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Abstract: The extinction property of a two species competitive stage-structured phytoplankton system with
harvesting is studied in this paper. Several sets of sufficient conditions which ensure that one of the com-
ponents will be driven to extinction are established. Our results supplement and complement the results
of Li and Chen [Extinction in periodic competitive stage-structured Lotka-Volterra model with the effects
of toxic substances, J. Comput. Appl. Math., 2009, 231(1), 143-153] and Liu, Chen, Luo et al. [Extinction and
permanence in nonautonomous competitive system with stage structure, J. Math. Anal. Appl., 2002, 274(2),
667-684].
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1 Introduction

Throughout this paper, for a given function g(t), we let g© and g™ denote inf_co<t<co g(t) and sup_._ ;<. g(0),
respectively.

During the last two decades, ecosystem with stage structure become one of the most important research
area, and some substantive progress has been made on this direction, see [1-11] and the references cited
therein. For example, Chen et al. [2] showed that stage structure plays important role on the persistent
property of the cooperative system. For the system without stage structure, the system always admits a
unique positive equilibrium, which means the stable coexistence of the two species. However, if the stage
structure is enough large, despite the cooperation between the two species, the species may still be driven to
extinction. Xiao et al. [3] investigated the Hopf bifurcation and stability property of a Beddington-DeAngelis
predator-prey model with stage structure for predator and time delay incorporating prey refuge. Among those
works, many scholars ([1], [6—11]) done works on the stage structured competitive system. Also, competitive
system with the effect of toxic substances is another important research area, many excellent results have
been obtained, see [12-37] and the references cited therein. Li et al. [13] studied the stability property of a
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competitive system with the effect of toxic substances, they showed that the toxic substance have no influence
to the stability property of the system, though it has influence on the position of the equilibrium. Their result
is then generalized by Chen et al. [23] to the infinite delay case. Some scholars [17, 24, 29, 35] argued that it
is better to describe the relationship between the competitive species by using the nonlinear function, and
they obtained some interesting results, such as the extinction of the species, the existence, uniqueness and
global stability of the periodic solution, etc.

Based on the traditional two species Lotka-Volterra competitive system, Liu et al. [6] first time proposed
the following two-species competitive model with stage structure

X1(t) = bre M Tixy(t - 11) - a11x3 - a1ax1%2,
J1(0) = bixy —diy1 - biehTix (t - 11), (1.1)
X2(6) = bae %272 x,(t - T3) — @z2x3 — Az X1%2,

V2(6) = baxy — days — boe R0 x,(t - 15).

As as pointed out by Liu et al. [6], to study the dynamic behaviors of the system (1.1), it is enough to study the
asymptotic behavior of the following subsystem of system (1.1)

X1(6) = bre™ 4 Tixy (t - 11) - anx} - apxixa,

(1.2)
X%o(8) = bae 2T x;(t - T2) — a22%3 - arx1%s.
System (1.2) admits three non-negative equilibria.
-di1y ~dy T
EO(O, O)’ El (bleii O)’ EZ (0’ bzei)- (1.3)
ai azs
Concerned with the stability property of E; and E,, the authors obtained the following results.
Theorem A. E; is globally asymptotically stable provided
b1€7d1T1 ai 17167‘11‘1-1 ain
bredits > oot and Do i > (1.4)
Theorem B. E; is globally asymptotically stable provided
—d1 T1 _dl T1
bie M1 and bie 912 (1.5)

bze—dz‘rz ar bze_dZTZ arr .

Liu et al. [7] proposed the following n-species nonautonomous stage-structured competitive system,

50 = bi(t — 1)l MOkt~ 1) xi(0) 3 x,(0),
j=1 (1.6)
$i(0) = bi(Ox:(6) — di(Oyi(6) - bi(t - T)el s “x (e - 1y,

where i = 1, 2,...,n, 7; are nonnegative constants. b;(t), a;;(t), d;(t)(i,j = 1,2, ..., n) are all nonnegative
continuous and w-periodic functions. b;(t), a;;(t), d;(t) > 0 forall t € [0, w]. Set

t :
Bi(f) = by(t — 1;)ecn 4SS

Then, Liu et al. [7] obtained the following results.

Theorem C. For system (1.6) in the case n = 2, assume

L MaM L MaM
By > By —1* and By > By . (1.7)
asz, az,

Then lim x,(f) = lim y,(f) = 0.
t—+oo t—r+oo
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Theorem D. For system (1.6) in the case n = 2, assume

L MaM L MaM
B3 > Bf —#% and B; > By —*. (1.8)
ay, ag,

Then lim x1(t) = lim y(t) =0.
t—>+oo t—+oo

One could easily see that Theorem C and D generalize Theorem A and B to the non-autonomous case.
Based on the works of [5] and [6], Li and Chen [10] proposed the following two species periodic competi-
tive stage-structured system with the effects of toxic substances:

- [y, ri(s)ds

x1(t) = b1(t - 11)e x1(t-11)

—6111(f)X%(f) — a2 (x1(Ox(8) - dl(t)X%(f)Xz(f),

100 = by (Ox1(6) - ry(Oy1(6) - byt — T1)e en MOy (6 - 1), (1.9)

r2(s)ds

52(0) = bat - T2)e Jre O (£ - 1) — ay (033(D)

—az1(Ox1(O)x2() - da(Ox1(Ox3(8),

- fzt—rz ra(s)ds

V2(8) = ba()x2(8) — r2(E)y2(£) - ba(t — 12)e x(t - 12),

where x;(t) and y;(t)(i = 1, 2) represent the density of mature and immature species at time t > 0, respectively;
bi(t), a;;(t), ri(t), d;()(i, j = 1, 2) are all nonnegative continuous and w-periodic functions. Li and Chen [10]
obtained the following result.

Theorem E. If the coefficients of system (1.9) satisfy

LMt M L -t M L,-rr M
bleil>a12 bye™™™ a1y bie" dy
’ = ’

PNTPR 7 Mot S AL (1.10)
bMe 122 ak, bMe T2t ak, bpMe T2t dk

Then second species will be driven to extinction while the first one is global attractive to a positive periodic
solution of a stage-structured single species system.

Comparing Theorem A, C and E, one could see that the first two inequalities of Theorem E is the same
as that of the Theorem C. Noting that the authors of [10] is to investigated the dynamic behaviors of a stage-
structured system with toxic substance, hence, one could see that the idea behind that of Theorem E is to
assume that the second species in the system without toxic substance is driven to extinction, and to find
out the suitable restrictions on the coefficients of toxic substances term, to ensure the second species still be
driven to extinction.

Now, one of the interesting issue proposed: What would happen if the first two inequalities in Theorem
E hold, while the third inequality does not holds?

To bring some hints on this issue, let’s consider the following example.
Example 1.1. Consider the following equations
x1(£) = 3e7%2x1(t - 0.2) - (1.5 + 0.5 cos(£))x2(t)
=(2 + sin(®)x1(Dx2(t) - 0.2x3 (Dx2(8),
y1(0) = 3x:(0) - y1 () - 3e7%2x1(t - 0.2),
(1.11)
X,(t) = 2e7%2x,(t - 0.2) - (3.5 + 0.5 cos(t))x3(t)
-2x1(O)xa(t) - 0.1x1 () (x2(1))%,

Y2(6) = 2x2(8) — y2(£) = 2e7%2x,(t - 0.2),
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where 11 =0.2, 75 = 0.2, b1(t) = 4,r1(t) = 1, a11(t) = 1.5 +0.5 cos(t), a2 (t) = 2 +sin(t), d1(t) = 0.2, d,(t) =
0.1, by(t) =2, r2(t) = 1, ar1(t) = 2, ay(t) = 3.5 + 0.5 cos(t).
One could easily see that

plen™ 3¢ 3 3 _ _alh
M—rer_Z‘O-Z_E §_ S al)’
bile e az,
L -1, M
e_z 2 a

3 21

L -1, M
bleil _3.02 _,_ d%
bIZVIe—rzrz 2 1 d;

Inequalities (1.12) show that the coefficients of the system (1.11) satisfies the first two inequalities in (1.10),
while the third inequality no longer holds. Numeric simulation (Fig. 1) shows that in this case, species 2 will
be driven to extinction while species 1 is globally attractive.

Above example enlighten us to revisit the dynamic behaviors of the system (1.9), and to find out some
new sufficient conditions which ensure the extinction of some of the species in system (1.9).

On the other hand, based on the traditional two species competitive system with toxic substance, Kar
and Chaudhuri [36] proposed the following non-selective harvesting system

dx
7 = (- g) —anxy - nx%y - g1 Ex,
(1.13)

d
d—}; ray(1 = ) - aoxy - v2xy* - q2Ey,

where g1, g, are the catchability coefficients of the two species. The authors gave a thoroughly investigation
of the dynamical behaviour about system.

Recently, Gupta et al. [37] made the following assumption: the two species are being harvested by
different agencies, both the species are harvested with harvesting efforts E; and E,, respectively. This leads
to the following modeling

dx
¢ = XA - ) - aaxy - X’y - qiEix,
(1.14)

d

d—); =ry(1 - £) - aoxy - 72xy* - @2 Eay,
The authors showed that the system (1.14) may exists two saddle-node bifurcations for different bifurcation
parameters.

Now stimulated by the works of [36, 37], it is natural to incorporating the harvesting efforts to system
(1.9), here, without loss of generality, we may assume that we only harvest the mature species, and this leads
to the following system:

ri(s)ds

51(6) = by(t - y)e Jin OBy (¢ 1))

—a11(Ox3(t) - ar2(Ox1(Ox2(t) - d1 (OxF(Ox2(8) — g1 (OE1(Ox1(8),

y1(8) = b1(Ox1(6) - r1(®)y1(6) = b1t — T1)e” Jiny rl(s)ds)ﬁ(t -T1),
(1.15)

Ka(8) = byt - Ta)e I POy (¢ - 1) — @ (DX3(0)

—ax1(Ox1(x2() - da(Ox1(Ox3(8) - 2 (D E2(O)x2 (),

r2(s)ds

V2(t) = b (Ox2(t) - r2(Oy2(t) - ba(t - 12)e Jivy x(t - 12),

where x;(t) and y;(£)(i = 1, 2) represent the density of mature and immature species at time t > 0, respectively;
bi(t), a;(t), ri(t), d;(1), q;(6), E;(t)(i, j = 1, 2) are all nonnegative continuous and w-periodic functions.
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Already, there are many scholars investigated the extinction property of the competitive system with toxic
substance, see [12, 13, 17-24], however, all of those works did not consider the influence of harvesting.

The aim of this paper is, by further developing the analysis technique of Li and Chen [10], Chen et al. [35]
and Montes De Oca and Vivas [32], to investigate the extinction property of the system (1.15).

The initial conditions for system (1.15) take the form

xi(0) = ¢;(6) >0, y;(0)=v¢;(0)>0,-T1<0<0, i=1,2, (1.16)

where 7 = max{71, 7, }. For the continuity of the solutions of system (1.15), in this paper, we always assume
0
- _ - [ riwdu .
yi(0) = 1(0) - / bis)pi(s)e™ K Wdugs 1,2, (1.17)

The organization of this paper is as follows. In Section 2, we introduce some useful lemmas. In Section
3, we study the extinction property of system (1.15). In Section 4, several numeric examples are carried out to
illustrate the feasibility of the main results. We end this paper by a briefly discussion.

2 Preliminaries

Now let us state several lemmas which will be useful in the proof of our main results.

Lemma 2.1.Solutions of system (1.15) with initial conditions (1.16) and (1.17) are positive for all t > 0.
Proof. The proof of Lemma 2.1 is similar to that of Lemma 3.1 [5], and we omit the detail proof here.
Lemma 2.2. [7] Consider the following equations:

X (£) = bx(t - 6) — ayx(t) — a,x(b),
x(t) = ¢p(t)>0, -6<t<0,

and assume that b, a, > 0, a; 2 0 and 6 > 0 are constants, then:

@ Ifb = ay, then lim x(t) = m;
t—r+oo aj

(i) Ifb < aq, then lim x(t) =0
t—+oo

Lemma 2.3. Let (x1(t), y1(t), x2(t), y2())T be any solution of system (1.15) with initial conditions (1.16) and
(1.17). Thenfori=1,2

lim sup x;(t) < M;, limsupy;(t) < N;, (2.1)
t—>+o0 t—+oo
where i
M -1t LiL M
T SR L ) (.2
ag rk

i
Proof. It follows from the first or third equation of system (1.15) that

(s)ds

%i(6) < byt - To)e” I OByt - 1) - (D20 - g (O (Ox(8)

sbf”e”*x(t—r) abx?(t) - qFEEx(0).

lll

Consider the following equation

i(6) = b¥e Ty (¢ - ;) - ahud(6) - gFEFu(6)

bMe’riLTi - qLEL
with u;(t) = x;(t) (-1 < t <0),i =1, 2. By Lemma 2.2, tlim u;(t) = = 1t and so,
— 400

I
aj;

M ,-rf1; L
lim sup x;(¢t) < Ijie—E M, i=1,2. (2.3)

t—+oo al%
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The rest of the proof is similar to that of the proof of Lemma 2.3 in [10], and we omit the detail here.

Remark 2.1. If bf”e"fLTf <qtEL,i=1,2, then tlim x;(t) = 0, and consequently, tlim y;(t) =0,i=1, 2. That
—+oo —+o0
is, overfishing will lead to the extinction of both species.

Lemma 2.4.[32] (Fluctuation lemma) Let x(t) be a bounded differentiable function on (a, o), then there exist
sequences Tn, — oo, On — oo such that

(a) x(tn) — 0 and x(tn) — limsup x(t) =X as n — oo,
t—oo

(b) x(on) — 0 and x(on) — litminfx(t) =X dasn— oo,
—> 00

3 Main results

As indicated by the Remark 2.1, overfishing will leads to the extinction of both species, hence, from now on,
we make the following assumption:

M
bie s g'EM, i=1,2. G.1)
Before stating the main results of this section, we introduce a set of conditions

Lt MM
bye™ ™ - gy EY

M M M
ai, ai di
> maxi —=, —, —r (3.2)
M -1k Ll { L > 4L 7 4L
bye™i" — g5 E; ay, a3 d;
L -t MM M M M
ble 1 1—q1 El N alz 6111+d1 Mz (3 3)
pM -rkr, LEL max at.’ ak .
2€ 2 —q3L; 22 21
L,-rr MM M M M
ble 1 1_q1 El >max{a12+d1 Ml all} (3 4)
_yL L ’ L .
bMe ;T2 _ qLEL a a
2 2t2 22 21
L,-rMr MEM M M M
be™ " -qy E; max{aZl a4 (3.5)
M -1k LrL L L ° AL :
bye ™ - qIE; ay, arp, di
L Mt MM M M M
bse ™2™ — M EY >max{a21 a22+d2M1} (3.6)
M -1t LrL L’ L '
b1 e — q1E1 all a12
LMt MM M M M
bse™2 "2 — g3'E5 >max{a21+d2M2 a22} (.7)
7 L » L :
bMe it — gLEL ay, ary,

where M;, i = 1, 2 are defined by (2.2).
Before we begin to prove the main results, we need several Lemmas again.

Lemma 3.1. Let (x1(t), y1(t), x2(t), y2 ()T be any solution of system (1.15) with initial conditions (1.16) and

(1.17). Assume that (3.2) or (3.3) or (3.4) holds, then there exists a « > O such that x1(t) > a for all t > 0.

Proof. We first show that the conclusion of Lemma 3.1 holds under the assumption (3.2). It follows from
M-rkry Ll LMo, MM M —rkty MM

Lemma 2.3 that lim sup x,(¢) < %. Given € = %(ble Loa Bl bye2 g B ), there existsa T = 0

o
t—stoo 22 an a3,

suchthatforall¢t>T

x,(t) <

M -1kt L L L,-Mr MM M -1kt MM
bzezl—q2E2+€=1 blell—Q1E1+b2922—42Ez
> .

I M 3
az, an az,
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So, for all t > T, from the first equation of system (1.15), it follows that

X1(0 > bre ™ Tixy(t-11) - ax3(t) - a¥xy (Ox2 (D)

v

a3 (Ox2(6) - ¢ EY x4 (6)

L —YM d bL rlfl_ MEM bM VZTZ_ E )
> bje 1Tlx1(t—‘rl)—(a11+ >+ ( auq azzqz 2 ) )x2(t)

—(j(bL frlrl - q" EM+a12bM -rkty —g"EM )+q11ME11M)X1(t)

llL
def
Ax1(t - 11) - Bx1(t) - Cxl(t)
Let u(t) be a solution of the following equation
u(t) = Au(t - 1) - Bu(t) - Cu’(¢),
with u(T + 71) = x1(T + 71). It follows from condition (3.1) that

bty _ MM
b”—qE)w.

A-B= 1(bll'e_rlll/f‘rl —qMEl - a1y
2 al
22

From Lemma 2.2

lim u(t) = A-B_ a; > 0.
t—+oo C

Therefore, we obtain
x; =liminfx,(¢) = a1 > 0.
t—+oo

Given € = %al, there exists a T1 = T such that

o 1 a

Xl(t)zll_% 2 -5 = 71, t>T;.

Letay = min{x4(t) : 0 < t < T1} > 0and & = min{%}, a,} > 0. It follows that x1(t) = « > O forall ¢ = 0.
Noting that above proof only use the fact

ble-r'™ - Y | bifertie: - glBY

M I
ai; as,

Condition (3.3) and (3.4) all implies this inequality holds, hence, under the assumption of (3.2) or (3.3) or (3.4),
the conclusion of Lemma 3.1 holds. This ends the proof of Lemma 3.1.

Our main results are the following Theorems.
Theorem 3.1. Assume that (3.2) holds. Then

my < hmmfxl(t) < limsup x1(t) < M;.

ny < hm 1nfy1(t) < 111;12:1? y1(t) < Ny.
-0, 300
where ple 't _ gMEM blm L
my = 24 i a1 Lop = ;Ml(l—e_rlrl).

11 1

Theorem 3.2. Assume that (3.3) holds. Then the conclusions of Theorem 3.1 hold.
Theorem 3.3. Assume that (3.4) holds. Then the conclusions of Theorem 3.1 hold.



DE GRUYTER Extinction of competitive system =— 863

Noting that system (1.9) is the special case of system (1.15), (g;(t) = 0, E;(t) = 0, i = 1, 2) Then as a direct
corollary of Theorem 3.1, we have

Corollary 3.1. Assume that in system (1.9)

M
bLe—r1 T aM aM dM
1 N max{ 12 a1 4 }

blferim as,” ak,’ db
hold. Then
my < liminf x{(t) < limsup x;(¢t) < M;.
t—+oo t—3+o00
ny < liminfy(¢t) < limsup y;(t) < Ny.
t—too t—>+oo
lim x,(t) =0, lim y,(t) =0,
t—+o0 t—+oo
where .
L - L
m; = blel\;lrl’ ny = bll’;l (1_efl’ll'T1).
ain n

Remark 3.1. Corollary 3.1 is Theorem 3.1 of Li and Chen [10], hence we generalize the main result of [10].
As a direct corollary of Theorem 3.2 and 3.3, we have
Corollary 3.2.Assume that in system (1.9)
ple ™ . ax{aidz alf +d¥my, }
blfeim as,’ aj,

M eim

o
ai,

hold, where M1, = Then the conclusion of Corollary 3.1 holds.

Corollary 3.3. Assume that in system (1.9)

Lt M M M
ble 101 N ax{a12+d1M22 all}

I s 3.8
bMerit: a’, as, G-
bMe—ré‘rl
hold, where M, = ZT' Then the conclusion of Corollary 3.1 holds.
22

Remark 3.2. As was showed in Example 1.1, though the conditions of Theorem 3.1 in [10] are not satisfied,
the second species still be possible of driving to extinction. Corollary 3.2 and 3.3 are two set of new sufficient
conditions which ensure the extinction of the second species, hence, Corollary 3.2 and 3.3 supplement and
complement the main results of [10].

Proof of Theorem 3.1. It follows from Lemma 2.1 and 2.3 that x;(t), i = 1, 2 are bounded and positive for all

t>0.Letx, = I}m inf x4 (t) and X, = lim sup x, (). For above &1 > 0, it follows from Lemma 2.3 that
—rteo t—+oo

X1 <Mi+e1, X2 <My +e;. (3.9)

From Lemma 3.1 we know that x; = a > 0. Obviously, X, > 0. To prove tlim x5(t) = 0, it suffices to show
—>+o0

that x, = 0. In order to get a contradiction, we suppose that X, > 0. According to the Fluctuation lemma
(Lemma 2.4), there exist sequences y, — +oo, 0n — +oo such that x/1 (vn) — 0, xlz(on) — 0, x1(yn) — x; and
x2(0n) — X as n — +oo. It follows from the first equation of system (1.15) that

Yn d
Fates S 3 (0 = 1) = @31 (y)X3 ()

X1(m) = b1(ym —T1)e”
—a12(ym)x1(ym)x2(n) - dl(’Yn)X%(’Yn)XZ(’Yn) - q1()E1(yn)x1(n)

M (3.10)
> ble™ Tlt inf x1() - a¥ x2(yn)
2Yn—T1

—athx1(yn) sup x2(6) = d X3 (1) sup x2(6) = Y EY X1 (m).
2n 2
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By taking the limit of the above inequality as n — +oo, we obtain the inequality
b%e"r]lwr1 - gVEY < allx, + a¥hx, + d¥x,%,.

From the third equation of system (1.15), by a similar argument as above, we obtain
¥ — ghEL » abix, + abyxy + dbxy o

(3.11) is equivalent to

M M M
1< ai aip - di

X, + Xy +
L1M7 MEM=1 " pL -7 MEM J MEM
bye i — q'EY bye i — q'EY bye i — gl EY

(3.12) is equivalent to

L L L
1s az a3 ¥ d;

> X, + Xy + X1X>.
M ,-riT LpL=1 M -1kt LTl M -1kt Ll =1
by e - g5 E3 by e - q3E5 bye™:" - g5E;

(3.13) together with (3.14) leads to
All] + Azfz + A351¥2 >0,

where u s
A = an _ az,
M L 4
bteriti — gMEM  pMeTT2 — gLEL
M L
A, = ais _ az;
M L ’
bleiti - gMEM  pMeriTa — gLEL
M L
A3 dl d2

T LMt _  MEM  pMorit, _ A LpL°
bye™iT —q{'EY  bye™:" - q3E;

It follows from (3.2) that A; < 0,i = 1, 2, 3, this together with the fact x; > 0, X, > 0leads to

A1£1 +A2Y2 +A3K1Y2 < 0,

which is contradiction with (3.15). Then we obtain tlim x,(t) = 0. Since
—>+oo

t
y2(t) = / b, (s)x,(s)elc 2Wdu gg.
t

-7

it immediately follows that
lim y,(t) =0.
t—+oo

L, MM
(bye™ ™ —q{EY)
M

ag;

Above analysis shows that for 0 < € <

y>(t) < €. Lemma 2.3 had showed that

limsup x;(t) < My, limsupy;(t) < N;.

t—+oo t—+o0

To end the proof of Theorem 3.1, it’s enough to show that
liminf x1(t) > my, liminfy,(¢) > n;.
t—> 400 t—+oo
For t > Ty + 7, from the first equation of system (1.15), we have

X1(0) = bte M Tix (t - 11) - (@ + dMe)x3(O) - (ahe + gMEM)x, (0).

5122-
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

, there exists a T; > 0, such that forall t > Ty,

(3.17)
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Let u(t) be the solution of the equation
it = bre My (t - 1) - (@l + alfend(0) - (alhe + gV EMu(®
with u(Ty + 1) = x1(T1 + 7). It follows from Lemma 2.2 that

LMt M MM
lim u(e) = 1€ "~ (e + g EY)
t—>-+oo aM + d¥e

Therefore, we have

Lo-r'my M MM
. . - —+
lim inf x (t) 2 bye M(au; q1 E7 ).
t—>+o0 a11 +d1 e

Setting € — 0, it follows that
L,-rMr MM
lim ian1(t) > blell—_qlEl (}%fl
t—>+oo aM
11
Noting that

¢
yi(6) - / by(s)xa (s)eli g,
t-1,
From this, one could easily obtain
.. bl{ml —rkr
liminfy{(¢t) > =1 -e1™).
t—+oo rllw

The proof of Theorem 3.1 is completed.

Proof of Theorem 3.2. Let (x1(t), y1(£), x2(t), y2(t))T be any solution of system (1.15) with initial conditions
(1.16) and (1.17). It follows from (3.3) that there exists a £, > 0 enough small, such that

M
bhe T _ gMEM >max{a7’1”2 a%+d11”(M2+ez)}. (3.18)
bMe-rit> — gLEL ak, a3,
Let x; and X, be defined as that of Lemma 3.3. For above €, > 0, it follows from Lemma 2.3 that
X, <Mjy+eg, Xp<M;+e;. (3.19)

From Lemma 3.1 we know that x; > a > 0. Obviously, X, > 0. To prove tlim x,(t) = 0, it suffices to show that
—>+00

X, = 0. In order to get a contradiction, we suppose that x, > 0. Already, by using the Fluctuation lemma, we
had established the inequalities (3.11) and (3.12). Now, from (3.11) and (3.19), we have

bhe T gMEY < (a¥h + dl (M, + £))x, + alhxs, (3.20)
which is equivalent to
M . M M
1t di(Mp+e), 412 Xs. (3.21)
ble i1 — gMEM ble i1 — gMEM
Also, it follows from (3.12) that
L L
a a _
132 21 Xy + 22 X5. (3.22)
bMe it — gLEL ™' pMe i — gLEL™’
(3.21) combine with (3.22) leads to
Blgl + Bzfz >0, (323)

where y ” s
_ aty +di (M; +¢) B az,

By L1, _ MEM Mottt _ LEL"
byei™ —qy'EY"  byeT:" - q;E;
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M L
ais az;

- e — .
ble it — gMEM  pMe-1iT2 — gLEL

Condition (3.18) implies that B; < 0, i = 1, 2. This together with the fact x, > 0, X, > 0 leads to

B,

B151 + Byx, <0, (324)

which is contradiction with (3.23). Then we obtain tlim X>(t) = 0. The rest of the proof is similar to that of
—>+oo
the proof of Theorem 3.1, and we omit the detail here.

Proof of Theorem 3.3. Let (x1(t), y1(t), x2(t), y2(t))T be any solution of system (1.15) with initial conditions
(1.16) and (1.17). It follows from (3.4) that there exists a £3 > 0 enough small, such that

M
bhe T _ gMEM >max{a1‘1”2+d¥(M1+eg) ai”l} (3.25)
bMeriT> — gLEL ak, a3,
Let x; and X, be defined as that of Lemma 3.3. For above €3 > 0, it follows from Lemma 2.3 that
K1<M1+€3, X2 < My + £3. (326)

From Lemma 3.1 we know that x; = a > 0. Obviously, X, = 0. To prove tlim x,(t) = 0, it suffices to show that
—rtoo

X, = 0. In order to get a contradiction, we suppose that X, > 0. Already, by using the Fluctuation lemma, we
had established the inequalities (3.11) and (3.12). Now, from (3.11) and (3.26), we have

b%e"r%l -gVEY <allix, + (allwz +dM(My + £3))Xa2, (3.27)
which is equivalent to
1 afi gy + Uzt AT My +25) (3.28)

<
blerim _ gMEM™! * ple-rim _ gMpM
Also, it follows from (3.12) that

L L
a a —
21 22 X

12 X, + 3 (3.29)
bMerits _ gLEL™ "~ pMe-rit2 _ gLEL
(3.28) combine with (3.29) leads to
Clgl + CzYZ >0, (330)
where
C a% alil
1 = - .
ble 't — gMEM  pMe-rits _ gLEL
C, - alh +df'(My +e5) ak,
ble 't — gMEM  pMe-rits _ gLEL
Condition (3.25) implies that C; < 0, i = 1, 2. This together with the fact x; > 0, X, > 0 leads to
Cl),(l + szz <0, (3.31)

which is contradiction with (3.30). Then we obtain tlim x,(t) = 0. The rest of the proof is similar to that of
—>+oo

the proof of Theorem 3.1, and we omit the detail here.
Concerned with the extinction of the first species, we have the following result.
Theorem 3.4. Assume that (3.5) or (3.6) or (3.7) hold. Then

m, < liminf x,(¢) < lim sup x»(t) < M,.
t—rtoo t—+oo

n, < liminfy,(t) < limsupy,(t) < N,.
f—+oo t—+o0

lim x.(t) =0, lim y.(t)=0,
t—r+oo

t—r+oo
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where y
- L
= be™ T2 — gMEM no o bama e,
2= aM ’ 2= T'M .
22 2

Since the proof of Theorem 3.4 is similar to that of Theorems 3.1-3.3, we omit the detail here.
As a direct corollary of Theorem 2.4, we have

Corollary 3.4. Assume that in system (1.9), one of the following three inequalities holds.

ble T a¥ abh, a¥
pM -rkty > max ak. > al.’ dL )’
1€ 1 11 Y12 ¢“1

L -7 M M M
bye 2™ ay ay +dy; My
M p-rhT VL’ L ’
byein a1 a1s
b12Le_r12MT2

M M M
az; +dy My, azz}
L I’
bMe—rlrl
1

> max{
I s T
ai, ar,

bf"e"iLT*'
I
i

where M;; = ,i=1,2.Then

m» < liminf x,(¢t) < limsup x,(t) < M>.
t—r+oo t—+oo

n, < liminfy,(t) < limsupy,(t) < N».
t—+oo t—+oo

lim x1(t)=0, lim y;(t) =0,
t—r+oo

t—++oo

where

mp = np
M’ M
as; 5]

L, L
_ bze 22 _ bsm; (1 —e"éfz)
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In this section we shall give two examples to illustrate the feasibility of main results in the previous section.

Example 4.1. Consider Example 1.1 in the introduction Section. Already, we had verified

M = E >1= L%
bt "2k,
Noting that
L
pMeriti 3702
My = —— i
11
Thus,
M
afl +ad¥M;  2+0.2x3e702 L2406 3 _ bleim
ak, 2 2 2 pMerin’

(4.1)

(4.2)

(4.1) together with (4.2) shows that all the conditions of Corollary 3.2 are hold, and so, the second species will

be driven to extinction.
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solution

time t

Figure 1: Dynamics behaviors of the solution (x1(£), y1(£), x2(6), y2(6))T of system (4.1) with initial condition
(91(8), 92(0), ¥1(0), Y2(O)T =(1.2,0.4,0.8,0.2)T, (1.8,0.6,0.5,0.2) and (0.8, 1.4, 1.5,2)T, 6 € [-0.2,0],
respectively.

Example 4.2. Now let’s further incorporate the harvesting effort to system (1.11), this leads to the following
system
x1(£) = 3e7%2x1(t - 0.2) - (1.5 + 0.5 cos(£))x2(¢t)
-(2 + sin())x1 (Ox2(t) - 0.2x3 (x5 (t) - g1 (E1 (t)x1,

71(6) = 3x1(0) - y1(6) - 3e7%2x1(t - 0.2),
X2(t) = 2e7%2x,(t - 0.2) - (3.5 + 0.5 cos(t))x3(t)
-2x1()x2(8) - 0.1x1 (O (x2(1)? - g2 (D E2(6)x2,

V2(8) = 2x2() - y2(t) - 2e7%%x2(¢ - 0.2),
where 11 =0.2,7, = 0.2, b1(t) = 4,r1(t) = 1, a11(t) = 1.5+0.5 cos(t), ar»(t) = 2 +sin(t), d1(t) = 0.2, d»(t) =
0.1, by(t) =2, r2(t) = 1, a1 (t) = 2, a»,(t) = 3.5 + 0.5 cos(t).
(1) Take g1()E1(t) = 3, g2(OE2(t) = 2, in this case, bf”e"iLT“ < qFEt,i=1,2holds, and so, from Remark 2.1,
this is overfishing case, and all the species will be driven to extinction. Fig 2. support this assertion.
(2) Take g1 (E1(t) = 0.2e7%2, g2 (t)E5(t) = 0, in this case, there are no harvest on the second species, also,
bleiT _gMEM 38

the harvesting of the first species is restrict to a limited case. ; )
bJZVIe—r2 72 2

My, = pMeTiT _ gMEM _2.8e7%?

ah, 1
Thus,
al +dlM; _2+0.2x2.8¢%? 2+0.6 2.8 _ble™ - gllEY (.4)
aél 2 2 2 bg/fe*ré‘fz ’ )
_ M
afh _, 2.8 _ bie" - gV'EY (4.5)

ak, 2 pMerim:
(4.4) and (4.5) show that all the conditions of Corollary 3.2 are hold, then second species will be driven to

extinction. Fig. 3 also support this assertion.
(3) Take g1 (£)E1(t) = 2.6€7°2, g2 (O)E,(t) = 0, in this case

blie—rg”rz 2e702

bMeriti — gLEL T 3e02-2.6e02 >

M M M
021=2 azz=4 d2=1

L > L > L :
ai arg, a2
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Hence
ple i

Mp-rht LrL
bye ™ — qTE;

> max{a—%wl, a—%wz, #}.

ay, ai, di
That is, inequality (3.5) holds, from Theorem 2.4, the second species will be driven to extinction. Fig. 4 also
support this assertion.
(4) Take q1()E1(t) = 3, q2(t)E>(t) = 0, in this case, the first species is overfishing, while the second one is
free of harvesting. From Remark 2.1, the first species will be driven to extinction. Due to the extinction of the
first species, the second one will be permanent. Fig.5 also support this assertion.
(5) Take q1(H)E1(t) = 1.5, g2(t)E»(t) = 0. Numeric simulation (Fig. 6) shows that in this case, two species
could be coexist in a stable state.

12

b

solution
o o
o [+

o
'S

o

<}
N
OK

Figure 2: Dynamics behaviors of the solution (x1(¢), y1 (), x2(t), yz(t))T of system (4.3) with initial condition
(91(8), 92(0), Y1(6), Y2(O))T =(1.2,0.4,0.8,0.2)T,0 € [-0.2, 0], where q1 E1 = 3, g2 E> = 2. respectively.

solution

o 2 4 6 8 10 12 14 16 18 20
time t

Figure 3: Dynamics behaviors of the solution (x1(¢), y1(t), x2(8), y2(6))T of system (4.3) with initial condition
(91(0), 92(0), ¥1(0), Y2(O))T =(1.2,0.4,0.8,0.2)7, (1.8, 0.6, 0.5,0.2) and (0.8, 1.4, 1.5,2)T, 6 € [-0.2,0],
respectively. Here we take g1 E1 = 0.2e7°2, g, E; = 0.
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time t

Figure 4: Dynamics behaviors of the solution (x1(¢), y1(t), x2(t), yz(t))T of system (4.3) with initial condition
(01(8), 2(0), Y1(0), ¥2(8)T =(0.8,0.4,0.5,0.4),0 <€ [-0.2,0], respectively. Here we take g1 E; =

2.6e7%2 ¢q,E, = 0.

solution

o] 2 4 6 8 10 12 14

Figure 5: Dynamics behaviors of the solution (x4 (t), y1(t), x2(t), yz(t))T of system (4.3) with initial condition
(01(0), 92(0), P1(6), Y,(8)T =(1.8,0.6,0.5,0.2) and (0.8, 1.4, 1.5, 2)T, 8 € [-0.2, 0], respectively. Here we

take q1E1 =3, quz =0.

0.8
N,
L Vi
0.6 Y,
3
0.5
é \1',\", I’\ /,\\ /‘%\ I}Q‘» If\\ iﬁ w\/j
VAN Y Y Y Y
03k \\\_.(:’ N

Figure 6: Dynamics behaviors of the solution (x1(¢), y1(t), x2(t), yz(t))T of system (4.3) with initial condition
(01(8), 92(0), P1(8), ¥, (O)T =(0.2,0.6,0.5,0.2) and (0.8, 0.4,0.5,0.4)T, 0 € [-0.2, 0], respectively. Here

we take q1E1 = 1.5, q2E2 =0.
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5 Discusion

Li and Chen [10] proposed a two species periodic competitive stage-structured Lotka-Volterra model with the
effects of toxic substances, they studied the extinction property of the system. It is naturally to investigate the
dynamic behaviours of system (1.9) if the conditions in [10] no longer hold, Example 1.1 in the introduction
Section shows that some of the species still could be driven to extinction, this motivated us to revisit the
extinction property of the system (1.9). On the other hand, Kar and Chaudhuri [36] and Gupta, Banerjee and
Chandra [37] studied the influence of harvesting effect on the competition system with toxic substance. Their
success motivated us to propose a two species competitive stage-structured system with the effect of toxic
substance and harvesting (system (1.15)). We first show that due to the overfishing, two of the species will be
driven to extinction (Remark 2.1). After that, for the appropriate harvesting case, by applying the fluctuation
theorem, we are able to establish sufficient conditions which ensure one of the components be driven to
extinction.

Theorem 3.1 can be seen as the generalization of Theorem 3.1 in [10], thus, we generalize the main result
of [10] to the harvesting case. Theorem 3.2-3.4 are new results, which supplement and complement the main
results of [6] and [10].

To show the feasibility of our main results, we study a numeric example (Example 4.2), here we make an
assumption that we only harvest the first species, and if q; (t)E; (t) = 0, that is, without the capture of the first
species, the second species will be driven to extinction. Then, depending on the harvesting effect g (t)E(t),
the system may have the following dynamic behaviors: (1) the second species still be driven to extinction
(case (2)); (2) the first species will be driven to extinction (cases (3) and (4)); (3) two species could be coexist
in a stable state (case (5)).

Our results and numeric examples show that harvesting is one of the most important factors to influence
the dynamic behaviours of the system.
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