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Abstract: The presented paper is strictly connected, among others, with the paper On the sum of some
alternating series, Comp. Math. Appl. (2011), written by Witula and Stota. A problem concerning the form
of determinants formulated in the cited paper is solved here. Next, the obtained result is adapted to solve
some system of linear equations and the description of the sum of alternating series.
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1 The main result

The presented paper is strictly connected with paper [1], and also [2, 3]. In paper [1] the following two matrices

were considered
. 20jm
Ay = {sm “un
r VXV,

and 5ii
. , i sin =%, j#n,
Arp o= [A,’,n} . with Al =TT
VrXVy — — 2 ] =
5, =20, j=n,
where
- Lr - 1J
r = 72
foreveryr € {3,4,...}and n € {1, 2,...,v,}. Also, the formula for determinant A, (see Theorem 1 below)

was given, but verified only for prime r < 1051, using Mathematica software. In this paper we prove that
formula is valid for all natural r = 3. Moreover, we also give the compact formula for the determinant of A;, .
The formulas are given in the theorem below.

Theorem 1. For all naturalr =3 andn € {1, 2,...,v;} we have
_ (w2 (T2
detd, = (-1) ( 4) 6
and
detA, , = gdetAr cot ? @

-1)/2

Remark 1. Let us also notice that in formula (1) the multiplier (—1)V’(V' vanishes if we reverse the order of

columns (or rows) of Ar.
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Remark 2. The hypothesis on the formula of detA, were sent by the authors of [1] to The American -
Mathematical Monthly, Section: Problems and Solutions. However, it was not published since it was considered
insufficient and neither authors nor editors had an idea how to complete it.

Remark 3. The determinant related to our determinant, although having some other structure, is discussed in

papers [4, 5].

Example 1. We give the explicit form of formulas (1) and (2) forr = 7 (v; = 3, whence n € {1, 2, 3}). Note that
if we expand the determinants we get some nontrivial trigonometric equalities.

sin 2’ sin 4 sin & 77
detA; = |sin“Z sin & sin 122 12” -5
sin & sin 127 sin 187 18”

51 4m 6n

3% sin %2 sin &7 7 .
detA;y = |37 sin® sin 127 | = —=Zmcot =

v

%

8 7
sin 127 1271 sin 187 1871

2n 5n sin &2 671

sin <&
7 14 7 o
detA;,, = sin 47" 3% sin 127 12” = —%ncot =

1871
sin A

Z\n

2 i 4 51
sin 7 sin 47 37 V7 3
detA; 3 = |sin " sin 8" 37| =-="mcot —-

. 8 7
sin 67" sin 127

:\: E\

The paper is organized as follows. In Section 2 we prove four auxiliary lemmas which we use in Section 3 to
prove Theorem 1. In section 4 we discuss two applications of the main result.

2 Auxiliary facts

The following lemmas are necessary for proving the main results. We will use the well-known trigonometric
identities (see [6-9])

L n
sin — = SnT? 3)
k=1
n-1 : 0 n e 2N
kn sin™Z > )
COoS 7 = 2n7% = (_1)(n—1)/2 (4)
k=1 “oni ne2N+1,
where n = 2 and
n 1 (n+1)9
cos (n+31)60 sin " sin
S sinkd - Leot § - g> - - ®
o1 2sin 5 sin 5
n : 1 . (n+1)9
sin(n+1)0 sin " cos
Zcosk9=—1+ ( : (3) = b , (6)
2 2sin§ sin §

wheren >1and 6 ¢ 2nZ.
Note that identities (3)—(6) were used in [10] to describe the Cartan matrix in complex simple Lie algebra.

Lemmal. Let
Dm = [Sinjxi]mxm s
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where x; € R for 1 <i < m. Then

m
det Dy, = 2mm=D/2 H sin x; H (cos x;j — cos x;).
k=1 1<i<jsm

Proof. The proof can be found in [2, 3]. It is based on transforming D, to Vandermonde matrix by means of
elementary operations. O

Remark 4. Notice that matrix A, is a special case of Dy, for m = v, and x; = 2in/r.

Lemma 2. For each natural number n > 3 the equality

Vn . vp 2j-1
in km 1 /n\w/2
[Teos ZT[ [ sinZ- 2L (2
1 n 4 n 2Va \4
i=1 j=1 k=1

is valid, where vy := | %51 ].

Proof. By substituting first j = v, — i + 1 and next k = n — l we get

vp 2j-1 Vn 2vp-2i+1 Vn

(n- l)ﬂ I
T[T -1 T1 sn-11 ULy O L
j=1 k=1 i=1 k=1 i=1 I=n-2v,+2i-1 i=1 I=n-2v,+2i-1

Let us assume first that n is even. Then n - 2v, = 2 and from (7) we obtain the equality

vp 2j-1 vp n-1

km
[[TTsn 7 1T I sm*".
j=1 k=1 j=1 k=2i+1

Substituting i = § — m yields

..ommn
HCOS*-H OS = SIHT.

Hence, by the successive algebraic operations we have

) 2 )
Vn . vy 2j-1 Vn . Vp . vy 2j-1 Vp n-1
H cos i H sin ko = H cos i sin i sin k H sin k
1 n 1 n ] n i n 1 n 1 n
i=1 j=1 k=1 i=1 i=1 j=1 k=1 j=1 k=2j+1
. v 2j-1 Vv 1
1\" 2im km kn
. sin 22 T [ sin Z ] [ sin’Z
2 n 1
i=1 j=1 k=1 j=1 k=2j+1
n-1 Vn
L sin kn
2 n ’
k=1
and from (3) we finally get
2
2j-1
"0 e O n\» 1 /n\
[Teos T ITIIsin 0 | = () =50 (5
i=1 j=1 k=1

Now, if we assume that n is odd, then n — 2v, = 1 and (7) yields

vn 2j-1 vn n-1

HHSID* HHSIH*

j=1 k=1 j=1 k=2i
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Moreover, by substituting i = n — m we obtain

- in (n-mm 12 1 mm

_ m-mr _ . \(n-1)/2 mn
.|1|cosn = || cos - (-1) || cos ——,
i

m=vy+1 m=vy+1
whence
2
Vn i vp 2j-1 in vp 2j-1 vy n-1 kot
b AL (n-1)/2 u kn . km
Hcos HHsm =(-1) Hcos H cos - HHsm H sin —
i=1 j=1 k=1 i=vp+1 j=1 k=1 j=1 k=2j
i Vn n-1
1) 1)/21_[(303 HHsm—
j=1 k=1
i (" kn "
_ (_1\n-1)/2 i . KT
(-1) Hcosn< smn) .
i=1 k=1
From (3) and (4) we have
2
n 2j-1
in 15 km) 1 n A\ _ 1 /n\"
HCOS*H sin=r ) = ona (2n—1) - o (Z) ’
j=1 k=1
which finally proves Lemma 2. O
Lemma 3. For each natural number n = 3 and eachi,j € {1, 2,...,vn} we have
V,
n . . n:
sin 2ikn sin 2kjm _ ij )
n n 4
k=1
where §;; denotes the Kronecker delta.
Proof. From the formula for the product of sines, we get
2ikm . 2kjm kn 1 2(i + j)kn
Zsm sin == =3 Z -5 ) cos = . )

k=1

Assume first that i # j. We have to consider three cases: when n is odd, when nis even and i+j is odd and when
both n and i +j are even. We will investigate the second case, the other ones should be discussed analogically.
Namely, let n be even and i + j odd. From (6) and (9) we obtain
. 2ikm 2kjm  sin W cos % sin W cos %
Zsm sin = L - G =0.
n 2sin =27 2sin =21

Now, assume that i = j. Then equality (9) takes the form

Vn . . Vn .
> sin 2K iy 2T Vi LS o Ak (10)
n n 2 2 — n

There are only two cases to consider: n is either odd or even. If n is odd, then from (6) and (10) we have

M\ . 2ikm . 2kjn _n-1 1 sin2im  n
Zsm sin = + =

n n 4 4 f4gip2n 4’
o1 4sin =

which finishes the proof. O

Remark 5. Identity (8) in less general form can be found in [9], in the chapter devoted to the finite sums.
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Lemma 4. For each naturalnumbern =3 andj € {1,2,...,vn} itis true that
Z(n 2k) sin 2= zjkﬂ > meot!Z,
k=1

Proof. Let us notice that, by introducing the auxiliary variable x, we can write the left-hand side of the
examined equality in the following way

v v v !
. . 2ikn ~ . 2ikm n 2 2ikmx
E (n-2k)sin . n E sin n + P (E cos n )

x=1.

k=1 k=1 k=1
From (5) and (6) we get
o 2ikm n im ncosaim n 1 sinainx /
Z(n—2k)sin—=fcot——.7m+.— st , (11)
P n 2 no 2sinf im\ 2 2siniX | Ix=1
where a := (2v, + 1)/n. Since
/
sinaimx \ _ aimcosainmx _ imcos X gin aimx
2sin X 2sin X 2n sm2 inx
we obtain ,
n 1 . sin aimrx _ancosaim  COS ﬂ sinaim
im\ 2 2sin™ | Ix-1 2sinT 2 sm2 in
Now, if n is even, then we have
i .
n 1 sinainx _ncosaim _ cosaim _ COS 7 sinain
im\ 2" Jsin i imx ) lx=1 2sin™  2sin 7 2 sm2 i
i i in . .. .
_ ncosain Sin (am + ) _ncosaim _ sinim _ ncosain
2sin 7 2sin? I 2sin®  2sin? T 2sinm
Similarly, if n is odd, then we get
. . / . ir[ P .
n 1 | sinainx _ncosaim €OS < SINIM  ncosain
im\ 2 2sin™ ] k-1 2sini? 2 sm2 in 2sin 7
which, on the grounds of (11), gives the desired identity. O
L]
3 Proof of main result
Proof of Theorem 1, formula (1). From Lemma 1 we have
Vr . .
- 2km 2jm 2inm
detA, = 2V V2T sin 228 COS —*— — C0S ——
, [[sin == 11 . .
k=1 1<i<jsv,
s Kkt 1 kn 2jm 2in
= pvlvrt1)/2 H cos — | [ sin — H <cos I cos —) .
r r r r
k=1 k=1 1<i<j<v,
From the formula for the difference of cosines we get
Vr
2im
[[sn*® 1 (cos i _
k=1 1<i<jsv
' (12)

Vr
_ (_o\Vvrv-1)/2 . kn sin 1+]) 1)71
(-2) | | sin =~ | | H sm

k=1 1<i<j<v, 1<i<j<y,
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Next, changing the indices gives
(i+j)m 14 i+ oo 71
H sin = =HHsm . =H sin ==
1<i<jsv, j=2 i=1 j=2 k=j+1
and
1)71 1)71 v kn
H s1n H H s1n H sin —
1<i<jsy, j=2 i=1 j=2 k=1
Hence (12) can be written in the following way
Vr . vy 2j-1
. km 2jm 2im vr(v,-1)/2
HsmT H (cos— cos T) (-2) H Hsm—
k=1 1<i<j<y, j=1 k=1
It gives us
v, 2j-1
detA, = (=1)" ¥ D2y, Hcos = H H sin
j=1 k=1
From Lemma 2 we obtain (1).
Proof of Theorem 1, formula (2). Firstly, we show that
At = %A,
r
For this purpose let us notice that
.e .o Vr . .
éAr Ay = F sin 721]71} . {sin 721]7‘[} = {4 sin 21k sin Zk]ﬂ} = |8;;
r r r r r r r
VyXVy VyXVy k=1 Voxvy

where the last equality results from Lemma 3.
Next, we can write the matrix A;! in the form

e |:(—1)i+iji(Ar):|

>

det A,

VXV,

— 1337

where M;;(A) is the (i, j) minor of a matrix A. By comparing it with the values of elements of the matrix At

we get

My(4,) = (- 1)“1 detA, sin 297

In order to compute the determinant of A, , let us notice that the following equality holds

Min(Ar,n) = Min(Ar) = (-1)”" detArs 1n Zznn

Hence, by applying the cofactor expansion along the n-th column we have

Vr

detArn =3 (-1 AN Miy(Ar.0) = =7 det, Z(r— 2i)sin 27

i=1 i=1

At the end, by Lemma 4, the above formula takes the form given in the theorem.
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4 Applications of main result

In this section we present two applications of Theorem 1. The first is algebraic, the second — analytic.

1. Let us consider the following system of linear equations

lm 2vim _ 1
xrlsm L+ Xy sin ¥ .+ Xr,y, sin =8 = L(r - 2)
xrlsm—+x,25m6—”+ +xrv,sm‘“"”=%(r—4)
(13)
.02
Xp,1Sin 227 4 X, 5 sin AUT 4L+ Xy, sin ST = (r-2v,)

where v := |51 | and r > 3 is natural. Then from Cramer’s rule and Theorem 1 we get

detAr n z detAr cot =~ nﬂ 7'[
Xron = i = ti
’ detA detA, 7€

2. Let us consider the sum of the alternating series of the following form

—( 1 1
S”"_Z; (kr+n Sk 1)r—n)’

wherer > 2 isnaturaland n € {1, 2,...,v/}.
Let v € (0, ). Applying the theory of Fourier series one can prove that the expansion of the 277-periodic
function

1, m-vy<|x|=sm,
1
f(X)= Es ‘X‘ =mT—7,
0; ‘X‘<n_77

into the cosine series is given by the formula

flx) = % - % i M cos(nx).

n=1

In the special case, by substituting x = 7 — v we get
T_ v = i 1 sin(2nvy)
2 —n ’

kﬂ

whence by taking v = “Z, we obtain the identity

—(r 2K = Z Lgn 2knn (14)

Let us notice that we have 2l
2

vV,
. . 2knm ann
> Srasin P = > Spnsin ;

n=1

2kr2]m _  when r is even. Hence

Lr/2]
2knm _ Z sin 2knm Z 1 ‘ 1
jr+n (+1r-n

since sin

Zsrnsm
n=1

—

2] o /. ; . 1) .
_ rl JZ sin Zk("r*”)” , sin Zk((“l,)r s Z 1an ann W 7o
jr+n G+Dr-n n 2r ’

n=1 j=0 n=1
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Therefore S;,, are the solutions to the system (13), so we have

V4 nmn
Srn = 7C0t7,

s

(15)

fornaturalr=2andn e {1,2,...,v/}.

Remark 6. Formula (15) can be also derived in a purely analytical way, from the residue theory, which will be
omitted here.

Remark 7. In [11], series of similar type as above are considered. But the Author focused on increasing the
speed of their convergence, and not on the form of sum of these series.
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