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Abstract: The present study is concerned with the following Schrédinger-Poisson system involving critical
nonlocal term

1.1)

~Au+ V(Xu - 1(x)p|ulPu = nK(x)f(w), in R3,
-A¢ = 10|uf?, in R3,

where the potential V(x) and K(x) are positive continuous functions that vanish at infinity, and I(x) is
bounded, nonnegative continuous function. Under some simple assumptions on V, K, l and f, we prove that
the problem (1.1) has a non-trivial solution.

Keywords: Schrédinger-Poisson system, variational methods, critical nonlocal term, vanishing potential

MSC: 35B09, 35]20

1 Introduction and main results

The aim of this paper is to investigate the existence of non-trivial solutions for the following Schrédinger-
Poisson system involving critical nonlocal term and potential vanishing at infinity

{—Au + V(u - I(x)p|ulPu = nK(x)f(w), in R3, (11)

-A¢ = 10|uf?, in R3,

where V, K € C(R3,R), f € C(R? xR, R), I(x) is bounded, nonnegative continuous function, and V, K are
nonnegative functions which can be vanishing at infinity. n > 0 is a parameter and 2" := 6 is the critical
Sobolev exponent. Similar problems have been widely investigated, and it is well known that they have a
strong physical meaning, because they appear in quantum mechanics models and in semiconductor theory.
In particular, systems like (1.1) have been introduced in [1] as a model describing solitary waves, for nonlinear
stationary equations of Schrédinger type interacting with an electrostatic field, and are usually known as
Schrodinger-Poisson systems. Indeed, in (1.1) the first equation is a nonlinear stationary Schrédinger equa-
tion that is coupled with a Poisson equation, to be satisfied by ¢, meaning that the potential is determined
by the charge of the wave function. For more details, we refer the readers to [2-5] and the references therein.

In recent years, with the aid of variational methods, there has been increasing attention to problems like
(1.1) on the existence and non-existence of positive solutions, positive ground states, multiple solutions,
sign-changing solutions and so on. see for instance [6-21], and the references therein. In fact, the most of the

*Corresponding Author: Liuyang Shao: School of Mathematics and Statistics, Guizhou University of Finance and Economics,
Guiyang, 550025 Guizhou, P.R. China; E-mail: sliuyang316@163.com

3 Open Access. © 2019 Shao, published by De Gruyter. [« I=ammmm This work is licensed under the Creative Commons Attribution alone 4.0
License.


https://doi.org/10.1515/math-2019-0091

DE GRUYTER Non-trivial solutions for Schrédinger-Poisson systems = 1157

above results focused on the subcritical nonlocal term. However, the system (1.1) with critical nonlocal term
has only been studied in [22-25].
In [22], A. Azzollini and P. d’Avenia firstly studied the following Schrédinger-Poisson system with critical
nonlocal term
-Au=pu+pdluPu=flx,u), x¢c By,
-A¢ =plul, X € B, (1.2)
u=¢=0, on 0Bp.

They proved that the existence and nonexistence results for system (1.1) depend on the value of A.

In [23], Liu studied the following Schrédinger-Poisson system with critical nonlocal term

~Au+V(X)u-K)pluPu=f(x,u), in R>, 4
-A¢p = K()|ul°, in R3. '
Under the condition V(x), K(x), f are asymptotically periodic, the author proved the system (1.4) has at least
a positive solution by the mountain pass theorem and the concentration-compactness principle.
In [25], F. Li, Y. Li and J. Shi proved
-Au+bu-¢luPu=rf(u), inR3, 13)
A} = uf, in R?, ’
possesses at least one positive radially symmetric solution when b > 0 is a constant. To the best of our
knowledge, there seems to be little progress on the existence of nontrivial solution for Schrédinger-Poisson
systems involving critical nonlocal term and potential vanishing at infinity.

By the motivation of above work, In our article, we establish the existence of non-trivial solution for
problem (1.1) with critical nonlocal term and potential vanishing at infinity. Firstly the critical growth causes
alack of compactness, and it is much more difficult to obtain the existence of non-trivial solutions. Secondly
since V(x) is potential vanishing at infinity, which makes our studies more interesting. At last, we obtain a
non-trivial solution by using the mountain pass theorem without (PS) condition.

Below, we assume that the pair (V, K) of continuous functions V, K : R> — R belongs to K. Throughout
the paper, (V, K) ¢ X means that
(VKy): V(x), K(x) > 0 forall x € R and K € L=(R3).

(VKy): If {An}n C R? is a sequence of Borel sets such that the Lebesgue measure meas(An) < R, foralln e N
and some R > 0, then

lim / K(x)dx = 0, uniformlyinn € N.
R—+00 .
AxNBE(0)
Furthermore, one of the below conditions occurs:
(VK3): K/V € L=(R3) or
(VK4): there exists pg € (2, 6) such that
K(x)

V)

The hypotheses (VK;) — (VK,) on functions V and K were first introduced in [26] and characterized problem
(1.1) as zero mass. Problems of zero mass have been studied by many authors, see for example, [27-32] and
references therein.

Finally, we assume the following growth conditions at the origin and at the infinity for the continuous
functionf : R — R:
(f1) lim £ = 0, if (VK3) holds; or lim f9. < oo, if (VK,) holds.

t—0 t—0

[epo T

— 0 as |x| — +oo.

(f2) f has a "quasicritical growth", namely, tEer %t) =0.
(f3) There exists a 6 € (2, 2") such that
0<OF(t) < tf(t) forall t € R,
where F(u) = [, f(s)ds.
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Furthermore, we make the following hypotheses on the function I(x).
(11) There exists xg, such that

1(xp) = sup I(x).
XER3

(1) For x close to xo we have
I(x) = 1(x0) + O(|x - xo0]), as x = Xxg.

Now we state our main results as follows.

Theorem 1.1. Suppose that (V, K) € K, and f satisfies (1), (f2), (f3), l(x) satisfies (11) - ().
(1) If 6 € (1, 3], for sufficiently lange n > O, then system (1.1) has at least one non-trivial solution.
(ii) If 6 € (3, 5), for any n > O, then system (1.1) has at least one non-trivial solution.

Notation. In this paper we make use of the following notations: C will denote various positive constants; the
strong (respectively weak) convergence is denoted by — (respectively —); o(1) denotes 0(1) — O as n — oo,
B, (0) denotes a ball centered at the origin with radius p > 0.

The remainder of this paper is organized as follows. In Section 2, some preliminary results are presented.
In Section 3, we give the proof of our main results.

2 Variational setting and preliminaries

Let us consider the space

E= {u e DV?(R%): /V(x)|u|2dx < +oo}

R3

endowed with the norm
Julf = [ 1vulax+ [ voouPax
R3 R3

Recall that a weak solution of problem (1.1) is a function u € E such that

/VuV(pdx + / V(x)updx - / l(x)¢|u|4(pdx -n / KO)f(wWedx =0, (2.1)
R3 R3 R3 R3
forall ¢ € E.
Then, the weak solutions of (1.1) are the critical points of the energy functional defined on E by
1 1
) s= 5 [Qvul + VeoluPax - g [ 100ululdx-n [ Keoraa, 2.2)
R3 R3 R3

where F(u) = [, f(s)ds. More precisely, ] € C'(E, R) and its differential J' : E — E’ is defined as

J'w),v) = /(|Vu|\Vv| + V(x)uv)dx—/l(x)¢u|u|4vdx - n/I((x)f(u)vdx, (2.3)
R3 R3 R3

for all v € E, where E’ is the dual space of E.
We define the Lebesgue space LII’}(RN ) composed by all measurable functions u : RY — R such that

LR (R®) = {u : R? = R|u is measurable and /K(x)|u\”dx < +oo, }

R3
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endowed with norm

1
p
lullpes) = ([R/ 1<(x)|u|de) ,
3

and we will state, without proof, two important results of Alves and Souto (see [[26], Lemmas 2.1 and 2.2]).

Proposition 2.1. Assume (V, K) ¢ X holds, E is compactly embedded in L‘;}(RN ) forevery p € (2, 6).If (VK4)
holds, E is compactly embedded in L’I’((RN ).

Proposition 2.2. Suppose that f satisfies (f1) and (f;) and (V, K) € X, Let {vn} be such that v, — vin E. Then,

/ KGOF(vn)dx — / KGOF(v)dx 2.4)
R3 R3
and
/K(x)f(vn)vndx — /K(x)f(v)vdx. (2.5)
R3 R3

Lemma 2.3 [25, Lemma 2.1] For every u € L°(R?), there exists a unique ¢, € D**(R>) which is the solution of
-A¢ = |uf’, inR>,

here ¢y can be expressed by the from

5
put0 - [ 1) ay

[x =yl
]R}

Moreover,

() H‘pu”%p,zggs) = fRz ¢u|u|5;

(ii) pu(x) > O for x € R>;

(iii) for any 0 > 0, Py, = 62(Pu)g, where ug(-) = u(-/6);
(iv) forany t > 0, gy = £ Py;

(v) forany u € L8(R?),

_1 _
[fulpracey < S e [ dulul® < 5wl
R3
where S is defined in (1.6);
(vi) if un — uin L(R?) and un — u a.einR> as n — oo, then ¢y, — ¢y in DV2(R>).
Lemma 2.4. [25, Lemma 2.3] If un, — u in L°(R?), a,e in R3, then as n — oo,
unl® = |un —ul® - [uf® = 0 inL5®R3),
bu, — Pup-u — Pu — 0, in DI’Z(R3);

/¢u"|un\5dx—/¢un_u\un—u|5dx—/¢u|u|5dx—>0,
R3 R3 R3
and
[un|>un — |un - u|(un - u) - [uPu — 0, in D2(R3).

3 Proof of Theorem 1.1

To prove Lemma 3.2, we need the following results.

Lemma 3.1. Suppose that (V, K) € X hold. Then for p € [2, 6], thereis C > 0 such that

[ullp(gsy < Cllullg, VueE.
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Proof. First we suppose that (VK;) holds. The proof is trivial if p = 2 or 6. Now we prove that the embedding
is true for p € (2, 6) under the assumption (VK3). For fixed p € (2, 6), define m = @, and hence p =
2m + (1 — m)6. so we have that

/K(X)|u|pdx=/|u|2m|u‘(1—m)6dx
R3

R3
m 1-m
. ([R/ |K(x)3n|u|2dx> (m/|u|6dx)
3 3 m 1-m
(e KW ) S ‘
) (fé‘u@ Voo™ Q veou d") Q/ . d")
m 3(1-m)
< [K()| 2 2
‘C(félu@ IV(X)I’"> ([R/ Voou dx) ([R/ vl dx)
m+3(1-m)
. |K(x)| 2 2
=¢ (fé%’s IV(x)I’"> ([R/ ([l + Voo )dx)

p

_ ()| ) 2\
-¢ (félu@ |V(x)|m) o (R/ Vul”+ Vil d")

3

Since K(x) € L=(R?) and K/V € L*°(R3), we have that
l[ullpp g3y < Cllullg, forp € (2,6).

Next, we suppose that (VK,) holds. Using the same argument as above, we define mg = @, and hence
Ppo = 2mg + (1 — mg)6 so that we have

/K(x)|u|l’odX= /K(X)W‘Zmo‘ul(l—mo)edx

R3 R3
mo 1-mo
< ([R/ |K(x)|"'10|u|2dx) (m/|u|6dx)
3 3 mo 1-mg
. |K()| ) 2 6
(2 o (@/ Voo dx) (R/ g dx)
) K0 ) |
<C (Xssﬂg \V(x)|mo> (N[(Wu + V()|ul )dx)

|K()]
[V

From (VK3) we deduce that € L*=(R?). It follows from the above inequality that

HuHLiO(RS) < Cllullg.
we complete the proof. |
The functional J satisfies the mountain pass geometry.

Lemma 3.2. The functional ] satisfies the following conditions:
(i) There exist p and a > O such that J(u) = a with ||u||g = p.
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(ii) There exists e € B,(0) with J(e) < 0.
Proof. (i) Now, we distinguish two case.

Case 1. We suppose that (VK3) is true. For any € > 0, it follows from (f;) and (f>) that there exists C. > 0 such
that
F(u)s%\u|2+cg|u|6, for allu € E. (3.1)

Thus, by (3.1) and Lemma 3.1, we get that

K(x)F(u)dx < = K(x)|u| dx + C¢ K(x)\u\édx
Jreortanes [autcec. |

)
5|IHH5+CsHuHE

Hence, in view of Lemma 2.3, we obtain

Jw) = %/|Vu|2 + V(x)\u\zdx— %/l(x)¢u|u|5dx—n/K(x)F(u)dx
R3 R3 R3

1,0 10 €. .2 6
2 5 llulle - Cllulle” - 5 l[ulle - Cellullg

=2 E) i - Clul - Celjul.

So, taking € = %, there exists enough small ||u||g = p, such that J(u) = a.

Case 2. We suppose that (VK,) holds. By (f;) and (f>), there exist C > 0 and C{ > 0 such that
F(u) < ChlulP° + C/|u|®, forall u € E.

Therefore

Jw) = %/Wuﬁg + VO)uldx - %/l(x)¢u|u|5dx— r]/K(X)F(u)dx
R3 R3

1
E”uHE Cllull ~ Cllull’ - Cllullf.

The same as Case 1, we can take ||u||g = p such that J(u) = a.
(ii) For every t > O we obtain

J(tu) = —||u|\E /K(x)¢u|u| dx-n /K(X)F(tu)dx
R3
From (f3), we obtain J(tu) — —oo as t — +oo, so it is satisfies (ii). We complete the proof. O

As a consequence of Lemma 3.2, we can find a (PS) sequence of the functional J(u) at the level

= inf max ](’y(l‘)) >0, (3.2)
yETI te|l

where the set of paths is defined as

J = {y € C([0, 1], H'(R?)) : 7(0) = 0, J(7(1)) < O}.

Lemma 3.3. Let {un} be a (PS). sequence for J. Then {un} is bounded in E.
Proof. Let {un} C E be a (PS). sequence for J, that is

J(un) — ¢ and J'(un) — 0 as n — +oo.
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Therefore, From (f3), we have

¢+ 1+ |unlle > Jutn) - 5 (7'Gan), )

- (1 ) il + 1 / KOO (tn)tn - eF(un))dx+( ) / 0 Pululdx

1 1
: (3-) Il
which implies that {ux} is bounded in E. d

Because of the appearance of the critical nonlocal term, we have to estimate the Mountain-pass value
1

BTt s0lve —Au = u°

(2+|x-x0|2)2

R3. Let ¢ € C3°(R) be a cut-off function verifying that 0 < @(x) < 1 for all x € R>, suppp C B>(xo), and
¢(x) = 1 on B;(xg). Set Ve = U, then thanks to the asymptotic estimates from [8], we have

given by (3.2) carefully, To do it, we choose the extremal function Ug(x) = in

IVvel2 = S? +0(e), |vel2 = S? +0(e)

and fors € [2, 6)

0(e?), ifs e[2,3),
lvels = { O(e?|loge]), ifs =3,
0(867) ifs € (3, 6),

where S denotes the best constant for the embedding D™2(R3) — L®(R>), namely,

S:= inf /|Vu\2dx,/\u\6dx= 1
ueD1L2(R3)
R3 R3

We define

Vimax := max V(x)
XEB)r(x0)

and

Kpin := min  K(x).
XEB)r(X0)

By the assumption (I,) we also have

1(xo) / Pluldx < / 1(x)¢p|u|>dx.

BZR(X()) BZR(XO)

Lemma 3.4. Suppose that (V, K) € X, (f1) - (f3) hold, and 1(x) satisfies (11) — ((I). Then, there exists a ug €
E\{0} such that

0< sug)](tuo) < *52 |1(x )|L;(R3)'
t=>

Proof. We now consider

2 10
eve) = 5 / (9vel? + VOO[vePdx - £ / 100y, |ve Pdx — 1 / KOOF(tve)dx.
R3 R3 R3

By Lemma 3.1, we know that, there exists t. > 0 such that sup J(tve) > 0 is attained and hm J(tve) = —oo for
t=0
any € > 0.

We suppose that there exists g1, 0, such that gp; < te < g, for small enough € > 0. In fact, J(tcve) =

sup J(tve), and hence dJ(tve)/dt|i, = 0, we obtain that
£20

/ (\va\z + V(x)\vg|2)dx -1 / KOOf (teve)vedx — t1° / 1(x) v, |ve>dx = 0. (3.3)

B)r(x0) B)r(x0) B)r(x0)
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Now, we prove that t; — +oo as £, — 0* does not hold. By (3.3)

te, / (Vves ? + V(O v, e = £L° / 100 bu, [ve [ dx,
Bar(xo) Bar(x0)

which is a contradiction when t; — +oo.
Similarly, we suppose that there is a sequence ?gn — 0 as en — 0", Firstly, if (VK3) holds, from (f;) and
(f2), for all 6 > O there exists C5 > O such that

/ K(X)f (te, Ve, Ve, dx < bte, / K(X)|ve, |2dx + Cs(te,)° / K(x)|ve, |®dx
R3 R3 R3
< 8Cte, /(|Vv3n\2 + V(0)|ve, [))dx + Cs(te,)’ /K(x)|vg,,|6dx.
R3 R3

Choosing § = 3, it follows from (3.3) that

L / (9ve, |2 + VOOve, P)dx < C5e,)® / KOO |ve, [Sdx + (E, )° / 100y, |Ve, P dx.
R3 R3

R3

Next, we suppose that (VK,) holds. By (f1), (f,), there is a constant C > 0, such that

/ KOO (e, ve, )dx < (s, )P / KO [ve, [Podx + C(Ee, )° / KG)[ve, [Sdx.

R3 R3 R3

It again follows from (3.3) that

A / (Fve, 2 + VOO|ve, 2)x <(Fe, 7o / KOOve, [Pdx + CEe, )® / KOOV, [*dx

R3 R3 R3

+ () / 1., Ve, [,
R3

We arrive at a contradiction because py > 2. So we complete the proof.
Since 0 < g1 < tg < p3 < oo, together with the definitions of Vingx and Ky, we have

2 10
J(tve) =% /(|va|2 + V(x)|vg|2)dx— tl—o / l(X)¢V€|Vg|5dX— n /K(X)F(tvg)dx
R3 R3 R3
t2 2 2 t:° 5
57/(|va| + V(x)|ve|”)dx - ﬁ/I(x)<],’)v8|vg| dX_)'l/I<(X)F(thg)dX
R3 R3 R3

2 2 £10
sf/\va|2dx+Estax(x)/Wg\zdx— 18—0/l(x)¢vg|vg\5dx—nKmm(x)/F(tgvg)dx.
R3 R3 R3 R3

We define
h(t) := ¢ [Vveldx - £ 100w, |ve | dx
. 2 & 10 € °
R3 R3

By some elementary calculations, we obtain

(fus [Vve2d0)?
(Jies L) By, |ve|5dx) 7

The Poisson equation ~Agy, = |v¢|* and Cauchy’s inequality give

/|v€\6dx=/v¢mwg\dx
]R3

R3

2 24x)?
max h(t) = 4(2 fRz [Vve| X)

2
0 5 fio 100y veldx)t 5
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_r 2 %/ 2
< 300/ / Vv, |“dx + 5 [Vve|“dx
R3 R3

= Z‘I(X)‘oc /¢VE|V£| dx + > ‘VVg| dx.
R3 s

This implies that

/l(x)¢v£\vg|5dxz 2|l(x)|m/l(x)\vg|6dx—|l(x)|f°/|va|zdx
R3 R3 R3

— [I(x)|AS? + 0(e).
As a consequence of the above fact, one has

(2 S0t 2,0 o
Iltlzé(l)X h(t) < z (|l(x)|§<,S% 0@ 5 [1(X)]S2 + O(€).

On the other hand, from (f3), we obtain that F(s) = Cs?, for s > 0. Hence,

col0(e™), if 6 € [1,2),
/ F(teve)dx = C / (teve)ldx > Cgf / (ve)?dx = CQ?O(;:% |loge|), if 6 =2, (3.4)
Bor(xo) Bor(xo) Br(xo) CQ?O(S%Q), if 6 € (2,5).

We have ntl%x J(tve) = J(teve) at the beginning, that is,

2 10
rrtl%x](tvg) = %‘9/|Vv¢,;|2 + V(x)|vg|2dx— %/1(x)¢ve|v5|5dx— n/I((x)F(tvg)dx
R3 R3 R3

< h(te) + V';ax /|vg|2dx—r1/K(x)F(tvg)dx
R3 R3

<

S, 1) S}

1100]S7 + CO(e) - 1 / K(X)F(tve)dx.
R3

Using (3.4), we have

Cnofo(e™™), if6 € [1,2),
CO(e)-n /K(X)F(tvg)dx < CO(¢e) - Cngﬁ’O(s% loge|), if6 =2,
R Cnefo(™), if6 e (2,5).

If(1,2)and n = €7, then 1 <61 _1<1and hence for small enough & > 0

CO(e)-n /I((X)F(th)dX < CO(g) - Cgfe"%o(s%) <0,
R3
when n > 0 is enough large.
If6=2andn= s’%, then for small enough € > 0

CO(e)—n /K(X)F(tvg)dx < CO(e) - Cg(fe"%o(sg)ﬂoge\ <0,
R3

when n > 0 is enough large.
If6c(2,3]landn = €77, then 1< 52;9 - 1 < 1 and hence for small enough & > 0

CO(e)-n /I((X)F(th)dX < CO(¢e) - Cgfe‘%O(s%) <0,

R3
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when n > 0 is enough large.
If0 € (3,5) then 0 < % < 1 and for small enough £ > 0

co(e)- / KO)F(tve)dx < CO(e) - Cnof o) <0,
R3

foranyn > 0.
Consequently, we show that for 6 € (3, 5) with any n > 0, or 8 € (1, 3] with enough large n > 0

Co(e) -1 / KOOF(tve)dx < 0.
R3

_1
So, we can obtain that sup J(tve) < 253 O] 2 s O
£=0 > L=(R?)

Proof of Theorem 1.1

Proof. From Lemma 3.3, we know that {un}n is bounded in E. Up to a subsequence, we have

Up —u ink,
un — u in L}, (R?), forr e [2,6),

Un — u a.einR>. (3.5)

By (2.1) - (2.3), we get
J(un) =% /(\Vun|2 + V(x)|un\2)dx - n/K(x)F(un)dx - % / l(x)¢un|un|5dx
R3 R3 R3

=c+o0(1)
and

U (un), un) = [ (Vun|*> + VO un?)dx - | KG)F(un)dx — [ 1(x)pu, |un|>dx
/ Jroorunac |

=0(1).

Assuming vn = un — u, in view of (3.5), Proposition 2.2 , Lemma 2.4 and the Brézis-Lieb Lemma [33, 34],

Jun) = () + % /(\vmz + V0O val)dx - %/l(x)¢vn|vn|5dx (.6)
R3 R3

and

Ul(un), Un) = /(|Vun‘2 + V(X)‘un|2)dx -n /K(X)f(un)undx - / I(X)¢un|un‘5dx
R3 R3 R3
- [+ Ve - [ 100guluax - [ Kefaudx
R3 R3 R3
+ (|an|2 + V(x)|vn|2)dx — [ 1(X)¢pv, |va|>dx + 0n(1). 3.7)
/ /

Since J'(un) — 0 as n — +oo and by (3.5) again, we get

J'un),u) = [ (Vul? + VoouHdx - [ 10)¢ulul’dx -1 | KGOf(wudx. (3.8)
/ / /
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From (3.7) and (3.8), we obtain

/|an\2dx + / V(x)|vn\2dx—/I(x)(;bvn\vn|5dx — 0 asn— +oo (3.9)
R3 R3 R3
and
J(u) =% /(|Vu|2 + V()|u|?)dx - %//l(x)¢u|u|5dx— n /K(x)F(u)dx
R3 R3 R3 R3
1 2 5
==n | KC)fwudx-n [ KX)F)dx + = [ 1(x)pu|ul’dx (3.10)
2 5
et o |
>0.

Without loss of generality we can suppose that

/(|an\2+V(x)|vn|2)dx—>l asn — oo (3.11)
R3
and from (3.9)
/z(x)qbvn\vnﬁdxﬂ as 1t = oo, (3.12)
R3
By estimate
2, (10 2 10
I(X)¢vn|Vn\5dXS |l(X)‘°<"v"|6 < |I(X)|oo||vn|| . (3.13)
S S6
R3

Combining (3.10) - (3.13), which implies I < “(X;# Therefore, either /=0 or !l = \l(x)\jS%.
1
Ifl > 0, we have [ > |I(x)|w28%. Taking the limit in (3.6) as n — +oo, and using (3.10), we obtain ¢y 2

% [1(x) |;,% S2.0n the other hand, from (3.2) and Lemma 3.4, we obtain cg < % | l(x)\;,% S2.We get a contradiction.
This shows that [ = 0. Thus
Jw)=c>0 and J'(u) =0,

i.e. u is a non-trivial solution of (1.1). We complete the proof. O
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