DE GRUYTER Open Math. 2019; 17:1065-1081

Open Mathematics

Research Article

Reny George*, Hossam A. Nabwey, Jelena Vujakovié, R. Rajagopalan, and Selva
Vinayagam

Dislocated quasi cone b-metric space over
Banach algebra and contraction principles
with application to functional equations

https://doi.org/10.1515/math-2019-0086
Received March 7, 2019; accepted August 9, 2019

Abstract: In this paper we introduce dislocated and dislocated quasi version of a cone b-metric space over a
Banach algebra as well as weak semi a-admissible and a-identical pair of mappings and prove common fixed
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1 Introduction

The concept of cone b-metric space (in short CbMS) over a Banach algebra was introduced in [1] and the
authors proved generalised contraction principles in this space which directly improved and extended many
comparable results in b-metric spaces (See [2-4]). a-admissible mappings were introduced by Samet et al. [5]
which further helped in weakening and generalizing many contractive conditions (See [6-8]). In this paper
we have introduced dislocated quasi ChMS over a Banach algebra as a generalisation of ChMS over a Banach
algebra. We have proved some generalised results of fixed points for a pair of generalised a-admissible
contraction mappings in dislocated ChbMS and dislocated quasi CbMS over a Banach algebra which are
proper extension and generalisation of some recent interesting results and the references there in. We have
given suitable examples and an application of our result to a system of m-tupled functional equations . In
recent years the equivalence of a metric space and a cone metric space was announced in [9]. How ever
equivalence of a metric space and a cone metric space over a Banach algebra does not exist and hence our
results are significant in studies under fixed point theory.
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2 Preliminaries

Let A be a Banach algebra and p € A. By r(p) we mean the spectral radius of p. For definition of a Banach
algebra and more related results the reader may refer to [1, 10, 11]. However, below we give some important
definitions and properties which will be used in our main results.

Definition 2.1. A sequence pn in A is a c-sequence provided for any ¢ > 0, we can find ny € N satisfying
pn < ¢ foralln = ng.

Lemma 2.2. [12] Foranyp € A, if

r(p) = liMn oo |P" |7 = infrst p"]17 < 1 @1)

then -
e-pyt=>p (2.2)

i=0

Lemma?2.3. [12] Foralla,b € A with ab = ba, r(a + b) < r(a) + r(b) and r(ab) < r(a)r(b).
Lemma 2.4. [12] {un} in A is a c-sequence provided {un} — 6 as n — oo.
Lemma 2.5. [13] {a"} is a c-sequence provided r(a) < 1.

Lemma 2.6. [1] For any c-sequence {un} and B € P {Bun} is also a c-sequence.

3 Main results

3.1 Dislocated quasi cone b-metric space

Definition 3.1. Let A be a Banach algebra, x? be a non empty set and d : x4 x x4 — A. Forallp,q,r € x4,
consider the following conditions :

(dgCM1) 6 < d(p, q) and d(p, q) = d(q, p) = 0 impliesp = q
(dgCM2) d(p, q) < s[d(p, r) + d(r, q)] for somes € P, e < s.
(dgCM3) d(p, q) = d(q, p)

If d satisfies conditions (dgCM1) and (dgCM?2), then d is a dislocated quasi cone b-metric and (x?, d, A) will be
called a dislocated quasi CbMS over Banach algebra A (in short dgCbMS-A). If d satisfies (dqgCM1), (dgCM?2)
and (dqCM3) then (x4, d, A) is a dislocated CbMS over Banach algebra A (in short dCbMS - A). If (dgCM1) is
replaced with 6 < d(p, q) and d(p, q) = d(q, p) = Oifand only if p = q then the above two definitions reduces to
quasi CbMS over Banach algebra A (in short qCbMS—.A) and CbMS over Banach algebra A (in short CbMS—-.A)
respectively.

Remark 3.2. In (Definition 2.1, [1]) the authors defined CbMS - A wherein they have taken s > 1 a scalar.
However in our definition of CbMS — A we take s € P. Note that (Definition 2.1, [1]) implies definition 3.1(i) above
in the sense that if d(p, q) < sld(p, r) + d(r, q)] for some scalar s = 1 then d(p, q) < s'[d(p, r) + d(r, q)] with
s’ = se € P where e is the identity element of the Banach algebra A.

Remark 3.3. (Anopen problem) It is not known whether CbMS - A in the sense of Definition 3.1(i) above implies
Definition (2.1) of [1].
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Remark 3.4. In Definition 3.1 above, if we replace the co-domain of the metric function d with a Banach
space instead of a Banach algebra then (x4, d, A) will be a dislocated quasi cone b-metric space which is
a generalisation of a cone metric space introduced by Huang and Zhang [14]. Many interesting fixed point
theorems have been proved in a cone metric space. In recent years using scalarization method, many authors
proved the equivalence of a metric space and a cone metric space and showed that the fixed point results in
cone metric spaces were the consequences of their usual metric versions (see [9],[15-17]). Consequently Liu and
Xu[11] introduced the concept of a cone metric space over Banach algebra, and proved some fixed point results
in such spaces. They showed that thefixed point results in this new setting cannot be derived from their usual
metric versions. Thus the cocept of a dislocated quasi cone b-metric space over a Banach algebra becomes more
general than that of a dislocated quasi cone b-metric space.

Here after, throughout this paper, by (x4, d, A) and ()(d, d, A) we mean a dqCbMS - A and dCbMS — A
respectively, with coefficient s € P (e < s).

Example 3.5. Let x? = R. Consider the Banach algebra P,.1 of all polynomials with complex coefficients and
degree less than or equal to n, inwhich for any x(t) = ap+ayt+ayt>+- - ~+ant" and y(t) = Bo+P1t+Pot>+++ +Pnt"
the norm of x(t) is given by ||x(t)|| = >_i, | a; | and the product by (xy)(t) = >"i_, a,t“ where a;, = > ivjk @ibj-
The unit elemant e = 1 + Ot + Ot> - - - + Ot", zero elemant 6 = 0 + Ot + Ot? + -+ + Ot"and P = {x(t) € Pps1 : a; >
0,i=0,1,2---n}is anonnormal cone in P,,;. Define the function d: x4 x x4 — Py.1 by

dx, O =l x+y P+ x+2y P t+ | x+3y P2 +--+ | x+(n+ 1)y |> ¢"

clearly (x4, d, Pp.1) isa dgCbMS — Py, .

Example 3.6. Let y¢ = R* U {0} and consider the Banach algebra A of all 3 x 3 matrices over the set R with
lall = 314 j<3 1ai,j| and solid cone P of all 3 x 3 matrices over the set R* U {0}. Let d: x? xx? — A be given by

P+9? (+q9)? (+q)?
dp,q) = |20+ q)* 3+ q)* 4(p + 9)*
3(p+q)* 4p+9)? 50+ q)*

200
then (xd,d,A) isadCbMS - Awiths=]020
002

Every qCbMS - A (dqgCbMS - A) induces a CbMS - A (dCbMS - A). We give the following propositions in
support of this claim.

oxs d(x,y)+d(y,
Proposition 3.7. Let (x, d, A) bea qChbMS—-A (dgChMS—-A) andforallx, y € x, define d'(x, y) = w
Then (x, d', A) isa CbMS — A (dCbMS - A).

Let a € 9. The left-open ball with centre a and radius u > 6 is
Bi(a,u)={b cx?:d(a,b)<u}
and the right-open ball with centre a and radius u > 6 is given by
Br(a,u)={b c x?:d(b, a) < u}.
The open ball with centre a and radius u is

B(a, u) = Br(a, u) ﬂBR(a, u),



1068 —— Georgeetal. DE GRUYTER

i.e

B(a,u)={b c x?:d(a,b) <uandd(b, a) < u}.
Let U ={I'C x?:Vx el,3u > 0, such that By(x) C I'} . Then U defines the dislocated quasi cone b-metric
topology for the dgChMS — BA (x4, d).

Definition 3.8. Let (x?,d, A) be a dgCbMS - A, p € x? and {pn} be a sequence in x4.

i) {pn} bi-converges to p if for each € € A, with 0 < &, there exist no € N such that d(pn,p) < € and
d(p, pn) < € whenever n = ny. We write it as Limp—soopn = p.
ii) {pn}is a L - Cauchy sequence (R — Cauchy sequence) provided for each € € A, with 8 < &, there exist
ng € N such that d(pn, pm) < € (A(Pm, pn) < €) foralln > m = ny.
iii) (xy4,d, A)is L — complete (R - complete) dqCbMS provided every L — Cauchy sequence (R — Cauchy
sequence) in (x4, d, A) is bi-convergent.

Proposition 3.9. Let (x?, d, A) be a dCbMS - BA over A, sequence {pn} in x4. If {pn} converges top € x?
then

i) d(pn, p) is a c-sequence.
ii) d(pn, pn+r) is a c-sequence.

Proof : Follows from definitions 2.1,3.1 and 3.8(i).

Proposition 3.10. If (x?, d, A) is L — complete or R — complete dgCbMS — A, then (x4, d") is a complete
dCbMS - A.

Proof : We will show that a Cauchy sequence {p,} in (x4, d', A) is always a L - Cauchy sequence and
R-Cauchy sequencein (x?, d, A). Lete € Awith 6 < &, then 8 <« 5. Then by hypothesis, we can find no € N
such that d'(pn, pm) = w < § whenever n, m > n, that is d(pn, pm) < € and d(pm, pn) < €
for all n, m = ng and thus {p,} is L - Cauchy sequence and R-Cauchy sequence in (x4, d, A). Nowif (x4, d, A)
is L - complete (or R — complete ), the L — Cauchy sequence (or R — Cauchy sequence) {pn} bi-converges
to some point p in y? and thus there exist ng € N such that d(pn, p) < € and d(p, prn) < € whenever n > ny.
Thus d'(pn, p) = w < & whenever n = ng and hence {pn} is convergent in (x, d’, A). Hence
(x4,d", A)is a complete dChMS - A.

For proving the uniqueness of the fixed point under a-admissible conditions, different hypothesis were used
by different authors. In the sequel Popescu [18] considered the following condition :

(K) Whenever x # y € X, we can find w € X satisfying a(x, w) = 1, a(y, w) = 1 and a(w, Tw) > 1.

We now introduce the following definitions and examples :

Definition 3.11. Let (X4, d) be a dCOMS - A, T,S : X? = X% and a : X? x X? — [0, o0) be mappings and
x € X%, Then the pair (T, S) is

(i) a-identical at x iff min{a(Tx, Sx), a(Sx, Tx)} > 1. The pair (T, S) is a-identical on X9 iff (T, S) is a-identical
atall x € X°.
(ii) Weak semi a-admissible iffx,y € X? and a(x,y) > 1 = min{a(x, TSy), a(x, STy)} = 1.
(iii) a-dominated at x iff min{a(x, Tx), a(x, Sx)} = 1. The pair (T, S) is a-dominated on X4 iff (T, S) is a-
dominated at all x € X¢.
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(iv) Satisfies condition (Gq) iff a(x, Tx) = 1 and a(y, Sy) = 1 implies a(x,y) = 1 or a(Tx, Sy) = 1 for any
X,y € x4,

(v) Satisfies condition (G%) iff whenever x # y € X with a(x, Tx) > 1 and a(y, Sy) = 1 there exists w € X¢
satisfying a(x, w) > 1, a(y, w) = 1, a(w, w) > 1, a(w, Tw) = 1 and a(w, Sw) > 1.

i) (X4, d) is a-regular iff for any sequence {xp}in X4 with a(xp,Xps1) =2 Land xp — X« asp — oo, then
alxp, x+) 2 1

Example 3.12. Let y = [0, o],

"3—3 ifx e[0,1]

Tx = x* forallx € y, Sx =
X=xf Xex {xz if otherwise

) 1lifx,yel0,1lorx=y
alx,y) = { 0 otherwise

then the pair (T, S) is a-identical, satisfies condition (Ga) and (G})but the pair (T, S) does not satisfy condition
(K) and T is not a-dominated.
Example 3.13. Let y = [-n, n] forsomen € N,

x> ifxe[-n,0]

= — S =
Tx = -xforall x € x, Sx {_x2 ifx € [0,n]

ax, y) = 1 ifx,y €[-n,0]orx,y € (0,n]
24 0 otherwise

then the pair (T, S) is a-identical, satisfies condition (Ga) and (G})but the pair (T, S) does not satisfy condition
(K) and T is not a-dominated.

Example 3.14. Let A =[-n,0], B=[0,n] andy = A|JB for somen € N,

XX
X ifxeA

Tx=-xforallx e x,Sx=4 " :
f X {—x2 ifxeB

)1 if(x,y) e {AxB,BxA}
alx, y) = { 0 otherwise

then a is not triangular and the pair (T, S) is not a-identical but (T, S) is weak semi a-admissible and a-
dominted. T does not satisfy condition (Gq) but satisfies condition (G}).
Example 3.15. Let A =[-n,0), B = (0, n]and y = A|J{0} U B for some n € N,

s
_ 2 Sx = FifxeA
Ix =% forallx € x, {X ifx c B

n
) 1if(x,y) e {AxA,BxB}
alx.y) = { 0 otherwise

then a is triangular and (T, S) is a-identical but (T, S) is not weak semi a-admissible and not a-dominted. T
satisfy conditions (Ga) and (G}) but does not satisfy condition (K).
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Lemma 3.16. In any non empty set X consider the functions T,S : X — Xand a : X x X — [0, o0). For some
Xo € X consider the sequence {xn} given by

Xons1 = Txop and Xppip = SXops1, n €N (1)

with a(xq, xo) 2 1, a(xg, Txo) = 1. Then

(i) If a is a triangular function and (T, S) is a-admissible then whenever n > 1 and 0 < p < q < n, we have
a(xp, xq) = 1.

(i) If (T, S) is a-admissible and weak semi a-admissible, then foralln = 1 and O < p < q < n, a(xp, xq) = 1.

Proof : For proof we will make use of principle of mathematical induction. Let P(n) denote the statement for
all0 < p < g < n, we have a(xp, xq) = 1.

(i) Since a(xg, xo) = 1, a(xg, x1) 2 1 and (T, S) is a-admissible we have a(x1, x1) = a(Txq, Txo) = 1 and so
P(1) holds. Again by a-admissibility of (T, S) we get a(xq, x») = a(Txo, Sx1) 2 1, a(x>, x2) = a(Sx1,Sx1) 2 1
and then since a is triangular we get a(xg, x2) = 1. Thus P(2) holds. Suppose P(r) holds, i.e. a(xp, x4) = 1 for
all 0 < p < g < r. We will show that P(r + 1) holds. Its enough to consider the case a(xp, x;+1),0 < p <r+1.By
induction hypothesis since a(xp, x;) = 1 forall 0 < p < r using a-admissibility of (T, S) we have a(xp, x;+1) = 1
forall 1 < p < r + 1. Thus we have a(xg, x1) = 1 and a(x1, x,+1) = 1, hence by triangularity of function a we
get a(xo, Xy+1) = 1 and thus P(r + 1) holds.

(ii) Since a(xg, x¢) = 1, a(xg, x1) = 1 and (T, S) is a-admissible, a(xq, x1) = a(Txq, Txg) = 1 and so P(1)
holds. Again by a-admissibility of (T, S) we get a(x1, x2) = a(Txo, Sx1) > 1 and a(x2, x2) = a(Sx1, Sx1) = 1.
Since (T, S) is weak semi a-admissible and a(xq, xo) = 1 we get a(xg, x») = a(xg, STxo) = 1. Thus P(2) holds.
Suppose P(r) holds, i.e. a(xp, xq) = 1 forall 0 < p < g < r. We will show that P(r + 1) holds. Its enough to
consider the case a(xp, x,+1), 0 < p < r + 1. By induction hypothesis and a-admissibility of (T, S) we have
a(xp,xrs1) =2 1forall 1 < p < r+ 1. If r is even, then using a(xp, x1) = 1 and repeated use of weak semi
a-admissibility of T we get a(xo, xr+1) = 1. If r is odd then using a(xg, xo) = 1 and repeated use of weak semi
a-admissibility of T we get a(xg, Xr+1) = 1. Thus P(r + 1) holds.

Lemma 3.17. [1] For any sequence {pn}ina CbMS-A (x, d, A),ifwe canfind a € Pwithr(a) < %, satisfying
d(pn, Pn+1) = ad(pp-1, pn) then {pn} is a Cauchy sequence.
As a direct consequence of the above lemma we have the following :

Lemma 3.18. For any sequence {pn} ina CbMS - A (x, d, A) , if we can find a € P with r(a) <
d(pn, pn+1) = Ka" then {pn} is a Cauchy sequence.

%, satisfying

Drawing inspiration from a recent result of Zoran Mitrovi¢ [19], we now give an improved version of the above
lemma with an increased range of r(f).

Lemma 3.19. For any sequence {pn} in (Xd, d, A),ifwe can find B € P with r(B) < 1, satisfying d(pn, Pn+1) =
Bd(pn-1, pn) then {pn} is a Cauchy sequence.

. log r(s)™*
Proof : Let k € N and k > Tog r(5) . Then we have

dPins Prgner) = S {Arns Pins1) + dPkns1s Pknsa) + - APns1)-1> Prnen)}
LSBT By B g
=< s"B"(e - B) " d(po, p1)
=< Ka"
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K = skg¥(e - B)*d(po, p1) € Aand a = BX. r(a) = (%) < r(B)* and since k > 1f1>§gr£?1)3’)1 we have r()¥ < % and
hence by Lemma 3.18, sequence {py,} is a Cauchy sequence.
Now

d(pn,Pk[%]) = Sk{d(pnapn—l) +d(Pn-1,Pn-2) + e + d(pk[%]u»Pk[%])
< s B+ B2+ + B Ao, p1)
< s*g"l(e - B) " d(po, p1)

Now since r(B) < 1, by lemma 2.5 and 2.6 skBk[%](e - B)td(po, p1) is a c-sequence and hence by lemma 2.4
skﬁk[%](e -B)td(po, p1) — 0as n — oo. Thus we have

d(pn,pk[%]) — ocoasn — oo, (3.2
Now we have
d(pn, pm) < Sz{d(pn,l’k[%]) + d(Pk[%],Pk[%]) + d(Pk[%],pm)

Now using (3.2) and the fact that sequence {p;,} is a Cauchy sequence, we conclude that sequence {pr} is a
Cauchy sequence.

3.2 Results in dislocated cone b-metric space
Our first new result of this section is the following :
Theorem 3.20. Let T, S: y? — x%. Let a : x? x x? — [0, oo) be mappings such that

(i) ais a triangular function or (T, S) is weak semi a-admissible.
(ii) (T, S) is a-admissible.
(iii) a(xo, xo) = 1 and a(xo, Txo) = 1 for some xq € x“
(iv) (x4, d) is a-regular
(v) wecanfind A, u,v € P such that A + pu + sv commutes with p + 3sv, r(A+ u + sv) + r(u + 3sv) < 1 and for
allx,y € )(d with a(x, y) = 1 the following conditions are satisfied :

d(Sx, Ty) < Ad(x,y) + u(d(x, Sx) + d(y, Ty)) + v(d(x, Ty) + d(y, Sx)) (3.3)

d(Tx, Sy) < Ad(x, y) + u(d(x, Tx) + d(y, Sy)) + v(d(x, Sy) + d(y, Tx)) (34)

then Fix{T, S} # ¢. Further if (T, S) is a-identical or if (T, S) is a-dominated on x“ , then d(u, u) = 6 for any
u € Fix{T, S}.

Proof : Consider the iterative sequence {x,} defined as in (3.1) and starting with xo. Let d(xp, xp+1) = dp
and d(xp, xp) = dp,p. Note that dy,p < 2sdp-; and dp,p < 25dp,1. By Lemma 3.16, a(xp, X2p+1) = 1 and
a(X2p+1, X2p+2) = 1. Hence using (3.4) we have

d2p+1 = d(X2p+1, X2p+2) = d(TXZp: SX2p+1)
= Ad(XZp; X2p+1) + ]l(d(sz, TXZp) + d(X2p+1, Sx2p+1)) + V(d(sz, SX2p+1) + d(X2p+1a TXZp))

= Adyp + u(dyp + daps1) + V[sdap + Sdaper + (25dap OF 25d2p41)],

ie
dopi1 < Bdyp where B = (A+pu+3sv)(e-u- sy) ! orf=A+u+sv)e-pu- 3sv) L
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Similarly using (3.3) we have
dap+2 = Bdypi1 where f=(A+pu+3sv)(e-p- sv)! orf=A+pu+svife-u- 3sv) 7L,
Thus for any integer p we have
dps1 < Bdp where = (A+p+3sv)(e-p- sv)! orf=A+pu+sv)e-u- 3sv)7!
or
dpi1 = ﬁpﬂdo-

Since A + p + sv commutes with u + 3sv, we have

A+pu+sv)e-(u+3sv) P =(A+u+sv)(L+@+3sv)+(u+ 3sv)2 +...)
=(/1+y+sv)+(/1+y+sv)(y+3sv)+(}l+y+sv)(y+3sv)2+...
=(/1+y+sv)+(y+35v)(/\+y+sv)+(y+35v)2(/1+y+sv)+...
=(1+@+3sv)+(u+ 3sv)? +...)(A +u+sv)=(e-(u+ 35v))"1(}l+y +sv),

i.e A + p + sv commutes with (e — (u + 3sv))"L. Thus using Lemma 2.3 and Lemma 2.8 of [1], we have

r(A +p +sv) <

r(B) =r(A+u+sv)e-pu-3sv) '« T-r(u+3sy)

Thus using Lemma 3.19, {x, } is Cauchy and since (y¢, d) is complete we have u € y“ such that

lim xp = u. (3.5)
n—oo

Then since (Xd, d) is a-regular, we get a(x,p, u) = 1 and a(x,p-1, u) = 1. Since dp # dq whenever p # g there
exist k € N such that d(u, Tu) # {dy, di+1 ...} - Thus by (3.3) for any p > k
d(u, Tu) =< s[d(u, x2p) + d(x2p, Tu)]
= s[d(u, x2p) + d(Sx2p-1, Tu)]
= sld(u, x2p) + Ad(x2p-1, u) + p(d(x2p-1, Sx2p-1) + d(u, Tu))
+v(d(x2p-1, Tu) + d(u, Sxzp-1)]
=< s[d(u, x2p) + Ad(xap-1, w) + p(d(xap-1, X2p) + d(u, Tu))

+v(sd(x2p-1, u) + sd(u, Tu) + d(u, x2p)],
ie.

d(u, Tu) < (s +sv)(e—s(u+ sv)) td(u, X2p)
+ (e—s(u+sv) (s(A+ sV)d(xap-1, u) + (e —s(u - sv))"lsyd(xzp,l, X2p)-
By Proposition 3.9 and Lemma 2.4, d(x2,, u) — 6, d(x2p-1, u) = 0, d(X2p, X2p+1) — 0 and d(x2p_1, X2p) — 0

and hence d(u, Tu) — 0 thatis Tu = u.
Similarly, by (3.4) forany p > k

d(u, Su) =< s[d(u, xop+1) + d(X2p+1, Tu)]
= s(d(u, xap+1) + d(Txp, Su))
< sld(u, xap+1) + Ad(xap, u) + u(d(xap, Txap) + d(u, Su))
+v(d(x2p, Su) + d(u, Txyp)]
=< s[d(u, xap.1) + Ad(xX2p, u) + p(d(x2p, X2p41) + d(u, Su))

+v(sd(xap, u) + sd(u, Su) + d(u, x2p+1))],
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ie.
d(u, Su) <(s +sv)(e - s(u + sv)) ' d(u, Xzp+1)
+ (e = s(u+sv) 7 (s + sv))d(xgp, w) + (e = s(u = sv)) ' spd(xaps1, Xap)-

By Proposition 3.9 and Lemma 2.4, d(x2p, u) — 0, d(x2p-1, u) = 0, d(x2p, X2p+1) — 0 and d(x2p-1, X2p) — 6
and hence d(u, Tu) — 6 and Tu = u. Thus we have Tu = u = Su.

If (T, S) is a-identical and Tu = u = Su, then a(u, u) = a(Tu, Su) > 1. If (T, S) is a-dominated then
a(u, u) = a(u, Tu) = 1. Then from (3.4) we have d(u, u) = d(Tu, Su) < Ad(u, u)+u(d(u, w)+d(u, w)+v(d(u, u)+
du,u)) = A+2u+2v)d(u, u) < (A+2u+4sv)d(u, u). Note that r(A+2u+4sv) < r(A+p+sv)+r(A+u+3sv) < 1.
Thus (e - A - 2u - 4sv) is invertible and so we get (e — A — 2 — 4sv) *d(u, u) < 6, i.e d(u, u) = 6.

Our second new result is the following :

Theorem 3.21. Let T, S: ¢ — y9and a : Y xx? — [0, o) be mappings satisfying conditions (i), (i), (iii), (iv),
(v) of Theorem 3.20 and either of the following two conditions

(a) T or S satisfy condition (Gg)
(b) T or S satisfiy condition (G})

then Fix{T, S} is a singleton set and the iterative sequence (3.1) converges to the unique u € Fix{T, S}.

Proof : From Theorem 3.20, we see that Fix(T,S) # ¢ and the iterative sequence (3.1) converges to some
u € Fix{T, S}. Suppose u, w € Fix(T, S). Then again from Theorem 3.20 we have a(u, u) = 1, a(w,w) = 1,
d(w,w) = 0 and d(w, w) = 6. If T or S satisfy condition (G), we have a(u, w) = 1 and then by (3.4)

d(u, w) = d(Tu, Sw) =< Ad(u, w) + u(d(u, u) + dlw, w)) + v(d(u, w) + d(w, u)).

Thus d(u, w) < 8 and so u = w. If T or S satisfy condition (G}), the proof follows in a similar way.
Taking A = 6 and v = 0 in Theorems 3.20 and 3.21 we have the following :

Corollary 3.22. [Generalised a-admissible Kannan type contraction] Let T, S: x¢ — x? and a : x? x x? —
[0, o0) be mappings such that conditions (i), (i), (iii), (iv) of Theorem 3.20, (iia) or (iib) of Theorem 3.21 and the
following hold :

there exist u, € P such that y commutes s, 2r(u) < 1 and for all x,y € )(d with a(x,y) > 1

d(Sx, Ty) < u(d(x, Sx) + d(y, Ty)) (3.6)

d(Tx, Sy) =< u(d(x, Tx) + d(y, Sy)). 3.7

Then the iterative sequence (3.1) converges to a unique common fixed point of S and T.
Taking A = 0 and u = 6 in Theorems 3.20 and 3.21 we have :

Corollary 3.23. [Generalised a-admissible Chatterjee type contraction] Let T, S: x* — x® and a : x* x ¢ —
[0, o0) be mappings such that conditions (i), (ii), (iii), (iv) of Theorem 3.20, (iia) or (iib) of Theorem 3.21 and the
following hold :

there exist v € P such that v commutes s, 4r(sv) < 1 and forall x,y € Xd with a(x,y) = 1

d(Sx, Ty) < v(d(x, Ty) + d(y, Sx)) (3.8)

d(Tx, Sy) =< u(d(x, Sy) + d(y, Tx)). (3.9)

Then the iterative sequence (3.1) converges to the unique u € Fix{T, S}.



1074 —— Georgeetal. DE GRUYTER

Taking v = 6 in Theorems 3.20 and 3.21 we have the following :

Corollary 3.24. [Generalised a-admissible Riech type contraction] Let T,S: x? — x% and a : x? x y? —
[0, o) be mappings such that conditions (i), (ii), (iii), (iv) of Theorem 3.20, (iia) or (iib) of Theorem 3.21 and the
following hold :

there exist A, u € P such that v commutes s, r(A) + 2r(u) < 1 and for all x, y € x* with a(x, y) = 1

d(Sx, Ty) < Ad(x, y) + u(d(x, Sx) + d(y, Ty)) (3.10)

d(Tx, Sy) = Ad(x, y) + u(d(x, Tx) + d(y, Sy)). (3.11)

Then the iterative sequence (3.1) converges to the unique u € Fix{T, S}.

Remark 3.25. If a is a symmetric function, that is a(x, y) = a(y, x) for all x, y € x4, then we require only either
of the conditions (3.3) or (3.4), (3.6) or (3.7), (3.8) or (3.9) and (3.10) or (3.11) in Theorems 3.20, 3.21, 3.22 and 3.23
respectively.

Corollary 3.26. Let T,S: )(d — Xd. If there exist A, u, v € P such that s, A, u and v commutes pairwise with
each other, r(A+ u +sv) + r(u+3sv) < landforallx,y € Xd with

d(Sx, Ty) = Ad(x, y) + u(d(x, Sx) + d(y, Ty)) + v(d(x, Ty) + d(y, Sx)). (3.12)
Then the iterative sequence (3.1) converges to the unique u € Fix{T, S}.

Proof : The proof follows from Theorems 3.20 and 3.21 by taking a(x, y) = 1 for x, y € 4.

Our next result in dCbMS — BA is an extension and proper generalisations of some recent results in
ChbMS - BA.

Theorem 3.27. LetR, Q: Xd —>Xd.Let ki, k>, k3, ks, ks € Pwithr(ky)+r(sky+sks+sk,+sks)+r(2sk,+2sks) <
1. Suppose that ki and sk, + sks commutes with sk, + skz + sk, + sks and f, g :)(d — )(d satisfy

d(Rx, Ry) = k1d(Qx, Qy) + k2d(Qx, Rx) + k3d(Qy, Ry) + k4d(Qx, Ry) + ksd(Qy, Rx) (3.13)

forallx,y € )(d. If R(Xd) C Q(xd), Q(xd) is a complete subspace of )(d, and (R, Q) are weakly compatible pair
of mappings, then Fix{R, Q} is a singleton set.

Proof Let xo € x¢ be an arbitrary point. Since R(y%) ¢ Q(x9), there exists an x; € x? such that Rxo = Qx;.
By induction, a sequence Rx, can be chosen such that Rx, = Qx,:1(n =0, 1, 2,...). Thus, by (3.13), for any
natural number n, on one hand, we have

d(Qxn+1, Qxn) =d(Rxn, Rxn-1)
=<k1d(Qxn, Qxn-1) + kod(Rxn, Qxn) + k3d(RXxp-1, QXn-1)
+ k4d(Qxn, Rxp_1) + ksd(Rxn, Qxp_1)
=<(ky + sks + 2sky + sks)d(Qxn, Qxp-1) + (sky + sks)d(Qxp+1, Qxn),

which implies that
(e - skp — sks5)d(Qxn+1, Qxn) = (ki + sk3 + 2sky + sks)d(Qxn, Qxp-1). (3.14)
On the other hand, we have

d(Qxn, an+1) :d(RXn—l, Rxn)
<k1d(Qxp-1, Qxn) + kad(Rxn-1, Rxn-1) + k3d(Rxn, Qxn)
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+k4d(Qxn-1, Rxn) + ksd(Rxpn-1, Qxn)
=(ky + sky + sky + 25ks5)d(Qxn-1, Qxn) + (sk3 + sk;)d(Qxn, QXp11),
which means that
(e - skz — sk4)d(Qxps1, Qxn) = (ky + sk + sky + 25ks)d(Qxn, Qxp-1). (3.15)

Adding (3.14) and (3.15) we see that

(2e - sk, — ks3 — sk, — sk5)d(Qxn, Qxns1) = (2kq + sky + sks + sk, + sks + 2(sky + sks))d(Qxn_1, Qxn)
Put k = sk, + sks + sky + sks, k' = sk, + sks. Then we get
(2e - K)d(Qxn, Qxni1) = (2ky + k + 2k")d(Qxn-1, Qxn). (3.16)

Note that (k) < 1 < 2 and so (2e - k) is invertible and (2e - k)™! = Yo % Again since k; and k’commutes
with k we have

S

(2e-k)'(2ky + k+2K') = (Z%)(2k1+k+2k’)=2(§ zli‘il)k1+§ l;: +2( - zf—L)k’
i i=0

i=0 i=0 i=0

S}

_ zrq(i:z0 )+ Ky oy zk(zo %5 ) = @k +k+2K) > ) = @k + e -7,

thatis, (2e - k)™! commutes with 2k; + k + 2k’. From (3.16) we have
d(Qxn, Qxns1) = Bd(Qxp-1, Qxn) (3.17)
where B = (2k; + k + 2k’)(2e - k)!. Using Lemma 1.6 of [1] and Lemma 2.3 we have

2r(ky) + r(k) + 2r(k’)

210 <1

r(B) = r((zkl +k+2k)(2e - k)’1> <

hence by Lemma 3.19, { Qx» } is a Cauchy sequence in (y¢, d). By completeness of Q(x?) we get g € Q(x?) such
that Qxn — g (n — o) or in other words, there is a p € x¢ satisfying Qp = q.

d(Qxn, Rp) = d(Rxn-1, Rp)
=< k1d(Qxy-1, Qp) + k2d(Rxp-1, Qxn-1) + k3d(Rp, Qp)
+ k4d(Qxn-1, Rp) + ks d(Rxy-1, Qp)
= k1d(Qxn-1, q) + k2d(Qxn, Qxy-1) + sk3d(Qxn, Rp)
+sk3d(Qxn, q) + sk4[d(Qxn-1, Qxn) + d(Qxn, Rp)] + ksd(Qxn, q)

which implies that
(e - sks — sk4)d(Qxn, Rp) = k1d(Qxn-1, q) + (sk3 + k5)d(Qxn, q) + (k2 + sk4)d(Qxn, QXp-1). (3.18)
Also we have ,

d(Qxn, Rp) = d(Rxn-1, Rp) = d(Rp, RXp-1)
=< k1d(Qp, Qxn-1) + k2d(Rp, Qp) + k3d(Rxn-1, Qxn-1)
+ k4d(Qp, Rxn-1) + ksd(Rp, Qxy-1)
=< k1d(Qxp-1, q) + skod(Qxn, Rp) + skod(Qxn, q)
+ k3d(Qxn, Qxn-1) + k4d(Qxn, q)
+ sks[d(Rp, Qxn) + d(Qxn, Qxp_1)]
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which implies that
(e - sky — sks5)d(Qxn, Rp) < k1d(Qxy-1, q) + (skz + k4)d(Qxn, q) + (k3 + sks)d(Qxn, QXy-1). (3.19)
Adding (3.18) and (3.19) we have

(2e - k)d(Qxn, Rp) = 2k1d(Qxn-1, q) + (skz + skz + k4 + ks)d(Qxn, q)
+ (ky + k3 + sk + sks)d(Qxn, Qxpn_1). (3.20)
Again r(k) < 1 < 2 and so 2e - k is invertible. Thus we have from (3.20)
d(Qxn, Rp) < 2k1(2e - K td(Qxy_q, q) + (sko + skz + k, + k5)(2e - K)1d(Qxn, q)
+ (ky + k3 + sk, + sks)(2e - k) 1d(Qxn, Qxn-1). (3.21)

Using Proposition 3.9 and Lemma 2.5 in (3.21) we get Qxn — Rp (as n — oo). Next we will prove that Rp = Qp.
Using (3.13) we have

d(Qp, Rp) < sd(Qp, Qxn+1) + sd(Rxn, Rp)
< d(Qp, Qxns1) + sk1d(Qxn, Qp) + skad(Rxn, Rxn-1) + s°k3d(Rp, Qxn)
+5%k3d(Qxn, Qp) + sk4d(Qxn, Rp) + ksd(Qxns1, QD).

Using Proposition 3.9 and Lemma 2.5 we get d(Qp, Rp) = 6. Hence Rp = Qp = q.
Next we show that if p € CP{R, Q} then d(Rp, Qp) = 6. We have

d(Qp, Rp) < d(Rp, Rp)
< k1d(Qp, Qp) + k2d(Rp, Qp) + k3d(Rp, Qp) + k4d(Qp, Rp) + ksd(Rp, Qp)
< Ld(Qp,Rp) < ---L"d(Qp, Rp),

where L = kq + sk + sks + sk, + sks. Note that r(L) < 1 and so by Lemma 2.5 and 2.6, we see that L".d(Qp, Rp)
is a c-sequence and thus d(Qp, Rp) = 6.

Now we will show that if g, ¢’ € POC{R, Q} then q = ¢q’. suppose Rp = Qp = g and Rp’ = Qp’ = q’. Then we
have

d(q/’ CI) = d(Rp/’ Rp)
< k1d(Qp’, Qp) + k2d(Rp’, Qp’) + k3d(Rp, Qp) + k4d(Qp’, Rp) + ksd(Rp', Qp)
= (k1 + 25’(2 + 23’(3 + ’(4 + k5)d(Qp', Qp) < (k1 + 23’(2 + 23’(3 + 25k4 + 25k5)d(q’, q)

Let a = ky + 2sk, + 2sks + 2sk4 + 2sks, then it follows that
d(q',q) < ad(q',q) < --- 2 a"d(q’, q). (3.22)

Note that r(a) < r(k;) + 2r(k’) < 1. Thus by Lemma 2.5 and 2.6, we see that a™.d(q’, q) is a c-sequence and
thus d(q’, q) = 0, thatis, ¢’ = g and so R and Q has a unique point of coincidence.
Existence of the unique common fixed point follows from Lemma 1.8 of [1].

Remark 3.28. Theorem 3.27 is an improved version of Theorem 2.9 of [1], in the sense that we have given an
increased range for the Lipschitz constants.

Taking ki = kand k, = k3 = k4 = ks = 6 in Theorem 3.27 we get
Corollary 3.29. (Jungck contraction principle in dACbMS-BA) Theorem 3.27 with k € P, r(k) < 1 and

d(Rx, Ry) < kd(Qx, Qy)

Remark 3.30. Corollary 3.29 is a proper extension of Theorem of [10] and Corollary 2.10 of [1].
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Taking Q to be the identity mapping in Corollary 3.29 we get :

Corollary 3.31. (Banach contraction principle in dCbMS-BA) Corollary 3.29 withk € P, r(k) < 1
d(Rx, Ry) < kd(x, y)

Taking k, = k3 = kand k; = k; = k5 = 0 in Theorem 3.27 we get

Corollary 3.32. Theorem 3.27 with k € P, 2r(sk) < 1. and
d(Rx, Ry) < k(d(Rx, Q) + d(Ry, Q7))

Taking k4 = ks = kand k; = k3 = k4 = 0 in Theorem 3.27 we get

Corollary 3.33. Theorem 3.27 with k € P, 3r(sk) < 1 and
d(Rx, Ry) < k(d(Qx, Ry) + d(Rx, Qy))

3.3 Fixed point theorems in dislocated quasi cone b-metric space
Now we further give two more new results as follows :

Theorem 3.34. Let (x4, d, A) be a L - complete or R - complete dgCbMS — A with coefficient s (e < s). Let
R,Q: x — xand a : x? x x4 — [0, oo) be mappings satisfying conditions (i), (ii), (iii) and (iv) of Theorem 3.20.
If there exist A, u, v € P such that A + u + sv commutes with p + 3sv, (r(A) + rQQu + 2sv)) + r(Qu + 6sv) < 1 and
forallx,y € y? witha(x,y) = 1

d(Qx, Ry) < Ad(x, y) + u(d(x, Qx) + d(y, Ry)) + v(d(x, Ry) + d(y, Qx)) (3.23)

and
d(Rx, Qy) =< Ad(x, y) + u(d(x, Rx) + d(y, Qy)) + v(d(x, Qy) + d(y, Rx)) (3.24)

then Fix{R, Q} # ¢. Further if (R, Q) is a-identical or if (R, Q) is a-dominated on y? , then d(u, u) = 6 for any
u € Fix{R, Q}.

Proof: Define d'(x,y) = 902400 Then by propositions 3.7 and 3.10, (x, d") is a complete dChMS — A.
We will show that the pair (R, Q) satisfies equation 3.4. Let a(x, y) > 1. Then

d4'(0x, Ry) = d(Qx, Ry) er d(Ry, Qx)
Md(x,y) +dly, x) + 2u(d(x, Qx) + d(y, Ry)) + 2v(d(x, Ry) + d(y, Qx))
L Mdx,y) +dly, x)) + 2u(d(x, Q1) +2d(Qx, x) +d(y, Ry) + d(Ry, y))

, 2v(d(x, Ry) + d(Ry, x)2 +dl(y, sz) +d(Qx, y))
=Ad'(x, ) + 2u(d" (x, Q) +d'(y, Ry)) + 2v(d"(x, Ry) + d'(y, Qx).

Thus, the pair (R, Q) satifies the conditions of Theorem 3.20 and hence the result follows.

Theorem 3.35. Let (x4, d, A) be a dgCbMS — A with coefficient s (e < s)and R, Q: x? — x9. Let a, B,y € P
with r(a)+r(2sB+2sv)+r(4sy) < 1. Suppose that a and sy commutes with sB+s~ and the mappingsR, Q : X — X
satisfy

d(Rx, Ry) =< ad(Qx, Qy) + B(d(Rx, Qx) + d(Qy, Ry)) + +(d(Qx, Ry) + d(Rx, Qy)) (3.25)

forallx,y € x?. If R(x?) c Q(x?), Q(x?) isa L — complete or R - complete subspace of x4, and (R, Q) is weakly
compatible pair of mappings, then Fix{R, Q} is a singleton set.
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Proof : Proceeding on the same lines as in the proof of Theorem 3.34 we see that the pair satisfies all
conditions of Theorem 3.27 with k; = a, k, = k3 = f and k4 = ks = v and hence the result follows.

Example 3.36. Let A be the Banach algebra and (x, d;.) be the dgCbMS over A given in example 3.5. Let
T : x — x be given by

log(1+3%) ifxeo,1]
Tx = )
log(1 + 10x) otherwise

log(1+3%) ifx € [0,1]
Sx = .
log(1 + 100x) otherwise

and

_J1My)elo,1]orx=y
alx,y) = { 0 otherwise

Then a is a triangular function, (T, S) is a-admissible, weak semi a-admissible, a-identical and satisfy condition
(G). Also for all a(x, y) = 1 we see that d,.(Tx, Sy) < A.d;.(x, y) where A = % +0.t+0.t2+---0.t", i.e. inequality
3.3 and 3.4 is satsfied with A = % +0.t+0.t2+---0.t",u = v = (0,0). Thus T and S satisfy all conditions of
Theorems 3.21 and 3.22. Further O is a unique common fixed point of T and S.

Example 3.37. Let X = [0, 1] and A be as in example 3.5. Define a mapping d : X x X — A by
A0 )0 = [x=y2 + X =yt + =y P 4 -yl

Then (X, d) is a complete CbMS—BA over Banach algebra A with the coefficient s = 2 and hence a dCbMS - BA.
Consider the mappings f,g : X — X by

2x X
f(X)—?, g(X)—E'
It easy to verify that f and g satisfy the conditions of Theorem 3.27 and Corollary 3.29 with k; = k = % and
ky = k3 = k4 = ks = 0. It is also easy to check that f and g do not satisfy the conditins of Theorem 2.9 and
Corollary 2.10 of [1] at x = 0,y = 1. However, O is the unique common fixed point of f and g.

Remark 3.38. (An open problem) In [20] the authors introduced generalised a — n — \ Geraghty contractive
mappings and proved fixed point theorems for such mappings in a partial b-metric space. Note that every
partial b-metric space is a dislocated quasi cone b-metric space over a Banach algebra but the converse is
not necessarily true. Thus it will be interesting to define generalised a — 1 — 1 contractive pair of mappings and
prove common fixed point theorems for such mappings in a dislocated quasi cone b-metric space over a Banach
algebra.

4 Applications

In this section, we shall apply the obtained results to deal with the existence and uniqueness of solution for
some equations.

Consider the following system of m-tupled equations:

Fi1(x1,x2,..Xm) =0
Fy(x1,%2,..Xm) = 0

(4.0)

Fm(Xl,XZ, ---Xm) =0
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where F; : R™ — R, i = 1...m are mappings.
We will analyse (4.0) under the following conditions :

Fork ¢ Rand forall x = (x1, X2, **Xm),¥ = V1, V2, **ym) € R™

|Fi(x) = F;i(y) + x; = yi| + [Fi(x) + x| + [Fi(y) + yil < k[|x; = yi| + |x;| + |y;[],i=1---mand 0 < k<1, (4.1)
|F;(0) + x; = yil + [Fi(0) + x;| + [yil < kl|x; = yil + [xi| + [yill,i=1---mand 0 <k <1, (4.2)

. 1
|F:(X) + x; = yi| + |Fi(x) + x;] + |yi] < k[|F;()]| + |F;(x) + x;] + |x;| + 2]y;]],i=1---mand 0 < k < 5 (4.3)

|Fi(0) + x; = yi| + |[Fi() + xi| + [yi] < K[[Fi0O + x; = yil + [Fi0) + x| + [x; —yil + |yill, i=1---m

and 0 < k < %, (4.4)

Theorem 4.1. If there exists k € R* such that (4.1) or (4.2) or (4.3) or (4.4) is satisfied, then the system of
n-tupled equations (4.0) has a unique common solution in R™.

Proof Let A =R"™ with the norm ||(uq, Uz, -+ - um)| = |u1| + |uz| + - - - |um| and the multiplication given by
uv = (U, Uy Um)WVi, v+ - vm) = U1V, U1V2 + UV, *» , ULVm + UaVipo1 + =+ » UmV1).
LetP={u=(u,ur--um) €A:u,up---um20}.LetX=R™and d : X x X — A be given by
d((x1, X2+ xm), V1, Y2+ - ym)) = (X1 = ya| + [xa| + |yal, [X2 = ya| + [X2| + Y2, - =+ [Xm = Ym| + [Xm]| + [ym]).

Then (X, d) is a complete dCbMS - BA over A with the coefficient s = (1, 0, ..., 0).
Consider S, T : X — X given by

S(x1,Xx2, 0+, xm) = (X1, X2, **+ , Xm)
T((x1,x2,+++ 5 xm) = (F1((x1, X2, * =+ , Xm) + X1, Fo((X1, X2, ++ , Xm) + X2, + -+, Fm((X1, X2, * ++ , Xm) + Xm).
Then for all x = (xq, X2, ,xm)and y = (y1,y2,-*+ , ym) we have
d(T(x), T(y)) = d((F1((0) + x1, F2((x) + X2, - - Fm((x) + X, (F1((y) + y1, F2((¥) + y2, -+, Fm((¥) + ym))
= ([F100 = F1(y) + x1 = y1| + [F100 + x1| + [F1(y) + y11,

[F2(x) = F2(y) + X2 = 2| + [F2(%) + X2| + |F2(y) + 2/,
T, |Fm(X) —Fm(J’) +Xm —Ym| + |Fm(X) +Xm| + |Fm(,V) +Ym|)-

If (4.1) is satisfied we get

d(T(x), T(y)) = (k(1x1 = y1l +|x1| + |y1]), k(1x2 = ya| + [x2] + [Y2]), ooy k(|Xm = Ym| + [Xm| + [ym]))
< (k, 1, oo, D(x1 =yl + [xa] + [yals x2 = Y2l + [x2| + [y2ls oes [Xm = Ym| + [Xm] + [ym])
=(k,1,...,1)d(Sx, Sy).

Note that for any k € R* and (k, 1, ...,1) € R™

Ik, 1, ..., 1)"\|% = ||(k", Pi(mK", P,(m)K", ..., Pm_lk")||%, where P;(n)is a polynomial of degree i in n
= (K" + P1 ()K" + Py()k™ + ... + Pyt kK™)" — k (as n — o),

ier(k,1,...,1) = k < 1. Now choose A = (k, 1,..., 1), then all conditions of Corollary 3.29 are satisfied.
Hence, by Corollary 3.29 T has a unique common fixed point in X. In other words, the m-tupled equations
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(4.0) has a unique common solution in R™,
Again we have

d(T(x), S()) = d((F1((x) + x1, F2((x) + x2, -+ , Fm((X) + Xm), (Y1, Y2, ** , Ym))
= (IF100 + x1 = y1| + [F100 + x1| + [ya], [F2(0) + x2 = ya| + [F2(%) + x2| + [ya],

woo [Fm(X) + Xm = Ym| + [Fm(X) + Xn| + |Ym|).
If (4.2) is satisfied we get

d(T(x), SO)) = (k(jx1 = y1|+ x1|+ [y1D, k(1x2 = ya| + [x2] +1Y2])s «ver kK(Xm = Ym| + [Xm]| + [ym]))
<k, 1y, Dxa =yl + xal + yals X2 = yal + [X2| + V2, ooy [Xm = Y| + [Xm| + [ym])
=(k, 1,..., 1)d(x, y).

Now r((k, 1, ...,1)) = k < 1. Choose A = (k, 1, ..., 1), u = @ and v = . Then all conditions of Theorem 3.20
are satisfied. Hence, by Theorem 3.20, T has a unique common fixed point in X.
If (4.3) is satisfied we get

d(T(x), S(1) = (k(IF100] + [F100 + x1| + [xa| + 2|y1]), k(IF200)| + [F2(X) + X2| + [x2| + 2|y2 ),
oo K(IFmO)| + [Fm(X) + Xm| + [Xm| + 2|ym]))
Sk 1, e, DF10)]+ [F1O0) + X1] + [x1] + 2yal, [F2(0] + [F2(x) + x2| + [x2| + 2y,
coo s [Fm()] + [Fm(X) + Xm| + [Xm]| + 2|ym])
= (k, 1,...,1)(d(x, Tx) + d(y, Sy)).

Now r((k,1,...,1)) =k < % Choose u = (k, 1, ..., 1) . Then all conditions of Theorem 3.22 are satisfied. Hence,
by Theorem 3.22, T has a unique common fixed point in X. If (4.4) is satisfied we get

d(T(), S(7) = (K(IF100 +x1 = y1| + [F100) + x1| + [x1 = y1| + [y1]),
k(IF2(x) + x2 = ya| + [F200 + x2| + [x2 = ya| + [y2),
<o k(|Fm() + xm = Ym| + [Fm(X) + Xm| + [Xm = Ym| + [ym|))
<k, 1, ..., D(F100 + x1 = ya| + [F1(X) + x1| + [x1 = y1| + [y1],
[F200 + x2 = y2| + [F2(X) + x2| + [x2 = y2| + |y2l,
wo [Fm(O + Xm = ym| + [Fm(0 + Xm| + |Xm = ym| + |[ym|)
= (k, 1, ..., 1)(d(x, Sy) + d(y, Tx)).

Now r((k, 1, ..., 1))k < % Choose v = (k, 1, ..., 1). Then all conditions of Theorem 3.23 are satisfied. Hence,
by Theorem 3.23, T has a unique common fixed point in X.

Acknowledgement: This project is supported by Deanship of Scientific Research at Prince Sattam bin Abdu-
laziz University, Al kharj, Kingdom of Saudi Arabia, under International Project Grant No. 2016/01/6714.

The authors are thankful to the learned reviewers for their valuable comments which helped in improving
this paper to its present form.

References

[1] Huang H.P.,, Radenovi¢ S., Common fixed point theorems of generalised Lipschitz mappings in cone b-metric space and
applications, J. Nonlinear Sci. Appl., 2015, 8, 787-799.

[2] HuangH., DoSenovic T., Radenovi¢ S., Some fixed point results in b-metric spaces approach to the existence of a solution to
nonlinear integral equations, ). Fixed Point Theory Appl., 2018, 20(105), DOI: 10.1007/511784-018-05577-7.

[3] Huang H., Deng G., Radenovi¢ S., Some topological properties and fixed point results in cone metric spaces over Banach
algebras, Positivity, 2018, DOI: 10.1007/5s11117-018-0590-5.



DE GRUYTER Dislocated quasi cone b-metric space over Banach algebra = 1081

[4] Aleksi¢ S., Huang H., Mitrovi¢ Z.D., Radenovi¢ S., Remarks on some fixed point results in b-metric spaces, J. Fixed Point
Theory Appl., 2018, 20(147), DOI: 10.1007/5s11784-018-0626-2.

[5] SametB., Vetro C., Vetro P., Fixed point theorems for ay -contractive type mappings, Nonlinear Anal., 2012, 75, 2154-2165 .

[6] Arshad M., Kadelburg Z., Radenovi¢ S., Shukla S., Fixed points of a-dominated mappings on dislocated quasi metric spaces,
Filomat, 2017, 31(11), 3041-3056.

[7]1 Aydi H., a-implicit contractive pair of mappings on quasi b-metric spaces and application to integral equations, J. Nonlinear
Convex Anal., 2016, 17(12), 2417-2433.

[8] George R., Rajagopalan R., Nabwey H.A., Radenovi¢ S., Dislocated cone metric space over Banach algebra and a-quasi
contraction mappings of Perov type, Fixed Point Theory Appl., 2017, 2017(24), DOI: 10.1186/513663-017-0619-7.

[9] Cvetkovi¢ M., Onthe equivalence between Perov fixed point theorem and Banach contraction principle, Filomat, 2017, 31(11),
3137-3146.

[10] HuangH.,RadenovicS., DengG., Asharp generalisation on cone b-metric space over Banach algebra, ). Nonlinear Sci. Appl.,
2017, 10, 429-435.

[11] Liu H., Xu S., Cone metric spaces with Banach algebras and fixed point theorems of generalized Lipschitz mappings, Fixed
Point Theory Appl., 2013, 320, 1-10.

[12] Rudin W., Functional Analysis, McGraw-Hill, New York, NY, USA, 2nd edition, 1991.

[13] Xu S., Radenovi¢ S., Fixed point theorems of generalized Lipschitz mappings on cone metric spaces over Banach algebras
without assumption of normality, Fixed Point Theory Appl., 2014, 102, 1-12.

[14] Huang L.G., Zhang X., Cone metric spaces and fixed point theorems of contractive mappings, ). Math. Anal. Appl., 2007,
332(2), 1468-1476.

[15] Farajzadeh A.P., On the scalarization method in cone metric spaces, Positivity, 2014, 18(4), 703-708.

[16] Zangenehmehr P., Farajzadeh A.P., Lashkaripour R., Karamian A., On fixed point theory for generalized contractions in cone
rectangular metric spaces via scalarizing, Thai ). Math., 2017, 15(1), 33-45.

[17] Tavakoli M., Farajzadeh A.P., Abdeljawad T., Suantai S., Some notes on cone metric spaces, Thai ). Math., 2018, 16(1), 229-
242,

[18] Popescu 0., Some new fixed point theorems for a-Geraghty contraction type maps in metric spaces, Fixed Point Theory Appl.,
2014, 190, 1-12.

[19] Mitrovi¢ Z.D., A note on the results of Suzuki, Miculescu and Mihail, J. Fixed Point Theory Appl., 2019, 21(24), DOI:
10.1007/s11784-019-0663-5.

[20] Farajzadeh A.P., Noytaptim C., Kaewcharoen A., Some fixed point theorems for generalized a —  — 1) Geraghty contractive
type mappings in partial b-metric spaces, . Info. and Math. Sci., 2018, 10(3), 455-578.



	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Dislocated quasi cone b-metric space
	3.2 Results in dislocated cone b-metric space
	3.3 Fixed point theorems in dislocated quasi cone b-metric space

	4 Applications

