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1 Introduction

Consider the following non-autonomous stochastic plate equation with additive noise defined in the entire
space R™:
2 2 dw
Uge + e + A%up + Au + Au+ f(x, u) = g(x, t) + ,Bh(x)ﬂ, (1.1)

with the initial value conditions
ulx, 7) = up(x), uelx, 1) =u1(x), (1.2)

where x € R", t > TwithT € R, « > 0, A > 0 and B are constants, f is a nonlinearity satisfying certain growth
and dissipative conditions, g(x, -) and h are given functions in L} .(R, L?(R")) and H*(R"), respectively, W(t)
is a two-sided real-valued Wiener process on a probability space.

Plate equations have been investigated for many years due to their importance in some physical areas
such as vibration and elasticity theories of solid mechanics. The study of the long-time dynamics of plate
equations has become an outstanding area in the field of the infinite-dimensional dynamical system. While
the attractors are regarded as a proper notation to describe the long-time dynamics of solutions. To the best
of our knowledge, there have been many works on the investigation of the attractors for the plate equations
over the last few years. For instance, if the random term is vanished and g(x, t) = g(x), then (1.1)-(1.2) change
into a deterministic autonomous plate equation. The existence and uniqueness of the global attractor of the
corresponding dynamical system was studied in [1-10]; besides, the uniform attractor of the dynamical system
generated by the non-autonomous plate equation was established in [11].

For the stochastic plate equations, if the forcing term g(x, t) = g(x), then the existence of a random
attractor of (1.1)-(1.2) on bounded domain have been proved in [12-14]. However, it is not yet considered by
any predecessors to the stochastic plate equation on unbounded domain. In recent years, the existence of
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random attractors for stochastic dynamical system on unbounded domains have been investigated by several
authors, such as Reaction-diffusion equations with additive noise [15], Reaction-diffusion equations with
multiplicative noise [16], FitzHugh-Nagumo equations with additive noise [17, 18], Navier-Stokes equations
with additive noise [19], wave equations with additive noise [20-22], wave equations with multiplicative noise
[23].

Motivated by above literatures, the goal of the present paper is to study random attractors and its upper
semicontinuity of non-autonomous stochastic equation (1.1). By applying the abstract results in [24-26], we
will first prove the stochastic plate equation (1.1) has tempered random attractors in H>(R") x L?(R"), then
establish the upper semicontinuity of the random attractors.

In general, the existence of global random attractor depends on some kind compactness (see, e.g., [27-
30]). To prove the existence of random attractors for (1.1) in H?(R") x L?(R™), we must establish the pullback
asymptotic compactness of solutions. Since Sobolev embeddings are not compact on unbounded domain, we
cannot get the desired asymptotic compactness directly from the regularity of solutions. We here overcome
the difficulty by using the uniform estimates on the tails of solutions outside a bounded ball in R" and the
splitting technique, see [20, 31] for details.

The framework of this paper is as follows. In the next Section, we recall a sufficient and necessary criterion
for existence of pullback attractors for cocycle or nonautonomous random dynamical systems. In Section 3,
we define a continuous cocycle for Eq. (1.1) in H2(R")xL2(R"). Then we derive all necessary uniform estimates
of solutions in Section 4. In Section 5, we prove the existence and uniqueness of tempered random attractor
for the non-autonomous stochastic plate equation. Finally, in Section 6, we prove the upper semicontinuity
of random attractors as S to zero.

Throughout the paper, the letters cand ¢; (i = 1, 2, . . .) are generic positive constants which may change
their values from line to line or even in the same line.

2 Preliminaries

In this section, we recall some basic concepts related to random attractors for stochastic dynamical
systems.
Let X be a separable Banach space and (Q, F, P) be the standard probability space, where Q = {w €
C(R, R) : w(0) = 0}, Fis the Borel o-algebra induced by the compact open topology of Q, and P is the Wiener
measure on (Q, F). There is a classical group {6;};cr acting on (Q, F, P) which is defined by

Oiw() =w(+t)-w(t), forallw e Q, t € R. (2.1)

We often say that (Q, F, P, {0:}:cr) is a parametric dynamical system.
The following four definitions and one proposition are from [24].

Definition 2.1. A mapping @ : R* x R x Q x X — X is called a continuous cocycle on X over R and
(Q,F,P,{6}tcr) ifforallT € R, w € Qand t, s € R, the following conditions (1)-(4) are satisfied:

Mo, 1, ) :R*xQxX - Xis (B(R*) x T x B(X), B(X))-measurable;

(2) (0, 1, w, -) is the identity on X;

B)o(t+s,1,w,)=0(t, T+Ss,0sw,+) o D(s, T, w,-);

4) o(t, 7, w, ) : X — X is continuous.

Hereafter, we assume @ is a continuous cocycle on X over R and (Q, F, P, {0;}+cr), and D is the collection
of all tempered families of nonempty bounded subsets of X parameterized by T € Rand w € Q:

D={D={D(t,w) CX:D(t,w) #0, T € R, w € Q}}.

D is said to be tempered if there exists xo € X such that for every ¢ > 0, T € Rand w € Q, the following
holds:
lim e‘d(D(t + t, 6;w), xo) = O. (2.2)

t——oco
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Given D € D, the family Q(D) = {Q(D, 7, w) : T € R, w € Q} is called the Q-limit set of D where

oD, 1,w) = ﬂ U o(t, T-t,0_+w,D(T - t, 0_tw)). (2.3)

=0 t=s

The cocycle @ is said to be D-pullback asymptotically compact in X if for all T € R and w € Q, the sequence
{D(tn, T - tn, ¢, w, xn) }5n-1 has a convergent subsequence in X (2.4)

whenever t, — oo, and x, € D(T — tn, 0, w) With {D(1,w) : T € R, w € Q} € D.

Definition 2.2. A family K = {K(7,w) : T € R, w € Q} € D is called a D-pullback absorbing set for @ if for
all T € Rand w € Q and for every D € D, there exists T = T(D, T, w) > O such that

O(t,T-t,0_tw,D(t-t,0_;w)) CK(r,w) forallt=>T. (2.5)

If, in addition, K(7, w) is closed in X and is measurable in w with respect to F, then K is called a closed
measurable D-pullback absorbing set for @.

Definition 2.3. A family A = {A(T,w) : T € R,w € Q} € D is called a D-pullback attractor for @ if the
following conditions (1)-(3) are fulfilled: forallt e R*, T € Rand w € Q,
(1) A(r, w) is compact in X and is measurable in w with respect to F.
(2) A is invariant, that is,
O(t, 7, w, AlT, w)) = A(T + t, Orw). (2.6)

(3)ForeveryD = {D(1,w): TR, w € Q} € D,
tlim dg(o(t, T -t,0_tw, D(T - t, 6_¢w)), A(T, w)) = 0, 2.7
—»0c0

where d is the Hausdorff semi-distance given by dg(F, G) = sup ing [lu-vl|lx, forany F, G C X.
ucF Ve

As in the deterministic case, random complete solutions can be used to characterized the structure of a
D-pullback attractor. The definition of such solutions are given below.

Definition 2.4. A mapping ¥ : R xR x Q — X is called a random complete solution of @ if for every ¢t €
R*,s,teRandw € Q,
O(t, T+5,0sw, ¥(s, T,w)) = P(t+s,T, w). (2.8)

If, in addition, there exists a tempered family D = {D(1, w) : T € R, w € Q} such that ¥(t, 7, w) belongs to
D(t +t,0iw) forevery t € R, 7 € Rand w € Q, then V¥ is called a tempered random complete solution of @.

Proposition 2.1. Suppose @ is D-pullback asymptotically compact in X and has a closed measurable D-
pullback absorbing set K in D. Then @ has a unique D-pullback attractor A in D which is given by, for each
TcRandw € Q,

Alt,w) = QK,7,0) = | ) QD,7, w) (2.9
DeD
={¥(0, 7, w) : ¥ is a tempered random complete solution of @}. (2.10)

3 Cocycles for stochastic plate equation

In this section, we outline some basic settings about (1.1)-(1.2) and show that it generates a continuous
cocycle in H2(R"™) x L2(R").

Let -A denote the Laplace operator in R", A = A? with the domain D(4) = H*(R"). We can define the

powers AY of A for v € R. The space V, = D(A#) is a Hilbert space with the following inner product and norm

(u, vy = (A%u, Atv), -1l = [|AT -]
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For brevity, the notation (-, -) for L?-inner product will also be used for the notation of duality pairing between
dual spaces.

We denote H = H?(R") x L2(R").

We define a new norm || - ||4¢ by

Y13 = (v + (8% + A - 6a)|[ul> + (1 - 8)]|Au®)?, (3.1)

for Y = (u,v)" € H, where T stands for the transposition.
Let & = u; + 6u, where § is a small positive constant whose value will be determined later, then (1.1)-(1.2)
can be rewritten as the equivalent system

{ it =4 - ou, (3.2)
% =[6(a+A-8)-Alu-(a+A-8)f-Au-f(x,u)+g(x, )+ Bh(x)4, .
with the initial value conditions

u(x, 1) = up(x), é(x, 1) = &), (3.3)

where &,(x) = u;(x) + Sup(x), x € R".

Let F(x, u) = f(;I f(x, s)ds for x € R" and u € R. The function f will be assumed to satisfy the following
conditions:

(F1) [f(x, w)| < c1|ul* +n1(x),

(F2) f(x, wu - c2F(x, u) = na(x),

(F3) F(x, u) = c3u/**! = n3(0),

(F4) |fulx, v)| < @,
wherew >0, 1<k < ™% n; € L2(R"), n, € LY(R™), n3 € L*(R").

Note that (F1) and (F2) imply

k+1

FO,u) < c(ul? + u®* + nf + o). (3.4)

We also need the following condition on g: there exists a positive constants ¢ such that

T

/e"sllg(-, s)|[ds < oo, YT €R, (3.5)
which implies that
T
,ILm / / e%|g(-,s)|*dxds =0, VT € R, (3.6)
—oo |x|2r

where | - | denotes the absolute value of real number in R.
For our purpose, it is convenient to convert the problem (1.1)-(1.2) (or (3.2)- (3.3)) into a deterministic
system with a random parameter, and then show that it generates a cocycle over R and (Q, F, P, {6;}¢cr)-
We identify w(t) with W(¢), i.e., w(t) = W(t) = W(¢, x), t € R. Consider Ornstein-Uhlenbeck equation
dy + ydt = dW(t), and Ornstein-Uhlenbeck process

0
y(Ow) = - / S (Ow)(s)ds, t € R.

—o0

From [32], it is known that the random variable |y(w)| is tempered, and there is a 6;-invariant set Qc Qof
full P measure such that y(6;w) is continuous in ¢ for every w € Q. Put

z(6¢w) = z(x, Orw) = h(x)y(Bw), (3.7)

which solves
dz + zdt = hdW. (3.8)
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Lemma 3.1 [33] For any € > 0, there exists a tempered random variable v : Q — R, such that forallt € R, w €
Q,
|z(6w)]| < eIy (@)| A,

IV2(0,w)|| < ey (w)||Vhl,
|Az(8:w)|| < el(w)| AR,

where v(w) satisfies

eia\tl’Y(CU) < 'Y(etw) < e&'\f‘ry((u)-

Now, let v(t, T, w) = &(t, T, w) — Bz(6:w), we obtain the equivalent system of (3.2)-(3.3),

du — v - §u + Bz(6,w), (3.9)
% =(6-a-Aw+[6(-6+a+A)-A-Alu+pB[1-(a+A-08)]z(6:w) - flx,u) + g(x, t), '
with the initial value conditions
u(x, 7, 7) = uo(x), v(x, 7, T) = vo(x), (3.10)

where vo(x) = &(x) - z(Brw), x € R". We will consider (3.9)-(3.10) for w € Q and write Q as Q from now on.

The well-posedness of the deterministic problem (3.9)-(3.10) in H?(R")xL?(R™) can be established by stan-
dard methods as in [34, 35]. If (F1) - (F4) are fulfilled, let 9P (¢t + 1, 7, 6w, (pgg)) = (u(t+7, 1, 0-rw, Uug), v(t+
7,7, 0-rw,vy)) T, where (pf)ﬁ) = (uo,vo)". Then for every w € Q, T € R and (pgﬁ) € H(R™), problem (3.9)-
(3.10) has a unique (F, B(HZ(R")) x B(L?(R™)))-measurable solution (-, 7, w, gvgﬁ)) e C([t, o0), H(R™))
with (p(ﬁ)(‘r, T, W, (pgj)) = (p(()ﬁ), (p(ﬁ)(t, T, W, (pgﬁ)) € Ho(R™) being continuous in (pf)ﬁ) for each t > . Moreover,
for every (t, 7, w, po) € R x R x Q x H(R"), the mapping

Dp(t, 7, w, 08 = 0Pt +1,7,0-c0, 0P (3.11)

generates a continuous cocycle from R* x R x Q x H(R") to H(R") over R and (Q, F, P, {0} ¢cr)-
Introducing the homeomorphism P(8;w)(u,v)" = (u,v + z(6;w)) ", (u,v)T € H(R") with an inverse
homeomorphism P~2(0;w)(u, v)" = (u, v - z(6;w)) " . Then, the transformation

Dp(t, T, w, (o, £0)) = P(O;w)Py(t, T, w, (o, Vo))P (B w) (3.12)

generates a continuous cocycle with (3.2)-(3.3) over over R and (Q, F, P, {6;}¢cr)-

Note that these two continuous cocycles are equivalent. By (3.12), it is easy to check that (5,; has arandom
attractor provided @p possesses a random attractor. Then, we only need to consider the continuous cocycle
(DB .

One can prove @p is measurable by using the same method as in the following paper: H. Cui, J.A. Langa,
Y. Li, Measurability of random attractors for quasi strong-to-weak continuous random dynamical systems, J.
Dynam. Differ. Equ. 30 (2018) 1873-1898.

4 Uniform estimates of solutions

In this subsection, we derive uniform estimates on the solutions of the stochastic plate equations (3.9)-(3.10)
defined on R" when t — oc. These estimates are necessary for proving the existence of bounded absorbing
sets and the asymptotic compactness of the random dynamical system associated with the equations. In
particular, we will show that the tails of the solutions for large space variables are uniformly small when
time is sufficiently large.

Let 6 € (0, 1) be small enough such that

82+1-8a>0, 1-6>0,
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and define o appearing in (3.5) by
Co 6

o =min{a-4,6, 5

=1 (4.1)

where ¢, is the positive constant in (F2).

Lemma 4.1 Assume that h € H*(R"), (F1)-(F4) and (3.5) hold. Then forevery Tt € R, w € Q,and D = {D(t, w) :
TeR,w € Q} € D, there exists T = T(t, w, D) > O such that forall t > T,

T

B(r,1-t,0-rw, po)|3 + | S OIv(s, T~ t, O-rw, vo)||>ds
[ Polllgc

T-t
T T
+/e”(s’r)||u(s,r—t, G_Tw,uo)\|2ds+/ea(s’T)HAu(s,‘r—t, 0_rw, up)||*ds
Tt T-t

T
+/eU(S_T)||Av(S,T—t, 01w, vo)|*ds

Tt

<c+cp? / e (1 + || Az(Bsw)||* + ||z(Bsw)||* + Hz(@sw)Hk*l)ds, (4.2

where go('B) = (uo, vo) " € D(1-t, O_tw) and c is a positive constant depending on A, o, a and 8, but independent
of T, w and D.

Proof. Taking the inner product of the second equation of (3.9) with v in L2(R"), we find that

1d 3 _ 2 1 _
S dt ||v\| —(a-8)Wv,v)-A+6°-6a)(u,v)-(1-56)Au,v)-(Av,v) 4.3)
+B(1 - a+ 6)(z(6:w), v) - B(Az(6:w), v) + (g(x, 1), v) - (F(x, u), v).
By the first equation of (3.9), we have
V= Zl; +6u - Bz(6w). (4.4)

Then substituting the above v into the second, third and last terms on the right-hand side of (4.3), we find
that

(u, v) =(u, % + 6u - Bz(6;w))
2 & ) + 6l - B, 2(6,))
22 L+ 5l - 1Bl |z(6,w) ]

20 3B - B e, “5)
—(Au, v) = - (A%u, Zl: + 6u - Bz(6:w))

1d
== 5 gl aul® - 8114u* + B(Au, Az(6iw))

II\

1d
5;\|Aun - 8llAu|? + 18] 12(40;w) || du|

<- **HA 1% - *||Au|\ + BZ ||Z(49tw)||2 (4.6)

YT ’ :
(f(x, u), v) =(f(x, u) +5u Bz(6:w))

jt FOx, w)dx + 8(F(x, w), u) - B, w), 2(6:)). @)

Rn
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From condition (F2) we get

(O, w), 1) > ¢ / F(x, w)dx + / () dx. (4.8)
Rn n
By conditions (F1) and (F3), it yields

B, 200w 18] [ (calul + ma () (01) dx
Rn
<|BlIin ()| [|z(6:w)|| + Cllﬁl(/ Ju dx)©T 12(0:0) 1
Rn
<|BlIin ()| [|z(Bcw)|| + Cllﬁl(/(F(X, w) + 1300)d) T | 2(6,0)] 1
%Hnl(x)ﬂ +ﬂ—|\z(9tw)|\ + == bca /F(x u)dx+—/n3(x)dx+cﬁ ||z(0ta))\|k+1. (4.9)

Rn

Using the Cauchy-Schwartz inequality and the Young inequality, there holds

B(1-a+ 8)(zBiw), V) < m;“—ffmznz(etw)nz NSNS (4.10)
BAZ(Ow). V) - ~B(Az(01w), A1) < & |az(0w)? + L v, (4.11)
(8x, 0, ) = 186 OIv]| = 2190, 012 + “ 2. (4.12)

By (4.5)-(4.12), it follows from (4.3) that

(||v|| +(82 + A= 8a)|ul®> + (1 - 8)||Au? +2/F(x,u)dx)

2 dt
Rfl
<= 2a-O)v| - 28(5% + A~ 6a)ull? - 361 - 8)]au]?
552 /F(x wydx - —||Av|\ + cBA(1 + || Az(6:w)| 2

Rn

+ |20 w)||* + [|2(Bew)|| 2 + o 5llslo 0l (4.13)

2
-6
Recalling the norm || - ||5¢ in (3.1). By (4.1) we obtain from (4.13) that

%(\I<P||§c+2/F(x, U)dX)+o(HgoH§C+2/F(x, u)dx)

R R

1 1 1
+5@=8)|v|* + 58(8% + A~ 8a)u]* + 581 - 8)|[Au]* + [|Av])®

4
<c(1 + 42(0:)” + |260) | + 2655 + =5 18Cx, O] (4:14)
Multiplying (4.14) by e°¢ and then integrating over (1 - ¢, T), we have

UT(||(P(T,T—t,w,(Po)H:2}c+2/F(X, u(t, 7 -t, w, up))dx)
Rn

T T
+%(a—6)/e"s||v(s,r—t,w,vo)\|2ds+%6(62+/1—6a)/e"s||u(s,r—t,w,uo)szs

Tt Tt
T

T
+ %6(1 -0) / e%||Au(s, T - t, w, ug)||>ds + / e%||Av(s, T - t, w, vo)||*ds

Tt Tt
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T

< e"(T’t)(H(pOH%C + Z/F(x, uo)dx) + cp? / e (1 + || Az(Bsw)||* + ||z(0sw)||*
Rn Tt

T

+ 4

+ @)l ds + /egs||g(x,s)||2. (4.15)
Tt

Substituting w by 0-rw, then we have from (4.15) that

(H(P(T’ T- t’ Q*Tw’(po)H%—( + 2/F(Xy u(T9 T- ty H*Twy uO))dX)
Rn

T
+ %(a -90) / eS| v(s, T - t, 0_rw, vo)|>ds

Tt
T

+ %6(62 +1-68a) / eU(S_T)Hu(s, T-t,0-rw, up)|*ds

T-t
T

T
+%6(1—6)/6“(5’T)||Au(s,r—t, G_Tw,uo)||2ds+/e”(S’T)HAv(s,T—t, 0_cw, vo)|2ds

Tt Tt
T

<e” (|| @oll3¢ + 2 /F(x, Up)dx) + ¢ / e (1 + | A2(0s-rw)|? + ||2(0s-—rw)|)?
Rn -t

a-6

Tt

T
+\|z(95_ra))||§§1)ds+ 4 /e"(S"T)Hg(x,s)H2

0
<e (|| go |3 + 2 /F(x, uo)dx) + cp? / e (1 + ||Az(Osw)||* + || 2(Osw)||?
Rn —t

T
s + g [ e g0 9. (4.16)
Thanks to Lemma 3.1, it follows that

0
/eUS(HAz(GS(u)HZ +]|z(8sw)||? + [|z(Bsw)|| 55 ) ds
—t

0
< / e (|Az(Bsw)|)? + ||2(Bsw)||* + || 2(Osw) |55 ) ds

—o0

0
< / e” (Y (@)(|AR|* + [R]|?) + 4 (@) AR + || VR + |[r|))ds

—oco

< + oo (4.17)
From (3.4) yields
/F(x, up)dx < c(1 + [lug)? + ||luo|X5h). (4.18)
Rn
Due to ¢g = (ug, Vo) € D(t - t, 8_w) and D € D, we get from (4.18) that

tl_i}m e "!(||gol|3c + 2 /F(x, ug)dx) = 0. (4.19)
RH
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Therefore, there exists T = T(r, w, D) > 0 such that e™'(|@o||5; + 2 [z, F(x, uo)dx) < 1 for all t > T. Thus the
Lemma follows from (3.5), (4.16) and (4.17). O

Lemma 4.2 Assume that h € H*>(R"), (F1)-(F4) and (3.5) hold. Then there exists a random ball {E p(T,w): T €
R, w € Q} € D centered at 0 with random radius

0
o(t,w) = c+cp? / e%5(1 + ||Az(8sw)|)? + ||2(Bsw)||* + || z(Bsw) || &5 )ds,

suchthat {Eg(t, w) : T € R, w € Q} is a closed measurable D-pullback absorbing set for the continuous cocycle
associated with problem (3.9)-(3.10) in D, that is, forevery T c R,w € Q,and D = {D(t,w) : T€ R, w € Q} €
D, there exists T = T(t, w, D) > 0, such that for all t > T,

Dp(t, T~ t,0-¢w, D(T - t, 0_4w)) C A(T, w). (4.20)
Proof. This is an immediate consequence of (3.11) and Lemma 4.1. O
Choose a smooth function p, such that 0 < p < 1 for s € R, and
0, O<]|s|=1,
= 4.21
p(s) {1, 5|22, (4.21)

and there exist constants uy, Uz, U3, Mg4 such that |p/(s)| < u1, |p”(S)| < pa, 1p”'(s)| < us, |p""'(s)| < py for
seR.

Givenr > 1, denote H, = {x € R" : |x| < r} and R" \ H, the complement of H,. To prove asymptotic
compactness of solution on R", we prove the following lemma.

Lemma 4.3 Assume that h ¢ H*(R"), (F1)-(F4) and (3.5) hold. Then foreveryt € R, w € Q,and D = {D(1, w) :
TeR,w e Q} € D, thereexists T = T(t,w, D, e) >0and R = R(1, w, €) = 1, such that forallt > T,r = R,

leP(r,7-t, 0w, (PO)Hg—C(R"\Hr) <e, (4.22)

where <pr) = (ug, vo)' € D(T-t, O_;w).

Proof. We first cg)nsider the random equations (3.9)-(3.10). Taking the inner product of the second equation
of (3.9) with p(%)v in LZ(R™), we obtain

1d

e p(E)Mzdx =—(a-6) p(ﬁ)|v|2dx—(/1+62 -éa) p(ﬁ)uvdx
2 dt r2 r2 ) r2
Rn Rn Rn

2 2 2
~(1-0) / ("D Auvax - / () Avvax + pa - a + 6) / p(*Dz(0wvax
Rn Rn Rn
2 2 2
-B /p(%)(Az(Ot(u))vdx + /p(%)g(x, tivdx - /p(%)f(x, u)vdx. (4.23)
Rn Rn Rn

Substituting v in (4.4) into the second, third and last terms on the right-hand side of (4.23), using Young
inequality and the Sobolev interpolation inequality

Vvl <gllvil+ CeflAvl, V¢ >0,

we conclude that
2 2
d
/p('xr—L)uvdx =/p(%)u(d—¥ +6u - Bz(0:w))dx
Rn Rn

Y N S N TP
—/P( )5 U + 6w - z(Orww)dx
Rn
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>m/p("" u dx+f/p("“ uldx - 25/p(' @), 4.2%)
- / o upvax
/(A2 + 6u — Bz(6:w))dx
: / (Au)A(p(%)(E + 8u - B2(0,w))dx

/(Au)( p("") "("" N+ bu - pr(6w)

2|x| /

e2 22X 0 g o) + pX A + 5 ()

2 4 4
/ (%+%)|(Au)v|dx+ / “‘|(Au)(vv>ldx
rexer/3r r<x<\/2r

Ao ua - 6/p" )lAu| dx+ﬁ/p(' )|Au|Az(8:w)|dx

Rn

/(M”(Au)v\dﬁ / “”‘Hu\u)(wndx >d / p(‘ )|Aul*dx

R)’l
X2 P ans 8 [ oy au? X2 )
-6 [ pChyaupax+3 [ o5 )iau dx+2—5 [ o aateantas
Rn Rn
M1+ 4p 2 2y, 421 x|
<L 4 4 D) + P2 ) ov) - 2 & / p(5)IAul dx
_ Py auizax+ 8 [ oy auax + B [ oK 2
5/p( D yiaupd + 2, p(Dyjau dx+ B B [ o120 2ax
Rn Rn
+4 4\f X
<KL ()2 4 )+ 2L g v+ CollaviD - 5 / (M jaupax

2
-5 / X aupax+ 8 / o autax+ B [ o yazownras
Rfl

+4 2
HLE2 w4 i) + @(Munz +26|Iv| + 2C2Av|P°)

—%% ("“ )|Au*dx - 5/;)("‘| )AuPdx
Rn
2
+ %/p(%)\Az(GM))de, /p(‘r—z)f(x, w)vdx (4.25)
Rn Rn

2
_ / p(%)f(x, u)(% + 6u - Bz(Brw))dx
RYI

2 2 )
_% /p(%)F(x, u)dx+6/p(%)f(x, u)udx—ﬁ/p(%)f(x, Wz(O,w)dx.  (4.26)
R" R R
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From condition (F2), we find
5 [ o0 wudx = 626 [ pP R0 wx + 6 [ pXyny00a (827
prT X,qu_Cz prT X, U X prTrIZX X. .
Rn Rn Rr
In line with conditions (F1) and (F3), it leads to

2 2
B [ p s werdx <ipl [ o eanul + mo)lz(6wldx
Rn Rn

2 2 2
s%/ﬂ(%)|ﬂ1(x)|2dx+ %/p(%nz(etw)lzdx

R" R

g 2 - 2
+of* [pEhyeeatax+ 2 [oBhyrow+ nstldx.  (429)
Rn Rn

By means of the Cauchy-Schwartz inequality and the Young inequality, we obtain

/p )(Av)vdx = - /(sz)p(l)r(—f)vdx

RYI
x>
- / (@ vax
/ @2 Py Wy 12 2 Xy 4 oM avyax
Rn
/ (2}11 4HZX )Av)v|dx + / 4ylx|(Av)(Vv )|dx — /p(‘ i )|Av| dx
r<x<\/2r r<x</2r
s/(w)\(Av)v|dx+/4fyl\(Av)(Vv)|dx /p |Av| dx
Rn Rﬂ

+4 4v2, X
B gy )+ V2L v - / oL javax

+4 42, X
P v 4 i)+ P v IV + ColaviD - | o avax

+4 2V2,
FLE (avi? + i)+ SR avi? + 26 vl + 2¢314v)7)

VL
o( 2 )|Av|~dx, (4.29)
R"
2
‘ﬁ/P(%)(AZ(Gtw))vdx
R)’l
2
-~ [@=(6w)p(2yvax
RV(
2
-~ [ @z ax
R"

2 2
=-ﬁ/(Az(9:a)))((r%p/(%) 4xt "(|X| N+2- 2|X| ,(|x\ )Vv+p(| i YAV)dx

Rn

<IB] / (2"1 4“2" )(Az(Ocw))vdx + |B] / 4H1X|(Az(6t(u)))(Vv)\dx
r<x<\/2r r<x<\/2r
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|x|?
- 1Bl [ p(55)1Az(6cw)||Av|dx
2p1 +8 42
<Ip| / (L2 (az(6,w))vldx + |B) / IV (4B w)(V)]dx
n R"
x|?
- Bl P(rT)|AZ(9ta))HAV|dX
RYI
4 42 2
s%(ﬁz‘mz(@tw)“z +[v||?) + MHL\Z(@M)HHVVII - Bl /p(%)mz(etw)HAﬂdx

4 4+/2
B 2 z(0,0) P+ ) + 2B z(,0) G + Collav)

2
-18 [ pE5az0w)aviax
Rn

4 2v/2
B8 (2 (6,00 + V) + 22 (8 40w)|” + 267 + 2C34vIP)

2 2 2
; / p(%)mvﬁd“% / p(%)mz(etw))ﬁdx, (4.30)
B - a+6)/p )z(0;w)vdx

M / a0+ 42 / v, (431

_ 2
[o g ovaxs 2y [P opaxs <8 [oDprax. @)
R Rn

Rn

Then it follows from (4.24)-(4.32)

Zdt/p(| YV + (82 + A= 8a)|ul® + (1 - 8)[Aul® + 2F(x, w))dx

2
< CavIP + VI + au? + AzBw) ) - 250 / Py - 8012 00)
|x|? 5(1 6) |x|* 26 |x|*
p(E)uf?dx - (55)|Auf?dx - (55)F(x, u)dx
[t 529 [t [
+cp? / p(%)u 10200 + |2(0.) + |ZBw)[ " + |g(x, O)P)dx. (4.33)
Let

= [v|* + (8% + A - 8a)|ul* + (1 - 8)|Aul>. (4.34)

Then, by (4.1) we show from (4.33) and (4.34) that

2 4 / ("" )X + 2F(x, w)dx + 0 / p(‘ )X + 2F(x, u)dx

(IIAVH +[[vl? + [ dul? + | Az(B:w)||?) + cp? /P )(1 +[Az(6cw)|?

+ |z(6ta))| + |z(9ta))\k+1 +|gx, t)| )dx. (4.35)
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Multiplying (4.35) by e’ and then integrating over (1 - ¢, T), we deduce
2
/p(%)(X(T, T-t, w, Xo) + 2F(x, u(7, T - t, w, Uo)))dx
Rn

T
2
et [ o0t + 28 wodx+ [ eV 7= b0, v
Rn Tt

+[v(s, T - t, w, vo)l|* + [|Au(s, T - t, w, uo)||* + |Az(6sw)||*)ds

T
2
+cﬁ2/e"(s'r)/p(%)(1 +|Az(0sw)|? + |z(Bsw)|?
-t Rn

+|2(0sw) ¥t + |g(x, 5)|*)dxds. (4.36)
By replacing w by 0-rw, it then follows from (4.36) that

2
/ (X, 7~ 1,00, Xo) + 2F06, u(t, T - 1, 6., up))dlx
R"

T
2
< [ oo + 27 uldr s S [ e (1avts, - .60, )|
Rn -t

+|[v(s, T = t, O_rw, vo)||* + || Au(s, T — t, O—rw, up)||* + ||Az(Os-rw)||*)ds

T
o / e / p(P:—LZ)(l 10205 @) + |2(Bs )2
Tt R~
+|2(0s-r )| + |g(x, 5)|?)dxds
2 T
<e™ /p(%)(XO +2F(x, ug))dx + r% / e I(|Av(s, T - t, - w, vo)|?
B

Tt
0

+||[v(s, T = t, 0_rw, vo)||* + || Au(s, T - t, 0_rw, up)||*)ds + r% / e”||Az(8sw)||*ds

-t
T

0
+c/e"s / lg(x, s)|2dxds+cﬁz/e‘7s /(1+|Az(95w)|2+|z(95w)|2
Tt |x|=r —t |x|2r

+ |2(0sw)| < Y)dxds

T

2
e /P(%)(Xo + 2F(x, up))dx + r% / e (|Av(s, T~ t, 6w, vo)||?
RH

Tt
9
+[v(s, T = t, 0-rw, vo)||* + || Au(s, T - t, 0-rw, up)||*)ds + r% / e%||Az(0sw)|| > ds

T

0
+c/e"s / |g(x,s)|2dxds+c,82/e"s /(1+\Az(esa))|2+|z(95w)\2

- |x|=r |x|=r

+ |2(0sw)[F V) dxds (4.37)

In what follows, we estimate the terms on the right-hand side of (4.37). Due to <p88 ) ¢ D(t-t,0_tw) € Dand
(4.18), it’s easy to obtain that, there exists T; = T(7, €, w, D) > O, such that forall t > T4,

et / p("r‘—f)(x0 + 2F(x, ug))dx < €. (4.38)
Rn
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By Lemma 4.1, there are T, = To(1, &, w,D) > 0and Ry = R,(¢, w, D) > 1, such that forall ¢ > T, and r > Ry,
T
/ eS| Av(s, T~ t, 0w, vo)|[* + |[V(s, T~ t, 0w, vo)||* + [ Au(s, T~ t, 0w, uo)|Dds < .  (4.39)

Tt

Cc
r2

By Lemma 3.1, there are TN3 = ﬁ(s, w)>0andR; = Ry(e, w) > 1, such that forall ¢ > TN3 andr > R,,

0 0
cp? / e’ / (1+ 1420s0)P + 12(65)]2 + 2(650)  lxds + & / " |Az0sw)|2ds <&, (440)
—oo |x|2r —oo

According to condition (3.6), there is ﬁ; = 1}; (1,€)> 1, such thatforall r > 1?3,

/ / lg(x, s)|*dxds < . (4.41)

|x|=r

Letting T = max{rTvl, T, TN3}, R = max{ﬁvl, R,, jivg}, then combing with (4.38)-(4.41), we have forall ¢t > T
andr > R,

2
/ p(%)(X(T, T—t, 0w, Xo) + 2F(x, u(T, T — t, 6-r, uo)))dx < 4, (4.42)

which implies
||(p(ﬁ)(‘l', T-t,60_rw, (PE)B))H%-C(R"\]H[,) < 4e, (4.43)
Then we complete the proof. O

Let p = 1 - p with p given by (4.21). Fix r > 1 and set
{ u(t, 7, w, ug) = p(' Ju(t, 7, w, uo),

(4.44)
v(t, T, w, Vo) = p(| W(t, 1, w, vo),

then pP(¢, 1, w, Po oof )) (u(t, 7, w, ﬁB) V(t, T, w, vp)) " is the solution of problem (3.9)- (3.10) on the
bounded domain H,,, where (po(ﬁ ) p( L )q)(ﬁ ) e H(H,).
Multiplying (3.9) by p( 1] ) and using (4.44) we find that

= v- 61+ Bp(X)z(6:w),

= -(a-8)v - A+62- S - (1~ B)Ail - AV + (1 - a+8)p(L)z(6,w)
-Bp(2E)A2(0:w) + (X5 (x, ) - PO O, w) + 41 - a)AVp(‘X' WVu (4.45)
+6(1 - 8)ap(2L Au + 4(1 - s)vp(L JAVU+ (1 - 5)uAp("" )
+4AVp(|X| )Vv+6Ap(‘ )Av+4Vp(| )L\Vv+vAp(| ).

S &\%

Considering the eigenvalue problem

~

Au = Au in H,,, with u = g—l:l =0 on 0H,,. (4.46)
The problem (4.46) has a family of eigenfunctions {e; };cy with the eigenvalues {A;};cn:
AMgAygegAigoo, Aj = +oo (i — +o0),
such that {e;};cy is an orthonormal basis of L%(H,). Given n, let X, = span{eq, -+ , en} and Py : L2(Hy,) —

Xn be the projection operator.

Lemma 4.4 Assume that h € H?(R"), (F1)-(F4) and (3.5) hold. Thenforeveryt € R, w € Q,and D = {D(r, w) :
TeR,we Q} € D, thereexists T = T(t,w,D,e) >0and R = R(t, w, €) 2 1 and N = N(t, w, €) > 0, such that
forallt>T,r>Randn =N,

1T - P)pP(r, 7~ t, 00, 9P 2, < &5 (4.47)
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~ 2
where ‘P( =p(5r x| )fpéﬂ), wéﬂ) = (up, vo)" € D(1 - t, O_4w).

Proof. Let Ui, 1 = Pnll, Un,» = (I - Pu)U, Vp,1 = PuV, Vp,» = (I - Py)v. Applying I — Py, to the first equation of
(4.45), we obtain

vn 2= d

’ d t
Then applying I — Py, to the second equation of (4.45) and taking the inner product of the resulting equation
with v, , in L*(H,,), we have

2+ Biln,» - BT - PR 2L 26,0, (4.48)

2 8Tl = - @ 8)|Fnal? - (A + 62 = 80)(Hin,2, Vn2) — (1 8)(Alln, 2, ¥r2) — (AT 2, V2)
01 - @+ G 1206000, 72) - BEH)A20), 7.2 + B2 g, 0,72
-G 0,90, + 401 - 98vp (L 'Z)Vu+6(1 o5
+4(1 - 6)vﬁ(ﬁ)aw (- 5)uAﬁ(i), Vo) + (mvﬁ(%)w
+6Ap(| *yav+ avp* '2)AvV+vAp(| ), ). (4.49)

Substituting v, , in (4.48) into the second, third and eighth terms on the right-hand side of (4.49), we obtain

"N N "N du "N _x|?
(2, Vn,2) =n,2, T2 4 61y 5 = BT = PP )2(000)

1d 2

22 Ll + 8l - Blin, |- 10 - PR 31200

1d ~ o~

f?"u" 2|17 +*Hun 2l - ﬁ6|\(1 Pn)p(lx‘ )2(0:w)||*, ~(Alin,2, Vn,2) (4.50)

- (@i, a0 53, , - Bl - Pn)p("“ )2(6:0)))

2dt||Aun2H - 6 + Bl - [ - PAGCD )20,

1d

2 o - Sl + B - PoaG 600 . (45D

By (F1) and Gagliardo-Nirenberg interpolation inequality, we set 6 = ZEIIZB,

hand of (4.49) is bounded by

then the eighth term on the right

2 2 2
G 0, 7,2) < / Ao, ot + / P00 ol dx
Rn Rn

<calullfo[Fnlier + 101 lFn2]

<callullfs 1 A7 2T |20 + A2y (1711472

<CI A e AT+ Ay 1147,

A 18T (1ALl + [ )

< 1Tl + Ak (ALl + a2 (452

Applying the Cauchy-Schwartz inequality and the Young inequality, we have

2 2
BB IAZ(0w), T1,2) <IB1I(1 - Pp( XL )A200w)] - 47,21

3° ~x|? 1, .-
B0 - Pop (X80 + L1471, (453

2
B - a+ O)EX2(0,0), 71,)
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2
<IBI(1 - @+ BT - PR )20 - [0

T -a+ 6)%p?
B 2(a-06)

2
. -6~
1 Pp 2601 + 42 ol (4.54)
2
G806, 0,7n,2)

2
<17 - (XD )gx, O] - [,

52(a7_6)||(1 pn)p(bq )gx, O] + 2 anzu, (55)

2 2
(- 5)(4Avﬁ(ﬂ) Y+ 6Aﬁ(ﬂ) Au+ wﬁ(&) AV + uAﬁ(%), V)

~( - yavu- (2T ). 8"“ A’”("" )+ 6Au - (ZA’("“ )
2 2 2 2
+‘%ﬁ”("" ))+8""Aw A'("" y+u(2p )+ 48 5 Xl
r r r r
16x*
r;‘ “"('X' ), Vn.2)
16\F1 8Bus +4 ~ 12(1-6 +4 .
20 05pa + 445 - - 7 ) + 2L
8 1-6 41 -6)Bu, + 24u5 + 16 ~
o BVRAZO ) - a7 o)+ AL OCM2 L2 2 A6 g
<(1 6)2 -1 (42(48}12 +64.u3) 96H1)||Au||2 + EHA/V\ HZ + M .
At 5(ct - 6)r6 r2 31772 5(a - 8)

5(a-6) ~
@D 5,407, (456

((12;12 +96)3 + 64)1,)*

(121 + 48uy)*
ré r4

lJull® + [Aul|®) +

(4Avp (‘ ‘ ). Vv+6Ap(| | )- Av+4Vp(| | )- L\Vv+vAp(| ‘2) Vn,2)

—(4Vv - (12\X|A//(| 2 ) + S\X\ A/N(|X| ) + 64v - (ZA/(‘X‘ )
ot ))+8""Aw A'(""z)+v(12A”("r“f) B
16 (), 2
w AV - ol + Uy g
Sf"umuz\vu 47y, + 4B zlr‘f,“ +1618) 1) 5,
;;1(‘*2(‘;8(’;2 ;?r‘;’“) o 260 v+ 22 + s
((12H2+96:;3+64H4)2” |‘2+(12"1*r'$}‘2)2||4\v\|2)+5(gg 6)|Wn,2\|2- (4.57)

From (4.50)—(4.57) yields

(HVnZH + (82 + A= 8a)[un,a|* + (1 - 8)||Atin,21*)

o - 6” 2 6
nZH 5

Zdt

< -

2
(62 + A - 60)|[tino | - 2(1 — )| Ao | + cB(|(I - p,,)ﬁ(%)z(e)tw)||2
2
10 - PaGED )20, + 10 - Pp XD az(60))

42(48 64 96
el Pp(gte, 017 + (1 - 920, (2B T OB 96y 2

ok (A2(48ps + 643)?

96;1
ni 5(a - 8)r DA + (IIHH + vl )+*(\|Aull +[14v]?)
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3 0
+ 5 eadyy lullie + [1mal)*. (458)
Recalling the norm || - ||5¢ in (3.1), from (4.1) and (4.58) we conclude that

d, . x|
P, == 019 B, + BT = PR )20,

- Aﬁ 24 |- Aﬁ 2
+ 1= PAG( 3 )20w))|* + /(T - Pr)p(*3-)Az(6,w)]*)

42(48}12 +64p3)° 96”1)\|Au|\

vl - Pn)p(‘ ‘ )80 O]+ 2(1 - )2, 5(a- 0)ro

(42(48y2+64y3)2 96111
Auia 5(a - 8)ré

L]
+ 30 (e A2, flull&e + Ima D> (4.59)

C
AvI? + Ul + [vIP) + = (1Aul + [4v)P)

Recall that n; € L*(R"), An — oo and (3.7), there exist N; = Ni(¢) > 0 and R; = Ry(¢) > 0 such that for all
n>Njandr >Ry,

d, - N _|x|? c c
DD, o) <~ 019, ey + €l - P XDg00, 1 + SOl + WD) + (5 + )(14u) + 1av]D)

+e(1+ ||ullF + y(0w)). (4.60)

Multiplying (4.60) by et and then integrating over (7 - t, 7), we have for all n > Nl andr > ﬁl,
T

. 2
N _ ~/|X
B30, 7= 60,0, By =0 1ol + ¢ [ €l - Pap(2 g, ) s
Tt
T

t s / e (Ju(s, T~ t, w, uo)||” + [|V(s, T - t, w, vo)||*)ds

Tt

T
(g +e) / " (| Aus, T - t, w, up)|> + [Av(s, T - t, w, vo)||*)ds

Tt
T

+g/ e’ + uls, T - t, w, up) || 25 + |y(Bsw)|?)ds. (4.61)

Tt
By substituting w by 6-rw, we can get from (4.61) that,

T

2
~ _ ~ - ~ | X
1257 6,000, 5P o B,y 2 18 ol + € [ €T~ PwpC e, )1
T

+ r% / eo(s_f)(”u(s, T—t,0-rw, up)||* + ||v(s, T - t, 0_rw, vo)||*)ds

Tt

T
“(5+e) [ e D0auls, Tt 00w, o) + [AV(S, T~ 0100, v0) s

Tt
T

+e / e?GI(1 + lu(s, T - ¢, 6_rw, uo)leq'E + [y(0s-rw)|*)ds. (4.62)

Tt

We next estimate each term on the right-hand side of (4.62). Thanks to condition (F1), (pgﬁ) e D(t-t,0_+w)
and D(t - t, 0_;w) € D, there exists Ty = T1(1,&,D,w) > 0and R1 = R{(7, &, w) > 1, such that if t > T; and
r > Ry, then

e NPL) o3, < & (4.63)
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For the second term on the right-hand side of (4.62), due to condition (3.5), there is N=N (r, &, w) > 0, such
that for all n > N, then

T

2
¢ / ea(s_r)l\(I—Pn)ﬁ(%)g(x, s)[*ds < e. (4.64)

—oco

For the third and fourth terms on the right-hand side of (4.62), taking advantage of Lemma 4.1, there exist
T, = To(1,e,D,w) > 0and R,(7, €, w) > 1, such that forall ¢t > T, and r > R,, there holds

T

r% / eG(S—T)(”u(S’ T-—- t’ 9—1-(1), uO)HZ + ||V(S, T- ts 9—1—(4), VO)”z)d’s
Tt
T
(g +e) / " (|Aus, T t, 0-rw, uo)||* + |AV(s, T - t, 07w, vo)|P)ds <&, (4.65)
Tt

For the last term on the right-hand side of (4.62), due to Lemma 4.1, there is T3 = T3 (tr,&,D, w) > 0, such that
for all t > Ts, it follows that

T
/ eI+ ||uls, T - t, 0w, uo)|| 2 + [y(Bs—r w)|?)ds < oo (4.66)

T-t

LetT = max{ Ty, T, T3} and R = max{Rl, Rz} Then, collecting all (4.63), (4.64), (4.65) and (4.66), for all
t> T r>Randn >N we arrive at

||(p(ﬁ) (r,7-t, 01w, @ﬁff)z,ouﬁf(m) < ce, (4.67)

which completes the proof. a

5 Random attractors

In this section, we prove the existence of D-pullback attractors for the stochastic problem (3.9)-(3.10) in
H(R™). We are now ready to apply the Lemmas in Section 4 to prove the asymptotic compactness of solutions
in H(R™).

Lemma 5.1 Assume that h € H*(R"), (F1)-(F4) and (3.5) hold. Then the solution of problem (3.9)-(3.10) is
asymptotic compactness in H(R"); that is, foreveryt €e R,w € Q,and B = {B(1,w) : T € R,w € 0} € D,
the sequence {o® (1,1 - tm, 0_rw, ‘Po m)} has a convergent subsequence in H(R") provided tm — oo and

9P € B(t - tm, 6, ).

Proof. We firstlet t;n — oo, B € D, and go('B) € B(T - tm, 0_¢, w). By Lemma 4.1, {@®(1, T - tm, 6_rw, (pgﬁ)m)}
is bounded in H(R"); that is, for every T € R, w € Q, there exists M; = M;(t, w, B) > O such for all m > My,

9P, T = tm, 0-r, Q) any < 0% (7, ). (5.1)

In addition, it follows from Lemma 4.3 that there exist r; = r1(t, €, w) > 0and M, = M(t, B, €, w) > 0, such
that for every m = M5,
B 1t 0 B) 2 < 2
" (T, T - tm, —Tw’(p(),m)Hf}C(]R"\H,l) <€ (5.2)

Next, by using Lemma 4.4, there are N = N(7, &, w) > 0, 1> = 12(T, &, w) > r; and M3 = M5(, B, &, w) > 0,
such that for every m = M3,

1 - PP, 7 - tm, 0-r0, 8L, e ) < - (5.3)
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Using (4.44) and (5.1), we find that {Pfo)(m (t,T-tm, 01w, (ﬁgf)m)} is bounded in the finite-dimensional space
PyNFH(H,,,), which together with (5.3) implies that {(ﬁ(ﬁ) (1,7 - tm, 0-rw, (ﬁgﬁn)} is precompact in H2(H,,,) x
Lz (HZrz)-

Note that ﬁ(%) = 1 for |x| < r,. Recalling (4.44), we find that {¢®¥) (1, 7 - tm, 6w, (pgf )m)} is precompact
in H(H,), which along with (5.2) shows that the precompactness of this sequence in H(R").This completes
the proof. O

Theorem 5.1 Assume that h € H*(R"), (F1)-(F4) and (3.5) hold. Then the continuous cocycle @ associated
with problem (3.9)-(3.10) has a unique D-pullback attractor Ag = {Ag(T, w) : T € R, w € O} in H(R™).

Proof. Note that the cocycle @g is pullback D-asymptotically compact in H(R") by Lemma 5.1. On the other
hand, the cocycle @p has a pullback D-absorbing set by Lemma 4.1. Then the existence and uniqueness of a
pullback D-attractor of @ follow from Proposition 2.1 immediately. d

6 Upper semicontinuity of pullback attractors

First, we present a criteria concerning upper semicontinuity of non-autonomous random attractors with
respect to a parameter in [23].

Theorem 6.1 Let (X, || - ||x) be a separable Banach space and @y be an autonomous dynamical system with
the global attractor A in X. Given B > 0, suppose that @y is the perturbed random dynamical system with a
random attractor Ag € D and a random absorbing set Eg € D. Thenfor P-a.e.T € R, w € Q,

dp(Ap(t, w), Ag) -0, asf — 0,

if the following conditions are satisfied:
(i) there exists some deterministic constant c such that, forP-a.e.T € R, w € Q

limsup || Eg(t, w)lx < c.
B—0

(ii) there exists a By > O, such that forP-a.e. T € R, w € Q,

U Ag(t, w)is precompact in X.
0<B<Po

(iii) forP-a.e.Te R, w € Q,t 20, Bn — 0, and xn, x € X with xn — x, it holds that

lim cDﬁn(t, T, W)xn = Op(t)x,
n—oo
where ||[Eg(T, w)llx = SuPxegy(r, w) IXIlx-

Next, we will use Theorem 6.1 to consider an upper semicontinuity of random attractors Ag(w) when
B — 0. To indicate the dependence of solutions on 8, we respectively write the solutions of problem (3.9)-
(3.10) as u®® and v, that is, (u®?, vP) satisfies
dg—f) =v® - 5u® + B2(6,w),
P _ (55— - AWD +[6(=6 + a+ A) - A~ AJu® + B[1 — (a + A - 8)]2(Bw) - FOx, u®) + g(x, £),  (6.1)
uB(z, 1, x) = uéﬁ)(x), vB(z,1,x) = v(()ﬁ)(x).

When B = 0, the random problem (3.9)-(3.10) reduces to a deterministic one:

%‘” -0 _ 5,0,

v — (5 - a- AW +[8(-6+ a+ A) - A - Alu® - f(x, u®) + g(x, 1), (6.2)

uO(r, 7,x) = ugo)(x), vO(r, 7,x) = vgo)(x).
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Accordingly, by Theorem 5.1 the deterministic and autonomous system @, generated by (6.2) is readily verified
to admit a global attractor Ag in H(R").

Theorem 6.2 Assume that h € H?*(R"), (F1)-(F4) and (3.5) hold. Then the random dynamical system Dp
generated by (3.9)-(3.10) has a unique D-pullback attractor {Aﬁ(r, W)}rer, weq in HR™). Moreover, the family
{Ag}ps0 of random attractors is upper semicontinuous.

Proof. By Lemma 4.2 and Theorem 5.1, Dy has a closed measurable random absorbing set Eﬁ(T, w) and a
unique random attractor Ag.

(i) since Lemma 4.2 has proved that system @p possesses a closed random absorbing set Eg =
{Ep(1, w)}rer, weq in D, which is given by

Ep(t, w) = {(u,v) € H*®R") x L*R") : |[ullfon + [VII72n) < Ri(T, @)}
with

0
Ri(1, w)=c+cp® / e%5(1 + || Az(sw) )% + ||2(Bsw)||* + || z(Bsw) || & )ds,

it is readily to obtain that
limsup || Eg(t, ®)|l5¢gn) < €, (6.3)
B—0

which deduces condition (i) immediately.
(ii) Given B € (0, 1], let Ey(7, w) = {(u,v) € H*(R") x L*(R™) : ||ul|3pgn) + [VII{2(n < R+(T, w)}, where
Ri(t, w)=c+ cfi(> e (1 + (| Az(0sw)||? + || 2(Bsw)||? + [|z(0sw)|| K )ds, then

U Aﬁ(r, w) C U Eﬁ(a)) C Eq(1, w). (6.4)
0<B<1 0<B<1

For one thing, by (6.4), Lemma 4.3 and the invariance of A4(7, w), we find that for every § > 0 and P-a.e.T €
R, w € Q, there exists rg = ro(w, €) = 1 such that

/ (Hu(x)”2 + ||Au(x)\|2 + Hv(x)Hz)dx <¢g, forall (u,v) € U Ag(t, w). (6.5)

|x|210 0<B=<1

For another, by (6.4), the proof of Lemma 5.1, Lemma 4.4 and the invariance of Aﬁ(‘r, w), we know that there

exists r; = r1(w, €) 2 ro such that forall r > ry, theset |J Ap(7, w)is precompact in H(H,), which together
0<p<1
with (6.5) implies that |J Ag(r, w) is precompact in H(R").
0<B<1

(iii) Let 9@ = @, v(?) be a mild solution of (6.2) with initial data (pg)) = (ug)), vg))), and U = u® - 4©,
V = v® — v 1t follows from (6.1) and (6.2) that
%] =V -6U+ Bz(6:w),
4V = (5 -a-A)V +[6(-6+a+A)-A-AlU - fOx, u®) + fOx, u®@) + B[1 - (a + A - §)|z(Bw),  (6.6)
U(r, 1,x) = Up(x), V(r,1,x) = Vo(x).

First taking the inner product of the second equation of (6.6) with V in L?2(R"), and then using the first
equation of (6.6) to simplify the resulting equality, we obtain

1d
2 dt
< %(a —o)||V? - %5(52 +A-8a)| U2 - %5(1 ~)AU| + (- fx, u®)

(IV|I* + (8% + A - 8)||U||* + (1 - 6)||AU|?)

+ FO6u@), v) + cB2(1 + | A2(6:)|1? + ||2(6:)[?). 6.7)
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By (F4), the nonlinear term in (6.7) satisfies
I(F0c, u@) = £, u®), V)| < | U)? + ¢ V)%, (6.8)

which along with (6.7) implies

LAV + 6% + A= a|UJP + (1 - B)|AVIP) <c(VI? + (8 + 4 - 6a)|U|1> + (1 - 8)|4U|?)
+cP(1 + ||Az(B:w)||* + ||2(8: w)]||%). (6.9)
Applying Gronwall inequality to (6.9) over (7, t), we have

@t 7, 0, u®) ~uOt, 7, u®) | Zany + VO T, 0, vE) ~ VO, T, V)R gy
t
<ce™(|u ~ ul I + 18 = Ve IFaqen) + B / e (1 + 4z(6s0)]?
T

+ ||z(Bsw)|?)ds,

which along with (i),(ii) and Theorem 6.1 completes the proof. O
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