DE GRUYTER Open Math. 2019; 17:813-827

Open Mathematics

Research Article

Jing Zhang*

Variation inequalities related to Schrédinger
operators on weighted Morrey spaces

https://doi.org/10.1515/math-2019-0065
Received December 8, 2017; accepted May 16, 2019

Abstract: This paper establishes the boundedness of the variation operators associated with Riesz transforms
and commutators generated by the Riesz transforms and BMO-type functions in the Schrédinger setting on
the weighted Morrey spaces related to certain nonnegative potentials belonging to the reverse Holder class.

Keywords: Schrodinger operators; variation operators; Riesz transforms; commutators; weighted Morrey
spaces

MSC: 42B20, 42B35

1 Introduction

Given a family of bounded operators T = {Te}c>0 acting between spaces of functions, one of the most
significative problems in harmonic analysis is the existence of limits lim,_,¢+ Tef and lime— oo Tef, When f
belongs to a certain space of functions. A question that arises naturally is what is the speed of convergence of
the above limits. A classical way to measure the speed of convergence of { T¢ }¢-¢ is to study “square function"
of the type (3"5-; |Teif — Tepnf 1)1/2, where €; \, 0. Recently, other expressions have been considered, among
which is the g -variation operator defined by

> 1/q
Ve(THKX) := Te, f () - Tef0|7) (1.1
2(THx esiti%(gl flx fXI)

where the supremum is taken over all sequence {¢;} decreasing to zero. We denote F, the space that includes
all the functions ¢ : (0, =) — R, such that

nd /
I9lr, = sup (3 Ioe) - plewn)lt) " < oo. 12

{eitien “ 29
Then || - ||, is a seminorm on Fy. It can be written that

Vq(Te)(f) = (| Tef | F,- (13)

The variation for martingales and some families of operators have been studied in many recent papers on
probability, ergodic theory, and harmonic analysis. We refer the readers to [1-6] and the references therein
for more background information.

Recently, Betancor et al. [7] studied the bounded behaviors of variation operators for some Schrédinger
type operators in Lebesgue spaces. Precisely, let n = 3 and £ = —-A + V be the Schrodinger operator defined
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on R" associated with a fixed non-negative potential V € RH; (the reverse Holder class) for s > n/2, that is,
there exists C > 0 such that
S
(\B\ / V(x) dx) < g / V(x)dx (1.4)

foreveryball Bin R". For ¢ = 1, - - - n, consider the ¢-th Riesz transform in the £-context, which can be defined
by
REPW - lim REW = Jim [ R yf0)dy, aexc,
e—0* ’ e—0*
[x-y|>e

and its adjoint operator by

RE“(D0) - lim RES(I00 = lim [ %EQ.0f0)dy, ae.x .

[x-y|>e

Here, forevery x, y € R", x # y,

1 4 D
RE(x, y) = _E/(_”) 1/za—wf(x, y, )dr,
R

where I'(x, y, T) represents the fundamental solution for the operator £ + it (see [7, 8]).

Betancor et al. [7] proved that when n/2 < s < n,for¢ = 1, 2,---, n, the variation operators Vq(Rf’S)
(resp., Vq(Rf”;)) associated with the family of truncations {Rf£}€>0 (resp., {Rf’ ;*}€>0) are bounded from
LP(R™)intoitselffor 1 < p < pg (resp., py < p < oo)with 1/pg = 1/s-1/n, and Vq(Ris) are of weak type (1, 1);
moreover, when s = n, both Vq(Rf’g) and Vq(R,f ;:) are bounded from LP(R") into itself for 1 < p < oo and of
weak type (1, 1). More recently, Tang and Zhang [9] extend the results above to the weighted L? space. They
established the weighted LP boundedness for V, (Rf’ ¢) and Vq(Rz ;;) with the weight A;,Y’g class (see section 2
for the defination), which includes the Mukenhoupt weight class. By different method, Zhang and Wu in [10]
also obtained L” boundedness for V, (Rf’ ¢)and Vq(Rf’ j:) and the weighted weak type (1,1) estimation Vq(Rf, )
with the weight A;’e class.

In addition, for every V € RH,,, Shen [11] introduced the function -, which is called as the critical radius
and defined as

'y(x)—sup{r>0 nlz / V(y)dysl}, xeR", (1.5)
B(x,r)
and plays key roles in the theory of harmonic analysis operators associated to £. In [12], Bongioann et al
defined the space BMOgy(~), 6 = 0, as follows.

Definition 1.1. A locally integrable function b in R" is BMOgy(~) provided that
1 0
Foc | 10 baldy = c(1+—75) 16)

B(x,r)

forallx € R" and r > 0, where bg = |B|™* [, |b(x) - bg|dx. We denote for b € BMOy()

r _9
b su b b d .
IBlamoscy = Sup ( / )~ v(1+75)
B(x,r

It is easy to check that BMO(R") = BMOo(y) ¢ BMOg(y) € BMOgy (y) for 0 < 0 < 6. Set BMOwo(r) =
Ug>oBMOg(~y). Then BMO(v) is larger than BMO(R") in general (see [12])
For b € BMOo(vy)and ¢ =1, - - - , n, the commutators R b0 and R are defined by

RE,(f) = bRf ~RE(bf), and Ry, (f)=bRE™ ~RE (bf) for f € CE(RM).
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It was shown in [12] that, for every b € BMOw(y) and ¢ = 1,---,n, the operators Ry , (resp., Rf,’;) are
bounded on LP(R"), provided that 1 < p < pg (resp., py < p < o) with 1/pg = (1/s - 1/n)+ for V € RH;,
s > n/2.1In [7], Betancor et al obtained the following point-wise representations of the commutator operators
by a principal value integral:

RSP0 - lim RE (P00 = lim [ (600~ BOIRECE D)y, a.e. x € R,

[x-y|>€
and
RE () = lim REY (FC0) = lim / (b() - bO)RE(, f()dy, a.e. x € R
" =0 O £—0
[x-ylse
Moreover, the authors in [7] proved that for every b € BMOoo(v) and ¢ = 1, --- , n, the variation operators

Vq(Ry ) (resp., Vq(Rf”Z’ .)) associated with the family of truncations {Rj , ,}es0 (resp., {Rhﬁ,’;’ .Jes0) are
bounded from LP(R") into itself, provided that 1 < p < pg (resp., py < p < oo) with 1/pg = (1/s - 1/n).
for V € RHs, s = n/2. In [9], the above results have been extend to the weighted Lebesgue space.

On the other hand, in order to extend the boundedness of Schrédinger type operators in Lebesgue spaces,
Pan and Tang [13] introduced the following weighted Morrey spaces related to the non-negative potential V,
denoted by L? A (RM),

a,V,w

Definition 1.2. Letk > 1,p € [1,00), a € (~o0, +o0) and A € [0, 1). For f € LY (R™) and V € RH, (g > 1), we

loc

say f € L2, (R™) provided that
p r « -A )4
1y =, 502 (1 i) @Bk [ i wodx <o, 17)
V. X0,")CR"

B(xo,1)

where B = B(xq, r) denote a ball with centered at xo and radius r, v(xo) is the critical radius at xo defined as in
(1.5) and the weight function w € A},

Clearly, when @ = Oor V = 0, w = 1and 0 < A < 1, the spaces L A (R™) are the classical Morrey

a,V,w
spaces LPA(R"), which were introduced by Morrey [14] in 1938 and were subsequently found to have many
important applications to the elliptic equations (see [15-20]), the Navier-Stokes equations (see [21-23]) and
the Schrodinger equations (see [24-27]) etc. When a = Oor V = 0 and O < A < 1, the spaces L{Z;A(R”) is

first introduced in [28] , where w € Ap(R™)(Muckenhoupt weights class). It is easy to see that Lﬁ:"\,’ HJR" C

L‘Z;A(R") for a > 0 and L‘Z,’A(R”) cC Lﬁ:’},, o»R" for a < 0. In [29], the authors established the Lﬁ:f,(R”)-
boundedness of the Riesz transforms Vg (Rf), Vq (Rf’*), and the corresponding commutators with V € B,,,.

Based on the above, it is a natural and interesting question whether we can establish the L‘Z"‘, w(R”)-
boundedness of the variation operators aforementioned in Schrédinger setting. The main purpose of this

paper is to answer this question. Our results can be formulated as follows:

Theorem1.3. Let{=1,---n,q>2and V € RHs. Assume a € (—oo, +o0) and A € (0, 1). Then
(1) Ifn/2 < s < nand pg is such that 1/po = 1/s — 1/n, then the variation operator Vq(Rfs’*) is bounded on

p,A / ,00
LYy o(RM) forpg <p <coand w € A;/pg,'

(ii) If n/2 < s < n and pg is such that 1/py = 1/s - 1/n, then the variation operator Vq(ng) is bounded on

p.A -5 ;00
LYy oRM for1<p<poand w7 ¢ A;,/p(,).

(iii) If s > n, then the variation operators Vq(Rfé*) and Vq(ng) are bounded on Lﬁ:"‘,’ R for1 < p < coand
weAy”.

Theorem 1.4. Let ¢ =1,--- ,n. Assumethatq > 2 and V € RHs. (i) Ifn/2 < s < nthenforp = 1,n > 0 and
wPo € A%,

r

1(1+ ) @Bl 20) My € B, 1 VaRENWI> ) = Clfl1y oy
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() Ifs=n,thenforp=1,n>0andw € A7,
n(1+ 1) wB0, 20wy € Bt 1) : VREHW)| > 1} < CIfl 20
700 ’ 12 Valee LG

and
n(1+ ﬁ) W(B(, 20 w{y € BN 5 [Va(REPOI > M < Clfll 1 sy

holds for all balls B, where C is independent of x, r,n and f.

Theorem 1.5. Let ¢/ =1,---,n,q>2,b € BMog with © > 0 and V € RHs, Assume that a € (-oo, +o0) and
A e (0,1).
(1) If n/2 < s < nand py is such that 1/pg = 1/s — 1/n, then the variation operator Vq(le’l*g) is bounded on

p,A oo
LYYy o(R™) forpy < p < ecand w € Ag/p(,).

(ii) If n/2 < s < nand py is such that 1/py = 1/s - 1/n, then the variation operator Vq(RbL’l,E) is bounded on

psA > _% Y50
La’V’w(R")for 1< p<po,wWithw 71 € Ap,/p(,).

(iii) If s = n, then the variation operator Vq(Rfy’l;) and V4(Ry;, ) are bounded on L%‘,’ oRY for1<p<ooand
weAy”.

Remark 1.6. In [8], it was proved that if V is a nonnegative polynomial, then V € RH; forany 1 < s < oo,
Therefore, as special cases of our results, the corresponding ones to the Hermite operator: H = -A + |x|? hold.
This can be regarded as the generalization of the corresponding results in [2, 30].

The rest of this paper is organized as follows. In Section 2, we will recall some properties of the function  and
some basic facts concerning weights A} , which will play a crucial roles in our arguments. In Section 3, we
will prove Theorem 1.3 and 1.4, the proof of Theorem 1.5 will be given in Section 4. Throughout this paper, the
letter C always denotes a positive constant that is independent of main parameters involved but whose value
may differ from line to line. We use f < gtodenote f < Cg.If f < g < f, we write f ~ g. Forany t € (0, o),
we denote the ball B(x, tr) by tB. Given any p € [1, o], p’ = ;% denote its conjugate index. In particular, it
should be pointed out that these weighted Morrey spaces in Definition 1.2 are equivalent for different k > 1.

2 Preliminaries

In this section, we recall some known results, which will be used in our next proofs. We first recall some
properties of the auxiliary function ~(x), which will be used below.

Lemma 2.1. (cf. [8])If V € RH,,, then there exist co and ly > 1 such that for all x, y € R",

(2.7)

1 Yy =yl y ol
(14 Zedl) e s conta (1 ST

In particular, v(x) ~ y(y) if |x — y| < Cy(x), and the ball B(x, v(x)) is called critical.
According to [31], we recall a new class of weights A}’™ = { J,,, A;’e for p > 1, where A;’e(p > 1) is the set of

those weights satisfying

’

(/w(y)dy)l/p(/a)‘ﬁ(y)dy)llp < C\B|(1 + ﬁ)e, 2.2

B B
and A'{’e is the set of those weights w such that

1 r\9.
B / w(y)dy < C(l + W) J%;g{,a)(y) (2.3)
B
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for every ball B = B(x, r).
Clearly, the classes A],’e are increasing with 6 and for 6 = 0, they are just the Munkenhoupt classes Ap.
From [32], we know that the following properties for A;’e hold.

Lemma 2.2, ([32]) Let1 < p < o0,0< 0 < oo, Then
@) A;;e C A;j’afor 1<pq<py<oo;

2

(i) we Ag’g if and only ifw"ﬁ € Ag,’g, where 1/p +1/p’ = 1;
(iii) ifw € A;’e for 1 < p < oo, then there exists a constant such that for any x > 1,

o\ UorDe
w(xB(xg, 1) < C (1 + 7> w(B(xo, 1)). (2.4)
v(xo0)
Lemma?2.3. ([32])Let0<fO<oo,1cp<oolIfwc A9 then there exist positive constant 6 > 1, 0 and C such

that s
w(E) |E| r \’
am=<(3) (*0) =

for any measurable subset E of a ball B(xg, r).

Lemma 2.4. ([32]) If w € A)’™, 1 < p < oo, then there exist positive constant f, T and C such that

1 [ 148 -cl L r
(|B|/“’ ) <C (|B|B/“’> (“wo) ’ 26)

B

for every ball B = B(x, r).

Lemma 2.5. ([32]) If w € A)™, 1 < p < oo, then there exist positive constant € > 0 such that w € A}’ for
every ball B = B(x, r).

3 Proof of Theorems 1.3 and 1.4

This section is devoted to the proof of Theorem 1.3 and 1.4. We first recall several auxiliary results. Let R, and
9, be the kernel function of Rf and RZL ", respectively. The following estimates for the kernel functions were
established in [8] and will be very useful in the sequel.

Lemma3.1. [8] Letl=1,---,n,V € RHs withs > n/2. Then:
(i) For every N < N, there exist C > 0 such that

-N
|Dfi[(x,z)\sC<1+|X_Z|/7(X)) ( / Ve o, 1 ) 3.1)

|x — z|n-1 |u—zn-1 |x - z|

lx-z|
B(z,2)

Moreover, the last inequality also holds with ~v(x) replaced by v(z).
(ii) When s > n, the term involving V can be dropped from inequalities (3.1).

Proof of Theorem 1.3.  To prove (i), without loss of generality, we may assume a < 0 and w ¢ Ag}: . Pick any
0
ball B := B(xo, r) and write f(x) = fo(x) + >_i, fi(x), where fo = fy2p, fi = fYoi1p\2ip fOr i = 1. By the weighted

LP-boundedness of ’Vq(Rf: 2)(f) (see [9]). Hence, we have

r
v(x0)

) “w@B I 62

Ley.®)’

[ eGP atdx < [ IFeoratods < (1+
2B

B
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From (1.3), we have

VREDRW - [ ey

gin<|x-y|<ei

< / e ctecyicens DL [RE G WIFG)Idy

< / R (e V) IF0)Idy. (3.3)
2i+1B\2iB

In the term last but one, we used that ||x,,, <|x-y|<]IF, < 1.
Now it follows from Lemma 3.1 that

/ W RED P wx)dx
B

S[([ mEeirmiay) vwax

B 2i+1B\2iB

PO (=220 revmrolay) woodx

B 2i+1B\2iB

JC] eI oo [ et
B 2i+1B\2iB B(y,|x-y|/4)

=IA1+A2.

For term A4, using Lemma 2.1, we have

Ay §/(1+ 2y )*Np/(lo+1)(2ir)*rlp( / |f()’)|dy)p(u(x)dx

v(xo0) Sihg
(1 20" e o (zi /B iy’

QN ™ w(B)

(1 2y )—Np/(10+1)
v(xo0)

([ orovra)( [ wirrivay)™

2i+1p 2i+1p
||fH ( . 21y )—Np/(lo+1)—a+9p
~ L L@ v(xo)

xw(2B)w(2*'BY'w(2*'B)!
Sy g (14 y) 0B

2ir -Np/(lo+1)-a+60p+(lo+1)6 a)(ZB) 1-A
x 1+ [ i
v(xo0) w(21*1B)

-a (1-A)/6
r A( |2B|
1+——= 2B -
L e I e

< 2ir ) ~Np/(lo+1)-a+0p+(lo+1)0+0(1-A)
X

v(xo)
-a
r A~-in(1-1)/6
1+—~ w(2B)"2
SNy o (14 y) 0B
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2i ~Np/(lo+1)-a+0p+(lp+1)0+0(1-A)
(1)
v(xo)

Now, we will estimate the term A,. Using (2.1) and Holder’s inequality, we can write

A, S /(2 r- ")p<1+ ?X:)))_Np/(lom( / If)]

2i+1p
V(2)dz p
x( Zoy1 )dy) w(x)dx
2i+1p
. i -Np/(lp+1)
< (Hipa-np 2'r /
et (e o) w®( | 1F)
2i+1p
p
<1 (VXgp) )y ) -
If we choose g such that % + pi 1717 = 1. Then by Hélder’s inequality, we have
p
f(y)lﬂl(VXzi+23)(y)ldy)
i+1p
ple
< [Vl | [ 0077y

i+1B

— 819

(3.4)

(3.5)

(3.6)

Using the boundedness of the 1-th Euclidean fractional integral J : LS — LP° with 1/pg = 1/s-1/n, we obtain

that

191(Vxai2plITr0 < I VX2028l17x-

(3.7)

Recall that V € B;s for some s > 1 implies that V satisfies the doubling condition,i.e., there exist constants

y = 1 and C such that,
/ V(x)dx < Ct™ / V(x)dx

tB B

holds for every ball B and ¢ > 1. Therefore

p
HVXZHZBHLs <@ {yynp/s-np / V(X)dx)
i+1B

< (21 )np/s np( 2 r )"pl'l,y(xo)np—Zp.

v(x0)

Since w € AZ};’,, and p/p = p/pj - 1, we get
0

ple
/ w(y)dy) / w(y) P dy)
g i

i 6p/p;
< [2*1BpPIP (1+L’ ) '
~ v(Xo)
Go back to (3.10), we have
: )p+"7+ﬂ—np+np 2p 21y \ -Np/(lo+1) w(2B)
A <" (1 + 7) _Wo3)
5@ o) wQ21B)

(3.8)

(3.9
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i npu+2p-np
(25) [ roromay

2i+1p

r \“ 1( w(?2B) 1A
S o () 002 (555

( Zir > —Np/(lo+1)+6p/py+(lo+1)0A+npu+p(2-n)+(1-A)o
X

v(xo)

a
< 1P 141 2B)tp7nA-NI0
~ HfHLﬂ:/]‘/,w(Rn) ( + ,_Y(XO)> w( )

Zir -Np/(lo+1)+6p/p{+(lo+1)0A+npu+p(2-n)+(1-A)o
x ( > (3.10)

¥(x0)

This together with (3.4) by choosing N which is big enough, we get
1VaREDPllpa g < CIFIpa (-

For part (ii), we note that the adjoint R, of R;’,’, when V € Bs, with n/2 < s < n. We write

VaREN = [ oy
e <|x-y|<ei

| [ weoroay|, .

i1 <|x-y|<g

Fq

By proceeding as the previous proofs (i), we can prove that Vq(Réi ¢) is bounded on L’Z:"‘,’ »R") for1 < p<po,
1
withw™ 71 ¢ A7 We omit the details.

p'lpy’
The proof of part (iii) can be given analogously as in (i) and (ii), we leave the part to the part to the
interested readers and complete the proof of therorem 1.3. O

Proof of Theorem 1.4.  As for the case p = 1, by replacing (3.2) with the corresponding weak estimate. By the
Vq(ng)(f) is bounded of weighted weak type (1,1) (see [10]), we have

o ({y € B: MaRENW > 1)
S Wl o (14 i) wGB (11

According (3.3) and (3.1), we get

w ({y eB: [VaRED ()W) > g})
i=1

S 23 [ aRED ROy
i=1

53 B/ / RE(, 2| @)|dz | w()dy

i+lB\ziB

Ly If(2)]
< n ZB/ / (1+ ‘y_Z|/’V(Z))N|y—Z‘ndZ w(y)dy

i+1B\2iB

1w If(2)|dz
+’1.ZB/ / 1+ |y -z|/v@)N|y - z|"1

i+1B\21B
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V(wdu
X W w(y)dy

,ly-z1/4)
=: D1 + Dz. (312)

Note that for wPo ¢ A%, we have wPo ¢ A?’e‘) for some 6y > 0. In this case it is true that w € A]’e with
0 = 0o/py. Therefore, we obtain

v(xo0)

i=1 2i+1B

pis iy (14 25) e [ e

oo i -5 +60/p;
1 zlr Ip+1 0 . A
Sax <1 ' w(xO)) @072 B

w(B)
x——— w21 B) / If@)|w(z)dz

21+lB
-
r
< YAl o (1+m> w(2B)

) 2y -N/lo+1+6o/py-a w(2B) 1-1
Z 1+ ——= —
7(xo) w(2"*1B)

i=1

r\“ A(~iyn(A-1)/6
S Mg o (14 (g w02B@)

S| -

X

S| -

S

2y
XZ<1+W

) -N/lo+1+8o/py-a(1-A)8
i=1

By Holder’s inequality and wPo € A;”QO, we have

/ J1(Vx,ip) V) w(y)dy

B
1/p}

< 191 (Vi) Dl 2ro / w(yPhdy
B

1/ ’ r 90/170 , 1/p(l)
<193Vl B (1) (1 w7t

6o/po
4 r .
< 1191 (Vxg125) )l 2o | B P (1 i 7(XO)> inf w(y).

From (3.7) and (3.8), we obtain

= 2'r _lo% i1-n
D25§<1+7(X0)> @i / F(2)ldz

2i+1p

[y

~

/ (Vo) () dy

. +np+2-n
i i 10+1 1,/ H N mon
(2'r)q

1 2'r
a2 (15

<t / F@lw@)dz

2i+1p
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1 r
S Ay o (1% y) 0B

oo

Zii’ 10+1+p +nu+2-n-a ; 71%/ (U(ZB) -A
Z (1 * 'y(Xo)) (29 7 (w(2i+1B))

i=1

X

1 r a
S MWl o (1% ey 0B

+0
oo i Nt 20 snp+2-n-a
3 (1+ 2'r )10 s (21ynA/8-1/p))
i1 7(xo0)

where we choose N which is big enough and we have
1 r -« 1
D1 S Wiz o (1% 2y) @@B)

and

1 r - 1
< = L
D2 S o Wluzg en (1+ 55) @B
These together with (3.11) imply that
n(l "t )) wCB) w{y € B, 1) : [VgRENW > N} = Clif 11 g

which complete the proof of Theorem 1.4. a

4 Proof of Theorem 1.5

In what follows, we will prove Theorem 1.5. The following property of BM O (v) functions.

Lemma 4.1. (cf. [12]) Let 0 > 0and 1 < s < oo. If b € BMOy(~), then

(& /Ib—b IS)1/S<CHb|| 1+ (CRY

[B] B ITIBMOOE T o (k) '
B

for all B = B, with xqg € R" and r > 0, where & = (ly + 1)0 and Iy the constant appearing in (2.1).

Proof of Theorem 1.5. We will only prove the results of Vq(Rf ; )(f) in part (i). Without loss of generality, we

may assume that a < 0. Pick any xo € R" and r > 0, and write

F0) =fo)+>_ fi,

i=1
where fo = fXp(,.2r)» fi = fX2ip)\2ip for i = 1. By the weighted LP-boundedness of Va(RE )(f) (see [9]), we

b,l,e
have

/ V(RS ()P w()dx

B

<1000 / FOIP w(x)dx

(4.2)

r B A
< CIBIE,, w(l + m) w(4B) \|f|\LM(R")
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set bg = |B|™! [ b(x)dx. For i = 1, according to (1.3), we have

Va(Ryy Y = Ry (FCDIE,
-| / (b(x) - BODRE" (x, Y)f

g <|x-y|<g;

< / X (1< xy|<eny o 14 1D OO = DO (x, ;)] dy

< / Ib(x) - BO)||RE (x, Y1) dy
Rn

< 1b(x) - by| / IRE 0, VIIFG)|dy
2i+1B\2iB

+ / Ib(y) - bl|RE" (x, VIIF )| dy.
2i*1B\2iB

Applying Lemma 3.1, we can write

/ Va(RES JEIOP w00 dx
B

§/|b(x)—b3|1’( / (1 I:(y)w)N
B

2i+1B\2iB

x|x — y\‘"lf(y)ldy)pw(X)dx

+/|b(x)—b3\p( / (1+|’;(‘y§")_N
B

2i+1B\2iB
1-n V(2)dz p
ey [ 0 dy) wkodx
B(y,|x-y|/#)
_ Ix -y

B 2i+lB\2iB
_ p
x|x -y "If(y)ldy) w()dx
Ix-y[\¥
+ b(y)-bg|(1+
/ / b0 - B|( () )
B 2i1B\2iB

x|x -y ) /

B(y,|x-y|/4)

V(2)dz p
m)dy) w(x)dx
=: B1+B2+B3 +B4.

Using Lemma 2.1, H6lder’s inequality, Lemma 4.1 and Lemma 2.2-2.4, we have

/ )= bof? (1+ 25w ([ 17001ay) wiiax

2i+1B

P +(lo+1)0A+6 .
P (2”1B)A’1/\b(x)—b3|pa)(x)dx

2'r _a_l +1
+
S (1% o)

S IBlGIfIE

i\ e
w(ZB)A<1+ Zr) o

+(10+1)9/1+9p+T< w(2B) )H
7(x0)

2y, ,@®" w(2i*1B)

— 823
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20y ) —a- 10+1+(lo+1)0/1+0p+‘r+0(1 -A)

SIBIGIAIT ey @@B (145 (21, (4.3)

Similarly, we can get

p
. i N
By < [ @0 (1o 250 [ o) - balifnidy | wdx
V(Xo)
B i+1p
p
o iy N
S@n (1 25 @) | [ 1b0)- b0y
~(xo) _
l+lB
we choose p satisfies % + pi % = 1. According to Holder’s inequality, w € A,,, and (4.1), we have
p
/ Ib(y)—bBIIf(y)ldy)
z‘+lB
plpo ple

< / Ib(y)—bal"“dy) / If(y)lpw(y)dy> / w(y)"/”)

i+1B i+1B i+1B

. 2ip \ OP)/po-a N

< p i \pn i+ -

BB, @ (1400 ) W@ B

and we obtain

w(2B) 1-A 91y i +6p) /D
w(Z”lB)) ( w(xO))
2] > Iév—fl+(9p)/p(’)—a+0(1—/1)+9’p

Ba S IBIGIAIE,, 0@ (

< IBIBIFIE,, . (B (1 ; 44)

2 @& v(xo)

Imitating the estimation of term A,, using Lemma 2.1, H6lder’s inequality, Lemma 4.1 and Lemma 2.4 ,
we obtain that

. i\
B < [ 10~ baP @ (14 2L

X( / If(y)lﬂl(Vx2f+zB)(y)dy)pw(X)dX

2i+1p

.
< (1-n)p 2'r Ip+1 p
@I (14 20) higae)

([ FO1 (Van) )
Jiv1g
According to (3.6)-(3.9), we have
([ o1 (Vs )’
2i+1B
2ir
Sy (1% s
><w(21+1B)A_1(2i7’)p(n_1).

) Op/pg+npu-2p-np-a

Then

w(2B) > 1A

B S I, 0 0B (oniny;
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+7+ % tnpu-2p-np-a
Po

Zir ’I(I)Vfl
x(1+
( ’Y(Xo))
SIBIBIAIL,, o, @B @A

Y

x(l * ’y%:(:)))_

Similarly, we can estimate B, as follows,

I(I)Vfl +r+§—Z+npy—2p—np—a+o(1—/I)

i \(1- 2ir \ ik
B, SNt P14+ 1) "M wB
P
“| [ 10enmbe) - balfmiay | ay.
i+1B
Now, Imitating the estimation of B3, but we use Holder’s inequality with v and ¢ that  + - + § +

Furthermore, From lemma 2.5, we need choose v that w € AY;‘;"/ .

~|=

= 1.

p

/ 91(Vx225)DIIBY) - byl If¥)|dy

I+lB
S 191 (Vxai28) W) 1 o Hsz“lBHip(w)

plv plt
«| [ 1v0)-baray [ worteay
i+1p i+1B
SIBIGIAIE, ) gy @Y
a,V,

Zir np/s-a-2p+n+pn/t+pn/u

W ®"
m w(2i+1B)Afl.
YXo
this yields that
1-1
< IBIPIFIP A _w@2B)
B S BRI, 0CB) (e
2ir —%+np/s—a—2p+n+pn/t+pn/ﬂ
7v(xo0)
< IbIGIFIE )(11(23)’1(2")"(’1’1)/‘s

L, (R

Zir —Ig'—fl+np/s—a—2p+n+pn/t+pn/u+a(1—/1)
y ( ) “5)

v(xo)
Then (4.3)-(4.5) by choosing N which is big enough, we can obtain that
V(RS 1, )Pz ey = 1B lmaa0, I ey

which completes the proof of Theorem 1.5. O

Remark 4.2. The fluctuations of a family T = {T¢}+o of operators when t — 0" can also be analyzed by using
oscillation operators (see, for instance, [6, 33] etc.). If {t;}jcn is a real decreasing sequence that converges to
zero, the oscillation operator O(Tf) is defined by

0TNW = (Y sup [T f0- TofP) .

ioq liis€ii<eisti

Then, by using the procedures developed in this paper, we can establish the corresponding conclusions in
Theorem 1.3 for O(Rf’g) and O(Rf’é*), Theorem 1.5 for O(le,&g) and O(Rbﬁ’gs). The details are omitted.
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