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Abstract: The purpose of this manuscript is to study some properties on meromorphic solutions for several
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1 Introduction and main results

Around 2006, Halburd-Korhonen [1] and Chiang-Feng [2] established independently some important fun-
damental results of Nevanlinna theory about the complex difference and difference operators. After their
wonderful work, considerable attention has been paid in studying complex difference equations, and a lot
of important and interesting results (see [2-4]) focusing on complex difference equations and difference
analogues of Nevanlinna theory were obtained. Halburd-Korhonen [1, 5, 6] studied the equation

fz+1)+f(z-1) =R(z,f), 1.1)

where R(z, f) is rational in f and meromorphic in z, and they singled out the difference Painlevé I equation

az+b

z+1)+f(z-1) = +cC, 1.2
f+1)+f(z-1) @ (1.2)
and the difference Painlevé II equation
. _ laz+b)f(2)+c
fe+ D +flz-1)= ———5— )2 (1.3)
Later, Ronkainen [7] in 2010 further discussed the equation
fz+1Df(z-1) =R(z,f) (1.4)
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where R(z, f) is rational and irreducible in f and meromorphic in z. He pointed out that either f satisfies the
difference Riccati equation

A(2)f (2) + B(z)
f@)+Clz) ~°

or equation (1.4) can be transformed to one of the following equations

n@2f(2)?* - A2)f(2) + u(z)
f@-1D(f@)-v)
n(2)f(2)? - A2)f(2)
flz)-1 ’
_ n@)(f(2) - A(2))
f(Z+1)f(Z—1)— f(Z)——l’

flz+ Df(z-1) = h(2)f ()™,

flz+1) =

fz+1f(z-1) =

fz+Df(z-1) =

where 1n(z2), A(2), v(z) satisfy some conditions. The above four equations can be called as the difference
Painlevé I1] equations.

In what follows, we should assume that the readers are familiar with the fundamental theorems and the
standard notations in the theory of Nevanlinna value distribution (see Hayman [8], Yang [9] and Yi-Yang [10]).
Let f be a meromorphic function, we denote o(f), A(f) and /1(%) to be the order, the exponent of convergence
of zeros and the exponent of convergence of poles of f(z), respectively, and denote 7(f) to be the exponent of
convergence of fixed points of f(z), which is defined by

) log N(r, ﬁ)
(LR s T

In 2010, Chen-Shon [11] considered the difference Painlevé LII equation (1.2),(1.3) and obtained the

following theorems.

Theorem 1.1. (see [11, Theorem 4]). Let a, b, ¢ be constants, where a, b are not both equal to zero. Then
(i) if a # 0, then (1.2) has no rational solution;
(ii)ifa = 0, and b # 0, then (1.2) has a nonzero constant solution w(z) = A, where A satisfies 2A>~cA-b = 0.

The other rational solution w(z) satisfies w(z) = P@) 1 A where P(z) and Q(z) are relatively prime

Q@)
polynomials and satisfy deg P < deg Q.

Theorem 1.2. (see [11, Theorem 1]). Let a, b, ¢ be constants with ac # 0. If f(z) is a finite order transcendental
meromorphic solution of equation (1.3), then
(i) f has at most one nonzero finite Borel exceptional value for o(f) > 0;

(i) A(1/f) = A(f) = o(f).

In 2013 and 2014, Zhang-<Yi [12], Zhang-Yang [13] studied the difference Painlevé III equations with the
constant coefficients, and obtained

Theorem 1.3. (see [13]). If f(z) is a transcendental finite order meromorphic solution of
flz+Dfz- D@ -1 =nf@) or flz+1f(z- D) -1) = f(2)* - Af(2),

where 1n(# 0), A(# 0, 1) are constants, then
) A(f) = o(f);

(i) f has at most one nonzero Borel exceptional value for o(f) > 0.

Theorem 1.4. (see [12, Theorem 4.3]). If f(2) is a transcendental finite order meromorphic solution of
fz+Df(z-D(f(2) - 1)? = f(2)* - Af(2) + 1,

where A, u are constants and Ay # 0, then A(f) = o(f).
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In 2007, Barnett, Halburd, Korhonen and Morgan [14] first established the Logarithmic Derivative Lemma on
complex g-difference operators. Then by applying those fundamental results, many mathematicians have
done a lot of work about the value distribution of complex g-difference operators, solutions for complex
g-difference equations, by replacing the difference f(z + ¢) with the g-difference f(qz), ¢ € C\ {0, 1} for
the meromorphic function f(z) in some expression concerning complex difference equations and complex
difference operators (see [15-28]).

In 2015, Qi and Yang [29] considered the following equation

fla+f (2) - 500 e 15)

which can be seen as g-difference analogues of (1.2), and obtained the result as follows.

Theorem 1.5. [29, Theorem 1.1]. Let f(z) be a transcendental meromorphic solution with zero order of equation
(1.5), and a, b, c be three constants such that a, b cannot vanish simultaneously. Then,

(i) f(2) has infinitely many poles.

(ii) if a # 0, then f(z) - d has infinitely many zeros for any d ¢ C;

(iii) if a = 0 and f(z) takes a finite value A finitely often, then A is a solution of 2z*> - cz - b = 0.

Motivated by the idea from [29] and [13], our main aim of this aritcle is further to investigate some properties
of meromorphic solutions for some g-difference equations, which can be called as g-difference Painlevé IIT
equations. We obtain the following four results.

Theorem 1.6. Let g € C\{0} and |q| # 1, and let f(z) be a zero order transcendental meromorphic solution of
the following equation

f(qz)f(g)(f(z) - 12 = f@? - M@ + 1, (1.6)

where A, u are constants satisfying Au # 0. Then

(i) forany n € C - {0, 1}, f(nz) has infinitely many fixed-points and 1(f(nz)) = a(f), especially, f(¢z) has
infinitely many fixed-points and 1(f(¢’z)) = o(f), where j is a positive integer;

(ii) Aqf, A%f have infinitely many poles, and

() {5

(iii) f(z) has infinitely many zeros and poles, and the Nevanlinna exceptional value of f(z) can only come
fromasetE = {z|z* - 22> + Az- u = 0}.

Theorem 1.7. For q(# 0) € C and |q| # 1, and let f(z) be a zero order transcendental meromorphic solution of
the following equation

f(qz)f(g)(f(z) ~1)? = f(2). (17)

Then
(i) forany n € C - {0, 1}, f(nz) has infinitely many fixed-points and 1(f(nz)) = o(f);
(i) f(2), Aqf, Afif have infinitely many poles, and

(3)aG) (&)

Theorem 1.8. Let g € C\{0} and |q| # 1, and let f(z) be a zero order transcendental meromorphic solution of
the following equation

f(qz)f(g)(f(z) - 1) = A2)f @), (1.8)
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where A(z) is a nonconstant polynomial. Then
(i) for any n € C\{0, 1}, f(nz) has infinitely many fixed-points and 1(f(nz)) = o(f);
(ii) f(2), Aqf have infinitely many zeros and poles, and Afif has infinitely many poles, and

BB

(iii) f(2) has no Nevanlinna exceptional value.

Theorem 1.9. Let g € C\{0} and |q| # 1, and let f(z) be a zero order transcendental meromorphic solution of
the following equation

f(qz)f(g)f(z)z - h(z), (1.9)

where h(z) is a nonconstant rational function. Then
(i) for any n € C - {0, 1}, f(nz) has infinitely many fixed-points and t(f(nz)) = o(f);
(i) f(2), Aqf, Afif have infinitely many zeros and poles, and

1

R ERICORIEAE

f

A(f) = A

(iii) f (z) has no Nevanlinna exceptional value.

2 Proofs of Theorems 1.6 and 1.7

2.1 The proof of Theorem 1.6

Suppose that f(z) is a zero order transcendental meromorphic solution of equation (1.6).
(i) For any n € C\{0, 1}, substituting nz into (1.6), we have

f(qnz)f(%)(f(nz) -1)% = f(n2)> - Af(n2) + . @.1)
Denote g(z) = f(nz), then (2.1) can be represented as
g(qz)g(g)(g(z) -1)? = g(2)* - Ag(2) + .

Let
Pi(z,8) = g(qz)g(g)(g(z) ~1)2 - g(z)2 + Ag(z) - u = 0.

Thus, it follows
Pi(z,2) = 2%(z - 1)* - 2? +Az-pu=0.

In view of P1(z, z) # 0 and by Theorem 2.5 in [14], it follows that

1
m (r, m) = S(r, g).

Thus, since f is of zero order, from Theorems 1.1 and 1.3 in [25], it yields

1 1
N (r, W) =N (r, m) =T(r,g)+S(r, 9
=T(r, f(nz)) + S(r, f(nz)) = T(r, f) + S(r, f).

Therefore, for any n € C\{0, 1}, 7(f(n2)) = a(f).
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(i) Next, we divide the proof into three cases: ii1). A -y # 1;ii3). A-pu=1,u=1;ii3). A-u=1,u #1.
Case iiy): A — pu # 1. We can rewrite (1.6) as the following form
faDf() _ f(2)* - M(2) +
f(2)? f@2(f(2)-1)2°

Thus, in view of Theorems 1.1 and 1.3 in [25], Theorem 1.1 in [14] and Valiron-Mohon’ko Lemma [30], and
from (2.2) and A - u # 1, it follows that

_ f2)? - Af(2) + p
4T(r,f)=T (r, W) +0(1)

- <r, f(qZ)f(g)) £ 0(0)

(2.2)

f(z)?
2T (r f;qz)> +5(r, f) + 0(1)
A

IN

(2)
af

<2T | r, T) +S(, f),

that is,

2T f) < T <r, “qu) + S0 f). 23)

Then, we have

N (r, Aqu) =T (r, Afif> -m (r, Aqu) > 2T(r,f) + S(r, f). (2.4)

Hence, we can conclude that Aqu has infinitely many poles and A (é) = 0(f) by combining with
f
N (r, Afif) <T <r, Afif) < 2T(r, f) + S(r, f). (2.5)
Since Aqf(2) = f(qz) - f(z) and A1 f(2) = f(g) - f(2), then it follow from (1.6) that

zy_ _ [ - @) +p
f@f Q) = Baf + DAgf + ) ==y

that is,

_f4 3 _
L e 26)

Since Ay # 0 and A — u # 1, then in view of Theorems 1.1 and 1.3 in [25],Theorem 1.1 in [14] and Valiron-
Mohon’ko Lemma [30], it yields

4T(hf)=T <r, f* +(]2Cf_31‘)ff+") +0(1)
= T (r, (Aqf + Ag1f)f + AgfAgf) +0(1)
< T(r, f) + 2T(r, Agf) + 2T(r, Ay f) + O(1)
< T(r,f) + 4T(r, Agf) + S(r, f),

(Agf + A I + DgfBgif =

that is,
%T(r, ) < T(r, Agf) + S(r, f). 2.7)

On the other hand, we can rewrite (1.6) as

f(qz)f(g)f(z)z - 2f(qz)f(g)f(z) —f(qz)f(g) +f(2)? - Af(2) + . (2.8)
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By applying Theorem 2.5 in [17] for (2.8), it yields
m(r, f) = S(r, f). (2.9)

Thus, in view of (2.7) and (2.9), and Theorem 1.1 in [14], it follows
N(r: Aqf) = T(rs Aqf)—, m(r’ Aqf)

> T(r, Agf) - (m (r, Aqu) + m(r,f)) > %T(r,f) +S(r, f).

Hence, we conclude that A4f has infinitely many poles and A (ﬁ) = 0(f) by combining with
N (r,Aqf) < 2T(r, f) + S(r, f). (2.10)
Case ii;). A—p =1and u = 1. Thus, A = 2. Then equation (1.6) becomes
flaaf()=1,

and

1 flg2)f(3)

f@2 f@)?

Thus, in view of Theorems 1.1 and 1.3 in [25],Theorem 1.1 in [14] and Valiron-Mohon’ko Lemma [30], we deduce

_ 1 ~ flg2)f (%) . Aof
2T(r,f)=T (r, —2) +0)=T (r, f(z)2q> +0() 2T (r, %) +S(r, ),

that is,

T(r.f) < T (r, Afif) + S0, f). 2.11)

So, in view of Theorem 1.1 in [14] and (2.11), it yields

N (r, Afif) =T <r, Afif) -m (r, Afif> >T(r,f)+S(, f),

which implies that AT"f has infinitely many poles and A(ﬁ) = 0(f) by combining with (2.5).
T
For A = 2 and u = 1, we can rewrite (1.6) as
(AQf +f)(Aq’1f+f) = 1:
that is,
(Agf + A )f + AgfAgf = 1-f(2)°. (2.12)
Thus, by applying Theorems 1.1 and 1.3 in [25] for (2.12), it follows
2T(r,f) = T(r, 1 - f*) + 0(1)
= T(Aqf + Aq—lf)f + Aquq—lf) + O(l)
< T(r’f) + 4T(r! Aqf) + S(r,f),
that is,
210, ) < T, Agf) + 50, ). (2.13)
In view of (1.6) and Theorem 1.1 in [14], it follows

e = (1 (S e (12 -
2mtrf) = mir. ) m<r’f(q2)f(§)>_m<r’f(q2) ”"(“f(;)) S
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that is,
m(r, f) = S(r, f). (2.14)

In view of (2.13) and (2.14) and Theorem 1.1 in [14], we can deduce
N(r, Agf) = T(r, Aqf) — m(r, Agf)

> T(r, Agf) - (m (r, Afif> + m(r,f)) > %T(r,f) +S(r,f).

Hence, we conclude that A4f has infinitely many poles and A (ﬁ) = 0(f) by combining with (2.10).
Caseii3).A—p=1and u # 1. Thus, A = u + 1 and (1.6) becomes

f(qz)f(g)(f(z) -1)=f(2) - u, (2.15)

and

f@2f(%)  f)-u
f(2)? f@2(f(2)- 1)
By applying Valiron-Mohon’ko Lemma [30], and in view of Theorems 1.1 and 1.3 in [25] and u # 1, it follows

(2.16)

_ f-u
3T(r,f)=T (r, fiz(f— 1)> +0(1)

f(q2)f(%) A
=T (r, f(z)2q> +0(1)<2T (r, qu) +S(r,f),

that is,

%T(r, feT <r, “qu) + 50 f). @.17)

Thus, we can conclude from (2.17) and Theorem 1.1 in [14] that

N (r, %) . %T(r,f) + 50, f).

By combining with (2.5), it means that % has infinitely many poles and A (é) = a(f).
7
Inview of A - y = 1 and u # 1, we can rewrite (1.6) as the following
F@2E) = Uof +1)Bgf +1) = £=H,

that is,
S+ +f-p
f-1 '
Thus, by applying Valiron-Mohon’ko Lemma [30] and Theorem 1.1 in [14] for (2.18), we have
_f3 2 _
3T(r,f) =T (r, M) +0(1)
f-1
= T(r, (Agf + A If + AgfAgf) + O(1)
< T(r, f) + 4T(r, Agf) + S(r, f),

(Agf + Ay fIf +AgfAgf = (2.18)

that is,
110, TG, 8ef) + S0, ). (2.19)

And in view of (1.6), we have

f(qz)f(g)f(z) - f(qz)f(g) +f@) - n. (2.20)
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By Theorem 2.5 in [14], it yields
m(r, f) = S(r, f).

Thus, it follows from Theorem 1.1 in [14] that

N(r, Aqf) = T(r, Agf) - m(r, Agf)

> T(r, Agf) - (m (r, %) + m(r,f)) > 1T(r,f) +S(r, f).

Hence, by combining with (2.10), we conclude that A4f has infinitely many poles and A (ﬁ) = o(f).

Therefore, this completes the proof of Theorem 1.6 (ii).

(iii) By the process of the proof of Theorem 1.6 (ii), we have m(r, f) = S(r, f), this means N(r, f) = T(r, f) +
S(r, f), that is, oo is not a Nevanlinna exceptional value of f(z).

Besides, set

Py(z, f(2)) ==f(qZ)f(g)(f(Z) -1 - f(2)* +Af(z) -pu = 0.

Since p # 0, then it follows P;(z, 0) = u # 0. Thus, in view of Theorem 2.5 in [14], we have

m (r, %) =S(r,f),

which implies that O is not a Nevanlinna exceptional value of f.
Now, let 8 ¢ E, then it follow that

Py(z,p) = B* -2’ + AB-u #0.

From Theorem 2.5 in [14], it yields m (r, ﬁ) = S(r, f), which implies that 8 is not a Nevanlinna exceptional

value of f(2).
Hence, the conclusion of Theorem 1.6 (iii) is true.
Therefore, this completes the proof of Theorem 1.6.

2.2 The proof of Theorem 1.7

By using the similar argument as in the proof of Theorem 1.6, it is easy to get the conclusions of Theorem 1.7.

3 Proofs of Theorems 1.8 and 1.9

3.1 The proof of Theorem 1.8

Similar to the argument as in the proof of Theorem 1.6, we can prove that 7(f(1z)) = o(f) and Ag4f, AT"f have

infinitely many poles and A (ﬁ) =1 (ﬁ) . Now, we only need to prove that A4f has infinitely many zeros
N

and A(A4f) = o(f). We rewrite (1.8) as the form
f(qz)f(g)f(z) =f(qz)f(g) + AR ). (31)
So, it yields from Lemma Theorem 2.5 in [17] that
m(r, f) = S(r, f), (3.2)

which leads to N(r, f) = T(r, f) + S(r, f). This means that f(z) has infinitely many poles and /1(%) = o(f).
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Besides, we can rewrite (1.8) again as the form

Az) _ flg2)f(3)

f@  f@ f)
Thus, in view of (3.2) and (3.3), and by Theorem 1.1 in [14], we can deduce

1\, [, fla2) f@)
m (r, ]7> <m (r, 2 ) +m (r, f(;)) +m(r, f) + m(r, /1) S, ), (3.4)

(f2) - 1). (B.3)

that is, N(r, %) = T(r, f) + S(r, f), which implies that f(z) has infinitely many zeros and A(f) = o(f).
Since A¢f(2) = f(qz) - f(z) and A, f(2) = f (g) - f(2), thus, substituting these into (1.8), it follows that

A
(ﬂn+AJ&mﬂn+A¢J&»=fg¥ﬁl (35)

Assume that 2y is a zero of f(z), in view of (3.5), then zo must be a zero of Aqf or 4,1f. Thus, in view of (3.4)
and Theorem 1.1 in [14], it follows

A TN =)+ 50 f)

Tmﬁ=N( " f

f) +S(r, f) < N(r

< 2N(r, —) + S(r, f),

Af

which implies that A4f has infinitely many zeros and A(A4f) = o(f). By combining with (2.10), we have A(44f) =
o(f).

Hence, this completes the proof of Theorem 1.8 (i) and (ii).

(iii) In view of (3.2) and (3.4), we have 6(0, f) = 0 and 6(ce, f) = 0, it means that 0 and oo are not
Nevanlinna exceptional values of f(z).

Set

Pﬂzf%=f@dﬂ§ﬂﬂ@—l)—M@ﬂ@.

Then forany a € C\{0}, and since A(z) is a nonconstant polynomial, we have P3(z, a) = a*(a—1)-aA(z) % 0.
Thus, in view of Theorem 2.5 in [14], it yields that m ( e a) = S(r, f), which means that §(a, f) = 0. Hence,

it follows that f(z) has no Nevanlinna exceptional value.
Therefore, this completes the proof of Theorem 1.8.

3.2 The proof of Theorem 1.9

By using the similar argument as in the proof of Theorem 1.8, we can get the conclusions of Theorem 1.9 (i),
(iii), A¢f has infinitely many zeros and poles, and AT"f has infinitely many poles, and

AMJ)A(Af> A(&)=0®,
f

and f also has infinitely many poles and zeros, and A(f) = A(%). Thus, we only need to prove that Afif has
infinitely many zeros and A (AT‘J) = o(f).
In view of (1.9), we have
f(@*2f(2)f(g2)* = hig2). (3.6)
Thus, from (1.9) and (3.6), it follows

f(q?2) f(2) f(gz)*> _ h(gz)

flaz) f2) f2?2 ~ h(z) 3.7
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Denote g(z) = ff(fzz)). Thus, we can rewrite (3.7) as

h(qz)
h(z) ~

g(qZ)g(g)g(Z)2 =

Set
h(qz)
h(z) *

Since h(z) is a nonconstant rational function and |q| # 1, then P4(z,1) = 1 - h,fgzz)) # 0. Thus, in view of
Theorem 2.5 in [14] and Theorems 1.1 and 1.3 in [25], it yields

Py(z,8) = g(qZ)g(g)g(Z)2 -

1\ _ _ flgz)\ _
m(r g ty) -st.9 -5 (n 58 <50 9
Hence, it follows
1 1 1
v | =mrn | =m(r, o) =S ). 3.9
() oo o) ) e ”

Thus, by applying Theorem 1.1 in [14] and Valiron-Mohon’ko Lemma [30] for (1.9), it follows

4T@r,f)=T (r h(z) ) +0(ogr)=T (r flgz) f(z)> +0(1)

T f2) T f@) f(3)
. f(qz) f(qz)
<2T (r, @) ) +S (r, @) ) + O(logr)
<4T(r, )+ S(r, f),
that is,
T (r, A}zf ) T <r, f}f(qzz))) +0(1) = 2T(r, f) + S(r, f). (310)

Hence, in view of (3.9) and (3.10), it follows

N(r,%) =T(r,Afif>—m (r A;f) +0(1)

=T (r, quf> +S(r,f)=2T(r,f) + S(r, ),

which means that AT"f has infinitely many zeros and A Afif) = a(f).
Therefore, this completes the proof of Theorem 1.9.
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