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Abstract: Given the abstract evolution equation
y'(6) = Ay(D), t=0,

with scalar type spectral operator A in a complex Banach space, found are conditions necessary and sufficient
for all weak solutions of the equation, which a priori need not be strongly differentiable, to be strongly Gevrey
ultradifferentiable of order f = 1, in particular analytic or entire, on the open semi-axis (0, o). Also, revealed
is a certain interesting inherent smoothness improvement effect.
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1 Introduction

We find conditions on a scalar type spectral operator A in a complex Banach space necessary and sufficient
for all weak solutions of the evolution equation

y' () =Ay(®), t=0, 1.1)

which a priori need not be strongly differentiable, to be strongly Gevrey ultradifferentiable of order 8 = 1,
in particular analytic, on the open semi-axis (0, oo) and reveal a certain interesting inherent smoothness
improvement effect.

The found results generalize the corresponding ones of paper [1], where similar consideration is given
to equation (1.1) with a normal operator A in a complex Hilbert space, and the characterizations of the
generation of Gevrey ultradifferentiable Cy-semigroups of Roumieu and Beurling types by scalar type spectral
operators found in papers [2, 4] (see also [3]). They also develop the discourse of papers [5, 6], in which the
strong differentiability of the weak solutions of equation (1.1) on [0, o) and (0, oo) and their strong Gevrey
ultradifferentiability of order 8 = 1 on the closed semi-axis [0, oo) are treated, respectively (cf. also [7]).

Definition 1.1 (Weak solution).
Let A be a densely defined closed linear operator in a Banach space (X, || - ||). A strongly continuous vector
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function y : [0, o) — X is called a weak solution of equation (1.1) if, for any g* € D(A"),

Liy(0,8) = (0, 4°¢"), 20,

where D(-) is the domain of an operator, A" is the operator adjoint to A, and (-, -) is the pairing between the
space X and its dual X" (cf. [8]).

Remarks 1.1.

— Due to the closedness of A, the weak solution of (1.1) can be equivalently defined to be a strongly
continuous vector function y : [0, o) —+ X such that, forall ¢t > 0,

t

t
/y(s) ds € D(A) and y(t) = y(0) + A /y(s) ds
0 0

and is also called a mild solution (cf. [9, Ch. II, Definition 6.3], [10, Preliminaries]).

— Such a notion of weak solution, which need not be differentiable in the strong sense, generalizes that
of classical one, strongly differentiable on [0, oo) and satisfying the equation in the traditional plug-in
sense, the classical solutions being precisely the weak ones strongly differentiable on [0, co).

— When a closed densely defined linear operator A in a complex Banach space X generates a Co-semigroup
{ T(t) } 150 of bounded linear operators (see, e.g., [9, 11]), i.e., the associated abstract Cauchy problem (ACP)

"(t) = Ay(t), t=0,
{y() y(o), t= )
y©0)=f
is well-posed (cf. [9, Ch. II, Definition 6.8]), the weak solutions of equation (1.1) are the orbits
y() = T(O)f, t=0, (1.3)

with f € X [9, Ch. I, Proposition 6.4] (see also [8, Theorem]), whereas the classical ones are those with
f € D(A) (see, e.g., [9, Ch. II, Proposition 6.3]).

— In our consideration, the associated ACP need not be well-posed, i.e., the scalar type spectral operator A
need not generate a Cy-semigroup (cf. [12]).

2 Preliminaries

Here, for the reader’s convenience, we outline certain essential preliminaries.

2.1 Scalar type spectral operators

Henceforth, unless specified otherwise, A is supposed to be a scalar type spectral operator in a complex
Banach space (X, || - ||) with strongly o-additive spectral measure (the resolution of the identity) E 4(-) assigning
to each Borel set 6 of the complex plane C a projection operator E 4 (6) on X and having the operator’s spectrum
0(4) as its support [13-15].

Observe that, on a complex finite-dimensional space, the scalar type spectral operators are all linear
operators that furnish an eigenbasis for the space (see, e.g., [14, 15]) and, in a complex Hilbert space, the
scalar type spectral operators are precisely all those that are similar to the normal ones [16].

Associated with a scalar type spectral operator in a complex Banach space is the Borel operational
calculus analogous to that for a normal operator in a complex Hilbert space [17, 18], which assigns to any
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Borel measurable function F : 0(A) — C a scalar type spectral operator

F(A) := / FQ) dE;(A)
a(A)
(see [14, 15]).
In particular, .
A" = / ANYdEA(A), n € Zs,
a(A)

(Z+ :={0,1, 2, ...} is the set of nonnegative integers, A° := I, I is the identity operator on X) and

oA o / e dE,(1), z € C. (2.4)

o(4)

The properties of the spectral measure and operational calculus, exhaustively delineated in [14, 15],
underlie the subsequent discourse. Here, we touch upon a few facts of particular importance.
Due to its strong countable additivity, the spectral measure E4(-) is bounded [15, 19], i.e., there is such an
M = 1 that, for any Borel set § C C,
|Ea(6)] < M. (2.5)

Observe that the notation || - || is used here to designate the norm in the space L(X) of all bounded linear
operators on X. We adhere to this rather conventional economy of symbols in what follows also adopting the
same notation for the norm in the dual space X".

Forany f € Xand g* € X', the total variation measure v(f, g", -) of the complex-valued Borel measure
(EA(f, ") is a finite positive Borel measure with

v(f, g, C) = v(f, g, a(A)) < aM|f||g"| (2.6)

(see, e.g., [2, 20]).
Also (Ibid.), for a Borel measurable function F : C — C, f € D(F(A)), g" € X", and a Borel set 6 C C,

/ FQ)| dv(f. g, A) < 4MIEAG)FAf . @7)
5
In particular, for § = o(4),
/ FO)| dv(f, 8", A) < aM|FA)F g 28)
a(4)

Observe that the constant M = 1 in (2.6)—(2.8) is from (2.5).
Further, for a Borel measurable function F : C — [0, o), a Borel set § C C, a sequence {A,};., of
pairwise disjoint Borel setsin C, and f € X, g* € X7,

[P0 avEaURianf.g =S [ PO dvE@0F. 8 . 29)

5 =154,
Indeed, since, for any Borel sets §, 0 C C,
Ef(8)Ex(0) = E4(6Nn o)

[14, 15], for the total variation,
V(EA(8)f, 8", 0) =v(f,g", 6N o0).

Whence, due to the nonnegativity of F(-) (see, e.g., [21, 22]),

[FOavECraar g N [ Fhavr g 0= [ Fddvg 0

8 NUT, Ay =154,
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-y / FQ) dv(E4(An)f, g, ).

=154,

The following statement, allowing to characterize the domains of Borel measurable functions of a scalar
type spectral operator in terms of positive Borel measures, is fundamental for our consideration.

Proposition 2.1 ([23, Proposition 3.1]).
Let A be a scalar type spectral operator in a complex Banach space (X, || - ||) with spectral measure E 4(-) and
F : 0(A) — C be a Borel measurable function. Then f € D(F(A)) iff

(i) foreachg" € X", / |F(A)| dv(f, g, A) < oo and
o(4)

() sup / F)| dv(f, 8" A) = 0, 1 — oo,

= *|=1
X 81=1Y o T Fosny

where v(f, g*, -) is the total variation measure of (E,(-)f, g").

The succeeding key theorem provides a description of the weak solutions of equation (1.1) with a scalar type
spectral operator A in a complex Banach space.

Theorem 2.1 ([23, Theorem 4.2]).
Let A be a scalar type spectral operator in a complex Banach space (X, || - ||). A vector function y : [0, o0) — X

is a weak solution of equation (1.1) iff thereis an f € ﬂ D(e™) such that
t=0

y(t) = ef, 20, (2.10)
the operator exponentials understood in the sense of the Borel operational calculus (see (2.4)).

Remarks 2.1.

— Theorem 2.1 generalizing [24, Theorem 3.1], its counterpart for a normal operator A in a complex Hilbert
space, in particular, implies
- that the subspace (1, D(e™) of all possible initial values of the weak solutions of equation (1.1) is
the largest permissible for the exponential form given by (2.10), which highlights the naturalness of
the notion of weak solution, and
— that associated ACP (1.2), whenever solvable, is solvable uniquely.
— Observe that the initial-value subspace (., D(e') of equation (1.1) is dense in X since it contains the
subspace
|J Ea(4a)X, where Aq := {A € C[|A| < a}, a >0,
a>0
which is dense in X and coincides with the class &%} (4) of entire vectors of A of exponential type [25, 26].
— When a scalar type spectral operator A in a complex Banach space generates a Cy-semigroup { T(t)} £0°

T(t) = e and D(e?) = X, t > 0,

[12], and hence, Theorem 2.1 is consistent with the well-known description of the weak solutions for this
setup (see (1.3)).

Subsequently, the frequent terms “spectral measure" and “operational calculus" are abbreviated to s.m. and
o.c., respectively.
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2.2 Gevrey classes of functions

Definition 2.1 (Gevrey classes of functions).
Let (X, || - ||) be a (real or complex) Banach space, C*°(I, X) be the space of all X-valued functions strongly
infinite differentiable on an interval ] C R,and 0 < f§ < oo.

The following subspaces of C*(I, X)

BN, X) = {g() e C™U,X) |v[a, b]CI3a>03c>0: ma>§ Hg(")(t)H <sca'[n!]?, ne Z+},
asts

P, X) = {g() € ¢, X) |V[a,b] CIVa>03c>0: max 18" @) < ca™nllP, n ez},
asts

are called the Sth-order Gevrey classes of strongly ultradifferentiable vector functions on I of Roumieu and
Beurling type, respectively (see, e.g., [27-30]).

Remarks 2.2.

[

— In view of Stirling’s formula, the sequence {[n!]ﬂ }w . can be replaced with {nﬁ"} .
n= n=

- For0 < B < B < oo, the inclusions
P, x)c P, x) c &P, x) c e, x) C ¢, %)

hold.

— For 1 < B < oo, the Gevrey classes are non-quasianalytic (see, e.g., [29]).

- For B = 1, &1} (I, X) is the class of all analytic on I, i.e., analytically continuable into complex neigh-
borhoods of I, vector functions and é"(l)(I , X) is the class of all entire, i.e., allowing entire continuations,
vector functions [31].

— For 0 < B < 1, the Gevrey class &Y (1, X) (6P, X)) consists of all functions g(-) € &I, X) such that,
for some (any) v > 0, there is an M > O for which

Ig@)| < M z e, @11)

[32] (see also [33]). In particular, for 8 = O, &I, X) and £©(1, X) are the classes of entire vector
functions of exponential and minimal exponential type, respectively (see, e.g., [34]).

2.3 Gevrey classes of vectors

One can consider the Gevrey classes in a more general sense.

Definition 2.2 (Gevrey classes of vectors).
Let (4, D(A)) be a densely defined closed linear operator in a (real or complex) Banach space (X, || - |), O <
B < oo, and

C=(A) := ﬂ D(A™)
n=0

be the subspace of infinite differentiable vectors of A.
The following subspaces of C>(4)

&BYA) = {x € C=(4) ‘ Ja>03c>0: ||A"| < ca’[n']?, ne Z+} ,
B A) = {x € C=(A) ‘ Ya>03c>0: ||A| <ca’[n!f, ne Z+}

are called the Bth-order Gevrey classes of ultradifferentiable vectors of A of Roumieu and Beurling type,
respectively (see, e.g., [35-37]).
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Remarks 2.3.

S

— Inview of Stirling’s formula, the sequence {[n!]lg }m . can be replaced with {nﬁ”} .
n= n=

For 0 < B < B’ < oo, the inclusions
ePa) c 6P a) c ¥(a) c £ (A) C c=(A)

hold.

— In particular, £{1}(4) and &W(A) are the classes of analytic and entire vectors of A, respectively [38, 39]
and £1°}(4) and #@(A) are the classes of entire vectors of A of exponential and minimal exponential type,
respectively (see, e.g., [26, 36]).

— In view of the closedness of A, it is easily seen that the class é”(l)(A) forms the subspace of the initial
values f € X generating the (classical) solutions of (1.1), which are entire vector functions represented by
the power series

3 tnA" t=0
ZE f: =Yy
n=0

the classes éa{ﬁ}(A) and &P (A) with 0 < B8 < 1 being the subspaces of such initial values for which the
solutions satisfy growth estimate (2.11) with some (any) v > 0 and some M > 0, respectively (cf. [34]).

As is shown in [35] (see also [36, 37]), if O < B < oo, for a normal operator A in a complex Hilbert space,

&P @) = | D"y and 6P (1) = M D1, (212)
t>0 t>0

. 1/8
the operator exponentials ef/!

[17, 18]).

In [20, 25], descriptions (2.12) are extended to scalar type spectral operators in a complex Banach space,
in which form they are basic for our discourse. In [25], similar nature descriptions of the classes &{°}(A) and
£04) (8 = 0), known for a normal operator A in a complex Hilbert space (see, e.g., [36]), are also generalized
to scalar type spectral operators in a complex Banach space. In particular [25, Theorem 5.1],

&) = | J Ealau)x,

a>0

, t > 0, understood in the sense of the Borel operational calculus (see, e.g.,

where
Ag:={AeCl||A|<a}, a>0.

We also need the following characterization of a particular weak solution’s of equation (1.1) with a scalar
type spectral operator A in a complex Banach space being strongly Gevrey ultradifferentiable on a subinterval
I 0of [0, o0).

Proposition 2.2 ([6, Proposition 3.2]).
Let A be a scalar type spectral operator in a complex Banach space (X, || - ||), 0 < B < oo, and I be a subinterval
of [0, o0). Then the restriction of a weak solution y(-) of equation (1.1) to I belongs to the Gevrey class &8} (I, X)
(&8I, X)) iff, foreach t € I,

y(t) € y3U }(A) (zg’(ﬁ)(A), respectively),

in which case, for everyn € N,
YO = A"y(0), tel.

3 Gevrey ultradifferentiability of weak solutions

The case of the strong Gevrey ultradifferentiability of the weak solutions of equation (1.1) with a scalar type
spectral operator in a complex Banach space on the open semi-axis (0, oo), similarly to the analogous setup
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with a normal operator A in a complex Hilbert space [1], significantly differs from its counterpart over the
closed semi-axis [0, o) studied in [6].
First, let us consider the Roumieu type strong Gevrey ultradifferentiability of order 8 = 1.

Theorem 3.1. Let A be ascalar type spectral operator in a complex Banach space (X, ||-||) with spectral measure
E4(-) and 1 < B < oo, Every weak solution of equation (1.1) belongs to the Bth-order Roumieu type Gevrey class
Fath ((0, 00), X) iff there exist b. > 0 and b- > 0 such that the set 0(A) \ 2P where

b_,b.’
P, = {A eC ‘ Re A <-b_|Im A|# or Re A= b,|Im A\l/ﬁ} ,
is bounded (see Figure 1).

ImA

1B

Rel

Figure 1: Gevrey ultradifferentiability of order 1 < 8 < oo.

Proof.

“If" Part. Suppose that there exist b, > 0 and b- > 0 such that the set g(4) \ ﬁf_’ b, is bounded and let
y(-) be an arbitrary weak solution of equation (1.1).

By Theorem 2.1,

y(t) = ef, t >0, with some f € ﬂD(em).
t=0

Our purpose is to show that y(-) € &8} ((0, 00), X), which, by Proposition 2.2 and (2.12), is attained by

showing that, for each t > 0, »

y(® € £ @)= | JpEe™).

s>0

Let us proceed by proving that, for each ¢ > 0, there exists an s > 0 such that
y(®) € D)

via Proposition 2.1.
For an arbitrary t > 0, let us set
s:=t(1+bF)y VB 50, (3.13)

Then, forany g" € X",

/ e etRe A qyr, g", 1) = / e etRe A ay(r, g, A)

o(4) o(ANT} .

1/p
+ SN etRe A qy(f, g%, A)

reo(ANPE | | -1<Re A<1
{ L] }
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1/ *
+ SN etRe A qy(r, g5, )

{reo@nzf , |re 21}

+ / SN ot Re A dv(f,g", A) < oo. (3.14)
{reonzf_, |Rre rs-1}
Indeed,
/ eS‘/\llmetRe A dV(f, g*,/l) < oo
oANZ) .

and B
1 *
es|}l| etRe/\dv(f’g ,/1) < oo

AGO(A)O@’S —-1<Re A<1
{ o] }

due to the boundedness of the sets

G(A)\ﬁzfi’b+ and {A co(A)n ’@lli,lu ‘ -1<Re A< 1},

the continuity of the integrated function on C, and the finiteness of the measure v(f, g*, 9.
Further, for an arbitrary ¢ > 0, s > 0 chosen as in (3.13), and any g~ € X,

oS ot Re Aauf, g, N)s / oSl Re Al+| Tm A|J% ¢ Re A av(f, g )
{reonzf_, |re 221} {reonzf_, |Re 21}
since, for A € 0(4) N 32’5 b withRe A > 1, b;ﬁ Re Af > [Im A[;

-B B 1/B
< / es[Re A+b} Re/\] etRe Adv(f, g*,)l)

reo(ANZ? | |Re Aot
b_,by

since, in viewof Re A 2 1 and 8 = 1, Re A > Re A

-8 1/B
- e (107) TR gy, g7, )

{)lea(A)ﬁﬁ"ﬁﬂb+ | Re /121}

N1B
_ / e[s(ubf’) +t} Re A dvF. g )

reo(ANP: | |Re A21
b_,by

since f € ﬂ D(e'*), by Proposition 2.1;
t=0

< oo, (3.15)

Observe that, for the finiteness of the three preceding integrals, the special choice of s > 0 is superfluous.
Finally, for an arbitrary ¢t > 0, s > 0 chosen as in (3.13), and any g € X",
oS tRe A av(f, g, M ' oSl Re A+ Im AJ7 tRe 2 av(f, g )
{reon#]_, |Rers-1} {reotn}_, |Rrers-1}
since, for A € g(4) N f}’fﬂm withRe A < -1, bP(~Re A)? » [Im AJ;

es [— Re A+bP(-Re A)ﬁ} e

< etRe A dV(f, g*, /\)
{reonzf , |Re rs-1}

since, in viewof —-Re A2 1and 8 =2 1, (-Re A)ﬁ >—Re A;
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< / es<1+b:ﬁ)l/ﬁ(_ Re A) ytRe 1 dv(f,g", A)
Aeo(A)n@E | | Re As-1
b_.,by

g\ 1/B
_ . [t—s(ub_ﬂ) } Re A av(f, g*’ 2

{reanz] , |Rers-1}

since s := (1 + b=P)"V/P (see (3.13));

_ / 1dv(f, g ) < / 1avif,g" 1) = vif, 8", o(A))
{reonzf_, |Rre rs-1} o(4)

by (2.6);

< 4M|f|g7]| < oo (3.16)

Also, for an arbitrary t > 0, s > O chosen as in (3.13), and any n € N,

sup S gt Re A dav(f,g", A
{g"eX" [ lg"lI=1}
{/IEU(A)

esIA|VB gt e /‘>n}

18
< sup S et Re A gy () g,
{g"eX" | llg"lI=1}

{AEU(A)\L@{LM esIAYB ot re A>n}

1/ *
+ sup eSS etRe A gy(f, g" 1)
{g"ex" | llg"lI=1}
{AEU(A)QQ?’&’IM ‘ “1<Re A<1, eslAIY/B ptRe /‘>n}

1/B *
+ sup S et Re A qy(f, g5, )
{g"ex" | llg"lI=1} y
{Aeo(A)ﬂ@f_‘m | Re As1, eslA|YP gtRe /‘>n}

g
+ sup / ST etRe A gy(r. g" )
{g"ex" | |lg"lI=1} )
(Ao}, |Re rs1, estPetie dsn}y

— 0, n— oo, (3.17)
Indeed, since, due to the boundedness of the sets
o(A)\ gﬁ,m and {/\ co(A)n 9’57@ ‘ -1<Re A< 1}
and the continuity of the integrated function on C, the sets

{A e o(A)\ 95_@ SN tRe Ay n}

and B
{)l € o(4)N 9’5 b, ’—1 <Red<1, e etRed, n}

are empty for all sufficiently large n € N, we immediately infer that, for any ¢ > 0 and s > 0 chosen as in (3.13),

. 8 .
lim sup s ptRe A dv(f,g ,A)=0
e gt eXt | |g* =1}

{reatanz}

esIA|VB gtRe A>n}

and
. 1/B *
lim sup ST gt Re A dv(f,g ,A) =0.
n=e fereXt | [|gh]=1}
{11»617(/1)F197’57‘b+ ‘ ~1<Re A<1, eslAIVF gtRe /‘>n}
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Further, for an arbitrary ¢ > 0, s > 0 chosen as in (3.13), and any n € N,

1/B *
sup esw etRe A dv(f,g ,)l)
{gex llgl-1} y
{Aeo(A)ﬂ@f_‘m | Re As1, eslAlY/P gtRe A>n}

asin (3.15);
[s(l+b;/3)1/ﬂ+t] Re 1 .
< sup e av(f,g ,A)

{g"ex" | llg"lI=1} y
{AEU(A)I’WA@f_'m | Re As1, eslA|/P gtRe A>n}

since f € ﬂ D(e™), by (2.7);
t=0

< sup  4M [l

{g"eX" | llg"lI=1}

Ey ({/1 eo(4)n ngﬂm ’Re As1, SN gtRe A n}) e[s(hb;ﬁ)l/ﬁ”}‘lf

E, ({/\ ca(4)n yﬁﬂm ‘Re Ax1, es\/\ll/ﬁetRe A Yl}) €|:s<1+b+ﬁ)l/ﬁ+t:|Af‘

<4M

by the strong continuity of the s.m.;

g\ 1B
— 4M ||E4 ((Zl)e[s(lmf) +t]Af =0, n— oo,

Finally, for an arbitrary t > 0, s > 0 chosen as in (3.13), and any n € N,

1/B *
sup ST etRe A qy(r 8" 1)
{g"ex" | llg"lI=1} .
{Aeon ], |Re rs1, et etie dsn}y

as in (3.16);
[t—s(1+b:ﬁ)1/ﬁ] Re A .
< sup / e av(f,g , )

{g"ex" | |lg"|I=1} )
{/\Elf(t‘l)ﬁﬁzfﬂb+ | Re A<—1, esltIV/B gtre ">n}

since s := t(1 + bP) "V (see (3.13));

*
= sup 1dv(f,g ,A)
{g"ex" | llg"lI=1}
{AEG(A)ﬂngﬂm ’ Re A<—1, eslAIA ptRe /‘>n}

by (2.7);

o B (Aot of Rz, o) ]

< 4M HEA ({}l e o(4)N 95,,b+ ’Re A<-1, e gtRed n})fH

by the strong continuity of the s.m.;
— 4M ||Eo (0)f]l =0, n — oo.
By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIIL.2.11 (f)]), (3.14) and (3.17) jointly
imply that, for any ¢ > 0,
f c D(eS|A\1/‘getA)
with s := (1 + b=P)"1/# > 0, and hence, in view of (2.12), foreach t > 0,
1B
y(0) = ef e | D) = £ (a).
s>0

By Proposition 2.2, we infer that
y() € ¢¥P3((0, 0), X),
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which completes the proof of the “if” part.

“Only if" part. Let us prove this part by contrapositive assuming that, for any b+ > 0 and b- > 0, the set
o(A) \ 957 b, is unbounded. In particular, this means that, for any n € N, unbounded is the set

a(A)\ 2P = {A € o(A) )—n’1| Im A|Y/# <Re A < n2|Im A\l/ﬁ} )

n-1,n2
Hence, we can choose a sequence {An}, ; of points in the complex plane as follows:
An € 0(4), neN,

-1 Im An[YP < Re Ay < n72|Im Aq|V, n e N,
Ao := 0, |An| > max|[n, |A4-1]], n € N.

The latter implies, in particular, that the points An, n € N, are distinct (A; # A;, i # j).
Since, for each n € N, the set

{A eC ] —n Y Im A|YP <Re A < n”?|Im A|Y#, |A| > max|n, Mn_1|]}
is open in C, along with the point A, it contains an open disk
An = {A € C||A=An| < &n}
centered at A, of some radius €, > 0, i.e., for each A € Ay,
-n"Im A|"# <Re A < n7?|Im A|"/# and |A| > max|n, [A,-1]]. (3.18)
Furthermore, we can regard the radii of the disks to be small enough so that

0<en<1, neN, and
n (3.19)
AinAj=0,i#j (ie., the disks are pairwise disjoint).
Whence, by the properties of the s.m.,
Es(A)DEp(4)) =0, i #],

where 0 stands for the zero operator on X.
Observe also that the subspaces E4(An)X, n € N, are nontrivial since

Anno(A) #0, neN,

with A, being an open set in C.
By choosing a unit vector en € E4(An)X for each n € N, we obtain a sequence {en},., in X such that

HenH =1, ne N, and EA(Ai)ej = 5,']'61', l,] S N, (3.20)

where §;; is the Kronecker delta.
As is easily seen, (3.20) implies that the vectors en, n € N, are linearly independent.
Furthermore, there exists an € > 0 such that

dn :=dist(en,span({e;|[ie N, i#n}))z¢e, neN. (3.21)
Indeed, the opposite implies the existence of a subsequence {d, }., such that
dpgy — 0, k — oo.
Then, by selecting a vector

faw €span ({e;|i €N, i#n()}), k€N,
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such that
lento = faoll < dngoy + 11k, k €N,

we arrive at
1= Hen(k)”Since’ bV (3'20)’ EA(An(k))fn(k) = 0;
= [[Ea(Qn)(€ngy = Frao)ll < IEa@nao)lllenqy = Frgo Y (2.5);
< Mllengy = faaoll € M [dpgy + 1/k] = 0, k — oo,

which is a contradiction proving (3.21).
As follows from the Hahn-Banach Theorem, for any n € N, there is an e, € X" such that

lenll =1, n € N, and (e;, €j) = 8;d;, i,j € N. (3.22)

Let us consider separately the two possibilities concerning the sequence of the real parts {Re An}5q: its
being bounded or unbounded.
First, suppose that the sequence {Re An}n; is bounded, i.e., there exists an w > 0 such that

|Re An| s w, n €N, (3.23)
and consider the element -
f:= Zk’zek cX,
k=1

which is well defined since {k’2 }1:1 € 13 (14 is the space of absolutely summable sequences) and ||ey|| = 1,
k € N (see (3.20)).
In view of (3.20), by the properties of the s.m.,

EA(UR A f = fand E4(A)f = k%ey, k € N. (3.24)

For an arbitrary t > Oand any g € X',

/ e ®eA du(f. g ) by (3.24);
o(A)

- / e R A dy(E, (U1 40f 82 D) by (2.9);

o(4)

=Y [ et avEaar.g 0 by (3.24);
k:lo(A)ﬂAk
- Z kK2 / e'®avie, g7, N
k=1 U(A)ﬂAk
since, for A € Ag;

by (3.23)and (3.19), Re A=Re A, + Re A-Re ) sRe A+ A=Ay sw+ e sw+ 1;

< efl@d) >k / 1dv(ey, g",A) = eV > k(e g7, M)

k=1 oA, k=1
by (2.6);
< @Dk 2aMlellig”| = 4Me @V g"| Yk < oo, (3.25)
k=1 k=1

Similarly, for an arbitrary t > 0 and any n € N,
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sup e'®rav(f, g, 1)

{g"ex" | llg"lI=1}
{A€0(4) | etke A>n}

< sup eflwrt) >k / ldv(ew g, )
x| lgtlmt
{g"ex" | llg"lI=1} k=1 {A€a(A) | et®e Asn}ray
by (3.24);
_ pt@+D) sup / 1dv(E4(A)f, 8, A)
Xt |ilg* =1
{g7ex" [ lg"|l }k=1{A€O_(A)|etRe A>n}ﬁAk
by (2.9);
-e@D  sup [ 1aECRarg
{g ex | ”g ”=1}{A€U(A) | et Re A)n}
by (3.24);
=e@  sup 1av(f,g", ) by (2.7);

g ex | |gh]=1
EELI o eiom

< efl@+D) sup 4M HEA ({A € a(A4) ’ effers n})fH I8
{g"ex" | lg"lI=1}

< 4Me"@+D HEA ({A € 0(A) ‘ elRe sy n})fH
by the strong continuity of the s.m.;
— 4Me"“*V |E4 (0)f[ = 0, n — oo. (3.26)
By Proposition 2.1, (3.25) and (3.26) jointly imply that

fe(Dle™),

t=0

and hence, by Theorem 2.1,
y(t) = ef, t20,

is a weak solution of equation (1.1).
Let

hi=) klereX, (3.27)
k=1
the functional being well defined since {k™%}%2, € I; and ||e;| = 1, k € N (see (3.22)).
In view of (3.22) and (3.21), we have:
(e, B°) = (ey, k%ex) = dyk? = k™%, k e N. (3.28)

Foranys > O,

/ es|/1|1//3 eRe A dV(f, h*, ) by (2.9) as in (3.25);

o(A)
= Z k2 / SN gRe A dv(eg, h", )
k=1 sa)na
since, for A € A, by (3.18), (3.23), and (3.19), |A| = k and
ReA=Re Ay -(ReAy-ReA)2Re Ay - |Re Ay —Re |z -w-g z2-w-1;

k—zesk”ﬂe—(wﬂ)v(ek’ n, Ay) = Z e—(w+1)k—2esk”ﬁ|<EA(Ak)ek’ h*>|
k=1

M

T
N
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by (3.20) and (3.28);

> Z ge @Dtk _ (3.29)
k=1

By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIIL.2.11 (f)]), (3.29) implies that, for
anys > 0,
f e D™ ed),

and hence, in view of (2.12), /
1
y(1) = ef ¢ | D) = 1) ().

s>0

By Proposition 2.2, we infer that the weak solution y(t) = e!Af, t > 0, of equation (1.1) does not belong
to the Roumieu type Gevrey class &£} ((0, oo), X), which completes our consideration of the case of the
sequence’s {Re A, };-; being bounded.

Now, suppose that the sequence {Re A, };-; is unbounded.

Therefore, there is a subsequence {Re A, } 2, such that

Re An(k) — oo 0r Re An(k) —r —09Q, k — oo.

Let us consider separately each of the two cases.
First, suppose that
Re An(k) — 0o, k — oo.

Then, without loss of generality, we can regard that
Re A, 2k, ke N. (3.30)

Consider the elements
oo _ oo _M
fi=N embRe hwe, 4y € Xand h := Z ez Rhwe )€ X,

k=1 k=1

well defined since, by (3.30),

{e—n(k) Re An(k) }oo {e—w Re An(k) }oc e ll
k=1 k=1

and |[e, |l = 1, k € N (see (3.20)).
By (3.20),
EA(Uzc;lAn(k))f =fand EA(An(k))f = e_”(k) Re A"“)en(k), k S N, (331)

and
n(k)
EA(U?;]An(k))h = hand EA(An(k))h =e 2 Re A”“"en(k), k e N. (332)

For an arbitrary t > Oandany g* € X",

/ e R A dy(F, ") M) by (2.9) as in (3.25);
o(A)

_ i o0 Re Ay / % A dy(eny. ' A)
k=1 (AN Ay
since, for A € A,), by (3.19), Re A = Re A,y + (Re A = Re A,y))
<Re Ay + A=Ayl < Re Ay + 15

<

e—n(k) Re An(k)et(Re Ao *+1) / 1 dv(en(k), g*’ /\)

G(A)ﬁﬂn(k)

LS

k=1
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= ety et huyie, i, g, A,g) by (2.6);
k=1
~[n(k)-t]Re A * * ~[n(k)-t]Re A
<ety e MOIRe hwane, || = 4Me'|lg"| Y e IR Ao
k=1 k=1
< oo, (3.33)

Indeed, for all k € N sufficiently large so that
nk)=t+1,

in view of (3.30),

o 0=tk Ay _ ok

Similarly, for an arbitrary t = O and any n € N,

sup e®elav(f, g",A)

{g7ex" | |lg"|I=1}
{Aco(4) | etRe A>n}

< sup el Y e lb-Re Ay / 1dv(e,gy, 8 > A)

x| et el '
fereX 1lg"lI=1} {Acota) | % >}y,

oo

n(k) n *
et sup o[ t] Re Ay -1 Re A / 1dv(engy, g5 )
{g"ex" | llg"lI=1} 7 4
{A€a(4) | etRe A>n}nA gy
[t _
since, by (3.30), there is an L > 0 such that e [ z t] Re by L, keN;
<Lef sup Z e P Re Augy / 1dv(e,g, g N
{g'ex" | llg"lI=1} %
{AGU(A) | etRe A>n}ﬂA"(k>
by (3.32);
= Le! sup / 1dV(E4(Angp)h. 85 A)
X | |g* =1} 52 .
{g"ex" | llg"lI=1} k=1 o) | e®e nhng
by (2.9);
_Le'  sup / 1 dv(EA(UT 1 A, 7 )
{g"ex" | |lg"lI=1}
{A€a(4) | etRe A>n}
by (3.32);
=Le! sup 1dv(h,g", ) by (2.7);

gex | g|=1
{ }{Aeo(A) | etRe Asn}

<Le' {g’ex§l\1\|pg'\|=1}4M HEA ({/1 € o(4) ‘ elRe s n}) hH g’

< 4LMe'||E4({A € a(A) | 'R 1 > n))n||
by the strong continuity of the s.m.;
— 4LMe" |[E, (D) h|| = 0, n — oo. (3.34)

By Proposition 2.1, (3.33) and (3.34) jointly imply that

fe(DE™,

t=0
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and hence, by Theorem 2.1,
y(6) = ef, t20,

is a weak solution of equation (1.1).
Since, for any A € 4,), k € N, by (3.19), (3.30),

Re A =Re An(k) - (Re An(k) - Re /1) > Re An(k) - ‘ Re An(k) -Re /\l
> Re An(k) - sn(k) > Re An(k) - 1/n(k) 2k-120

and, by (3.18),
Re A < n(k)™2|Im A|2,

we infer that, forany A € 4,¢, k € N,
2 B 2 B
Al 2 [Im A| = [n(k) Re A} > [n(k) (Re Aygo - 1/n(0)|" .
Using this estimate, for an arbitrary s > 0 and the functional h* € X defined by (3.27), we have:

/ SN qu(f, n*, 0) by (2.9) as in (3.25);
a(A)

M M 11

) 1B *
e n(k) Re Ay / esw1 dv(en(k)’ h, )

O'(A)ﬁAn(k)

e*n(k) Re An(k)esn(k)z(Re An(k)*l/n(k))v(en(k)’ h*, An(k))

e—n(k) Re An(k)esn(k)z(Re Angy—1/n(k)) [(E4 (An(k))en(k)’ h*H

~
Il

1
by (3.20) and (3.28);

> 8e(sn(k)—1)n(k) Re A,,(k)—sn(k)n(k)—z = oo, (3.35)
k=1

Indeed, for all k € N sufficiently large so that
sn(k)2s+2,

in view of (3.30),

e(sn(k)—l)n(k)Re /l,,(k)—sn(k)n(k)—z > e(s+1)n(k)—sn(k)n(k)—2 — en(k)n(k)—z — oo, k — oo.

By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIII.2.11 (f)]), (3.35) implies that, for
any s > 0,
e DA e,

which, in view of (2.12), further implies that

y(1) = e*f ¢ | D) = 41 a).

s>0

Whence, by Proposition 2.2, we infer that the weak solution y(t) = eff, t = 0, of equation (1.1) does not
belong to the Roumieu type Gevrey class & £} ((0, 00), X).
Now, suppose that
Re A,y = —o0, k — o0
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Then, without loss of generality, we can regard that
Re An(k) < —k, k € N. (336)

Consider the element -
f = Zk"zen(k) eX,
k=1
which is well defined since {k™2}32; € l; and ||e | = 1, k € N (see (3.20)).
By (3.20),
EA(U?;lAn(k))f =f and EA(An(k))f = k_zen(k), ke N. (337)

For an arbitrary = O and any g* € X~

/ e A qy(f, g, ) by (2.9) as in (3.25);
o(A)

k2 / e'® M avie g, 87 N
k=1

G(A)mAn(k)
since, for A € A, by (3.36) and (3.19),
Re A =Re /‘n(k) + (Re A-Re An(k)) <Re /‘n(k) + |A - /\n(k)| <-k+1¢< 0;
< Z k2 / 1dv(en)» g, = Z k"zv(en(k), g, An) by (2.6);
e k=1
<Y K 2aMlley gl = 4Mllg"( Y k7 < oo (3.38)
k=1 k=1

Similarly, for an arbitrary t > 0 and any g* € X",

sup e'®rdv(f, g’ A)

{g7ex" | llg"|I=1}
{A€0(4) | etke A>n}

< sup Z k2 / 1dv(en» g,

{e'eX | lIs"lI=1} =
k=1 {/‘GO'(A) | etRe A>Yl}ﬂAn(k]

by (3.37);
< sup / 1 dv(EA(Byo)fr g )
et | latled
EETIEI T e ngea,
by (2.9);
= sup 1 dv(Es(Uil1 A0S s g, by (3.37);
{g"ex" | llg"lI=1}
{A€a(A) | etRe A>n}
= sup 1dv(f,g", ) by (2.7);

{g"ex" | llg"lI=1}
{A€o(A) | etRe Asn}

: {g*ex§l|1\1|og*u=1}4MHEA ({A € o(4) ‘ etfe > ”})fH Ig’ll

< 4M|[Es({A € o(A) [ " > n})f]|
by the strong continuity of the s.m.;
— 4M||E4 (D) f|| =0, n — oo. (3.39)
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By Proposition 2.1, (3.38) and (3.39) jointly imply that
fe(\ D™,

t=0

and hence, by Theorem 2.1,
y(6) == e"f, t20,

is a weak solution of equation (1.1).
Let

h* = Z kize;(k) S X*, (3.40)
k=1
the functional being well defined since {k‘z};‘;1 € ly and He;(k)H =1, k € N (see (3.22)).
In view of (3.22) and (3.21), we have:
(€niir 1) = (€nay» K 2 €p) = dpgok > 2 €k, ke N. (3.41)
Since, forany A € A,), k € N, by (3.36) and (3.19),

Re A =Re An(k) + (Re A-Re An(k)) <Re An(k) + ‘ Re A -Re An(k)'
<Re Apgy + €qy < -k +1<0 (3.42)

and, by (3.18),
-n(k)}Im A|Y2 <Re A,

we infer that, forany A € 4,, k € N,
IA| = [Im A| > [n(k)(-Re A)}ﬁ.

Using this estimate, for an arbitrary s > 0 and the functional h" € X defined by (3.59), we have:

/ e GRe X gy(r 1t ) by (2.9) as in (3.25);

o(A)

=\ k2 / SN gRe 2 dv(engy, b, A)
k=1 (AN Ay

>3k / elsn®EReD gye, 19, BT, A) = oo (3.43)
k=1 (AN Ay

Indeed, for all k € N sufficiently large so that

sn(k) = 2,
we have:
k—Z e[sn(k)—l](— Re A) dv(en(k)’ h*, /1) > k—2 / e Re A dv(en(k)y h*’ /\)
oA o(A)N Ay

by (3.42);

> 2k / 1dv(eny, h',A) = k’zek"lv(en(k), n, Ay)

a(A)N A
> k2" (Ea(Any)engo B by (3.20) and (3.41);
> ek *ef ! S oo, k — oo,
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By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIIL.2.11 (f)]), (3.43) implies that, for
anys > 0,
f gD e,

which, in view of (2.12), further implies that

y(@) = e ¢ | D™ = 6 a).

s>0

Whence, by Proposition 2.2, we infer that the weak solution y(t) = e'Af, t > 0, of equation (1.1) does not
belong to the Roumieu type Gevrey class &8} ((O, 00), X), which completes our consideration of the case of
the sequence’s {Re An},.; being unbounded.

With every possibility concerning {Re A, };-; considered, the proof by contrapositive of the “only if" part
is complete and so is the proof of the entire statement. O

For 8 = 1, we obtain the following important particular case.

Corollary 3.1 (Characterization of the analyticity of weak solutions on (0, o)). Let A be a scalar type spectral
operator in a complex Banach space (X, | - ||). Every weak solution of the equation (1.1) is analytic on (0, o) iff
there exist by > 0 and b- > 0 such that the set a(A) \ z@;ﬂ b,» Where

@l}_,m :={1e€C|ReAd=<-b_|ImAjor Re Az b,|Im A|},

is bounded (see Figure 2).

Figure 2: The case of § = 1.

Remark 3.1. Thus, we have obtained a generalization of [1, Theorem 4.2], the counterpart for a normal
operator A in a complex Hilbert space, and of [2, Theorem 5.1] (cf. [3]), a characterization of the generation
of a Roumieu type Gevrey ultradifferentiable Co-semigroup by a scalar type spectral operator A.

Now, let us treat the Beurling type strong Gevrey ultradifferentiability of order > 1. Observe that the case of
entireness (B = 1) is included in [6, Theorem 4.1] (see also [6, Corollary 4.1]).

Theorem 3.2. Let A be a scalar type spectral operator in a complex Banach space (X, || - ||) with spectral
measure E,(-) and 1 < B < oo. Every weak solution of equation (1.1) belongs to the Bth-order Beurling type
Gevrey class &P ((0, o0), X) iff there exists a b+ > 0 such that, for any b- > 0, the set 6(A) \ @fﬁ b where

P = {A eC ‘ Re A< -b_|Im A|# or Re A = b.|Im A\l/ﬁ} :

is bounded (see Figure 1).
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Proof.
“If" Part. Suppose that there exists a b+ > 0 such that, for any b- > 0, the set a(4) \ 9’57’ b is bounded
and let y(-) be an arbitrary weak solution of equation (1.1).
By Theorem 2.1,
y(t) = e"4f, t > 0, with some f € ﬂD(e’A).
t=0

Our purpose is to show that y(-) € &P ((0, o0), X), which, by Proposition 2.2 and (2.12), is attained by

showing that, for each t > 0, ”
y(®) € 6% (a) = (M D).

s>0

Let us proceed by proving that, forany ¢ > 0and s > 0,
/
y(® € D(esI™)

via Proposition 2.1.
Since B > 1, for any b- > 0, there exists a c(b-) > O such that

x < bPxP, x s c(bo). (3.44)
Fixing arbitrary t > 0 and s > 0, since b- > 0 is random, we can set

b-:=2YBst 15 0, (3.45)

such a peculiar choice explaining itself in the process.
For arbitrary t >0 and s > 0, b > 0 chosen as in (3.45), and any g" € X",

/ eswl/ﬂetRe A dV(f, g*,/l) _ / es\/\|1/ﬁetRe A dV(f, g*’/\)
o(4) oA\,
* / e et L avif, g, )
{reonzf_, |-cb)<ke 2<1}
+ SN gtRe 2 av(f,g", A)
{AGG(A)ﬂgzgﬂbJr ’Re /121}
/ *
+ esl/\\lﬁetRe Adv(f,g L) < oo (3.46)

{reonzf_, |Re rs-c(v)}

Indeed,
/ eSMll/ﬁetRe A dv(f, g*’ /l) < oo

oA\NZ} .

and /
1/B *
eSMl etReAdV(f,g ,A) < oo

Aeo(A)n@E | | -c(b-)<Re A<t
{ Lol }

due to the boundedness of the sets

o(A)\ ‘ng,,ln and {A co(A)n 5357@ ‘ —c(b_) <Re A< 1} ,

the continuity of the integrated function on C, and the finiteness of the measure v(f, g*, 9.
Further, for arbitrary t > 0, s > 0, b- > 0 chosen as in (3.45), and any g~ € X",
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1/B *
eS|M etRe A dV(f,g ,/].)

{AEU(A)O@?_'I“ | Re /121}

< oSlIRe Al+|Im A\]I/ﬂetRe A av(f, g*, A

{Aeo(A)ﬂ@ﬁﬂh ‘ Re /121}
since, for A € o(4) N 957 b, withRe A2 1, b;ﬁ Re A8 > [Im A[;
}1//3

-B B
es [Re A+b.” Re A etRe A dV(f, g*’ /‘)

<
Aeo(A)FL@ﬁ? Re A>1
b_.,by

since, in viewof Re A = 1 and 3 > 1, Re AP > Re A
-8 1/B N
< es<1+b+ ) Re AetRe A dv(f,g ,/1)

{reonzf_, |re 221}

_ / L) P red ey

{reonzf_, |re 21}

since f ¢ ﬂ D(e™), by Proposition 2.1;
t=0

< oo, (3.47)

Observe that, for the finiteness of the three preceding integrals, the choice of b- > 0 is superfluous.
Finally, for arbitrary ¢ > O and s > 0, b- > 0 chosen as in (3.45), and any g* € X",

1/B
eS|M etRe A dV(f, g*’A)

{reonz}_, |Re rs-c(v)}

< eSURe AL+ m AP otRe A gyp o 3
{reorn}_,, ‘ Re As=c(b-)}
since, for A € o(4)n 24 », With Re A < —c(b-), bP(-Re )F = |Im AJ;

es {— Re A+bA(-Re A)ﬁ] e

< e'®rav(f,g", )
{reonzf_, |Re rs=c(v)}

since, in view of Re A < —c(b-), by (3.44), bB(-Re M)f > -Re A;
g\ 1B
< eS(Zb’ﬁ) (-Re A)etRe A dV(f, g*’ /1)

{/IGU(A)ﬁ,@l;_’b+ ‘ Re }ts—c(b,)}

e [t—szl/ﬂbjl] Re A

_ av(f,g", A)

{reonzf , |Re rs-cv)}

since b_ := 2YFst1 > 0 (see (3.45));

= / 1dv(f,g", M) < / 1dv(f,g", )
{AEU(A)H@&JM ‘ Re As—c(b,)} o(4)
= V(fa g*y U(A)) by the (2.6);

< 4MJ|f|[Ig"]| < oo. (3.48)
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Also, for arbitrary t > O and s > 0, b— > 0 chosen as in (3.45), and any g € X",

sup SN gt Re A av(f,g", A)
{g"ex" | llg"lI=1}
{Aea(A)

esIA|M/B gtre A>n}

18 .
< sup e etRe A gy (r, ", A)

{g"ex" [ llg"lI=1}
{reoanf_,,

esIA|1/B otre }l>n}

1/ *
+ sup SN etRe A qy(r, g5, )
{g"ex" | llg"lI=1} y
{Aeo(A)ﬁ?}”f_.h ‘ —c(b_)<Re A<1, eslAIB gtRe /‘>n}

1/ *
+ sup ST gt Re A dv(f,g ', A)
{g"ex" | lg"lI=1} )
{/16c7(/4)r132’l‘:lj+ ‘Re A1, eslA P etre ">n}

1/ *
¥ sup SN etRe A gy (r, g%, )
{gex" | llg"|I=1}
{AGU(A)Q@Q,M ‘ Re As—c(b_), esAIV/P tRe ">n}

— 0, n — oo. (3.49)
Indeed, since, due to the boundedness of the sets
a(A)\ ‘@{i,m and {/1 co(d)n ‘@{i,m ‘ —c(b-) <Re A< 1}
and the continuity of the integrated function on C, the sets
{/1 € o(A)\ gﬁ,m ‘ S gtRe Ay n}

and
{A eo(4)n 5357 b, ‘—c(b-) <ReA<1, oSN ptRe A n}

are empty for all sufficiently large n € N, we immediately infer that, for any ¢ > 0, s > 0 and b- > 0 chosen as
in (3.45),
lim sup S ot Re A gy o 1) =0

" fgrex | llgtl-1}
{reaanz}

esIA|1/B ot Re A>n}

and /
. 1p
lim sup / S etRe A gy " 1) = 0.
T fgrext | llgtll=1} )
{/tea(A)ﬁﬁ}gﬂb+ ‘ —c(b_)<Re A<1, esIAIYF gt Re ">n}

Further, for arbitrary t > 0, s > 0, b— > 0 chosen as in (3.45), and any g* € X",

" 1/B
sup ST et Re A gy, g, N
{g"ex" | llg"|I=1}
{Aea(A)ﬁgz’fﬂm | Re As1, esIA VP gt Re /‘>n}

as in (3.47);

-8 1/B
g sup / o [s(1+b+ ) +t} Re A avf, g*, )

{g"eXx" | llg"|I=1} y
{Aea(A)nﬂ’,’f_,,“ | Re As1, esltI/P gtRe /‘>n}

since f € ﬂD(etA), by (2.7);
t=0

Ep ({A co(A)n ‘@lli,m ‘Re As1, SN gtRedy n}) e[s(1+b;ﬁ)l/’8+t] f‘

< sup  4M I8

{g’eX" | llg"lI=1}
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<4M | Ea ({/\ coA)n , ‘Re As1, SN gtRe Ay n}) e[S(Hb:“)””H]Af

by the strong continuity of the s.m.;

s(1+b7f 1/ﬁJr
— 4M EA((Z))e[(l %) t}Af =0, n — oo.

Finally, for arbitrary t > 0 and s > 0, b— > O chosen as in (3.45), and any g* € X~,

1/ *
sup SN etRe A gqy(r, g5, )
{g"ex" | llg"lI=1} )
{AeU(A)ﬂé?’lb}_’m ‘ Re As—c(b.), esMIV/P gtRe ">n}

asin (3.48);

e [t—szllﬁb:q Re A

< sup av(f,g", )

{g"ex" | llg"lI=1} )
{/lEtr(A)ﬁ@fﬂb+ | Re A<—c(b_), eslAl /B gt Re ">n}

by the choice of b- > 0 (see (3.45));
- sup / 1dv(f,g", )

{g"eX" | llg"lI=1}
{reon ], |Re As—c(b-), esitPerre Aon}
by (2.7);

e (Aot oL [Reds e, " ) i

<4M HEA ({/\ co(A)n gﬁ,m ‘ Re A< —c(b.), eSM" gtRe Ay n})fH
by the strong continuity of the s.m.;
— 4M||E4 (0)f]| = 0, n — oo.

By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIIL.2.11 (f)]), (3.46) and (3.49) jointly
imply that, forany ¢t > 0and s > O, )
f c D(eS\A| ﬁetA)’

which, in view of (2.12), further implies that, for each t > 0,
y(®) = e'f e (D™ - 6P (a),
s>0

Whence, by Proposition 2.2, we infer that
y() € 8P((0, ), X),

which completes the proof of the “if” part.

“Only if" part. Let us prove this part by contrapositive assuming that, for any b. > 0, there existsa b- > 0
such that the set 0(4) \ 32‘57, b, is unbounded.

Let us show that, under the circumstances, we can equivalently set the following seemingly stronger
hypothesis: there exists a b- > 0 such that, for any b. > 0, the set o(4) \ 9’57’ b is unbounded.

Indeed, under the premise, there are two possibilities:

1. For some b- > 0, the set
{/1 € o(4) ’ “b_{Im AP <Re A< o}

is unbounded.
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2. Forany b- > 0, the set
{A € a(4) ‘ —b_|Im A|# <Re A < 0}

is bounded.

In the first case, as is easily seen, the set o(4) \ 3”57 b is also unbounded for some b- > 0 and any b, > O.
In the second case, by the premise, we infer that, for any b. > 0, unbounded is the set

{)l c a(4) ‘o <Re A< by|Im A|M/A } :

which makes the set o(4) \ (@57 b unbounded for any b- > 0 and b, > 0.
The foregoing equivalent version of the premise implies, in particular, that, for some b- > 0 and any
n € N, unbounded is the set

o)\ 7 = {/1 € a(4) (—b,um AME <Re A< n?|Im A\l/ﬁ} .

b_,n2
Hence, we can choose a sequence {A,},; of points in the complex plane as follows:

An € U(A), neN,
—b_|Im An|”P <Re Ay < n72|Im AV, n e N,
Ao := 0, |An| > max|[n, |A,-1]], n € N.

The latter implies, in particular, that the points A, n € N, are distinct (A; # A;, i # j).
Since, for each n € N, the set

{A eC \ ~b_|Im A|*? <Re A < n7?|Im A|Y, |A| > max]n, |An71|]}
is open in C, along with the point Ay, it contains an open disk
An:={A e C||A-An| < &n}
centered at A, of some radius €, > 0, i.e., for each A € A,
~b_|Im A/ <Re A < n”?|Im AV and |A] > max [n, [Ap-1]]. (3.50)
Furthermore, under the circumstances, we can regard the radii of the disks to be small enough so that

0<en<1, neN, and
n (3.51)
AinAj=0,i#j (ie., thedisks are pairwise disjoint).
Whence, by the properties of the s.m.,
E4(A)Ex(4)) =0, i #],

where 0 stands for the zero operator on X.
Observe also that the subspaces E4(An)X, n € N, are nontrivial since

Anno(A)#0, neN,

with Ay, being an open set in C.
By choosing a unit vector e, € E4(An)X for each n € N, we obtain a sequence {en }..; such that

\|en|| =1, ne N, and EA(Ai)ej = 6,']'61', i,j S N, (3.52)

where §;; is the Kronecker delta.
As is easily seen, (3.52) implies that the vectors en, n € N, are linearly independent.
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Furthermore, there exists an € > 0 such that
dn :=dist (en,span({e;|i € N, i #n})) 2 ¢, n € N, (3.53)
Indeed, the opposite implies the existence of a subsequence {dn(k) };il such that
dpgy — 0, k — oo.
Then, by selecting a vector

faw €span ({e;|ieN, i#n(k)}), keN,

such that
llenty = fatoll < dngo + 11k, k €N,

we arrive at

1= Hen(k)H since, by (352), EA(An(k))fn(k) =0;
= [[Ea(ng)(eny = Faa)ll < IEa@ng)llIengy = Frgol by (2.5);
SM”en(k)—fn(k)H SM[dn(k)+1/k} — 0, k—>oo,

which is a contradiction proving (3.53).
As follows from the Hahn-Banach Theorem, for any n € N, there is an e, € X" such that

lenll =1, n €N, and (e;, e;> =6;d;, i,j €N, (3.54)

Let us consider separately the two possibilities concerning the sequence of the real parts {Re An};: its
being bounded or unbounded.

The case of the sequence’s {Re An}n.q being bounded is considered in absolutely the same manner as
the corresponding case in the proof of the "only if" part of Theorem 3.1 and furnishes a weak solution y(-) of
equation (1.1) such that

y(1) ¢ £ (a).

Hence, by Proposition 2.2, y(-) does not belong to the Roumieu type Gevrey class &8} ((O, 00), X), and
the more so, the narrower Beurling type Gevrey class &P ((O, 00), X)

Now, suppose that the sequence {Re A, },-; is unbounded.

Therefore, there is a subsequence {Re A, }72, such that

Re An(k) — oo 0r Re /\n(k) —r —00Q, k — oo.

Let us consider separately each of the two cases.
The case of
Re /‘n(k) — 09, k — oo

is also considered in the same manner as the corresponding case in the proof of the “only if" part of Theorem
3.1, and again furnishes a weak solution y(-) of equation (1.1) such that

y(1) ¢ £B(a).

Hence, by Proposition 2.2, y(-) does not belong to the Roumieu type Gevrey class Fath ((O, 00), X), let
alone, the narrower Beurling type Gevrey class &P ((0, 00), X )
Suppose that
Re A,y — —o0, k — oco.

Then, without loss of generality, we can regard that

Re An(k) < —k, k e N. (3.55)
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Consider the element

f = Zkizen(k) €X,

k=1
which is well defined since {k™2}32; € l; and ||e | = 1, k € N (see (3.52)).
By (3.52),
EA(UR14,00)f = fand Eq(Ayq0)f = k% enq, k € N. (3.56)
For arbitrary t > O and any g* € X',
/ e A dy(f, g ) by (2.9) as in (3.25);
o(4)
- Z kK2 / el Re A dvien, 8 » N
k=1 (AN Ay
since, for A € A, by (3.55) and (3.51),
Re A =Re An(k) + (Re A—Re An(k)) < Re An(k) + |A - An(k)| <-k+1¢< 0;
< Z k2 / 1dv(en)» g, A= Z k‘zv(en(k), g, Ayy) by (2.6);
1 ahan k=1
< K 2aMlleplllg’l = 4Mlg" || >k < oo, (3.57)
k=1 k=1

Similarly, for arbitrary t > 0 and any g* € X,

sup e'® A av(f, g", ) asin (3.57);
x| 2|11
{g gl }{AGU(A”e[RMm}
,2 *
< sup k / ldv(eny,8 A
(g'ex" | |g']=1} ; "

{A€a(4) | etRe A>n}nA, g

by (3.56);
= Sup Z / 1 dV(EA (An(k))f’ g*) A)
{gex |gl=1} '
{AG(T(A) | etRe A>n}ﬂAn(k)
by (2.9);
_ sup / 1 dV(EAUT )-8+ A) by (3.56);
{g'ex'||lg"[I-1}
{A€0(A) | etRe A>n}
= sup 1dv(f,g", M) by (2.7);

gex | |g =1
{ Higl }{Aeo(A)|efReA>n}

< {gkex:c"‘lupg«nzl}‘*MHEA ({A € a(A) ’ elRe s n})fH Ig"]l

< 4M||E4({A € o(A) | etRe A > n})f||
by the strong continuity of the s.m.;
— 4M[|E4 () f]| = 0, n — eo. (3.58)

By Proposition 2.1, (3.57) and (3.58) jointly imply that

fe(\Dle™),

t=0
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and hence, by Theorem 2.1,
y(t) = ef, t20,

is a weak solution of equation (1.1).
Let

W= kKleyeX, (3.59)
k=1
the functional being well defined since {k™?}%2, € I; and ||e;(k)|| =1, k € N (see (3.54)).
In view of (3.54) and (3.53), we have:
<en(k), h*> = <€n(k), k72€;(k)> = dn(k)k72 > 8](72, k e N. (360)
Since, forany A € 4,4, k € N, by (3.55) and (3.51),

Re A = Re A,y + (Re A —Re A,)) < Re A,y +|Re A —Re A,
<Re Ay +Eppy s —k+1<0 (3.61)

and, by (3.50),
~b_|Im A|'/# <Re A,

we infer that, forany A € Ao keN,
1 B
A= |Im Al 2 [b, (-Re /\)} .

Using this estimate, for
s:=2b_->0 (3.62)

and the functional h* € X" defined by (3.59), we have:

/ es|/1|1/ﬁ eRe A dV(f, h*, A) by (2.9) asin (3.25);
o(A)
_ Z k—Z eSM|1/ﬂeRe A dV(en(k), h*,/l)
k=1 (A)NA
> Z K2 / e[sbjl—ll(— Re A) dv(en(k)’ h*, A)
k=1 p
since s := 2b_ > 0 (see (3.62));
~N\ k2 / o Red dv(engo» ) by (3.61);
(A)NA

v

M1 I I M

k2ek ! / Ldviengy, h's D) = > ke ey, b, Ayg)

a(A)NA g k=1
> k2 M (Ealng)enios 1) by (3.52) and (3.60);
> ek ek ! = oo, (3.63)

o
R

By Proposition 2.1 and the properties of the o.c. (see [15, Theorem XVIIL.2.11 (f)]), (3.63) implies that

¢ DA et)
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with s = 2b_ > 0, which, in view of (2.12), further implies that

y(1) = ef ¢ (D) = 6P ).

s>0

Whence, by Proposition 2.2, we infer that the weak solution y(t) = e'Af, t = 0, of equation (1.1) does not
belong to the Beurling type Gevrey class &) ((O, o), X), which completes our consideration of the case of
the sequence’s {Re A, },-; being unbounded.

With every possibility concerning {Re A, };-; considered, the proof by contrapositive of the “only if" part
is complete and so is the proof of the entire statement. O

Remark 3.2. Thus, we have obtained a generalization of [1, Theorem 4.3], the counterpart for a normal
operator A in a complex Hilbert space, and of [4, Corollary 4.1], a characterization of the generation of a
Berling type Gevrey ultradifferentiable Cy-semigroup by a scalar type spectral operator A.

4 Inherent Smoothness Improvement Effect

Now, let us see that there is more to be said about the important particular case of analyticity (3 = 1) in
Theorem 3.1 (see Corollary 3.1).

Proposition 4.1. Let A be a scalar type spectral operator in a complex Banach space (X, || - ||). If every weak
solution of equation (1.1) is analytically continuable into a complex neighborhood of (0, oo) (each one into its
own), then all of them are analytically continuable into the open sector

Zp:={AeCl|argA| <6} \ {0}

with
6:=sup{0<¢@<m/2|{Aco(A)|ReA<0, |argA| <m/2 + ¢} is bounded},

where -7t < arg A < 1 is the principal value of the argument of A (arg O := 0).

Proof. By Corollary 3.1, the analyticity of all weak solutions of equation (1.1) on (0, oo) is equivalent to the
existence of by > 0 and b- > 0 such that the set

0(A)\ {1 € C|Re < -b_|Im A or Re 2 b.|Im A}

is bounded (see Figure 2).
As is easily seen, this implies, in particular, that the set

@:={0<p<n/2|{Aca(A)|Re A<0, |argA| < 71/2 + ¢} isbounded} # 0.

For any ¢ € @,
A=A, +A;,

where the scalar type spectral operators A, and Ay, are defined as follows:
Ay :=AE, ({Aco(4)||argA| = 7/2+ p}),
Ay = AE, ({A e o(A)||argA| < /2 +p})

(see [15, Theorem XVIII.2.11 (f)]).
By the properties of the o.c. (see [15, Theorem XVIIL.2.11 (h), (c)]), for any ¢ € @,

o(Ay) C {Ae U(A)| |argA| > /2 + @} U {0},
o(Ay) C{Ae O(A){ |argA| < /2 + @} .
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Hence, by [12, Proposition 4.1] (cf. also [2]), for any ¢ € @, the operator A, generates the Co-semigroup

{em;’ } of the operator exponentials (see Preliminaries) analytic in the open sector
t=0

Zp:={AeClargA < ¢} \{0}

(see also [9]).
As follows from the premise, for any ¢ € @, the set

0(Ap)\{A € C|Re A= b,|Im A},
is bounded, which, by [6, Corollary 4.1], implies that all weak solutions of the equation
y'(t) = Apy(D), t=0,
i.e., by Theorem 2.1, all vector functions of the form
y(t) = e f, t20,f € ﬂD(etA;)
t=0
are entire.
By the properties of the o.c. (see [15, Theorem XVIIL.2.11]),
e = et 1ot 1, t>0.
In view of the fact that
D) =X, t=0,

for each
f e\ D) = (D),
t=0 t=0
the vector function
y(t) = [etA; - I} f, t=0,

is entire, whereas the vector function
y-(t) == e"of, t=0,

is analytically continuable into the open sector Xy, which makes the vector function
y(0) = ef =y +y.(0), t20,

to be analytically continuable into the open sector Xy.
Considering that
p € @andf e ﬂD(etA)
t=0
are arbitrary, by Theorem 2.1, we infer that every weak solution of equation (1.1) is analytically continuable
into the open sector
2g:={AeC]||arg]| < 6}\ {0}

with 0 := sup @. O
Remarks 4.1.

— Thus, we have obtained a generalization of [1, Proposition 5.2], the counterpart for a normal operator A
in a complex Hilbert space.

- It is noteworthy that Corollary 3.1 (i.e., Theorem 3.1 with 8 = 1) and Proposition 4.1 with 6 = 71/2 apply
to equation (1.1) with a self-adjoint operator in a complex Hilbert space, which implies that, for such an
equation, all weak solutions are analytically continuable into the open right half-plane

{1 C|Re >0}

(see [1, Corollary 5.1] and, for symmetric operators, [1, Theorem 6.1]).
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5 Concluding remark

Due to the scalar type spectrality of the operator A, Theorems 3.1 and 3.2 are stated exclusively in terms of the
location of its spectrum in the complex plane, similarly to the celebrated Lyapunov stability theorem [40] (cf.
[9, Ch. I, Theorem 2.10]), and thus, are intrinsically qualitative statements (cf. [5, 6, 41]).

Acknowledgments: The author extends sincere gratitude to his colleague, Dr. Maria Nogin of the Department
of Mathematics, California State University, Fresno, for her kind assistance with the graphics.
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