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Abstract: In this paper we define and investigate nearly Hurewicz spaces and their star version. It is shown
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1 Introduction

In 1996, Scheepers restructured classical selection principles and started an efficient examination of the
selection principles in topology. For selected results on selection principles, see [1-4]. Various topological
properties are defined or characterized in terms of these selection principles.

Let N denote the set of positive integers, X be a topological space and A, B be collections of open covers
of X:

Hurewicz space is a topological space which satisfies a particular basic selection principle that general-
izes o—compactness.

A classical Hurewicz covering property Ug, (A, B) is:

For every sequence of open covers U, U,, Us, ..., Un, ...0f the space X by elements of A, there exist finite
sets F; ¢ Uy, Fr C Uy, F3 C Us, ..., Fn C Un, ... such that for each x € X, x belongs to all but finitely many
U1, UF,, UF3, ,...,UTFn, .... This property of topological spaces was introduced by Witold Hurewicz [5] in the
year 1926. As a consequence Bonanzinga et al. in 2004 in [6] introduced two star versions of the Hurewicz
property as follows:

SH: A space X satisfies the star-Hurewicz property U;in(A, B) if for each sequence (A : n € N) of open
covers of X by elements of A, there exists a sequence (B : n € N) such that for each n, By, is a finite subset
of An and for each x € X, x € St(UBn, An) for all but finitely many n.

SSH: A space X satisfies the strongly star-Hurewicz property S U};n(A, B) if for each sequence (An : n € N)
of open covers of X by elements of A, there exists a sequence (¥, : n € N) of finite subsets of X such that for
each x € X, x € St(Fn, An) for all but finitely many n.

SSM: A space X satisfies the Strongly star-Menger property SSf*in(A, B) if for each sequence (An : n € N)
of open covers of X by elements of A, there is a sequence (F, : n € N) such that for all n € N, Fy, is a finite
subset of X, and U,en{St(F, An) : F € Fn} is an element of B.
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Definition 1.1. [6] A space X is said to be strongly star-Hurewicz (star-Hurewicz) if it satisfies the selection
hypothesis SSH (resp., SH).

On the study of star-Hurewicz spaces, the readers can see the references [1, 6-10].

As a generalization of Hurewicz spaces, the authors [11] defined a space X to be almost Hurewicz if for
each sequence (U, : n € N) of open covers of X there exists a sequence (V, : n € N) such that for each
n € N, V, is a finite subset of U, and for each x € X, x € U{cl(V) : V € V,} for all but finitely many n.
Kocinac in [12] defined (see also [13]) a space X to be weakly Hurewicz if for each sequence (U, : n € N) of
open covers of X, there is a dense subset Y C X and a sequence (V, : n € N) such that for each n, V, is a
finite subset of U, and for each y € Y, y € UVj, for all but finitely many n. We note that every Hurewicz space
is almost Hurewicz space and every almost Hurewicz space is weak Hurewicz. In [11] it is shown that every
regular almost Hurewicz space is Hurewicz where as a Urysohn almost Hurewicz space fails to be Hurewicz.

We note that in a topological space X:

1) An open cover U of X is a y—cover if it is infinite and for every x € X, {U € U : x ¢ U} is finite.

2) An open cover U of X is an w—cover if X ¢ U and every finite subset F of X is contained in some U € U.

3) An w-cover U is a cover such that X does not belong to the cover U and every finite subset F of X is
such that F C scl(U) for some U € U.

We use symbols I', Q, Q to denote the collection of all v and w- and w-covers respectively.

Definition 1.2. [14] A topological space X is a v-set if for each sequence {Uy : n € N} of w—covers of X there
exists a sequence {Vy : n € N} such that foreveryn € N, Vy € Un and {Vn : n € N} is a y—cover of X.

In 1963 Levine in [15] characterized semi open sets in topological spaces. Consequently numerous
mathematicians summed up various ideas and examined their properties. A set S C X is semi open in a
space (X, t)ifand onlyif S C cl(int(S)). If S is semi open, then its complement is semi closed [16]. Every open
set is always semi open but a semi open set may or may not be an open set. SO(X) denotes the collection of
all semi open subsets of X. According to Crossley [16], semi closure and semi interior were defined analogus
to closure and interior. A set S is semi open if and only if S = sInt(S), where sInt(S) denotes the semi interior
of S in the space X and is the union of all semi open sets contained in S. A set T is semi closed if and only if
T = scl(T), where scl(T) denotes the semi closure of T in the space X and is the intersection of all semi closed
sets containing T. It is known that for any subset S of X, Int(S) C sInt(S) C S C scl(S) C cl(S).

Definition 1.3. A space X is called nearly-compact [17] if for every open cover U of X has a finite subcollection
V such that Uy cyint(cl(V)) = X.

Definition 1.4. A space X to be semi-Hurewicz [18] if for each sequence (U, : n € N) of semi open covers of X
there exists a sequence (Vy : n € N) such that for each n € N, Vy is a finite subset of U, and for each x € X,
x € U{V : V € Yy} for all but finitely many n.

The purpose of this paper is to define and investigate topological properties of nearly Hurewicz spaces,
nearly star Hurewicz spaces and nearly strongly star Hurewicz spaces.

2 Nearly Hurewicz spaces

Definition 2.1. A space X is said to have nearly Hurewicz property if for each sequence (U, : n € N) of open
covers of X there exists a sequence (Vn : n € N) such that for every n € N, Vy is a finite subset of U, and for
eachx € X, x € u{int (cl(V)) = scl(V) : V € Vu} for all but finitely many n.

We notice that every Hurewicz space is a nearly Hurewicz space, and every nearly Hurewicz space is
almost Hurewicz.
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Remark 2.2.
Hurewicz = nearly Hurewicz 2 almost Hurewicz = weakly Hurewicz 1)

Example 2.3. (1) Real line with the usual Euclidean topology is Hurewicz so is nearly Hurewicz.
(2) Real line with the cocountable topology is Hurewicz so is nearly Hurewicz.

Example 2.4. Sorgenfrey line is not almost Menger (see Example 6d, [19]) it can not be almost Hurewicz and
hence Sorgenfrey line is not nearly Hurewicz.

Lemma 2.5. [20] In a topological space X if O is open, then scl(0) = int (cl(0)).

Example 2.6. Let X be an uncountable set andp € X. Then Ty = {O C X;p € O or O = ¢} is uncoutable
particular point topology on X. Uncountable particular point topology is not Lindeldf [21] so it can not be Menger
and can not be Hurewicz because every Menger space is Lindelof and every Hurewicz space is Menger. To show
that X is nearly Hurewicz we will show that for each x € X, {0 € T : x ¢ int (cl(O))} is a finite subcollection.
Asfor A C Xand A € Tp, implies p € A. Thus no closed set other than X contains p. Hence closure of any open
set except than ¢ is X. This implies cl(A) = X. Therefore the collection of interior of closure of open sets is {¢,
X} and x ¢ ¢, forall x € X. Hence X is nearly Hurewicz.

Example 2.7. Let R be the set of reals numbers, I the set of irrational numbers and Q the set of rational numbers
and for each irrational x we choose a sequence {r; : i € N} of rational numbers converging to x in the Euclidean
topology. The rational sequence topology T is then defined by declaring both R and ¢ to be open, each rational
open and selecting the sets Una(x) = {X4,; : i € N} U {x} as a basis for the irrational point x. If r € Q, then the
closure of {r} with respect to 7 is equal {r}, and for every x € I, the closure of Uy is equal U,,). For every n €
N,Un = {r:re QU{Uy, : x € I} isan open cover of (R, 7). (R, T) does not have the almost (nearly) Hurewicz
property because (R, T) is not almost(nearly) Menger [22]. On the other hand, (R, T) is weakly Hurewicz, because
Qis densein (R, T) and each x € Q belongs to cl(UVy) for all n and scl(UVy) = int(cl(UVy)) = R.

Definition 2.8. A subset B of a topological space X is called s-regular open (resp. s-regular closed) if B =
int(scl(B))(resp. B = cl(sInt(B))).

Note that every s-regular open set is open and semi closed. If A is open, then cl(A) is s-regular closed set.

Theorem 2.9. A topological space X is nearly Hurewicz if and only if for each sequence (U, : n € N) of covers
of X by s-regular open sets, there exists a sequence (Vyn : n € N) such that for every n € N, Vy, is a finite subset
of Un and each x € X, x € U{V : V € Vy} for all but finitely many n.

Proof. Let X be a nearly Hurewicz space. Let (U, : n € N) be a sequence of covers of X by s-regular open sets.
By assumption, there exists a sequence (Vy : n € N) such that for every n € N, Vj is a finite subset of U, and
each x € X, x € U{V = int (cl(V)) : V € Vy} for all but finitely many n.

Conversely, let (U, : n € N) be a sequence of open covers of X. Let (U, : n € N) be a sequence defined by
Uy = {Int(scl(U)) : U € Un}. Then each U}, is a cover of X by s-regular open sets.

By hypothesis there exists a sequence (Vy, : n € N) such that for every n € N, Vj is a finite subset of U,
and each x € X, x € U{V : V € V,} for all but finitely many n. By construction, for eachn € Nand V € V,
there exists Uy € Uy such that V = Int(scl(Uy)). Since Int(scl(Uy)) C scl(Uy) = Int(cl(Uy)) hence, each
x € X, x € U{int (cl(U V)) : V € Vn} for all but finitely many n. This implies that X is a nearly Hurewicz
space. O

Theorem 2.10. For a topological space X the following statements are equivalent:

(1) X s nearly Hurewicz;
(2) X satisfies Ug, (RO, RO),
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where, RO denotes the collection of regular open sets.

Proof. (1) = (2) Let (Un : n € N) be a sequence of regular open covers of X. Since X is nearly Hurewicz
space there exists a sequence (Vy, : n € N) such that for each n, V, is a finite subset of U, and for each x € X
x € Upen U{Int(CI(V) : V € Un} for all but finitely many n. Since Int(CI(V)) = V for each nand each V € Vy
we conclude that (2) is satisfied.

(2) = (1) Let (Un : n € N) be a sequence of open covers of X. Define for each n € N, V, = {Int(Cl(U)) :
U € Un}. Then (Vy : n € N)is a sequence of regular open covers of X. By (2) there is a sequence (W, : n € N)
such that W, is a finite subset of V for each n € N, and each x € X belongs to | J,cxy U{W : W € Wn}
for all but finitely many n. Pick for each n and each W € Wy a set Uy € Uy with W = Int(CI(Uy)) and set
Hn = {Uw : W € Wh}, afinite subset of Un. Since J,,c y U{W : W € Wn} = U,y U{Int(Cl(Uw)) : W € Wn}
we conclude that X is nearly Hurewicz. O

Definition 2.11. Let X and Y be topological spaces. A mapping f : X — Y is nearly continuous if for each
s-regular open set B C Y, f~1(B) is open in X. Every continuous mapping is nearly continuous.

Lemma 2.12. Iff : X — Y is nearly continuous and open mapping, then for every s-regular open set Bin Y,

int (cl(f"1(B))) C f~(int (cl(B))).

Lemma2.13. If f : X — Y is nearly continuous and open mapping, then for every open set A in Y,

f (int (cl((A)))) C int (cl(f(A))).

Theorem 2.14. Letf : X — Y be a nearly continuous open mapping from a nearlry Hurewicz space X onto Y.
Then Y is nearly Hurewicz.

Proof. Let (U, : n € N) be a sequence of covers of Y by s-regular open sets. Let U, = {f 1(U) : U € Un}
for each n € N. Then (U;, : n € N) is a sequence of open covers of X. By hypothesis, there exists a sequence
(Vn : n € N)such that for every n € N, Vy, is a finite subset of Uy and each x € X, x € U{int (cl(V)) : VeVt
for all but finitely many n. For each n € N and V € V, we can choose Uy € Uy, such that V = f1(Uy). Let
Wn ={Uy : Ve V). Ify = f(x) € Y, then there exists n € N and V € V, such that x € scl(V). Therefore
x € int (cl(f *(Uy)))  f(int (cl(Uy))) = fH(scl(Uy)) = f(Uy). Hence y = f(x) € Uy € Wy for all but
finitely many n. O

Definition 2.15. Let X and Y be topological spaces. A mapping f : X — Y is nearly open if f 1 (int (cl(B))) €
int (cl(f~*(B))) for any subset B of Y.

Theorem 2.16. Iff : X — Y is nearly open and perfect continuous mapping and Y is a nearly Hurewicz space,
then X is a nearly Hurewicz space.

Proof. Let (Un : n € N) be a sequence of open covers of X. Then due to perfect continuity of f , for each
y € Y and every n € N, there is a finite subfamily U,y of U, such that f1(y) ¢ UUn, . Let Un, = Uln,. Then
Vn, = Y = f(X \ Up,) is an open neighborhood of y, since f is closed. Foreveryn € N, Vo = {Vy, : y € Y}, is
an open cover of Y. Y is nearly Hurewics so there exist a sequence (V}, : n € N) such that for everyn € N, Vy,
is a finite subset of V, and foreach y € Y, y € u{int (cl(V)) : V € V},} for all but finitely many n. We may
assume Vy = {Vp, :i<n'}foreachn € N. For each n € N, let U = Uiy Un,, . Then Uy is a finite subset of
Up. Since f is nearly open. Then

X € f (Unsn, U{int (cl(Vi,)) i< n'}) = Upsn, U {f (it (cl(V,))) ri < n'} )
C Unsn, U {int (cl(f_l(Vnyi))) :i<n'} C Upon, U {int (cl(Un,)) s i< n'} ©)
= Unsn, U {int (cl(Uln,)) : i < n'} = Upsn, U {int (cl(U)) : U € Up}. (4)

Hence X is nearly Hurewicz. O
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Corollary 2.17. A continuous open surjective image of a nearly Hurewicz space is nearly Hurewicz.

Definition 2.18. Let X and Y be topological spaces. A mapping f : X — Y is sr—cotinuous if the inverse image
of each open set V is s-regular open.

Theorem 2.19. An sr-continuous surjective image of a nearly Hurewicz space X is Hurewicz.

Proof. Let (V, : n € N) be a sequence of open covers of Y. Since f is sr—continuous, for each n € N and each
V € V, the set f~1(V) is s-regular open. Therefore, for each n, the set U, = {f (V) : V € Vy} is a cover of X by
s-regular open sets. As X is a nearly Hurewicz there exists a sequence (Sn : n € N) such that for each n, Gnisa
finite subset of U, and each x € X, x € U{G : G € Gn} for all but finitely many n. Then Wy, = {f(G) : G € Gn}
is a finite subset of V, for each n € N and y € Wy, for n > no € N. This means that Y is a Hurewicz space. [

Definition 2.20. A mapping f : X — Y is strongly s — 8 continuous if for each x € X and each open set V in
Y containing f(x) there is an open set U in X containing x such that f(int(cl(U))) is a subset of V.

Theorem 2.21. Letf : X — Y be strongly s-6 continuous surjection and X be a nearly Hurewicz space, then
Y is Hurewicz.

Proof. Let (Vn : n € N) be a sequence of open covers of Y. Let x € X. For each n € N thereis aset Vyn €
"V, containing f(x). Since f is strongly s-0-continuous there is an open set Uy,n in X containing x such that
f (int (cl(Ux,n))) is a subset of Vx,n. Therefore for each n, the set Un = {Ux,n : x € X} is an open cover of
X. As X is nearly Hurewicz space so there exists a sequence (F,),cy of finite sets such that for each n, ¥y is
a subset of U, and each x € X, x € u{int(cl(F)) :F e Fy}forn > n, € N. To each F € Fy assign a set
Wr € Vn with f (int (cl(F))) a subset of Wy and put Wy = {Wg : F € F,}. We obtain the sequence (Wn)nen
of finite subsets of V, n € N, which witnesses for (V,, : n € N) that Y is a Hurewicz space. O

Definition 2.22. [23] A mapping f : X — Y is called weakly continuous, if for each open set U in X containing
x and there exists an open set V in Y containing f(x) such that f(U) C cl(V).

Definition 2.23. A mapping f : X — Y is called s-weakly continuous, if for each open set U in X containing x
there exists an open set V in Y containing f(x) such that f(U) C int(cl(V)).

Theorem 2.24. Letf : X — Y be an s-weakly continuous surjection and X be a Hurewicz space the Y is nearly
Hurewicz.

Proof. Let (Vy : n € N) be a sequence of open covers of Y. Let x € X. For each n € N and each open set Uy,n
containing x there is a set Vx,n € Vn containing f(x) such that f(Ux,n) C int (cl(Vx,n)). The set Un = {Ux,n :
x € X} is an open cover of X. Apply the fact that X is a Hurewicz space to the sequence (Un) ey and find a
sequence (Fn)en such that for each n, Fy is a finite subset of Uy and each x € X, x€ U(Fn)psn,en. To each
nand each F € F, assign a set Vp € Vy such that f(F) is a subset int (cl(Vy)) and put Wy = {V : F € Fn}.
Then

y=f(X)€f(Un>nDU{F:F€9’~n}) (5)
C Un>no U {lnt (CI(VF)) H F S ?n}, (6)
that is Y is a nearly Hurewicz space. O

Definition 2.25. An open cover U of a space X is a nearly y—cover if it is infinite and for every x € X, {U € U:
x & int (cl(U))} is finite.
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Definition 2.26. A topological space X is a nearly vy—set if for each sequence (U, : n € N) of w—covers of X
there exists a sequence (V, : n € N) such that for everyn € N, Vy € Uy and {Vy : n € N} is a nearly y—cover
of X.

Definition 2.27. Amappingf : X — Y is s-0-continuous if for each x € X, and each openset V in Y containing
f(x) there is an open set U containing x such that f(int (cl(U))) C int (cl(V))

Theorem 2.28. Letf : X — Y be an s-0-continuous surjection and let X be a nearly v—set. Then Y is a nearly
Hurewicz space.

Proof. Let (Vy : n € N) be a sequence of open covers of Y and x € X. For each n € N thereis aset Vy,n € Vn
containing f(x). By assumption there is an open set Uy, in X containing x and f(int (cl(Ux,n))) is a subset of
int (cl(Vx,n)) . For each n let Uy be the set of all finite unions of sets {Ux,n : x € X}. Evidently each Uy is an
w — cover of X. X is a nearly y-set so there exists a sequence (Un),cn such that for each n, Un € U, and for
each x € X, theset{n € N : x ¢ int (cl(Un))} is finite.

Let Un = Ux;,nUUxy,nU...UUxyy,n. To€ach Uy;,n, j < i(n), assignaset Vi, n € Vo with f(int (cl(Ux;,n))) C
int (cl(Vy;,n)) . Lety = f(x) € Y. Then from x € int(cl(Un)) for all n> n, for some n, € N, we get x €
int (cl(Ux,,n)) for some 1 < p < i(n) which implies y € f(int (cl(Ux,,n))) C int (cl(Vx,,n)) . If we put Wy =
{Vx;,n 1 j = 1,2,..i(n)}, we obtain the sequence (Wn; n € N) of finite subsets of V, n € N, such that each
y € Y belongs to all but finitely many sets of U{int (cI(W)) : W € Wy}, that is Y is a nearly Hurewicz
space. O

3 Nearly Star-Hurewicz spaces

Definition 3.1. A fopological space X is a nearly star-Hurewicz if for each sequence {Un : n € N} of open
covers of X there exists a sequence {Vy, : n € N} such that for every n € N, Vy is finite subset of U, and each
x € X, x € U{int (cl (St(UVn, Un))) : n € N} for all but finitely many n.

Theorem 3.2. A topological space X is nearly star-Hurewicz if and only if for each sequence (U, : n € N) of
covers of X by s-regular open sets, there exists a sequence (Vy, : n € N) such that for every n € N, Vy, is a finite
subset of Un and each x € X, x € U{St(UVn, Un) : n € N} for all but finitely many n.

Proof. Since every s-regular open set is open so direct part is obvious.

Converse: We will prove that X is a nearly star-Hurewicz space. Let (U, : n € N) be a sequence of open
covers of X . Let (U}, : n € N) be a sequence defined by Uy, = {int(scl(U)) : U € Un}. Then each U}, is a cover
of X by s-regular open sets. By assumption, there exists a sequence (V, : n € N) such that for every n € N,
Vn is a finite subset of U; and and each x € X, x € U{int (cl (St(UVn, Uy))) : n € N} for all but finitely many
n.

Claim 1: St(U, Uy) = St(int(scl(U)), Un), for all U € U,.

Since U C int(scl(U)), it is obvious that St(U, U,) C St(int(scl(U)), Un). Now let x € St(int(scl(U)), Un)
then there exists V € Uy such that x € V and V nint(scl(U)) # 0. Then we have V N U # () which implies
x € St(U, Un) so St(Int(scl(U)), Un) C St(U, Un). Now for every V € V, we can choose Uy € Uy such that
V = Int(scl(Uy)), by construction. Let Wy, = {Uy : V € V,}. We shall prove that x € u{int (cl(St(uWn, Un))) :
n e N}foralln = no.

Let x € X then there exists n € N such that x € int (cl (St(u\?n, u’,,))) . For every neighbourhood V
of X, we have VN St(UVn, Uy) # ¢. Then there exist U € Uy such that (V N int(scl(U) # ¢) and (UVn N
Int(scl(U)) # ¢) this implies (VN U # ¢) and (UV, N U # 0). By claim 1 we have that UW, N U # ¢, so
x € int(cl(St(UWn, Uy))) for all but finitely many n. O



1316 —— Agsaand Moiz ud Din Khan DE GRUYTER

Theorem 3.3. The product X x Y of a nearly star-Hurewicz space X and a nearly compact space Y is nearly star
Hurewicz.

Theorem 3.4. The nearly continuous open surjective image of a nearly star Hurewicz space is nearly star-
Hurewicz.

Proof. Letf : X — Y benearly continuous open surjection and X is nearly star Hurewicz. Let (U, : n € N) bea
sequence of covers of Y by s-regular open sets. Let Uj, = {f 1(U) : U € U, } foreachn € N.Then (U}, : n € N)
is a sequence of open covers of X, by hypothesis, there exists a sequence (V;, : n € N) such that for every
n € N, V;, is a finite subset of Uy and each x € X, x € U{int (cl(St(UVy, Up))) : n € N} for all but finitely
many n.

Let Vo = {U : f1(U) € Vi}. f1(UVy) = UV, and let x € X, then there is n € N such that x €
int (cI(St(f™'(UVn), Up)) for all but finitely many n. If y = f(x) € Y, theny € f(int (cl(St(f~(UVn), Up))) C
int (cI(F(St(F1(UVn), Up))) C int (cl(St(UVn, Un))) for all but finitely many n. We will prove the last
inclusion:

Suppose that f~1(UV,) N f1(U) # ¢. Then also f(f L (UVn)) NF(FHU)) # ¢, soUVn N U # ¢.

So, the sequence (Vy : n € N) witnesses that X is a nearly star-Hurewicz. O

Theorem 3.5. If each finite power of a space X is nearly star-Hurewicz, then X satisfies U;in(O, ).

Proof. Let (U, : n € N) be a sequence of open covers of X and consider N = N; U N, U ... be a partition of N
into infinitely many pairwise disjoint sets. for every k € N and every j € Ny. Let W; = {Uy x Uy x ... x Uy :
Ui, Uz, ooy U € Uj} = u,’f. Then (W; : j € Ny) is a sequence of open covers of XX, Since X¥ is nearly star-
Hurewicz so we can choose a sequence (J{; : j € Nj) such that for each j, 7{; is finite subset of W; and each
x € X¥, x € u{int (cl (St(UH;, W)))) : j € Ny} for all but finitely many j. For every j € Ny and every H € %;
we have H = U;(H) x U,(H) x ... x Uy(H), where U;(H) € U; for every i < k. Now consider V; = {U;(H) : i < k,
H € J(;}. Then for each j € Ny, V; is finite subset of U;.

We claim that {int (cl (St(UVn, Un))) : n € N} is an w-cover of X. Let F = {x4, ..., xp} be a finite subset
of X. Theny = (x4, ..., Xp) € X so that thereisan n € Np such thaty € {int (cl (St(UH, Un))) ; H € Hn}. But
H = U;(H) x U(H) x ... x Up(H), where Uy (H), U(H), ..., Up(H) € Vn. The point y belongs to some W € Wy
of the form V; x V5 x ... x Vp, V; € Uy for each i < p, which meets U;(H) x U(H) x ... x Up(H). This implies
that for each i < p, we have x; € int (cl (St(U;(H), Un))) C int (cl (St(UVn, Un))) for all but finitely many n,
thatis, F C int (cl (St(UVn, Un))) . Hence X satisfy U;in((f), Q). O

Definition 3.6. A space X is nearly strongly star-Hurewicz if for each sequence (U, : n € N) of open covers of X
there is a sequence (Fy : n € N) of finite subsets of X such that each xe X, xe U {int (cl (St(Fn, Un))) : n € N}
for all but finitely many n.

Definition 3.7. [24] A space X is meta compact if every open cover U of X has a point-finite open refinement V
(that is, every point of X belongs to at most finitely many members of V).

Theorem 3.8. Every nearly strongly star-Hurewicz meta compact space is a Hurewicz space.

Proof. Let X be nearly strongly star Hurewicz meta compact space. Let (U, : n € N) be a sequence of open
covers of X. For each n € N, let V, be a point-finite open refinement of U,. Since X is nearly strongly star-
Hurewicz, there is a sequence (Fy : n € N) of finite subsets of X such that each x € uint (cl (St(Fn, Vn))) for
all but finitely many n.

As Vy, is point-finite open refinement and each Fy, is finite, elements of each F, belongs to finitely many
members of Vn say Vi1, Via, Vi3, ... Vi Let Vi = {Vi1, Vi, Vi, oo, Vigh. Thenint (cl (St(Fn, Vn))) = UVy
foreach n € N so we have that each x belongs to X belongs to UV}, for all but finitely many n. For every V € Vj,
choose Uy € Uy such that V ¢ Uy then for every n, Wy = {Uy : V € V;,} is a finite subfamily of U, and each
x belongs to X belongs to UWj, for all but finitely many n, that is X is a Hurewicz space. O
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Definition 3.9. [25] A space X is said to be meta Lindelof if every open cover U of X has a point-countable
open refinement V.

Theorem 3.10. Every nearly strongly star Hurewicz meta Lindelof space is a Lindelof space.

Proof. Let X be nearly strongly star Hurewicz meta Lindelof space. Let U be an open covers of X and V a
point-countable open refinement of U by hypothesis, there is a sequence (F, : n € N) of finite subsets of X

such that each x belongs to x belongs to Uint (cl (St(Fn, Vn))) for all but finitely many n.

For every n € N, denote by Wj, the collection of all members of V which intersect Fy. Since V is point-
countable and Fj, is finite so Wy, is countable. Therefor the collection W = U, yWh, is a countable subfamily
of V and is a cover of X. For every W € W pick a member Uy, € U such that W € Uy. Then {Uy : W € W}
is a countable subcover of U. Hence X is a Lindelof space. O

Theorem 3.11. A continuous image of a nearly strongly star-Hurewicz space is nearly strongly star-Hurewicz
space.

Proof. Let f : X — Y be a continuous mapping from a nearly strongly star-Hurewicz space X onto a space
Y. Let (Un : n € N) be a sequence of open covers of Y. For eachn € N, let V, = {f‘l(U) :U € Un}. Then
(Vn : n € N) is a sequence of open covers of X. Since X is nearly strongly star-Hurewicz space, there exists
a sequence (A, : n € N) of finite subsets of X such that for each x ¢ X, x € vint (cl(St(An, un))) for all
but finitely many n. Thus (f(An) : n € N) is a sequence of finite subsets of Y such that for each y € Y,
y € int (cl(St(f(An), Un))) for all but finitely many n. In fact, let y € Y. Then there is x € X such that f(x) =
y. Hence x € uint (cl(St(An, Vn))) for all but finitely many n, which shows that Y is nearly strongly star-
Hurewicz space. O

Theorem 3.12. If each finite power of a space X is nearly strongly star-Hurewicz space, then X satisfies
$3,(0, Q).

Proof. Let (U, : n € N) be a sequence of open covers of X and consider N = N; U N, U ... be a partition
of N into infinite pairwise disjoint sets. For every k € N and every j € Ny. Let W; = {Uy x Uy x ... x Uy :
Uy, Ua, ..., U € Uj} = u]’.‘. Then (W; : j € Nj) is a sequence of open covers of Xk, Since X¥ is nearly strongly
star-Hurewicz space so we can choose a sequence (V; : j € Nj) such that for each j, V; is finite subset of X
and each x € X¥, x € U{int (cl (St(V, W;))) : V € V;} for all but finitely many j. For every j € N consider A;
a finite suset of X such that V; C Ak,

We show that {int (cl (St(An, Un))) : n € N} is an w-cover of X. Let F = {x1, ..., Xp} be a finite subset
of X. Then (x1, ..., xp) € XP so that there is an n € Nj such that (x4, ..., xp) € int (cl (St(Vn, Wn))) C
int (cl (St(Ah, Wn))) thatis, F C int (cl (St(An, Un))) . O

References

[1] KocinacLj.D.R., Selected results on selection principles, Proc. Third Sem. Geometry Topology, Tabriz, Iran, 15-17 July, 2004,
71-104.

[2] Scheepers M., Combinatorics of open covers |: Ramsey theory, Topology Appl.; 1996, 69, 31-62.

[3] Scheepers M., Selection principles and covering properties in Topology, Note di Matematica, 2003, 22(2), 3-41.

[4] Tsaban B., Some new directions in infinite-combinatorial topology, In: Bagaria )., TodorCevic S. (Eds.), Set Theory, Trends
Math., Birkhduser Basel, 2006, 225-255.

[5] Hurewicz W., Uber die Verallgemeinerung des Borelschen Theorems, Mathematische Zeitschrift, 1926, 24, 401-425.

[6] BonanzingaM.,CammarotoF., Ko¢inacLj.D.R., Star-Hurewicz and related properties, Applied General Topology, Universidad
Politécrica de Valencia; 2004, 5(1), 79-89.

[71 Bonanzinga M., Matveev M.V., Some covering properties for ¥-spaces, Mat. Vesnik, 2009, 61, 3-11.



1318 —— Agsaand Moiz ud Din Khan DE GRUYTER

(8]

[9]

[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]
[29]

[20]
[21]
[22]
[23]
[24]
[25]

Bonanzinga M., Cammaroto F., Ko¢inac Lj.D.R., Matveev M.V., On weaker froms of Menger, Rothberger and Hurewicz
properties, Mat. Vesnik, 2009, 61, 13-23.

Song Y.-K., Li R., A note on star-Hurewicz spaces, Filomat, 2013, 27(6), 1091-1095.

Song Y-K., Remarks on strongly star-Hurewicz spaces, Filomat, 2013, 27(6), 1127-1131.

Song Y.-K., Li R., The almost Hurewicz spaces, Questions Answers Gen. Topology, 2013, 31, 131-136.

Koc¢inac Lj.D.R., The Pixley-Roy topology and selection principles, Questions Answers Gen. Topology, 2001, 19, 219-225.
Sakai M., The weak Hurewicz property of Pixley-Roy hyperspaces, Topology Appl., 2013, 160, 2531-2537.

Gerlits )., Nagy Zs., Some properties of C(X), I, Topology Appl., 1982, 14, 151--161.

Levine N., Semi-open sets and semi-continuity in topological spaces, The American Mathematical Monthly, 1963, 70(1),
36-41.

Crossley S.G., Hildebrand S.K., Semi-closure, Texas J. Sei., 1971, 22, 99-112.

Larry Herrington L., Properties of nearly compact spaces, Proceedings of the American Mathematical Society, 1974, 45(3),
431-436.

KoCinac Lj.D.R., Sabah A., Khan M., Seba D., Semi-Hurewicz spaces, HIMS., 2017, 46(1), 53-66.

Babinkostova L., Pansera, B.A., Scheepers M., Weak covering properties and infinite games, Topology Appl., 2012, 159(17),
3644-3657.

Maio G.Di, Noiri T., On S-closed paces, Indian J. Pure appl. Math., 1987, 18(3), 226-233.

Steen L.A., Seebach J.A., Counterexamples in Topology, Springer-Verlag, United States, 1970.

Kocev D., Menger-type covering properties of topological spaces, Filomat., 2015, 29(1), 99-106.

Levine N., Strong continuity in topological spaces, Amer. Math. Monthly, 1960, 67, 269-269.

Arens R., Dugundji )., Remark on the concept of compactness, Portugal. Math., 1950, 9, 141-143.

Aquaro G., Point countable open coverings and countably compact spaces, General Topology and its Relations to Modern
Analysis and Algebra I, Academic Press, 1967, 39-41.



	1 Introduction
	2 Nearly Hurewicz spaces
	3 Nearly Star-Hurewicz spaces

