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Abstract: In this paper we de�ne and investigate nearly Hurewicz spaces and their star version. It is shown
that a nearly Hurewicz space �ts between Hurewicz and almost Hurewicz spaces. As a counter example it
is shown that a particular point topology which fails to be Lindelöf, Menger, Hurewicz is a nearly Hurewicz
space.
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1 Introduction
In 1996, Scheepers restructured classical selection principles and started an e�cient examination of the
selection principles in topology. For selected results on selection principles, see [1–4]. Various topological
properties are de�ned or characterized in terms of these selection principles.

Let N denote the set of positive integers, X be a topological space andA,B be collections of open covers
of X:

Hurewicz space is a topological space which satis�es a particular basic selection principle that general-
izes σ−compactness.

A classical Hurewicz covering property U�n(A,B) is:
For every sequence of open coversU1,U2,U3, ...,Un , ...of the space X by elements ofA, there exist �nite

sets F1 ⊂ U1, F2 ⊂ U2, F3 ⊂ U3, ...,Fn ⊂ Un , ... such that for each x ∈ X, x belongs to all but �nitely many
∪F1, ∪F2, ∪F3, ,...,∪Fn , .... This property of topological spaces was introduced byWitold Hurewicz [5] in the
year 1926. As a consequence Bonanzinga et al. in 2004 in [6] introduced two star versions of the Hurewicz
property as follows:

SH: A space X satis�es the star-Hurewicz property U*�n(A,B) if for each sequence (An : n ∈ N) of open
covers of X by elements of A, there exists a sequence (Bn : n ∈ N) such that for each n, Bn is a �nite subset
ofAn and for each x ∈ X, x ∈ St(∪Bn ,An) for all but �nitely many n.

SSH: A space X satis�es the strongly star-Hurewicz property SU*�n(A,B) if for each sequence (An : n ∈ N)
of open covers of X by elements ofA, there exists a sequence (Fn : n ∈ N) of �nite subsets of X such that for
each x ∈ X, x ∈ St(Fn ,An) for all but �nitely many n.

SSM: A space X satis�es the Strongly star-Menger property SS*�n(A,B) if for each sequence (An : n ∈ N)
of open covers of X by elements of A, there is a sequence (Fn : n ∈ N) such that for all n ∈ N, Fn is a �nite
subset of X, and ∪n∈N{St(F,An) : F ∈ Fn} is an element ofB.
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De�nition 1.1. [6] A space X is said to be strongly star-Hurewicz (star-Hurewicz) if it satis�es the selection
hypothesis SSH (resp., SH).

On the study of star-Hurewicz spaces, the readers can see the references [1, 6–10].
As a generalization of Hurewicz spaces, the authors [11] de�ned a space X to be almost Hurewicz if for

each sequence (Un : n ∈ N) of open covers of X there exists a sequence (Vn : n ∈ N) such that for each
n ∈ N, Vn is a �nite subset of Un and for each x ∈ X, x ∈ ∪{cl(V) : V ∈ Vn} for all but �nitely many n.
Kočinac in [12] de�ned (see also [13]) a space X to be weakly Hurewicz if for each sequence (Un : n ∈ N) of
open covers of X, there is a dense subset Y ⊆ X and a sequence (Vn : n ∈ N) such that for each n, Vn is a
�nite subset ofUn and for each y ∈ Y, y ∈ ∪Vn for all but �nitely many n. We note that every Hurewicz space
is almost Hurewicz space and every almost Hurewicz space is weak Hurewicz. In [11] it is shown that every
regular almost Hurewicz space is Hurewicz where as a Urysohn almost Hurewicz space fails to be Hurewicz.

We note that in a topological space X:
1) An open cover U of X is a γ−cover if it is in�nite and for every x ∈ X, {U ∈ U : x ∈ ̸ U} is �nite.
2) An open coverU of X is an ω−cover if X ∈ ̸ U and every �nite subset F of X is contained in some U ∈ U.
3) An ω−cover U is a cover such that X does not belong to the cover U and every �nite subset F of X is

such that F ⊆ scl(U) for some U ∈ U.
We use symbols Γ , Ω, Ω to denote the collection of all γ and ω− and ω−covers respectively.

De�nition 1.2. [14] A topological space X is a γ−set if for each sequence {Un : n ∈ N} of ω−covers of X there
exists a sequence {Vn : n ∈ N} such that for every n ∈ N, Vn ∈ Un and {Vn : n ∈ N} is a γ−cover of X.

In 1963 Levine in [15] characterized semi open sets in topological spaces. Consequently numerous
mathematicians summed up various ideas and examined their properties. A set S ⊂ X is semi open in a
space (X, τ) if and only if S ⊂ cl(int(S)). If S is semi open, then its complement is semi closed [16]. Every open
set is always semi open but a semi open set may or may not be an open set. SO(X) denotes the collection of
all semi open subsets of X. According to Crossley [16], semi closure and semi interior were de�ned analogus
to closure and interior. A set S is semi open if and only if S = sInt(S), where sInt(S) denotes the semi interior
of S in the space X and is the union of all semi open sets contained in S. A set T is semi closed if and only if
T = scl(T), where scl(T) denotes the semi closure of T in the space X and is the intersection of all semi closed
sets containing T . It is known that for any subset S of X, Int(S) ⊆ sInt(S) ⊆ S ⊆ scl(S) ⊆ cl(S).

De�nition 1.3. A space X is called nearly-compact [17] if for every open cover U of X has a �nite subcollection
V such that ∪V∈Vint(cl(V)) = X.

De�nition 1.4. A space X to be semi-Hurewicz [18] if for each sequence (Un : n ∈ N) of semi open covers of X
there exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a �nite subset of Un and for each x ∈ X,
x ∈ ∪{V : V ∈ Vn} for all but �nitely many n.

The purpose of this paper is to de�ne and investigate topological properties of nearly Hurewicz spaces,
nearly star Hurewicz spaces and nearly strongly star Hurewicz spaces.

2 Nearly Hurewicz spaces
De�nition 2.1. A space X is said to have nearly Hurewicz property if for each sequence (Un : n ∈ N) of open
covers of X there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a �nite subset of Un and for
each x ∈ X, x ∈ ∪{int

(
cl(V)

)
= scl(V) : V ∈ Vn} for all but �nitely many n.

We notice that every Hurewicz space is a nearly Hurewicz space, and every nearly Hurewicz space is
almost Hurewicz.
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Remark 2.2.
Hurewicz⇒

:
nearly Hurewicz⇒

:
almost Hurewicz⇒

:
weakly Hurewicz (1)

Example 2.3. (1) Real line with the usual Euclidean topology is Hurewicz so is nearly Hurewicz.

(2) Real line with the cocountable topology is Hurewicz so is nearly Hurewicz.

Example 2.4. Sorgenfrey line is not almost Menger (see Example 6d, [19]) it can not be almost Hurewicz and
hence Sorgenfrey line is not nearly Hurewicz.

Lemma 2.5. [20] In a topological space X if O is open, then scl(O) = int
(
cl(O)

)
.

Example 2.6. Let X be an uncountable set and p ∈ X. Then Tp = {O ⊆ X; p ∈ O or O = ϕ} is uncoutable
particular point topology on X. Uncountable particular point topology is not Lindelöf [21] so it can not beMenger
and can not be Hurewicz because every Menger space is Lindelöf and every Hurewicz space is Menger. To show
that X is nearly Hurewicz we will show that for each x ∈ X, {O ∈ T : x ∉ int

(
cl(O)

)
} is a �nite subcollection.

As for A ⊆ X and A ∈ Tp , implies p ∈ A. Thus no closed set other than X contains p. Hence closure of any open
set except than ϕ is X. This implies cl(A) = X. Therefore the collection of interior of closure of open sets is {ϕ,
X} and x ∉ ϕ, for all x ∈ X. Hence X is nearly Hurewicz.

Example 2.7. Let R be the set of reals numbers, I the set of irrational numbers and Q the set of rational numbers
and for each irrational x we choose a sequence {ri : i ∈ N} of rational numbers converging to x in the Euclidean
topology. The rational sequence topology τ is then de�ned by declaring both R and ϕ to be open, each rational
open and selecting the sets Uα(x) = {xα,i : i ∈ N} ∪ {x} as a basis for the irrational point x. If r ∈ Q, then the
closure of {r}with respect to τ is equal {r}, and for every x ∈ I, the closure of Uα(x) is equal Uα(x). For every n ∈
N,Un = {r : r ∈ Q}∪{Un(x) : x ∈ I} is an open cover of (R, τ). (R, τ) does not have the almost (nearly) Hurewicz
property because (R, τ) is not almost(nearly)Menger [22]. On the other hand, (R, τ) is weaklyHurewicz, because
Q is dense in (R, τ) and each x ∈ Q belongs to cl(∪Vn) for all n and scl(∪Vn) = int(cl(∪Vn)) = R.

De�nition 2.8. A subset B of a topological space X is called s-regular open (resp. s-regular closed) if B =
int(scl(B))(resp. B = cl(sInt(B))).

Note that every s-regular open set is open and semi closed. If A is open, then cl(A) is s-regular closed set.

Theorem 2.9. A topological space X is nearly Hurewicz if and only if for each sequence (Un : n ∈ N) of covers
of X by s-regular open sets, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a �nite subset
of Un and each x ∈ X, x ∈ ∪{V : V ∈ Vn} for all but �nitely many n.

Proof. Let X be a nearly Hurewicz space. Let (Un : n ∈ N) be a sequence of covers of X by s-regular open sets.
By assumption, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a �nite subset ofUn and
each x ∈ X, x ∈ ∪{V = int

(
cl(V)

)
: V ∈ Vn} for all but �nitely many n.

Conversely, let (Un : n ∈ N) be a sequence of open covers of X. Let (U′
n : n ∈ N) be a sequence de�ned by

U′
n = {Int(scl(U)) : U ∈ Un}. Then each U′

n is a cover of X by s-regular open sets.
By hypothesis there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a �nite subset of U′

n
and each x ∈ X, x ∈ ∪{V : V ∈ Vn} for all but �nitely many n. By construction, for each n ∈ N and V ∈ Vn

there exists UV ∈ Un such that V = Int(scl(UV )). Since Int(scl(UV )) ⊆ scl(UV ) = Int(cl(UV )) hence, each
x ∈ X, x ∈ ∪{int

(
cl(UV )

)
: V ∈ Vn} for all but �nitely many n. This implies that X is a nearly Hurewicz

space.

Theorem 2.10. For a topological space X the following statements are equivalent:

(1) X is nearly Hurewicz;
(2) X satis�es U�n(RO,RO),
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where, RO denotes the collection of regular open sets.

Proof. (1) ⇒ (2) Let (Un : n ∈ N) be a sequence of regular open covers of X. Since X is nearly Hurewicz
space there exists a sequence (Vn : n ∈ N) such that for each n, Vn is a �nite subset of Un and for each x ∈ X
x ∈

⋃
n∈N

⋃
{Int(Cl(V) : V ∈ Un} for all but �nitely many n. Since Int(Cl(V)) = V for each n and each V ∈ Vn

we conclude that (2) is satis�ed.
(2) ⇒ (1) Let (Un : n ∈ N) be a sequence of open covers of X. De�ne for each n ∈ N, Vn = {Int(Cl(U)) :

U ∈ Un}. Then (Vn : n ∈ N) is a sequence of regular open covers of X. By (2) there is a sequence (Wn : n ∈ N)
such that Wn is a �nite subset of Vn for each n ∈ N, and each x ∈ X belongs to

⋃
n∈N

⋃
{W : W ∈ Wn}

for all but �nitely many n. Pick for each n and each W ∈ Wn a set UW ∈ Un with W = Int(Cl(UW )) and set
Hn = {UW : W ∈ Wn}, a �nite subset ofUn. Since

⋃
n∈N

⋃
{W : W ∈Wn} =

⋃
n∈N

⋃
{Int(Cl(UW )) : W ∈Wn}

we conclude that X is nearly Hurewicz.

De�nition 2.11. Let X and Y be topological spaces. A mapping f : X −→ Y is nearly continuous if for each
s-regular open set B ⊂ Y , f −1(B) is open in X. Every continuous mapping is nearly continuous.

Lemma 2.12. If f : X −→ Y is nearly continuous and open mapping, then for every s-regular open set B in Y,
int
(
cl(f −1(B))

)
⊆ f −1(int

(
cl(B)

)
).

Lemma 2.13. If f : X −→ Y is nearly continuous and open mapping, then for every open set A in Y,
f
(
int
(
cl((A))

))
⊆ int

(
cl(f (A))

)
.

Theorem 2.14. Let f : X −→ Y be a nearly continuous open mapping from a nearlry Hurewicz space X onto Y.
Then Y is nearly Hurewicz.

Proof. Let (Un : n ∈ N) be a sequence of covers of Y by s-regular open sets. Let U′
n = {f −1(U) : U ∈ Un}

for each n ∈ N. Then (U′
n : n ∈ N) is a sequence of open covers of X. By hypothesis, there exists a sequence

(Vn : n ∈ N) such that for every n ∈ N,Vn is a �nite subset ofU′
n and each x ∈ X, x ∈ ∪{int

(
cl(V)

)
: V ∈ Vn}

for all but �nitely many n. For each n ∈ N and V ∈ Vn we can choose UV ∈ Un such that V = f −1(UV ). Let
Wn = {UV : V ∈ Vn}. If y = f (x) ∈ Y, then there exists n ∈ N and V ∈ Vn such that x ∈ scl(V). Therefore
x ∈ int

(
cl(f −1(UV ))

)
⊂ f −1(int

(
cl(UV )

)
) = f −1(scl(UV )) = f −1(UV ). Hence y = f (x) ∈ UV ∈ Wn for all but

�nitely many n.

De�nition 2.15. Let X and Y be topological spaces. A mapping f : X −→ Y is nearly open if f −1(int
(
cl(B)

)
) ⊆

int
(
cl(f −1(B))

)
for any subset B of Y.

Theorem 2.16. If f : X → Y is nearly open and perfect continuous mapping and Y is a nearly Hurewicz space,
then X is a nearly Hurewicz space.

Proof. Let (Un : n ∈ N) be a sequence of open covers of X. Then due to perfect continuity of f , for each
y ∈ Y and every n ∈ N, there is a �nite subfamily Uny of Un such that f −1(y) ⊂ ∪Uny . Let Uny = ∪Uny . Then
Vny = Y − f (X \ Uny ) is an open neighborhood of y, since f is closed. For every n ∈ N, Vn = {Vny : y ∈ Y}, is
an open cover of Y. Y is nearly Hurewics so there exist a sequence (V′

n : n ∈ N) such that for every n ∈ N, V′
n

is a �nite subset of Vn and for each y ∈ Y , y ∈ ∪{int
(
cl(V)

)
: V ∈ V

′
n} for all but �nitely many n. We may

assume V′
n = {Vnyi : i ≤ n

′} for each n ∈ N . For each n ∈ N, let U′
n = ∪i≤n′Unyi . Then U′

n is a �nite subset of
Un. Since f is nearly open. Then

x ∈ f −1(∪n>no ∪ {int
(
cl(Vnyi )

)
: i ≤ n′}) = ∪n>no ∪ {f −1(int

(
cl(Vnyi )

)
) : i ≤ n′} (2)

⊂ ∪n>no ∪ {int
(
cl(f −1(Vnyi ))

)
: i ≤ n′} ⊂ ∪n>no ∪ {int

(
cl(Unyi )

)
: i ≤ n′} (3)

= ∪n>no ∪ {int
(
cl(∪Unyi )

)
: i ≤ n′} = ∪n>no ∪ {int

(
cl(U)

)
: U ∈ U′

n}. (4)

Hence X is nearly Hurewicz.
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Corollary 2.17. A continuous open surjective image of a nearly Hurewicz space is nearly Hurewicz.

De�nition 2.18. Let X and Y be topological spaces. Amapping f : X −→ Y is sr−cotinuous if the inverse image
of each open set V is s-regular open.

Theorem 2.19. An sr−continuous surjective image of a nearly Hurewicz space X is Hurewicz.

Proof. Let (Vn : n ∈ N) be a sequence of open covers of Y. Since f is sr−continuous, for each n ∈ N and each
V ∈ Vn the set f −1(V) is s-regular open. Therefore, for each n, the setUn = {f −1(V) : V ∈ Vn} is a cover of X by
s-regular open sets. As X is a nearly Hurewicz there exists a sequence (Gn : n ∈ N) such that for each n, Gn is a
�nite subset of Un and each x ∈ X, x ∈ ∪{G : G ∈ Gn} for all but �nitely many n. ThenWn = {f (G) : G ∈ Gn}
is a �nite subset of Vn for each n ∈ N and y ∈Wn for n > no ∈ N. This means that Y is a Hurewicz space.

De�nition 2.20. A mapping f : X −→ Y is strongly s − θ continuous if for each x ∈ X and each open set V in
Y containing f (x) there is an open set U in X containing x such that f (int(cl(U))) is a subset of V.

Theorem 2.21. Let f : X −→ Y be strongly s-θ continuous surjection and X be a nearly Hurewicz space, then
Y is Hurewicz.

Proof. Let (Vn : n ∈ N) be a sequence of open covers of Y. Let x ∈ X. For each n ∈ N there is a set Vx,n ∈
Vn containing f (x). Since f is strongly s-θ-continuous there is an open set Ux,n in X containing x such that
f
(
int
(
cl(Ux,n)

))
is a subset of Vx,n . Therefore for each n, the set Un = {Ux,n : x ∈ X} is an open cover of

X. As X is nearly Hurewicz space so there exists a sequence (Fn)n∈N of �nite sets such that for each n, Fn is
a subset of Un and each x ∈ X, x ∈ ∪{int

(
cl(F)

)
: F ∈ Fn} for n > no ∈ N . To each F ∈ Fn assign a set

WF ∈ Vn with f
(
int
(
cl(F)

))
a subset ofWF and putWn = {WF : F ∈ Fn}. We obtain the sequence (Wn)n∈N

of �nite subsets of Vn n ∈ N, which witnesses for (Vn : n ∈ N) that Y is a Hurewicz space.

De�nition 2.22. [23] Amapping f : X −→ Y is called weakly continuous, if for each open set U in X containing
x and there exists an open set V in Y containing f (x) such that f (U) ⊆ cl(V).

De�nition 2.23. Amapping f : X −→ Y is called s-weakly continuous, if for each open set U in X containing x
there exists an open set V in Y containing f (x) such that f (U) ⊆ int(cl(V)).

Theorem 2.24. Let f : X −→ Y be an s-weakly continuous surjection and X be aHurewicz space the Y is nearly
Hurewicz.

Proof. Let (Vn : n ∈ N) be a sequence of open covers of Y. Let x ∈ X. For each n ∈ N and each open set Ux,n
containing x there is a set Vx,n ∈ Vn containing f (x) such that f (Ux,n) ⊆ int

(
cl(Vx,n)

)
. The set Un = {Ux,n :

x ∈ X} is an open cover of X. Apply the fact that X is a Hurewicz space to the sequence (Un)n∈N and �nd a
sequence (Fn)n∈N such that for each n, Fn is a �nite subset of Un and each x ∈ X, x∈ ∪(Fn)n>no∈N . To each
n and each F ∈ Fn assign a set VF ∈ Vn such that f (F) is a subset int

(
cl(VF)

)
and put Wn = {VF : F ∈ Fn}.

Then
y = f (x) ∈ f (∪n>no ∪ {F : F ∈ Fn}) (5)

⊂ ∪n>no ∪ {int
(
cl(VF)

)
: F ∈ Fn}, (6)

that is Y is a nearly Hurewicz space.

De�nition 2.25. An open cover U of a space X is a nearly γ−cover if it is in�nite and for every x ∈ X, {U ∈ U:
x ∉ int

(
cl(U)

)
} is �nite.
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De�nition 2.26. A topological space X is a nearly γ−set if for each sequence (Un : n ∈ N) of ω−covers of X
there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn ∈ Un and {Vn : n ∈ N} is a nearly γ−cover
of X.

De�nition 2.27. Amapping f : X −→ Y is s-θ-continuous if for each x ∈ X, and each open set V in Y containing
f (x) there is an open set U containing x such that f (int

(
cl(U)

)
) ⊆ int

(
cl(V)

)
Theorem 2.28. Let f : X −→ Y be an s-θ-continuous surjection and let X be a nearly γ−set. Then Y is a nearly
Hurewicz space.

Proof. Let (Vn : n ∈ N) be a sequence of open covers of Y and x ∈ X. For each n ∈ N there is a set Vx,n ∈ Vn

containing f (x). By assumption there is an open set Ux,n in X containing x and f (int
(
cl(Ux,n)

)
) is a subset of

int
(
cl(Vx,n)

)
. For each n let Un be the set of all �nite unions of sets {Ux,n : x ∈ X}. Evidently each Un is an

ω − cover of X. X is a nearly γ−set so there exists a sequence (Un)n∈N such that for each n, Un ∈ Un and for
each x ∈ X, the set {n ∈ N : x ∈ ̸ int

(
cl(Un)

)
} is �nite.

Let Un = Ux1 ,n∪Ux2 ,n∪ ...∪Uxi(n) ,n . To each Uxj ,n , j ≤ i(n), assign a set Vxj ,n ∈ Vn with f (int
(
cl(Uxj ,n)

)
) ⊂

int
(
cl(Vxj ,n)

)
. Let y = f (x) ∈ Y . Then from x ∈ int(cl(Un)) for all n≥ no for some no ∈ N, we get x ∈

int
(
cl(Uxp ,n)

)
for some 1 ≤ p ≤ i(n) which implies y ∈ f (int

(
cl(Uxp ,n)

)
) ⊆ int

(
cl(Vxp ,n)

)
. If we put Wn =

{Vxj ,n : j = 1, 2, ..i(n)}, we obtain the sequence (Wn; n ∈ N) of �nite subsets of Vn , n ∈ N, such that each
y ∈ Y belongs to all but �nitely many sets of ∪{int

(
cl(W)

)
: W ∈ Wn}, that is Y is a nearly Hurewicz

space.

3 Nearly Star-Hurewicz spaces
De�nition 3.1. A topological space X is a nearly star-Hurewicz if for each sequence {Un : n ∈ N} of open
covers of X there exists a sequence {Vn : n ∈ N} such that for every n ∈ N, Vn is �nite subset of Un and each
x ∈ X, x ∈ ∪{int

(
cl
(
St(∪Vn ,Un)

))
: n ∈ N} for all but �nitely many n.

Theorem 3.2. A topological space X is nearly star-Hurewicz if and only if for each sequence (Un : n ∈ N) of
covers of X by s-regular open sets, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N, Vn is a �nite
subset of Un and each x ∈ X, x ∈ ∪{St(∪Vn ,Un) : n ∈ N} for all but �nitely many n.

Proof. Since every s-regular open set is open so direct part is obvious.
Converse: We will prove that X is a nearly star-Hurewicz space. Let (Un : n ∈ N) be a sequence of open

covers of X . Let (U′
n : n ∈ N) be a sequence de�ned by U′

n = {int(scl(U)) : U ∈ Un}. Then each U′
n is a cover

of X by s-regular open sets. By assumption, there exists a sequence (Vn : n ∈ N) such that for every n ∈ N,
Vn is a �nite subset of U′

n and and each x ∈ X, x ∈ ∪{int
(
cl
(
St(∪Vn ,U′

n)
))

: n ∈ N} for all but �nitely many
n.

Claim 1: St(U, Un) = St(int(scl(U)), Un), for all U ∈ Un .
Since U ⊂ int(scl(U)), it is obvious that St(U, Un) ⊂ St(int(scl(U)), Un). Now let x ∈ St(int(scl(U)), Un)

then there exists V ∈ Un such that x ∈ V and V ∩ int(scl(U)) ≠ ∅. Then we have V ∩ U ≠ ∅ which implies
x ∈ St(U, Un) so St(Int(scl(U)), Un) ⊂ St(U, Un). Now for every V ∈ Vn we can choose UV ∈ Un such that
V = Int(scl(Uv)), by construction. LetWn = {UV : V ∈ Vn}.We shall prove that x ∈ ∪{int

(
cl(St(∪Wn ,Un))

)
:

n ∈ N} for all n ≥ n0.
Let x ∈ X then there exists n ∈ N such that x ∈ int

(
cl
(
St(∪Vn ,U′

n)
))
. For every neighbourhood V

of X, we have V∩ St(∪Vn , U′
n) ≠ ϕ. Then there exist U ∈ Un such that (V ∩ int(scl(U) ≠ ϕ) and (∪Vn ∩

Int(scl(U)) ≠ ϕ) this implies (V ∩ U ≠ ϕ) and (∪Vn ∩ U ≠ ∅). By claim 1 we have that ∪Wn ∩ U ≠ ϕ, so
x ∈ int(cl(St(∪Wn ,Un))) for all but �nitely many n.
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Theorem 3.3. The product X ×Y of a nearly star-Hurewicz space X and a nearly compact space Y is nearly star
Hurewicz.

Theorem 3.4. The nearly continuous open surjective image of a nearly star Hurewicz space is nearly star-
Hurewicz.

Proof. Let f : X → Y be nearly continuous open surjection and X is nearly star Hurewicz. Let (Un : n ∈ N) be a
sequence of covers of Y by s-regular open sets. LetU′

n = {f −1(U) : U ∈ Un} for each n ∈ N. Then (U′
n : n ∈ N)

is a sequence of open covers of X, by hypothesis, there exists a sequence (V′
n : n ∈ N) such that for every

n ∈ N, V′
n is a �nite subset of U′

n and each x ∈ X, x ∈ ∪{int
(
cl(St(∪V′

n ,U′
n))
)
: n ∈ N} for all but �nitely

many n.
Let Vn = {U : f −1(U) ∈ V′

n}. f −1(∪Vn) = ∪V′
n , and let x ∈ X, then there is n ∈ N such that x ∈

int
(
cl(St(f −1(∪Vn),U′

n)
)
for all but �nitely many n. If y = f (x) ∈ Y, then y ∈ f (int

(
cl(St(f −1(∪Vn),U′

n)
)
) ⊆

int
(
cl(f (St(f −1(∪Vn),U′

n))
)
⊆ int

(
cl(St(∪Vn ,Un))

)
for all but �nitely many n. We will prove the last

inclusion:
Suppose that f −1(∪Vn) ∩ f −1(U) ≠ ϕ. Then also f (f −1(∪Vn)) ∩ f (f −1(U)) ≠ ϕ, so ∪Vn ∩ U ≠ ϕ.
So, the sequence (Vn : n ∈ N) witnesses that X is a nearly star-Hurewicz.

Theorem 3.5. If each �nite power of a space X is nearly star-Hurewicz, then X satis�es U*�n(O, Ω).

Proof. Let (Un : n ∈ N) be a sequence of open covers of X and consider N = N1 ∪ N2 ∪ ... be a partition of N
into in�nitely many pairwise disjoint sets. for every k ∈ N and every j ∈ Nk . Let Wj = {U1 × U2 × ... × Uk :
U1, U2, ..., Uk ∈ Uj} = Ukj . Then (Wj : j ∈ Nk) is a sequence of open covers of Xk . Since Xk is nearly star-
Hurewicz so we can choose a sequence (Hj : j ∈ Nk) such that for each j, Hj is �nite subset of Wj and each
x ∈ Xk , x ∈ ∪{int

(
cl
(
St(∪Hj ,Wj)

))
: j ∈ Nk} for all but �nitely many j. For every j ∈ Nk and every H ∈ Hj

we have H = U1(H) × U2(H) × ... × Uk(H), where Ui(H) ∈ Uj for every i ≤ k. Now consider Vj = {Ui(H) : i ≤ k,
H ∈ Hj}. Then for each j ∈ Nk , Vj is �nite subset of Uj .

We claim that {int
(
cl
(
St(∪Vn ,Un)

))
: n ∈ N} is an ω−cover of X. Let F = {x1, ..., xp} be a �nite subset

of X. Then y = (x1, ..., xp) ∈ Xp so that there is an n ∈ Np such that y ∈ {int
(
cl
(
St(∪H,Un)

))
;H ∈ Hn}. But

H = U1(H) × U2(H) × ... × Up(H), where U1(H), U2(H), ..., Up(H) ∈ Vn . The point y belongs to someW ∈Wn

of the form V1 × V2 × ... × Vp , Vi ∈ Un for each i ≤ p, which meets U1(H) × U2(H) × ... × Up(H). This implies
that for each i ≤ p, we have xi ∈ int

(
cl
(
St(Ui(H),Un)

))
⊂ int

(
cl
(
St(∪Vn ,Un)

))
for all but �nitely many n,

that is, F ⊂ int
(
cl
(
St(∪Vn ,Un)

))
. Hence X satisfy U*�n(O, Ω).

De�nition 3.6. A space X is nearly strongly star-Hurewicz if for each sequence (Un : n ∈ N) of open covers of X
there is a sequence (Fn : n ∈ N) of �nite subsets of X such that each x∈ X, x∈ ∪

{
int
(
cl
(
St(Fn ,Un)

))
: n ∈ N

}
for all but �nitely many n.

De�nition 3.7. [24] A space X is meta compact if every open cover U of X has a point-�nite open re�nement V
(that is, every point of X belongs to at most �nitely many members of V).

Theorem 3.8. Every nearly strongly star-Hurewicz meta compact space is a Hurewicz space.

Proof. Let X be nearly strongly star Hurewicz meta compact space. Let (Un : n ∈ N) be a sequence of open
covers of X. For each n ∈ N, let Vn be a point-�nite open re�nement of Un . Since X is nearly strongly star-
Hurewicz, there is a sequence (Fn : n ∈ N) of �nite subsets of X such that each x ∈ ∪int

(
cl
(
St(Fn ,Vn)

))
for

all but �nitely many n.
As Vn is point-�nite open re�nement and each Fn is �nite, elements of each Fn belongs to �nitely many

members ofVn say Vn1, Vn2, Vn3, ...Vnk . LetV′
n = {Vn1, Vn2, Vn3, ..., Vnk}. Then int

(
cl
(
St(Fn ,Vn)

))
= ∪V′

n
for each n ∈ N sowe have that each x belongs to X belongs to∪V′

n for all but �nitelymany n. For every V ∈ V′
n

choose UV ∈ Un such that V ⊂ UV then for every n,Wn = {UV : V ∈ V′
n} is a �nite subfamily ofUn and each

x belongs to X belongs to ∪Wn for all but �nitely many n, that is X is a Hurewicz space.
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De�nition 3.9. [25] A space X is said to be meta Lindelöf if every open cover U of X has a point-countable
open re�nement V.

Theorem 3.10. Every nearly strongly star Hurewicz meta Lindelöf space is a Lindelöf space.

Proof. Let X be nearly strongly star Hurewicz meta Lindelöf space. Let U be an open covers of X and V a
point-countable open re�nement of U by hypothesis, there is a sequence (Fn : n ∈ N) of �nite subsets of X

such that each x belongs to x belongs to ∪int
(
cl
(
St(Fn ,Vn)

))
for all but �nitely many n.

For every n ∈ N, denote by Wn the collection of all members of V which intersect Fn . Since V is point-
countable and Fn is �nite soWn is countable. Therefor the collectionW = ∪n∈NWn is a countable subfamily
of V and is a cover of X. For every W ∈ W pick a member UW ∈ U such that W ∈ UW . Then {UW : W ∈ W}
is a countable subcover of U. Hence X is a Lindelöf space.

Theorem 3.11. A continuous image of a nearly strongly star-Hurewicz space is nearly strongly star-Hurewicz
space.

Proof. Let f : X → Y be a continuous mapping from a nearly strongly star-Hurewicz space X onto a space
Y. Let (Un : n ∈ N) be a sequence of open covers of Y. For each n ∈ N, let Vn = {f −1(U) :U ∈ Un}. Then
(Vn : n ∈ N) is a sequence of open covers of X. Since X is nearly strongly star-Hurewicz space, there exists
a sequence (An : n ∈ N) of �nite subsets of X such that for each x ∈ X, x ∈ ∪int

(
cl(St(An ,Un))

)
for all

but �nitely many n. Thus (f (An) : n ∈ N) is a sequence of �nite subsets of Y such that for each y ∈ Y,
y ∈ int

(
cl(St(f (An),Un))

)
for all but �nitely many n. In fact, let y ∈ Y. Then there is x ∈ X such that f (x) =

y. Hence x ∈ ∪int
(
cl(St(An ,Vn))

)
for all but �nitely many n, which shows that Y is nearly strongly star-

Hurewicz space.

Theorem 3.12. If each �nite power of a space X is nearly strongly star-Hurewicz space, then X satis�es
SS*�n(O, Ω).

Proof. Let (Un : n ∈ N) be a sequence of open covers of X and consider N = N1 ∪ N2 ∪ ... be a partition
of N into in�nite pairwise disjoint sets. For every k ∈ N and every j ∈ Nk . Let Wj = {U1 × U2 × ... × Uk :
U1, U2, ..., Uk ∈ Uj} = Ukj . Then (Wj : j ∈ Nk) is a sequence of open covers of Xk . Since Xk is nearly strongly
star-Hurewicz space so we can choose a sequence (Vj : j ∈ Nk) such that for each j, Vj is �nite subset of X
and each x ∈ Xk , x ∈ ∪{int

(
cl
(
St(V ,Wj)

))
: V ∈ Vj} for all but �nitely many j. For every j ∈ Nk consider Aj

a �nite suset of X such that Vj ⊂ Akt .
We show that {int

(
cl
(
St(An ,Un)

))
: n ∈ N} is an ω−cover of X. Let F = {x1, ..., xp} be a �nite subset

of X. Then (x1, ..., xp) ∈ Xp so that there is an n ∈ Np such that (x1, ..., xp) ∈ int
(
cl
(
St(Vn ,Wn)

))
⊂

int
(
cl
(
St(Apn ,Wn)

))
that is, F ⊂ int

(
cl
(
St(An ,Un)

))
.
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