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Abstract: In this paper, by means of the implication operator — on a completely distributive lattice M, we
define the approximate degrees of M-fuzzifying convex structures, M-fuzzifying closure systems and M-
fuzzifying Alexandrov topologies to interpret the approximate degrees to which a mapping is an M-fuzzifying
convex structure, an M-fuzzifying closure system and an M-fuzzifying Alexandrov topology from a logical
aspect. Moreover, we represent some properties of M-fuzzifying convex structures as well as its relations with
M-fuzzifying closure systems and M-fuzzifying Alexandrov topologies by inequalities.

Keywords: Fuzzy topology, Fuzzy closure system, Fuzzy convex structure

MSC: 54A40, 52A01

1 Introduction

Convexities exists in many mathematical structures, such as standard convexity in vector spaces, order
convexity in posets, lattice convexity in lattices, geodesic convexity in metric spaces and so on. By abstracting
the common properties of different types of convexities, abstract convexity theory had risen and was used to
deal with set-theoretic structures satisfying axioms similar to that all kinds of concrete convex sets satisfy.
Some more details about abstract convexity theory (also called convex structures) can be found in [1].

Since Zadeh introduced the notion of fuzzy subsets, fuzzy subsets have been applied to various branches
of mathematics, such as fuzzy topology [2-5], fuzzy convergence [6-14], fuzzy rough sets [15] and so on.
Considering the combinations of fuzzy set theory and convex structures, Rosa [16] and Maruyama [17]
independently proposed the notion of L-convex structures, where L is a completely distributive lattice.
For this kind of fuzzy convex structures, Pang et a. [18-23] provided several characterizations of L-convex
structure in a topological way and provided a categorical approach to L-convex structures. Considering L
being a continuous lattice, Jin and Li [24] further discussed the relationship between stratified L-convex
structures and convex structures from a categorical aspect.

From a logical aspect, Shi and Xiu [25] introduced the concept of M-fuzzifying convex structure based
on a completely distributive lattice M. In this situation, Shi and Li [26] generalized the notion of restricted
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hull operators to M-fuzzifying restricted hull operators and used it to characterize M-fuzzifying convex
structures. Afterwards, Xiu et al. [27, 28] discussed the relationship between M-fuzzifying interval spaces and
M-fuzzifying convex spaces from a categorical point of view. Recently, Xiu and Pang studied the relationship
between M-fuzzifying convex structures and M-fuzzifying closure systems [29] and provided the base axioms
and subbase axioms [30]. Also, Xiu and Pang [31] provided a degree approach to special mappings in M-
fuzzifying convex spaces.

In a more general sense, Shi and Xiu [32] further proposed the notion of (L, M)-fuzzy convex structures.
In this framework, Li [33] provided a categorical approach to enrich (L, M)-fuzzy convex structures. Xiu and Li
[34] provided a degree approach to study the relationship between (L, M)-fuzzy convex structures and (L, M)-
fuzzy closure systems. Up to now, the theory of fuzzy convex structures has deserved more and more attention.
In this paper, we will focus on the logical extension of M-fuzzifying convex structures by using the logical
operations on the lattice background M. From a logical aspect, we will use the implication operation “—"
on M to define the approximate degrees of M-fuzzifying convex structures, M-fuzzifying closure systems and
M-fuzzifying Alexandrov topologies to describe the approximate degree to which a mapping ¢ : 2¥ — M
is an M-fuzzifying convex structure, an M-fuzzifying closure system and M-fuzzifying Alexandrov topology,
respectively. Then we will investigate M-fuzzifying convex structures in a degree approach and demonstrate
the relationship among M-fuzzifying convex structures, M-fuzzifying closure systems and M-fuzzifying
Alexandrov topologies by some inequalities.

2 Preliminaries

Throughout this paper, (M, v, A) denotes a completely distributive lattice. The smallest element and the
largest element in M are denoted by L and T, respectively. 2X denotes the powerset of X. The binary relation
< on M is defined as follows: for a, b € M, a < b if and only if for every subset D C M, b < \/ D always
implies the existence of d € D with a < d. A complete lattice M is completely distributive if and only if
b=\/{aeM:a < b}foreachb € M.Forany b € M, define B(b) ={a € L:a < b}.

In a completely distributive lattice M, there exists an implication operation —: M x M — M as the right
adjoint for the meet operation A, defined by

a—>b=\/{ceL|a/\csb}.

We will often use, without explicitly mentioning, the following properties of the implication.
MDc<a—- b= ancshb;

Qa—-b=T<<as<h;

B a— (A;bi) = \i(@a— by;

) (V;a;)) = b= )\;(a; = b);

B)Yla—=c)n(c—=b)<a—b;

@B (a—=bAr(c=ad<canrc—bnd.

Definition 2.1 ([25]). An M-fuzzifying convex structure on X is a mapping ¢ : 2X —s M which satisfies:
MYC) 2(@) =€¢(X) = T;
MYC2) G( Vi Ad) 2 Nico €AD;
MYC3) €(UL; A1) = Nicg €(A),

d
where U?elAi means that {4; : i € I} C 2%, ie., {4; : i € I} is an up-directed subfamily of 2%, and

Ul‘.je 1A; = Ujer A For an M-fuzzifying convex structure ¢ on X, the pair (X, ©) is called an M-fuzzifying
convex space.

Definition 2.2 ([35]). An M-fuzzifying closure system on X is a mapping 8 : 2¥ — M which satisfies:
(MFYS1) 8(0) = 8(X) = T;
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(MFYS2) 8(N;c; A1) = Nicr S(4)).
For an M-fuzzifying closure system 8 on X, the pair (X, 8) is called an M-fuzzifying closure space.

Definition 2.3 ([5, 36]). An M-fuzzifying Alexandrov topology on X is a mapping T : 2X — M which
satisfies:

MFYT) 1(0) =1(X) = T;

(MFYT2) T(N;c; A = N\jep T(A2;

(MFYT3) 7(U;c; A1) 2 Ay TAY).
For an M-fuzzifying Alexandrov topology 7 on X, the pair (X, 7) is called an M-fuzzifying Alexandrov
topological space.

3 The approximate degree of M-fuzzifying convex structures

In this section, we will equip each mapping from 2% to M with some degree to become an M-fuzzifying convex
structure. Then we will use some inequalities to give some degree representations for the properties of M-
fuzzifying convex structures.

For convenience, let Py;(2¥) be the set of all mappings from 2% to M, i.e., Py (2%) = {¢ | ¢ : 2¥ — M]}.
Then for each ¥ € Py(2%), define

1) DT(X, %) =€) AE(X).

)] DQ(X, %) = /\{Ak:keK}QZX(/\keK C(Ay) — %J(ﬂkEK Ap)).

ODGX A=A, s Niex €40 = ¢ (Ufex Ar)-

Now we give some logical explanations to the above notations. If Dﬂ(X ,%¢) = T, then %(ﬂke A 2
Niex €(Ay) for each {Ay : k € K} C 2% This means DA (X, %) is a logical extension of the axiom (MYC2).
Furthermore, D (X, %) denote the degree to which ¢ is closed under arbitrary intersections. Similarly,
DUd (X, %) presents the logical extension of the axiom (MYC3), which denotes the degree to which ¥ is closed
under arbitrary up-directed unions.

Next let us give the main definition of this section.

Definition 3.1. For each % € Py;(2%), define D°(X, %) as follows:
D"(X, %) = D (X, €) AD(X, €) AD (X, %),
Then D°"(X, ¥) is called the approximate degree to which ¥ is an M-fuzzifying convex structure on X.
Obviously, ¢ is an M-fuzzifying convex structure on X if and only if D°"(X, ¥) = T.
The above definition allows us to talk on the degree to which an arbitrary mapping ¢ : 2X —s M becomes
an M-fuzzifying convex structure on X even if ¢ is not. The degree D°"(X, ¥) is a natural measure to which

(X, ©) is an M-fuzzifying convex structure on X. In the sequel, we will show the degree D°"(X, %) naturally
suggests many-valued logical extensions of properties that the classical convex structure possesses.

Proposition 3.2. Let {%;}cr be a family of mappings from 2X to M and define \ .1 ¢; : 2* — M by

VA € 2%, (/\ fgt> )= \ €.

teT teT

Then DX, Nyer €2) 2 Aper DX, 61).

Proof. We first verify the following three inequalities.
(1) DT (X, /\teT ) = /\teT D (X, €;). This can be shown by

D+ (X, A\ %) = (\ €0 A () €0)

teT teT teT
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= N@X) r40) = A\ Dr(X, 4).

teT teT

2 Dm(X, Neer €0 2 Neer Dn(X, %¢). This can be shown by

DX, A¢er 1) = /\{Ak:keK}gzx(/\keK(/\teT C)(AK) = (Neer € (Nikex Ar)
= /\{Ak:keK}QZX(/\teT Niex €(AK) = Neer € kex Ar))
2 /\{Ak:keK}gX Neer(Akex €(Ar) = C(Nkex Ar))
= /\teT /\{Ak:keK}gX(/\keK Gi(Ar) — cgt(ﬂkeK Ay))
= Neer DN (X, 61).

(3) The proof of DUd(X, Neer €0 2 Neer DUd(X, ;) is similar to (2).
Therefore,

DX, N1 € = DT (X, A 60) ANDAX, A1 €0 A DUd(X, Neer €1)
2 Ner D7 6 A Aoy DK, 60 A Ay D o(X, 60)
= Neer(D7(X, 6t) AD(X, 61) AD| u(X, 1))
= Auer DX, %0).

DE GRUYTER

O

In the above proposition, if /\teT D°"(X, ¢;) = T, then D °"(X, /\teT %;) = T.Thisimplies thatif D°°"(X, €}) =
T for each t € T, then D°*(X, /\teT%) = T. It is exactly the many-valued extension of the following
conclusion with respect to M-fuzzifying convex structures: if {%; : t € T} is a family of M-fuzzifying convex

structures on X, then so is /\ tet Gt

In [25], Shi and Xiu provided a method of constructing a new M-fuzzifying convex structure in the

following way.

Proposition 3.3. Let (Y, 2) be an M-fuzzifying convex space and f : X — Y be a surjective mapping. Define

a mapping f1(2) : 2X — M by
vae2s, @) =\ {2B): (B -4} .
Then (X, f~1(2)) is an M-fuzzifying convex space.

Now let us give a degree description of this result by an inequality.

Proposition 3.4. Let f : X — Y be a surjective mapping and 9 € Py(2Y). Define f~1(2) : 2X — M by

va 2, [ =\/{2B): (B -4} .
Then D°°"(X, f71(2)) 2 D"(Y, 2).

Proof. We first verify the following three inequalities.
() D+(X, f1(2)) = D+ (Y, 2). This can be shown by

D (X, f1(2) = fHDX) A fH(2)(0)
= Vi@)-x 7B) AV ) 7(B)
> 2(Y) A 2(0)
- D (Y, 9).

(DX, f(2)) 2 D (Y, 2). That is,

/\{Ak:keK}gz"(/\ker_l(‘@)(Ak) — f_l(-@)(ﬂkeK Ak))
= /\{Bk:keK}gzy(/\keK Z(Bx) = 2(Nkex Br))-
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Take any a € M such that
as N\ (N 2B AN B).

{By:k€K}C2Y keK kek
Then for each {By : k € K} C 2", it follows that a A A\cx Z2(Bi) < 2(Nyex Bi)- In order to show

as N\ (AF@@A) = D) 4D,

{AkeK}C2X keK kek

we need only show that for each {4, : k € K} C 2%,
an N\ @A) <12 Ao
kek kek

ie.,

a/\/\ \/ 2(B) < \/ 2(B).

keK f-1(B)=Ay f_l(B)=mk€KAk
Take each B € M suchthat B < a A Aycg Vii(p)-a, 2(B). Then B < aand for each k € K, there exists By € 27
such that f~}(By) = Ay and 2(B,) = B. This implies Nkex 2(Bi) = B. Put C = ;. Bx- Then
FUO=FNBY = (1B = ) Ak
kek kek kek
Further, it follows that

V' 2B =>2()=2((\Bd=zanr )\ 2(B)=B.

fHB)=Niex Ak kek kek
By the arbitrariness of 8, we obtain that for each {A; : k € K} C 2%,

an N\ D@D <) Av.

kekK kek

This means that

as N\ (AF@D@A) = D) AD).

{AkeK}C2X keK kek

By the arbitrariness of a, we obtain

A (A @@ =A@ 40

{Ar:keK}C2X kek kek
= N\ (A 2BJ—2() B,
{Br:keK}C2Y keK kek

as desired.
(3) The proof of DU,i(X, f42) = D (Y, ) is similar to (2).
As a result, we get

DX, f1(2)) = D+ (X, fH(2)) ADA (X, fH(2)) A DUd(X,ffl(@))
> DT(Y, @) A Dn(Y, 9) A DUd(Y, _@)
= D"(Y, 2).

O

Subspaces, product spaces and quotient spaces are important concepts in M-fuzzifying convex spaces. Next
we will give the corresponding degree description with respect to these three concepts. For this, we first
present their definitions, respectively.



918 —— Lan Wang, Xiu-Yun Wu, and Zhen-Yu Xiu DE GRUYTER

Definition 3.5 ([25]). Let (X, %) be an M-fuzzifying convex space, ) # Y C X. Then (Y, ¥|y) is an M-fuzzifying
convex space on Y, where

vA €2",(¢|y)4) = \/{¥(B): Be2¥, BnY = A}.
We call (Y, ¢|y) a subspace of (X, ).
Definition 3.6 ([25]). Let (X, %) be an M-fuzzifying convex spaceandletf : X — Y be a surjective mapping.

Define ¢y : 2¥ — M by
vB € 2", ¢y(B) = ¢x(f(B)).

Then %y is an M-fuzzifying convex structure on Y. The pair (Y, %Y) is called the quotient space of (X, €x) with
respect to f.

Definition 3.7 ([28]). Let {(X;, 6})}ic; be a family of M-fuzzifying convex spaces, where I = {1, 2, ...n}, and
let X be the product of {X;};¢cy, thatis, X = [];; X;. Define JJERRGE 2X s Mby

n
vae2!,([[ew= \ A@@.
i=1 [Tic; A=A i€l
Then H;Ll %; is an M-fuzzifying convex structure on X. The pair (X, H?=1 %) is called the product of
{(Xi, €)}ier-

Now let us use some inequalities to represent these concepts with some approximate degrees, respectively.

Proposition 3.8. Let ¢ c Py (2%) and 0 # Y C X. Define |y by
vA € 2", ¢|y(A) = \/{¥(B): B 2*, BnY = A}.
Then D°"(Y, %|y) = D°"(X, %).
Proof. 1t is enough to prove the following three inequalities.
(1) D (Y, ¥|y) 2 DT (X, ¥). By the definition of |y, it follows that

D+ (Y, %y) = €ly(Y) A €|y (D)

= Viear, Bry-y €(B) A Viear, pry-o ¢(B)
¢(X) N E(0)
=Dt (X, %).

v

(2) Dm(Y, (g|y) = Dm(X, (5) That iS,

A O\ €Iv@) = %lv([) A)

{Ax:keK}C2Y kek kek
= A (A “B) =4[] B
{Bj:keK}C2X keK kek

Take any a € M such that
as< /\ (/\ ¢ (By) — %(ﬂ By)).

{By:keK}C2X keK kek

Then for each {By : k € K} C 2%, it follows that a A A\ x €(By) < €((Neg Bx)- In order to show

as N\ (A GI@A0 =€l A,

{Ar:keK}C2Y kek kek
we need only show that for each {4 : k € K} C 2Y,

an N\ €ly(ay < ¢lv([) Ao,

kek keK
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i.e.,

an /\ \/ ¢(B) < \/ % (B).

keK Be2X, BNY=A Be2X, BmY=ﬂk€KAk
Take each B € M such that B < a A Aycx Vpeax, pry-a, ¢€(B). Then B < a and for each k € K, there exists
By € 2% such that By N'Y = Ay and %(By) = B. This implies A\, (By) = B. Put C = ;g Bx. Then
CnY=(BINY=[BnY) =) A
kek kek kek
Furthermore, it follows that

\ %(B)2¢(C)=¢([| B zan \ €(By) > B.

BE2X, BNY=ci Ax kek kek

By the arbitrariness of f, we obtain that for each {4, : k € K} C 2%, it follows that a A Niex €ly(A) <
%|y(Mkex Ax)- This means that

as A\ (A Clv(A0 = €lv([) A

{Ay:keK}C2X keK kek

By the arbitrariness of a, we get

A A GlvA) = €ly([) A

{A:keK}C2Y keK kek
> AN (A €B)—%([) B
{By:keK}C2X keK kek

as desired.
(3) The proof of DUd (Y,%ly) = DUd(X , ©) is similar to (2).
As a result, we get

DY, €|y) = D1 (Y, %|y) ADR(Y, €|y) AD ju(Y, €y)
2 D (X, ) ADA(X, €) A DUd(X, %)
= DX, ©).

Proposition 3.9. Let ¢y € Py (2%) and f : X — Y be a surjective mapping. Define ¢y : 2¥ —s M by
vB € 2", ¢y(B) = ¢x(f ' (B)).
Then D (Y, %y) > DO"(X, %).

Proof. Itis enough to prove the following three inequalities.
(1) D (Y, %y) 2 DT(X, ¥%). By the definition of %Y, it follows that

D+ (Y, %y) = €y (Y) A 6y(0)
= & (F1Y) A G (FL0)
> Gx(X) A €x (D)
=D (X, %).

2 Dm(Y, Cy) 2 Dm(X , €x). It can be checked as follows:

Dﬂ(Y’ ¢y) = /\{Bk:keK}gzy(/\keK Gy (Br) — Gv(Niex Bi))
= Apekeryczr (Akex G Br) = €x(F (Mieg Bi)
= Npukexycar(Niex Cx(F (B) = Cx(Mex f (Bi)
= /\{Ak:kex}gzx(/\kex x(A) = Cx(Nkex Ar))
= DX, %x).
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(3) The proof of DUd(Y, Cy) 2 DUd (X, €x) is similar to (2).
As a result, we get
DY, 6y) = DT (Y, €y) A Dm(Y, Cy) A DUd(Y, €y)
> D1(X, x) A D (X, 6x) A D (X, %x)
= D"(X, €x).

O

Proposition 3.10. Let {X;}ic; be a family of nonempty sets, where I = {1, 2, ...n}, let %; € Py (2X1) for each
i € I and let X be the product of {X;}icy, thatis, X = [ [;c; X;. Define ¢ : 2X s Mby

vae2X, 4= \/ N&G@).
[Tic; Ai=A i€l

Then D°°"(X, %) 2 Ay D" (Xi, %0).

Proof. Suppose that {p; : X — X;}ics is the family of projection mappings. Next we verify the following
three inequalities.
(D D+ (X, %) = \;c; D7 (X;, 6). By the definition of %, it follows that

D+ (X, %) = ¢(X) A E ()
= V11, amx Nier @A) A VT, a0 Nier %i(A))
= /\iEI G(X) A /\ie[ %;(0)
= Nier(€(X;) A 63(0))
2 Nier DT(Xi, 6).

2 Dm(X »6) 2 Nigr Dn(X i» €;). It suffices to show the following inequality:

A A\ €@ =4[] A0)

{Aj:keK}C2X keK kek
>N\ A (A GBe) = G([) B
€] {By ;:keK;} C2%i keK; keK;

Take any a € M such that

a< /\ /\ (/\ %i(By,i) = €i( ﬂ By, i)

i€l {By ;:keK;} C2%i keK; keK;
Then foreachi e I'and {By; : k € K;} C 2% it follows that
an N\ €GB < G([) B
kek; kek;

In order to show

as /\ (/\ C(A) — ‘@”(m Ap)),

{AkeK}C2X keK kek

we need only show that for each {4, : k € K} C 2%,

an N\ €A =4(() A,

kek kek
i.e.,
arn AV NGB < \ N\ GA).
kek Hielk By i=Ay i€l [Tic; Ai=Niex A i€1

Take each § € M such that

B<an /\ \/ /\‘fi(Bk,i)-

K€K [T;c; Bri=Ax i€l
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Then g < a and for each k € K, there exists {By; : i € I} such that [];; By ; = Ax and \;; €(By,;) 2 B. This

implies
N\ N\ €GB = N\ \GB) = B
iel kek keKiel
Then it follows that
Mkex Ak = Nkek Hie]k Bri = Mkex Nier, pi (B
= Nier NMiex Pi- Bid) = Nicr P (Micek Bi,d)
= Hiel ﬂkeK By,i-
This implies that
V  AG@) =2 \G([) Bd zan A \ 6B = B.
[ics Ai=Niex Ax €1 iel  kek iclkek

By the arbitrariness of 8, we obtain that for each {4 : k € K} C 2%,

an A\ NGB\ AG@.

kek Hiel By,i=Ak iel HiEI Ai=ﬂk5K Ay iel
k

This means that

as N\ (A S -4 A

{Ay:keK}C2X keK kek

By the arbitrariness of a, we obtain

/\ (/\ C(A) — %’(ﬂ Ap)

{Aj:k€K}C2X kekK kek
=\ A (NGB = G([) Bii)s
i€l {By ;:keK;}C2%i kek; kek;

as desired.
(3) The proof of DUd(X, %) 2 Nier DUd(Xi, %) is similar to (2).
Therefore, we get

D"(X, ¢) = DT(X, €) AD(X, €) A DUd(X, €)
2 /\iEI D+ (X;, 6) A /\ieIDﬂ(Xi’ €) N /\iel DUd(Xi’ )
= Nie1(D7(Xi, €) ADA(Xi, €) A D ja(Xi, 6)
= /\iel DCO"(Xiscgi)-

4 The approximate degrees of M-fuzzifying closure systems and
M-fuzzifying Alexandrov topologies

In this section, we will apply the approximate degree approach to M-fuzzifying closure systems and M-

fuzzifying Alexandrov topologies. Then we will study their relations with the degree of M-fuzzifying convex

structures by some inequalities.
Adopting the notations D+ and D(. We first give the following definition.

Definition 4.1. For each ¢ € P(2%), define D°(X, %) as follows:

D(X, %) = D7(X, %) ADA(X, ©).

Then D°(X, %) is called the approximate degree to which ¢ is an M-fuzzifying closure system on X.
Obviously, % is an M-fuzzifying closure system on X if and only if D°(X, ¢) = T.



922 —— Lan Wang, Xiu-Yun Wu, and Zhen-Yu Xiu DE GRUYTER
IfD(X, %) = T, then D+ (X,%) =T and Dn(X , ¢) = T.This implies (MFYS1) and (MFYS2) hold. Conversely,
For each ¢ € Py;(2%), if it satisfies (LFYC1) and (LFYC2), then D°(X, ©) = T. Hence we obain

Proposition 4.2. For each % € Py (2%), ¢ is an M-fuzzifying closure system on X if and only if D°(X, %) = T.
Proposition 4.3. For each ¢ € Py(2%), D°"(X, ¢) < D°(X, ©).

Actually, there are close relations between M-fuzzifying closure systems and M-fuzzifying convex structures.
In [29], Pang and Xiu provided a transforming method from M-fuzzifying closure systems to M-fuzzifying
convex structures in the following way.

Proposition 4.4 ([29]). Let (X, ¢) be an M-fuzzifying closure space. Define a mapping ¢" : 2X —s M by

vae2X, ') = \/ )\ “By.
UjeA Bi=A €A

Then ¢" is an M-fuzzifying convex structure on X.
Now let us give an approximate degree description for the above proposition.
Proposition 4.5. Let ¢ € Py(2%) and define ¢ : 2X — M by

vae2X, ¢')= \/ )\ “®By.
UfeA By=AA€A

Then D(X, ¢") = D°(X, ).

Proof. We first verify three inequalities in the following.
(1) D1 (X, ¢") = D+ (X, ¥). By the definition of ", we have

Dr(X,¢") =¢"(X) A E"(0)
= \/UgeA Biex Maea (B A \/Uje,l B1=0 \aea € (B)
> €(X) AED)
=Dt (X, %).

(DA (X, AR D (X, %). It suffices to show the following inequality.

A ANV AeBy—  \ A“B)

{AckeK}C2* keK Ul By=Ai €]k Ul r B=MNiex Ak L€T
> N (A “B)— %) B
{By:keK}C2X keK kek

Take any a € M such that
as< /\ (/\ € (By) — ‘ﬁ(ﬂ By)).

{By:keK}C2X keK kek

Then for each {By : k € K} C 2%, it follows that a A A\cx €(By) < €(yeg Br)- Now we need only show that
for each {Ay : k € K} C 2%,

an /\ \/ /\ %(Bk,]) < \/ /\ %(Bt)

d ; d
kek Uielk Byj=ArJ €k Ufer Be=Niexk Ak teT

Take each 8 € M such that

B=<an /\ \/ /\ % (Bk.j)-

keK U?E]k By j=Ax j€Jk
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Then B < a and for each k € K, there exists an up-directed set {By ; : j € Ji} such that U]fie 7 Bij = Ak and for
eachj e Ji, ‘K(Bk,j) > f3. By the completely distributive law, it follows that

MN4=1 OBM = U M Brw:

kek keKje]k felliex Jx k€K
Put C; = (Nycx B s for each f € [[pex Ji- Since {By; : j € Ji} is up-directed, it is trivial to verify that
{Cs : f € Ilxex Ji} is up-directed. Then for each f € [, cx Ji it follows that

%(Cy) = ‘f(ﬂ By fag) 2 an /\ %(By f() = B-
kek kek

This implies Arcpp g ¢(Cr) = B. Since {Cy : f € [[yex /i) is up-directed and (o Ak = U}jel—[ka(]k Cy, it

follows that
\/ /\ € (By) 2 /\ %(Cy) 2 B.

UfleTBt:mkeK A teT fellkexx
By the arbitrariness of 8, we obtain that for each {A; : k € K} C 2%,

arn AN\ N\EBy < \ )\ €(B0).

kek U;'jelk BkJ=Akj€]k U‘tieTBf=mk€K Ay teT

This means that

as< /\ (/\ ¢ (Ap) — € ( ﬂ Ay)).

{A:keK}C2X keK kek
By the arbitrariness of a, we obtain that
AN (ANFT@I—=< (A= N (A €B)— e B
{A:keK}C2X keK kek {Bi:keK}C2X keK kek

as desired.
3 DUd(X ,E) 2 D (X, ©). 1t suffices to show the following inequality.

A AV AeBy— /A “B)

d A d 1 d
{Ak:kGK}&ZX kek U;’elk Bkvi’Ak]E]k Uter Bf’UkeK A teT

2 /\ (/\ %(Bi) — %”(ﬂ By)).

{By:keK}C2X keK kek

Take any a € M such that
as N\ (N EB)—%([) B

{Bi:keK}C2X keK kek
Then foreach {By : k € K} C 2% it follows that a A /\keK € (By) < %(ﬂkeK By;). Now we need only show that
d
for each {Ay : k € K} C 2%,

an A\ N\EB< \/ /\ €(B)).

kek U;’ielk Bkvi:AkjEJk UtdeTszugeK Ay ter

Take each € M such that

B=<an /\ \/ /\ % (Byj)-

keK U;ielk By j=A j€Jk

Then B < a and for each k € K, there exists an up-directed set {By ; : j € Ji} such that U]fje 1. Bk.j = Ay and for
each j € Ji, ¢(By) = B. Let

d d d
a-Ua-UUs

kek keKjeJk
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Define a mapping o : Zﬁn — 2% by
VF € 24, o(F) = ){B;IF C By;}.

It is easy to check that

A= |JF= o®=J () B

Fe2f Fe2g Fe2f FCBy;

Obviously, o is order-preserving. Since Z}i“n is up-directed, we know {o(F)|F € Zﬁn} is up-directed. Now for
each F € 2, put {B(|t € T} = {By j|F C By ;}. Then

N€B)= N\ %By) =B

teT FCBy;

This implies

¢ (a(F)) = 6( m Byj) = %(ﬂ By)zaA /\ %(Bt) = B.

FCBy; teT teT

By the arbitrariness of F, we obtain /\F€22 ¢ (0(F)) = B. Since Uf"ez;} o(F)=A= Uze x Ak it follows that

V' A%€B)= A\ €)= 8.

U?ET Bt:UfeK Ax teT Fez//%n

d
By the arbitrariness of 8, we obtain that for each {A; : k € K} C 2%,

an /\ \/ /\ %(Bk,]) < \/ /\ %(Bt)

kek U;iefk By j=Ay j€Jk UfeT BFUfeK A teT

This means that

d
as< /\ (/\ " (Ay) — %*(U Ap)).
d  kek kek
{Ag:keK}C2%

By the arbitrariness of a, we obtain that

d
AN (ANT@-<(Jan= AN (A €B)—2() B

(Aukekyar kek keK {By:keK}C2X k€K kek
k* =

as desired.
By (1), (2) and (3), we have

D"(X,%”) = D7(X,¢") AD(X,¢") AD (X, %7)
= DX, %).

O

In order to introduce the approximate degree of M-fuzzifying Alexandrov topologies, we first give the
following notation. For each ¢ € Py(2%), define

DX, )= N\ (N @) - A

{Ay:keK}C2X keK kek

Actually, this definition offers an approximate degree description to which % is closed under arbitrary unions.
Now let us equip each ¢ € Py (2%) with some degree to which % is an M-fuzzifying Alexandrov topology.
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Definition 4.6. For ¢ € P(2%), define D?°P (X, %) as follows:
DYP(X, %) = D1 (X, %) AD (X, €) ADU(X, ©).

Then D*°P(X, %) is called the approximate degree to which % is an M-fuzzifying Alexandrov topology on X.
Remark 4.7. For ¢ c Py(2%), ¢ is an M-fuzzifying Alexandrov topology if and only if D*°P (X, ¢) = T.
Proposition 4.8. Let ¢ € Py(2%). Then D*°P(X, ©) < D(X, €).

Proposition 4.9. Let ¢ € Py(2%) and define ¢ : 2 —s M by

vae2®, w(a)= \/ N<“B).

Ujes Bi=AJ€]

Then D°P (X, %) = DO"(X, ¥).

Proof. We prove it in the following steps.
(1) By the definition of %, we have

D+ (X, %) = C(X) AZ(0)
= VU, -x Niet B AV, 5~ Nies (B))
> €(X) ANE D)
= DT(X, %ﬂ)-

(2) DA (X, %) 2 DA(X, %). That is,

A (AZ@o—Z( 4= A (N “B)— %) Bo).

{AgkeK}C2X kek kek {By:keK}C2X kek keK

By the definition of ¢, it suffices to show

A NV AeByp-  \ N\e®)

{Ak:keK}C2¥ keK Ujc;, Brj=Ax i€k Ujes Bi=MNiex AxJ€]
> A (N €@~ () B
{Bi:keK}C2X keK kek

Take any a € M such that

{B:keK}C2X kek kek

Then for each {By : k € K} C 2%, it follows that a A A\x €(Bi) < (g Bi)- In order to show

a< /\ (/\ % (By) — ?(ﬂ By)),

{Ay:keK}C2X keK kek

we need only show that for each {4 : k € K} C 2%,

an \EB<%([) By,

kek kek
ie.,
an A/ N\EBy< \/ N\ %(B)).
keK Uje;, Brj=Ar i€k Ujes Bi=Miek Axi€]
Take each € M such that
B=<an /\ \/ /\ % (Byj)-
k€K U, Bij=AxJj€Jx

g
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Then B < a and for each k € K, there exists {By; : j € Ji} such that J;; By ; = Ay and for each j € Ji,
(B, ,-) > f. By the completely distributive law, it follows that

NAa=-NUBw= U [ Buw:

kek keK je]k fellkexJx k€K

Put Dy = ek Bi o for each f € [[;cx Jx- Then for each f € ], o J. it follow that

<g(Df) = %(ﬂ Bk,f(k)) 2aN /\ %(Bk,f(k)) > ﬁ
kek keK

This implies \/U]_e/ Bi=Meex Ar /\jg % (B;) 2 /\fEerKIk % (Dy) = B. By the arbitrariness of 8, we obtain that for
each {4y : k € K} C 2%,

an /\ \/ /\ <loﬂ(Bk’]) < \/ /\Cg(Bl)

keKUlElk Bk.):Akjelk U)'G/Bj:mkGKAkjej

This means that

as N (A F@) -2 A

{Ay:keK}C2X keK kek
By the arbitrariness of a, we obtain that

A (ANZ@)-2(NAaD= A (N €B)—2() B

{A:keK}C2X keK kek {By:keK}C2¥ keK keK

as desired.
B)Du(X, ¥) = T. It suffices to show

AV NeB)s \V \ %(B)).

keKUile Bk‘j:Akjefk Uje]Bf:UkeKAkjej

Take each a € M such that

a< N\ \/  N\%By.

keK U, Brj=Ar i€k

Then for each k € K, there exists {By ; : j € Jx} such that | J;;, Bx,; = Ay and for eachj € Ji, %(By,) = a. Put
{Ct i te T} = {Bk,j ke .K,} e]k}.Then

U= U Usi-Ue

keK keK jeJx teT
and
NeC)= \ N\ €By)) = a
teT keKjejk
This implies that
\/ /\%(Bj) > /\ %(Co = a.
Uiel BI':UkeK Arje] teT

By the arbitrariness of a,

AV NGy Vo A,

keK UjEIk By j=Ay j€Jk U]-E] Bi=UkeK Acje]

i.e.,

AV AeBY N Aes-T

ke Ujey, Brj=Ax €k Uses Bi=Urex Axi€]
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This means Du(X, %) = T.
By (1), (2) and (3), we have

DUP(X,%) = D (X, %) ADA(X, %) ADu(X, %)
> DT(X, 55) N Dm(X, ngﬂ) N DUd(X, 55)
= D"(X, %).

Corollary 4.10. Let (X, ¢) be an M-fuzzifying convex space and define % : 2X —s M by

vae2t, 7= \/ N\“®.

U}.GIB,-:A]'G]

Then € becomes an M-fuzzifying Alexandrov topology on X.

5 Conclusions

In this paper, we mainly applied an approximate degree approach to M-fuzzifying convex structures as
well as M-fuzzifying closure systems and M-fuzzifying Alexandrov topologies. In this way, we proposed
the approximate degrees of M-fuzzifying convex structures, M-fuzzifying closure systems and M-fuzzifying
Alexandrov topologies. From a logical viewpoint, we represented the properties of M-fuzzifying convex
structures and investigated the relations among M-fuzzifying convex structures, M-fuzzifying closure systems
and M-fuzzifying Alexandrov topologies by some inequalities. In the future, we will consider the approximate
degree of CP-mappings between M-fuzzifying convex spaces and combine it with the approximate degree of
M-fuzzifying convex structure. In other words, we will apply the approximate degree method to study M-
fuzzifying convex spaces.
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