollary
3.,if g > p+2and A < -3, then A,,,;,(C1(p + 2, g - 2)) < Apin(C1(p, q)°).

Consequently, forn = 14andn = 2(mod 4), we have /lmm(Cl(”zz, ”ZZ)C) Amin(C1(p, @)€) with equality
iffp = q, and (b) for n = 12 and n = O(mod 4), we have Ap;,(C1(5, %5 “)"‘) Amin(C1(p, 9)°) with
equahty 1ffp =Tandq="".

Lemma 3.4. Suppose that p = 5, ¢ = 3, n > 12 are integers with p, g = 1(mod 2) and n = O(mod 2). If
p>q+2,then
Amin(C1(P = 2, @ + 2)°) < Apin(C1(p, 9)°),

where p + g + 2 = n is cardinality of both the cacti.

Proof. By (2.8), fi(—B,p, q) =32+(@+q) -21(pg-p - q). Since, forp = 5and q = 3, fi(—B,p, q) < 0.
Therefore, least root fi (A, p, q)is A1 < 3. Also,

fi(}l,p -2,9+2)=(8-2p-2q)+(-2pq +3p + 11@)A + (=30 + 3pq + 8p - 4qg)A*
+(2pgq-3p-11q - A% + (11 - 5p - 5q)/l4 +(6-p-gA° +2°

AP, @) - fiA,p-2,q+2) =(8 - 4p + 4g)A° + (12 - 6p + 69)A% + (-8 + 4p - 4q)
=-2A(A +2)(A -0.5).

Since p is greater than g+ 2 and A is less than —3,fi(/l,p, q)—fi(/l,p—z, q+2)>0. Also,fi(—B,p—z, g+2)<0
which implies that Ayin(C1(® - 2, ¢ + 2)%) < Apin(C1 (2, )°).

Corollary 3.5. Suppose that p > 3, ¢ = 5, n > 12 are integers with p, ¢ = 1(mod 2) and n = O(mod 2). If
q > p +2,then Am,-,,(Cll(p +2,9-2))< /lm,-n(Cll(p, q)°), wherep+q+2=n.

Proof. Since, Cll(p, qQ°~C ;(q, p)¢, therefore proof is same as of Lemma 3.4.

Lemma 3.6. Suppose that p, g > 3 are integers with p, ¢ = 1(mod 2)andp+g+2=n-= |V(C (852, 152)°)| =
[V(C1(p, @)°)| = [V(C1(%, "54)°)|. Then,

Amin(Ci (2, 554)9) if n=2(mod 4);

Amin(C1(p, @)°) 2 { mm(Cl(n n- A)C) if n=0(mod 4);

where equality holdsiffp = § and g = 4 withn > 14,and p = 72 =g withn = 12.

Proof. When n = 2(mod 4), then for p = % and g = "5* the equation (2.8) becomes f1(=3,2 2,02y =—1(n-
6.4842)(n+0.2937).Forn > 14, wehave f1(-3, %, %52) < 0.(b) When n = O(mod 4), then forp = 52 = g the
equation (2.8) becomes f; (-3, n2 n2)- —%(n—7.3333)(n—0.8571). For n > 12, we have f; (-3, n-2 n-2y ¢
0. Thus, from both the cases least root of f1 A, p,q)is }tll <-3.

Now, by Lemma 3.4, forp > g+ 2 and A < -3, /lm,-n(Cll(p -2,q+2))< /lmin(Cll(p, q)¢) and by Corollary
3.5,if g > p +2and A < -3, then Amin(Cll(p +2,9-2))< /lm,-,,(C/l(p, q9)°).

Consequently, forn>14and n = 2(mod 4), we have Am,n(C;(g, ndy) <A Amin(Cy (D, @)°) with equality
iffp="2andg="* and (b) forn = 12 and n = O(mod 4), we have /lmm(Cl(" 2, 152)¢) < Amin(CL (0, 9)°)
with equality iff p = 5% = gq.

Now, we discuss the classes of graphs having graphs of odd order.
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Lemma 3.7. Suppose that p > 5, ¢ > 2 and n > 13 are integers with p, n = 1(mod 2) and g = O(mod 2). If
p > q+ 3, then
Amin(C2(p = 2, @ + 2)°) < Apin(C2(p, 9)°),

wherep +¢q+2=n=|V(C2(p - 2,q+2))| = |V(C2(p, 9)°)I.

Proof. From equation (2.10), we have f>(-3,p,q) = 117 - (p + q) - 28q(p - 1). Since, forp = 5and q = 2
f>(=3, p, q) < 0. Therefore, least root of f>(A, p, q) is A, < -3. Also, f,(A,p-2,q+2) = +(5q - pq) + (-20 +
4p -8 +3pg)A+ (16 -8p - 15+ pg)A> + (39 -7p +11g - 5pA°> + (-1 + 7p + 159 - 2pg)A* + (=17 + 6p +
6qQ)A° + (-7 +p+@A® — A7, and

D, Q) -fr(Ap-2,g+2) =4+ DA - DA - L1 82y M-z
2 a3 as

wherea; =3-2(p-q), a2 = /8(p-q)?-32(p-q)+33and as = 2((p - q) - 2).

Ifp-q — 4, then 7% — Oand “2%2 — -3.1fp-q — +oo, then #2%2 — ~1+v2and 422 — -1-v/2.
This shows that for p - q > 4, %}“2 € [0,0.4142[ and “%‘2 € [-3,-2.4142[. Thus, forp > g + 3 and
A < -3, we have /L(A,p,q) - LA, p - 2,q +2) > 0. Also, f>(-3,p - 2,q + 2) < 0 which implies that
Anin(C2(p = 2, g + 2)) < Apin(C2(p, 9)°).

Lemma 3.8. Suppose that p = 4, ¢ > 3 and n = 13 are integers with g, n = 1(mod 2) and p = O(mod 2). If
p > q+ 3, then
Amin(C2(0 = 2, @ + 2)°) < Apin(C2(p, @),

wherep+q+2=n.

Proof. From equation (2.12), we havef;(—B,p, q) =117 - (p + q) - 28p(g — 1). Since, forp > 4and q > 3,
fé(—3,p, q) < 0. Therefore, least root offé A, p,q)is /\/2 < -3. Also,

f;()l,p—z,q+2) =(-4+p+4q-pq)+(-20+4p -8q+3pq)A+ (28 -11p - 12q+pq)/12

+(47 -9p +13q - 5p@A> + (-1 + 7p + 15 - 2p@)A* + (<17 + 6p + 6q)A° + (=7 +p + @A® - A7,

and
HAP,q) -fo,p=2,q+2) =24+ 1)A - 0.5)A - 0.1861)(A + 2.6861).

Thus, forp > gand A < -3, we havef;()l,p, q) —fé(/\,p -2,q+2)> 0. Also, f;(—3,p -2,q+2) < 0which
implies that Ayin(Co(® — 2, g + 2)6) < Apin(C3 (D, 9)°).

Corollary 3.9. Suppose that p > 3, g > 4 and n > 13 are integers with p, n = 1(mod 2) and g = O(mod 2). If
g > p+3, then Apin(C2(p + 2, ¢ — 2)°) < Apin(Ca(p, @)°), where p +q + 2 = n.

Proof. Using Lemma 3.8,ifr>s+ 3 and r + s + 2 = nthen
Amin(Car = 2,5+ 2)°) < Ain(C5 (1, )°).
Therefore, for n = 1(mod 4), we have

Amin(Co(n = 7, 5)) < Ain(Co (1 = 5, 3)°), Amin(Ca(n = 9, 7))
n-5 n+1

< Ain(Co (0= 7,50, coey Amin( C2 (552, T52)°)
rn-1 n-3
</lmin(C2(T’ 2 )C)
Similarly for n = 3(mod 4), we have
Amin(Co(n = 7, 5)°) < Apin(Co (1 = 5, 3)°), Amin(Ca(n = 9, 7))
: ' n-3 n-1
< Amin(Cr( =7, 5)°), vy Ain(Co (=2, L= 20y

2 72
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n+1n5

< Amm (CZ( 2

)9).

Now, by definition, for n = 1(mod 4), C,(n - 5,3) = C,(3,n - 5), Co(n - 7,5) = C(5,n — 7),...,
Cy(153, 11y = (™2, m55) and for n = 3(mod 4) Co(n -5,3) = C2(3,n-5), Co(n - 7,5) = Co(5,n -
) CZ(nB nINC(nl n3.
Consequently, A, (C2(p + 2, ¢ — 2)) < Apin(C2(p, q)°) for q > p, which complete the proof.

Lemma 3.10. Suppose that p > 3 and g > 2 are integers with p = 1(mod 2) and g = O(mod 2), where
p +q+ 2 = nis of the cacti. Then

(Co(L 15))  if n= 1(mod 4);
) c min 2
Amin(C2(p, @)°) 2 { Ain(Ca %1’ 3)¢) if n=3(mod 4);

2
2

where equality holds iff p = ! and g = 5> with n > 13, and p = %5! and g = %52 with n > 15.

n 5 n+l n-5

Proof. When n = 1(mod 4), then for p ”*1 and g = 32, the equations (2.10) becomes f>(-3, %=, %52) =
—(n - 7.4647)(n + 1.6075). Thus, for n = 13, we have fz( 3,11, 15) < 0. (b) When n = 3(mod 4), then
for p = -1 and g = 52, the equation (2.10) becomes, f,(-3, "T‘l, "—‘3) = —(n-5.7569)(n - 0.1001). So, for
n =15, we have f,(-3, "5, "33) < 0. Thus, from both the cases least root of f>(A, p, q) is A5 < -3.

Now, by Lemma 3.7, if p is greater than g + 3 and A is less than -3, then A,,;,(C2(p - 2,q + 2)°) <
Amin(C2(p, q)°) and by Corollary 3.9,if g > p, g-p # 2 and A < -3, then Ap;in(C2(p+2, g-2)) < Apin(C2(p, 9)°).

Consequently, forn > 13 and n = 1(mod 4), we have )lmm(Cz(”+1 n. 5)C) < }lmm(Cz(p q)¢) with equality
ifp=""andp =", and (b) forn > 15 and n = 3(mod 4), we have Ay;n(C2("5%, 52)°) < Apin(C2(p, 9)°)
with equality iffp= "%1 and g = 2. This complete the proof.

4 Characterization

This section includes the main results in which minimizing graphs are characterized in the family of con-
nected graphs with the condition that the complement of each graph is a cactus such that either its each block
is only an edge or it has at least one block which is an edge and at least one block which is a cycle. In Lemma
4.1 and 4.2, the basic results are developed which are used in the main results. In Lemma 4.3 and Lemma
4.4, minimizing graphs are characterized in Qf , and QS , respectively. Finally, in Theorem 4.5 minimizing
graphs are characterized in Q; = Qf , U Q5 ,

Lemma4.d.Letn>12and X = (X, X, X5, ..., Xn)T be areal vector defined on C € Q, such that |X1| 2 |X3]| 2
|X3] = ... 2 | Xn| and all X; are either non-negative or non-positive. Then

XuX, if n=1(mod 2);
XuX, < uveE(B;(n-1))
> S

weEO) XuX, if n=0(mod 2);

uveE(B;y(n-1))

where equality holds if C  Bi(n - 1) and C = B,(n - 1) respectively.
Proof. Suppose that X is non-negative and discuss the following two cases:

Case-1. Suppose that C € Qy, is a cactus graph such that its each block is an edge i.e. C € Q1 ,. Let X; be the
value of the vertex v € C assigned by X. As n > 10 and is not a bundle, therefore there exist a vertex in C
say u which is not adjacent to v. Thus, a vertex w adjacent to u (w ~ u) exists on a path from v to u as C is
connected. A new cactus C having each block as an edge can be found on the deletion of the edge wu and
addition of vu in C. We find a star K;,,-; with center v by repeating the same process for the non-neighbor of
v in the cactus € and so on. Thus, we have

Z XuXy < Z XuXy < lex = Z XuXy (4.1)

uveE(C) uveE(C) uveE(Ky n-1)
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Case-2. Suppose that C € Qy is a cactus graph such that it has at least one block which is an edge and at least
one block which is a cycle i.e. C € Q; ,. Assume that k is number of cycles in C, then 1 < k < (%], where
n is order of C. Now, we delete an edge in each cycle under the conditions, (i) no two deleted edges of any
two cycles have common vertex and (ii) the deleted edge in a cycle which has the vertex with label X; is not
incident on this vertex. Thus, we have a cactus graph such that its each block is an edge, say C "ie.C e Qq .

Then by Case 1, wehave > XuXy< > XuXy. Now, we add the deleted edges, then
uveE(C’) uveE(Ky n-1)

STOXuXy = > XuXv+ Ku, Xy + X, Xuy s s + X0, Xy, )
uveE(C) uveE(C)

k terms

< E XuXv + ()(v,1 XV,1+1 + XVTZ XV72+1+’ LEEE) +XVrkXVyk+1)’
uveE(K1,n-1)

where vy, Vpi1, Vs, Vsi1s ..., Ve, Vee1 are 2k distinct vertices of C. Moreover, the inequality in (4.1) does not
disturb, if we add k terms (Xv, Xv, ., + Xv,, Xv,, .1+, o5 +Xv,, Xv,kﬂ) in its right hand side. Consequently, from
both the cases, we have

Z XuXv < Z XuXv + (){V,l XV;-1+1 + er2 XV12+1+’ ceey +XVrkXVrk+1)‘ (4'2)
uveE(C) uveE(Ky n-1)

(a) Assume n = 1(mod 2). Since, in K; -1, one vertex, say v; with d(v;1) = n—1 has value X; and remaining
n — 1 pendent vertices have values X; for 2 < i < n. Pairing the vertices of degree 1 and joining each pair by
an edge, we have %5 edges v;v;,1, wherei € I = {2, 4, ...,n—1}. Thus, (Xv,Xv,., + Xv, Xve, + oovr +Xv, Xvp) <

>~ X;Xi.1. Since, o XuXo+ > XiXi = > XuXv. Consequently (4.2) becomes, > XuXy<
i€l uveE(K1,n-1) iel uveE(B,(n-1)) uveE(C)
> XuXy, where equality holds if C has one vertex of degree n — 1 and remaining n — 1 vertices are

uveE(B;(n-1))
of degree two, i.e. C ¥ Bi(n - 1).

(b) Assume n = O(mod 2). Since, in K;,,-1, one vertex, say v; with d(v;) = n - 1 has value X; and
remaining n — 1 pendent vertices have values X; for 2 < i < n. Pairing the n - 2 vertices of degree
1 and joining each pair by an edge, we have "T‘z edges v;vi;1, wherei € I = {2,4,...,n — 2}. Thus,

(erl XVT1+1 + XVTZ er2+1+, ceey +XV’kXV’k+1) < ZXiXi+1t Since, Z XuXV + Z XiXi+1 = Z XuXv.
i€l uveE(K1,n-1) iel uveE(B;(n-1))
So, (4.2) takes form > XuXy < > XuXy, where equality holds if C has one pendent vertex, one
uveE(C) uveE(B;y(n-1))

of degree n — 1 and n - 2 with degree 2, i.e. C = B(n - 1).
Lemma 4.2.Forn > 12 and C¢ € Qf, the first eigenvector X of C¢ has at least 2 negative and 2 positive entries.

Proof. Assume that there is a unique vertex v € C¢ having positive value labeled by X. The degree of v in C¢
is non-zero, i.e dcc(v) # 0. As, if dcc(v) = 0, then C is a bundle, which is a contradiction to the construction
of Qf,. Consequently, 1 < dc(v) < n - 1. Let u be another vertex in C. Since all the vertices are supposed
to have negative values except v, we claim u ~ v, otherwise (2.2) does not holds for u € C¢as AXy > 0

and > Xw <0=AXy # . Xw.Consequently, dc(v) = n -1 for each v € C¢. It shows that C
wENG (1) weNg(u)
is disconnected, which is a contradiction to the construction of Qf. Similarly, we can prove, if v € C® is a

unique vertex with negative value assigned by X.
Lemma 4.3. Suppose that C is a cactus graph such that C° € Q5 , and [V(C)|=n=p+q+22>12.

(@) If n = O(mod 2), then either A,,;;,(C1(p, 9)°) < Apin(CS), or }tmm(C;(p, q)°) £ Apin(C), where equalities
holdif C = C1(p,q)or C < C/l(p, q), respectively.

(b) If n = 1(mod 2), then A, (C2(p, q)°) < Apin(C®) with equality if C = C,(p, q).

Proof. Assume X is a unit first eigenvector of C¢. Define V, = {v : Xy, 2 0,v € V(C)}and V- = {v : Xy <
0,v € V(C%)} such that | V.|, |V_| = 2 by Lemma 4.2. Suppose that the subgraphs C. and C- of C are induced
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by the vertex sets V, and V_ respectively and E # @ is subset of E(C) with one end in C; and other in C-.
Thus, we have

Z XuX, = Z XuXy + Z XuXy + Z XuXy. (4.3)

uveE(C) uveE(C,) uveE(C.) uvcE’

(a) Assume that n = O(mod 2), where n = p + q + 2. Let C be a graph obtained from C by some possible
addition or deletion of edges in C. and C- such that the subgraph C. and C- of C induced by C, and C- are
cactus graphs satisfying one of the following possibilities, (i) each block of one of the subgraphs C. and C-
is an edge and other has at least one block which is a cycle and at least one block which is an edge, (ii) all
the blocks of both the subgraphs C: and C- are cycles, (iii) all the blocks of one subgraph are edges and of
other are cycles, (iv) each block of one of the subgraphs C. and C- is a cycle and other has at least one block
which is a cycle and at least one block which is an edge, and (v) both the subgraphs C. and C- have at least
one block which is a cycle and at least one block which is an edge.

For (i), suppose C. is a cactus such that its each block is an edge, otherwise we take —X as a first
eigenvector. Let u’ be a vertex of C; with maximum modulus among all the vertices, then by discussion of
equation (4.1) in Lemma 4.1, we obtain a cactus with each block as an edge which is infect a star K . Similarly,
suppose that v’ is a vertex with maximum modulus among all the vertices of C-. Firstly, we delete an edge
in each block such that no two deleted edges of any two blocks have a common vertex in C- and the deleted
edge in a block which has v’ is not incident on this vertex. Thus, we obtain a subgraph of C- such that its each
block is an edge. Then by the same discussion as of equation (4.2) in Lemma 4.1, we obtain a cactus with at
least one block as a cycle and at least one block as an edge which is infect a star K, , with edges among the
pendent vertices having different end points.

Sincen = O(mod 2)andn = p+q+2,wheren = [V, UV_| = |C:UC-|,p+1 = |V = |C:| and
q+1 = |V_| = |C-|. Therefore, either both p and g are even or odd.

Suppose p and g both are even. By pairing the pendent vertices of the star K;,, which is obtained from C;
and joining them by edges, we have a bundle B (p) with center u having maximum modulus value, where
p+1 =1V, 2 3isodd. Similarly, pair the remaining possible pendent vertices of the subgraph obtained from
C- and join them by edges. Thus, we obtain a bundle B;(q) with center Vv having maximum modulus value,
where g + 1 = |V,| = 3 is odd. Thus, by Lemma 4.1 (a), we have

Yo o XuXvs > XuXvs Y XuXy (4.4)
uveE(C,) uveE(C,) uveE(B;(p))
and

Z XuXy < Z XuXy < Z XuXy. (4.5)

uveE(C.) uveE(C.) uveE(B,(q)

Suppose p and q both are odd. By pairing the pendent vertices of the star which is obtained from C.
and joining them by edges, we have a bundle B, (p) with center u having maximum modulus value, where
p+1 = |Vi| = 4is even. Similarly, pair the remaining possible pendent vertices of the subgraph obtained
from C- and join them by edges. Thus, we obtain a bundle B,(q) with center Vv having maximum modulus
value, where g + 1 = | V| = 4 is even. Thus, by Lemma 4.1 (b), we have

doXuXvs > XuXvs Y XuXy, (4.6)

uveE(C,) uveE(C,) uveE(B(p))
Yo oXuXvs Y XuXvs > XuXu. (4.7)
uveE(C.) uveE(C.) uveE(B;(q))

Assume thatu” € C, and v’ € C- have minimum modulus values. Then

Z XuXV < Xu//XV// . (4.8)
uveE’
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Using (4.4), (4.5), (4.8) and (4.6), (4.7), (4.8) in (4.3) respectively, we have

Z XuXv < Z XuXv + Z XuXV + Xu// XV// ) (4.9)
uveE(C) uveE(B;(p)) uveE(B1(q))

Z XMXV < Z XHXV + Z XMXV + Xu//Xv// . (4.10)
uveE(C) uveE(B,(p)) uveE(B(q))

Since p = q = 2. Therefore, if we take u' e B1(p), Ve B1(q) of degree 2 and U e B>(p), Ve B>(q) of
degree 1. Then (4.9) and (4.10) becomes,

Z XuXy < Z XuXy, (4.11)

uveE(C) uveE(C1(p,q))
D XuXvs Y XuXy. (4.12)
uveE(C) uveE(C; (p,q))

Now by the equations (2.1)-(2.4) and (4.11), we have A,,,;,(C¢) = XTA(C)X = XT(J - I - A(C))X = XT(J - DX -
XTA(OX > XT(J - DX - XTA(C1(p, @)X = XTA(C1 (D, )X 2 Amin(C1 D, @) = Anin(C1(P5 @) < Amin(CE).
Similarly by equations (2.1)-(2.4) and (4.12), we have A,,;,(C1(p, 9)¢) < Apin(CE).

Thus, forn = 0(mod 2), either A;;n(C1(p, 9)°) < Apin(CE) or Am,-,,(C/l(p, q)°) € Apin(CY), wherep+q+2 =
n. On the same way, it can be prove that the results are also true for all the possibilities (ii)-(v).

(b) Assume that n = 1(mod 2), where n = p + q + 2. Let C be a graph obtained from C with subgraph C.
and C- induced from C, and C- are cactus graphs satisfying any one of the possibilities which are stated in
(a). For (i), we proceed same as in (a) and find the cactus graphs which are infect stars with some possible
edges among the pendent vertices having different end points from both the subgraphs C. and C- after the
deletion and addition of some edges. Since n = 1(mod 2)andn=p+q+2,wheren=|V,UV_|=|C+UC-|,
p+1=|Vi=|Csand q+1=|V_|=|C-|. Therefore, either p is even and q is odd or vice versa. Without loss
of generality, we assume p as odd and q even.

Suppose that ¥ andu’ in Cs, and v andv" in C_ have have maximum and minimum modulus values
respectively. Then by the same discussion as in (a) with the help of Lemma 4.1, we have

Z XuXy < Z XuXy < Z XuXy, (4.13)

uveE(C,) uveE(C,) uveE(By(p))
Yo oXuXvs Y XuXvs Y XuX, (4.14)
uveE(C.) uveE(C-) uveE(B1(q))
and
Z XHXV < Xu// XV” s (4.15)
uveE’

where the bundle B;(p) has center ¥ with maximum modulus value and p+1=|Vi| = 4is even. Similarly,
the bundle B;(g) has center v, with maximum modulus value and q+1 =1V, 2 3 is odd. Now, using (4.13),
(4.14) and (4.15) in (4.3), we have

Z XuXv < Z XuXv + Z XuXv + Xu//XV// . (4.16)
uveE(C) uvEE(B;(p)) uveE(Bi(q)

Since p, q > 2. Therefore, if we take u €B, (p) and v' eB; (p) such that degree of v’ in B;(p) is 1and degree
of v in B1(q) is 2. Thus, (4.16) becomes

Z XuXy < Z XuXy. (4.17)

uveE(C) uveE(C2(p,q))
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Now by the equations (2.1)-(2.4) and (4.17), A,in(C2(p, 9)¢) < Apin(CS), wheren = p + g +2 > 10 and
n = 1(mod 2). Similarly, it also can be prove for all other possibilities.

Now finally we prove that there does not exist any vertex in V. such that its value given by X is zero
and E' has exactly one edge. Firstly, among the vertices of C{(p, q), we prove that v, = u and V4 = U are
unique ones in C; and, vs = v and V7 = Vv are unique ones in C- with maximum and minimum modulus,
respectively. For this, we will show 0 < X, < X3 < X; < X, and X7 < Xg < X¢ < X5 < 0. By Lemma 4.2, we
have X1, X, X5 non negative and X,, X5, X4, X7, Xg negative values in the first eigenvector X of C;(p, q). By
25),MX -X)=-p-)X1-X3-X4, <0, L1 + D)X -X3)=-(X1 - X,) <0,and A{ (X3 - X4) = X5 < 0=
X, -X1>0,X; -X3>0and X5 - X4 > 0. Thus

0<X,<X35<X;<X,. (4.18)

Similarly, Ay (Xg - X7) = X5 + Xg + (@ - 4)Xg < 0, (A1 + 1)(Xg — Xg) = X5 + Xg < 0and A1 (X5 - Xg) = -X; <0
= Xg - X7 >0, X5 — X¢ >0and X¢g — Xg > 0. Thus

X7 < Xg < X6 < X5 <0. (4.19)

If any one of the vertices v, v, and v3 has value zero assigned by X, then by (4.18) X3 = 0 = X,,. Moreover,
by (2.5), we have X5 = 0 = X4, which is a contradiction to the construction of V_ and C-. If the value of the
vertex v, labeled by X is zero, then by (2.5), 11 (X5 — X¢) = 0 = X5 = X¢ which is a contradiction to (4.19) (i.e.
X5 isaunique onein C-). Consequently, X, X>, X3 and X, are non zero positive values of X. Thus, v ¢ V. such
that X, = 0. By (4.4), (4.5), (4.8), (4.9) and the above discussion, we have C; = C+ = B1(p), C- = C- = B1(q)
and E has only one edge v = V4Vs in B1(p, q). Similarly, we can prove for B;(p, q) and B>(p, g). This
complete the proof.

Similarly, we can prove the following result:

Lemma 4.4. Suppose that C is a cactus graph of order n = p + g + 2 > 10 such that C° € Qf ,
(@) Ifn = 0(mod 2), then either Ayin(C1(®, 9)°) < Amin(C)  OF Apin(C (B, @)°) < Ayin(CE).
(b)If n = 1(mod 2), then A, (C2(p, q)°) < Apin(CE).

Theorem 4.5. Suppose that C is a cactus graph of order n such that C° € Q7 = Qf , U QS ,
(1)Assume that n = O(mod 2),p,qg=24andn=p+q+2:

(a)For p, ¢ = O(mod 2);

(DIf n = 14and n = 2(mod 4), then A, (C1 (5= S 2)C) < Anin(C1(p, 9)°) < Apin(CC), where equalities hold
ifC=C; (n 2 n 2) > Amin(C1 (D, @),

(i)If n = 12 and n = O(mod 4), then A (C1(3, "T"‘)C) < Amin(C1(p, 9)°) < Apin(CF), where equalities hold if
C~ Cl(n n 4y~ A Amin(C1(p, 9)),

(b)For p, g = 1(mod 2);

DIfnz14andn = Z(mod 4), then )lmm(C (3, 24)) < )lmm(Cl(p q)°) < Apin(C©), where equalities hold if
C= C (n n 4) = mm(Cl(p Q))

(i)If n > 12 and n = O(mod 4), then Amin(C1(%52, 552)) < Apin(C1 (P, @)°) < Amin(CE), where equalities hold
ifC¥ Cl(n 2 n )= A mm(C (p, Q))

(2) Assume that n = 1(mod 2), p = 1(mod 2)and g = O(mod 2):

(DIfn>13andn = 1(mod 4), then Apin(C2 (%L, %52)) < Apin(C2(p, 9)°) < Amin(C©), where equalities hold
ifC~C (n+1 = 5 =1 mm(CZ(p: Q)),

(i)If n > 15 and n = 3(mod 4), then Apin(C2("%52, %52)9) < Apin(C2(p, @) < Apin(CC), with equality if
C=(C, (n 1 ns 3) > Anmin(C2(p, 9)).

Proof. The result follows from Lemma 3.3-Lemma 3.5 and Lemma 4.3-Lemma 4.4.
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5 Conclusions

Petrovi¢ et al. [23] explored a unique cactus as a minimizing graph from the class of cacti such that the order
of each cactus is n. But, it is noted that the complement of the proposed minimizing graph is disconnected.
In this paper, we characterize the minimizing graphs in a collection of connected graphs such that the
complement of each graph of order n is a cactus with the condition that either its each block is only an edge
or it has at least one block which is an edge and at least one block which is a cycle. However, the problem is
still open to characterize the minimizing graphs in a collection of connected graphs whose complements are
in the complete class of cacti (each block of a cactus is only an edge, at least one block is an edge and at least
one block is a cycle, or each block is a cycle).
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the Fundamental Research Funds for the Central Universities (N0.2652017146).
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