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1 Introduction and main results

For real numbers a, b, and ¢ with ¢ # 0,-1,-2, ..., the Gaussian hypergeometric function is defined [1, 4]
by
— (@n(b)n X"
F(a, b;c;x) = ,F sex) =y AT 1 11
(a’ b’ C9X) 2 1(ay b: ny) ; (C)n n!, |X‘ <1, ( )
where
xx+1)---(x+n-1), n=21
(X)n = { (1.2)
1, n=0

is called [23] the rising factorial of x € C.
Fora,r € (0,1)and s = V1 - r2, let X4(r) and €,4(r) denote the generalized elliptic integrals of the first
and second kinds which are defined [6] by

Ka = Kalr) = gF(a, 1-a;1;1?)
Ra = Ra(r) = Kals)
n
fKa(O) = 5
jca(l) =00

(1.3)
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and .
L1.92
Ea=2Ealr) = 2F(a—l,l—a,l,r )

Ca = E4(r) = Eals)

£ =7 )
_ sin(ma)
€a(1) = 21-a)

respectively. In the special case a = %, the functions K(r) and €,4(r) reduce to K(r) and E€(r) which are the
complete elliptic integrals of the first and second kinds [2, 5, 7, 8, 11, 15, 21, 35] respectively. The complete
elliptic integrals have many important applications in physics, engineering, geometric function theory, quasi-
conformal analysis, theory of mathematical means, number theory, and other fields [6, 8-10, 17, 31, 32].

In what follows, by the symmetry of (1.3), we assume that a € (0, %} .

For real numbers a € (0, %} and r € (0, 1), the generalized Gr6tzsch ring function uq(r) : (0, 1) — (0, o)
is defined by

b4 Ralr)
2sin (ma) Kq(r)'
In the special case a = %, we denote uy,(r) by u(r) which is the modulus of the plane Grétzsch ring B%\[0, 1]
for r € (0, 1) and B? is the unit disk in the plane [3, 6, 24, 28, 36].

It is known that the Ramanujan generalized modular equation with signature % of degree p can be
expressed by

]«la(l’) = (1.5)

e 1e1 _ Q2 1.1 _ 2
Fla,1-a;1;1 s):pF(a,l a;1;1 r), 0<rel.
F(a,1-a;1;s2) F(a,1-a;1;1?)

From (1.3) and (1.5), it follows that

Ha(s) = ppa(r) (1.6)

and the solution s to the equation (1.6) can be written as

s=pi0 -yt (H47), Ke©.o) p- .

In the special case a = %, the solution @%(r) reduces to the Hersch—Pfluger distortion function @ (r) which
is important in the theory of the plane quasi-conformal mappings. As usual, we call @%(r) the generalized
Hersch—Pfluger distortion function [16, 26, 30, 34].

For real number x > O, the Euler gamma function I" and its logarithmic derivative i, the so-called
digamma or psi function, are defined [1, 19, 20, 22, 29] by

oo

I"(x)=/t""1e"tdt and Y(x) =

0

I'(x)
I'(x)

for R(x) > O respectively. For a ¢ (0, %], the so-called Ramanujan constant R(a) is defined [27] by
R(a) = -2y -y(a) - Y(1 - a), (L7)

where ~ is the Euler-Mascheroni constant which can be defined [12-14, 18] by

n
. 1
nhﬁrrgo kg_l (E -1In n) =0.5772156649... .

By [1, 6.3.4], we have R(3) = In16.
In 2000, Anderson, Qiu, Vamanamurthy, and Vuorinen discovered relations between bounds of s =
©%(1), ua(r), and mq(r) by establishing in [6, Theorem 6.6] the double inequality
K

1 < exp{(K - 1)[mq(r) +1nr]} < ari < exp{(K - 1)[puqa(r) +Inr]} (1.8)
¢1x
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forallr € (0,1)and K € (1, o), where

Malr) = — 2

——= - 5"Ka(r)Ra(r)
nsin(am)

and mg(r) + Inr is the so-called Hiiber function.

During the past decades, the function p4(r) plays an important role in several fields of mathematics.
For instance, it is indispensable in the theory of mathematical means, the theory of geometric functions,
quasi-conformal theory, and the theory of the Ramanujan modular equations. See [3, 6, 24, 28, 33]. In recent
years, convexity and Hélder mean property of the function u,(r) were obtained. Especially, many remarkable
properties and sharp inequalities can be found in the literature [3, 33, 36, 37].

The main purpose of this paper is to present some monotonicity properties and some sharp inequalities
for the generalized Grétzsch ring function u,(r) and related elementary functions. By applying these results,
we establish new bounds for solutions to the Ramanujan generalized modular equation.

Our main results in this paper can be stated as follows.

Theorem 1. Forr € (0,1),a € (0, %] b=1-a,andC = @, define

C - [ua(r) +1nr]
1 - (s2artanhr)/r’

where artanh denotes the inverse of the hyperbolic tangent function. Then the function F(r) is strictly increasing
2 2
from (0, 1) onto (M, C). In particular, the double inequality

C(l—Alzanr2”> <ua(r) +Inr< C(l—AZZanr2"> (1.9)
n-1

n=1

F(r) = re(0,1),

2 2
holds for A, = 1, A, = 3(“421’ ) an = - andr € (0, 1).
Theorem2. For B = R@-Inié p, _ By p, - 3020 g, _ ¢B1 By = ¢, Bo = 51 4 ¢ (0,1), and
r € (0, 1), the following conclusions hold true:
1. The function

_ Ma(r) - u(r)
G1(r) = m (1.10)

is strictly increasing from (0, 1) onto (B;, o). In particular, for r € (0, 1),
st2 lng < Ua(r) — u(r) < By. (1.11)

2. The function
By = [pa(r) — u()]
1 - (s?2artanhr)/r

is strictly increasing from (0, 1) onto (B3, B1). In particular, for r € (0, 1),
s? artanh r> }
— |

Gy(r) =

2
Blw < },la(l’) —p(r) < Bl |:1 _B6 (1 -

(112)

3. Letro=s,rm =241 = @ou(s) forn € N, A(r) = w, B(r)=s’In%,and P(r) = [, (1 + )% ". For

1+rp1

ac (0,1] andr € (0,1), we have

P(r) max{B4A(r), BSB(r)} < expluq(r) +1Inr] < P(r)B,*~Bel1-AMI (1.13)

Theorem 3. For C; = %ﬂ“, the function

Ua(r) — artanh /s
s21n(4/s)

is strictly increasing from (0, 1) onto (C1, o). In particular, for r € (0, 1),

H(r) =

C1s? lng < Ua(r) - artanh /s < CyIn 4. (1.14)



DE GRUYTER Inequalities for generalized Grétzsch ring function =——— 805

2 Lemmas

For proving our main results, we need the following formulas and lemmas.
The following derivative formulas in [6, Theorem 4.1] and [29] hold true:

dXs 2(1-a) déa _ Z(a 1)

2
dr - rsz (8a =S j<:a)’ dr = (:Ka a), (2.1)
d 2(1 -a)ré 2
a(j{a - 8(1) = Ta, E(Ea -S j{a) = Zaera, (2.2)
dpa(r) ~  a° et o art - _ Tsin(am)
dr - 4"525(:% ’ :K:aga + g{g&a fK:agCa = m. (2,3)

Lemma 1 ([7, Theorem 1.25]). For -0 < a < b < oo, let g,h : [a,b] — R be continuous on [a, b] and
differentiable on (a, b) and let h'(x) # 0 on (a, b). If g,(") is increasing (or decreasing respectively) on (a, b),
then so are

sW-g@ . 80)-gb)
h(x) - h(a) h(x) - h(b)’

Lemma 2 ([2, Lemma 2]). Let rp and sy for n € N be real numbers and the power series

R(x) = i r(n)x™ and Sx)= i s(n)x™
n=0 n=0

be convergent for |x| < 1.1fsn > O forn € Nand if ¢ r—" is strictly increasing (or decreasing respectively) forn € N,
then the function 1;?‘; is strictly increasing (or decreasmg respectively) on (0, 1).

Lemma 3 ([6, Lemmas 5.2 and 5.4] and [25, Theorem 2.2]). Forr € (0,1) and b = 1 - a, the following
conclusions hold true:
1. the function ‘S“%;K“ is strictly increasing from (0, 1) onto (%, Sinz(g”));
2. the function % is strictly decreasing from (0, 1) onto (sin(an), (1 - a)n);
(/12+bz)n2 2 ) .

the function M is strictly increasing from (0, 1) onto (%, );

the function sCUCa is decreasing from (0, 1) onto ( , j) if and only if ¢ = 2a(1 - a); the function /s Kq(r) is
decreasing for each ace(0,1];

5. the function is strictly increasing from (0, 1) onto( = 4 %)

3.
4.

s2 1n(4/s)

Lemma 4 ([6, Theorem 5.5] and [24, Theorems 1 and 2]). Let R(a) be the Ramanujan constant defined in (1.7).
Then

1. the function pa(r) +Inr is strictly decreasing from (0, 1) onto (0, @);

2. the function uq(r) - u(r) is strictly decreasing from (0, 1) onto (0, W);

3. the function pa(r) - artanh /s is strictly decreasing from (0, 1) onto the interval (0, M)
Lemmab5. Forr € (0, 1) and b = 1 — a, the following conclusions hold true:

1. the function
In(1/s)

L0 = S artanh -1

is strictly increasing from (0, 1) onto (%, s
2. the function
- (1-2a)(€q - *Ka)
r2

L =%

is strictly increasing from (0, 1) onto (m, oo);
3. the function
m?[(4s?%3) -1

L0 === a8
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is strictly increasing from (0, 1) onto (2 (az2 + bz) , 00).

Proof. Utilizing (1.1) and [29, 2.2.5] and using power series expansion lead to

< ons2
1n§ -3 h 24)
and -
artanhr=rF(%,1;%;r2) =§2r:ln:11. (2.5)
Applying (2.5) yields
) oo
(1+r)rartanhr_1=§0 22n+12n+2 1
N Z ( 2n+1 2n +3 i Z (2n i(f)zrzill 3) e,
from which and (2.4), it follows that
L) - In(1/s) _ ZZ:O al(n)rz",
(1 +r2)(artanhr)/r-1 37 bi(n)r?"
where
ai(n) = ﬁ and bi(n) = %
Let c1(n) = Zi% Then
ci(n) _ @n+1)(n+2)? 26)

cin+1) (@n+5)(n+1)2
Hence, the inequality (2.6) implies that ¢, (n) is strictly increasing in n. From Lemma 2, it follows that I1(r) is
strictly increasing in (0, 1).
By virtue of U'Hépital’s rule and Lemma 5, we easily obtain the limits I,(0*) = 2 and (1) = %
From (1.1) to (1.4), it is easy to verify that

(a) (1 a)n+1 2n+2
- Z D)2 |

and

$2gc, _ am (@)n(1 - a)n 2n+2
€a Z n+ D2

for r € (0, 1). Hence, after simplifying and utilizing (1.2), the function I,(r) can be rewritten as

(@n(1 - @n+1 2n In(1 = @n _2n
IZ(r)_ Z a21+1)(?1?)21 a1 2‘1)2:((Cr11+1 (n('l)2 r

2n

) Z (n+ 1)(n')2 ’

where J, = [a® + b? + n](@)n(1 - @)r and b = 1 — a. A conclusion in [6, Lemma 71] states that the function
(On+1(1 = X)ns1 for n = 0 is positive, increasing on [0, 1], and decreasing on [, 1]. This implies that J, > 0.
Thus, the monotonicity of I, (r) follows immediately.

The limits lim,_, o+ I, (x) = @ and limy_, - I>(x) = oo are straightforward.

Let I3(r) = Z—Eg, where I,(r) = —-1land I5(r) = In % By (1.3), it follows that lim,_,q: Is(x) =
limy_,o+ I5(x) = 0.

__
45252
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From the formula (2.1) and elementary computation, it follows that

L) _ 1 r’Ke-2(1-a)(€a-5"Ka)s®

IL(r) 2 s4%3 r r
1 Ka-E&a-(1-2a)(€a-5"Ka)
-2 52K r2 '

From Lemma 1, the fourth item in Lemma 3, and the second item in Lemma 5, the monotonicity of I5(r)
follows immediately.
By L’Hopital’s rule and Lemmas 3 and 5, we arrive at

2, 12
g L0 71 (@ b)m oo
hm L) = 11m 0 2 w2y 5 2(a” +b°),
while lim,_,{- I5(r) = oo directly. The proof of Lemma 5 is complete. O

Lemma 6. Forr € (0,1) and b = 1 - a, we have the following conclusions:

1. the function L1(r) = i(]rfu% is strictly increasing from (0, 1) onto the interval (M, 1- sin(an)) ;

2. the function Ly(r) = 2= Jg is strictly increasing from (0, 1) onto the interval (“fb“)z, Sin(lan) - 1); the
K%

function Z=¢ is stnctly increasing from (0, 1) onto ((1 %“) ,1- sm(arr)),

3. the functlon L3 (r) = m is strictly increasing from (0, 1) onto (%‘22“)2, Lsin(am)y,

Proof. Let{1(r) = X-Kqand (,(r) = ln <. Itis obvious that L1(r) = 51(’) and lim,_,o+ ¢1(r) = lim,_,o+ £5(r) =
It follows from (1.3) and (2.1) that

0 E-5*K-2(1-a)€q-s’Ka) _ £3(r)
ACHE r2 ARG

where
5N =8-5*K-21-a)(€a-s*Ka) and £,4(r) =12,

It is clear that lim,_,o+ ¢3(r) = lim,_,o+ £4(r) = 0. Applying (2.2) and (1.3) and differentiating give

AN 4a(1 A)Kq _ 1 i
ACH 4 e (n')2 ’
where Ty = () N (%)n —4a(1 - a)(a)n(1 - a)n. From [6, Lemma 71], it is easy to see that Ty, = 0. Therefore, the
monotonicity of L, (r) follows from Lemma 2.

By L’Hopital’s rule and Lemmas 1 and 3, we have

/ ! i
G0y, 60 _ i -2a)
llm Ll(r) = hm+ Z’ (r) - rl{{)l* EZ(T) B 4 .

It is known [4, (1.6)] that F(a, b; a + b; x) satisfies the Ramanujan asymptotic relation
B(a, b)F(a,b;a+b;x)+In(1 -x)=R(a,b)+O0((1 -x)In(1 -x)), x—1

for a, b € (0, o), where R(a, b) = —2v — Y(a) — Y(b) and

. Fla,1-a;1;x) _ 1
xlgrf In[1/(1-x)]  B(a,1-a)’ @7
where .
Bla,1-a)=T(a)(1-a)= sin(@n)” (2.8)

Hence, the limit lim,_,1- L1(r) = 1 - sin(am) follows from (1.3), (2.7), and (2.8).
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The function L,(r) can be rewritten as

X -%q In(1/s)

L) = 101 /s) K - £a”

Hence, the monotonicity property of the function L, (r) follows from the second item in Lemma 3 and the first
item in 6. Furthermore, the limits

(1-2a)? . 1
4(1-a) and rll>n11 L0 = sin am

lim L,(r) =
r—0*
are easily obtained. Similarly, we can prove that the function 5§<’ _gfg“ is strictly increasing from (0, 1) onto
(@, 1 - sin(an)).

The function L3(r) can be rewritten as

K -Ka In(1/s)

L3(r) = In(1/s) (1 +r?)(artanhr)/r-1°

From the first items in Lemmas 5 and 6, the monotonicity of L3(r) follows immediately. Moreover, the limits

. _ 3n(1 - 2a)? . _ 1 -sin(an)
g L) = =7 and lim L) = —=—
can be obtained from the first items in Lemmas 5 and 6. The proof of Lemma 6 is complete. O
3 Proofs of main results
Now we are in a position to prove our main results.
Proof of Theorem 1. Let
fi) =C-[ua(r)+Inr] and fo(r)=1- szm.
Then F(r) = ﬁgg and, by Lemma 4, f1(0%) = f,(0*) = 0.
Differentiating and making use of (2.3) give
i) _ mlas’KP) -1 7 /(4s’KE) - 1 In(1/s)
f3(r) (1 +r?)(artanhr)/r-1 In(1/s) (1 +r?)(artanhr)/r-1"

From Lemmas 1 and the first and third conclusions in Lemma 5, we see that the function F(r) is strictly
increasing on (0, 1).
By L’Hopital’s rule and the first and third items in Lemma 5, we obtain

) . fi)  3(a*+Db?)
I EO) = lm e T A

Clearly, the limit F(17) = @ follows from the first item in Lemma 4.
Finally, by (2.5), the double inequality in (1.9) follows from the monotonicity property of F(r). The proof
of Theorem 1 is complete. O

Corollary 1. Forr c (0,1) and K € (1, o), the inequality

@1x(r) > X exp{C(l -K)

1- i anrz"} } (3.1)
n=1

- R@ =_2
holds true, where C = # and an = ;5.
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Proof. This follows from combining (1.8) with the double inequality (1.9). O

Remark 1. The upper and lower bounds in (1.9) are better than corresponding bounds in

abn 2n+2 a?+b? 2n+2
_ sin(aﬂ)ganr } < pg(r) +Inr< C{l— 5 ganr

obtained in [34, Theorem 2].
The inequality (3.1) gives an elementary and infinite series estimates for ¢{,(r) and, consequently, the
bound of solutions to the Ramanujan generalized modular equations is refined.

Proof of Theorem 2. Write G1(r) as

_Ma(D-p@) E-1
G ="7 o n/s) g1(Nga(n),
where ) - u(® e 1
_ Ma(r) - u(r __¢&-
=" ad 0= Grany

Let g3(r) = pa(r) - u(r) and g4(r) = € — 1. By (1.4) and the second item in Lemma 4, we obtain

g1(n = %Eg and g3(1) = g4(1) = 0.

Direct computation and utilization of (2.1) and (2.3) result in

g5 K+Kq K-Ka

=— . .2
g, 4 sK2sKZ K-¢& G.2)

Hence, from the fourth item in Lemma 3 and the second item in Lemma 6, it follows that the function g(r)
is strictly increasing on (0, 1). Using L’Hopital’s rule together with the fifth item in Lemma 3 and the second
item in Lemma 6, the limits g;(0) = M and g1(17) = oo follows readily.

By (3.2), the function G(r) is a product of two positive and strictly increasing functions, so the mono-
tonicity of G1(r) follows from the fifth item in Lemma 3. From the fifth item in Lemma 3 and the limit of g{(r),
we gain G1(0*) = %n“}}“ and G{(17) = oo. Moreover, the double inequality (1.11) is obvious.

Let g5(r) = By — [na(r) — p(r)] and gg(r) = 1 - La“h’ .Then G,(r) = gsgg and g5(0) = g4(0) = 0. By (2.3),
simple computation leads to

gs5(n) _ m* K> - %G 1
gy(r) 4 s2K2X3 (1 +r?)(artanhr)/r -1
. K+Ka K -Kq

"4 (sX2)(sX2) (1 +r?)(artanhr)/r -1

Hence, by Lemma 1, the monotonicity of G,(r) follows from the fourth item in Lemma 3 and the third item in
Lemma 6.
Clearly, the limit G,(17) = W is valid. By L'Hopital’s rule and the third item in Lemma 6, we readily

obtain
g5(n _ 3(1-2a)’
6(r) 8 )

By the monotonicity of G,(r), the double inequality (1.12) follows immediately.
By the formula (1.11) in [28, Theorem 1], we have

hm Gy(r) = hm

exp (u(r) +1Inr) H(l +m)? = P(r). (3.3

Consequently, the third item in Theorem 2 follows from (1.11) and (1.12). The proof of Theorem 2 is complete.
O



810 —— FeiWang, Jian-Hui He, Li Yin, and Feng Qi DE GRUYTER

Corollary 2. Forr c (0,1) and K € (1, o), the inequality

oo K
n|r
‘P?/K(") > maX{Bl;A(r), BSB(Y)} H(l + rn)l/z ok (3.4)
n=0

holds true, where A(r) = SZL,E‘“}” and B(r) = s%In %

Proof. This follows from combining the double inequality (1.8), the equality (3.3), and the inequality (1.13).
O

Remark 2. The lower bound in (1.11) is better than the corresponding bound in the equation (11) in [24,
Theorem 1] which is referenced in item (2) of Lemma 4.

The upper and lower bounds in (1.12) are better than corresponding bounds in the equation (11) in [24,
Theorem 1] which is referenced in item (2) of Lemma 4.

The inequality (3.4) provides an elementary and an infinite product estimates for ¢ / x(r)and anew bound
of solutions to the Ramanujan generalized modular equations is given.

Proof of Theorem 3. It is easy to see that the function H(r) can be written as

_ Ma(M) —pu(r)  u(r)-artanh/s _
1 = K B s = G0+ B, (5)
where G1(r) is defined by (1.10) and
_ u(r) —artanh /s
Hq(r) = ~ s?InJs) (3.6)
which can be equivalently written as the product of two functions
Hy(r) = u(r) —artanh /s &(r)-1 (37)

eE-1 s21n(4/s)”

Denote
hy(r) = u(r) - artanh /s _ hy(r)
! e-1 hs(r)’
where h,(r) = u(r) - artanh /s and hs(r) = € - 1. By the third item in Lemma 4 and (1.4), we obtain h,(17) =
h3(17) = 0. Applying (2.1) and (2.3) and simply computing yield

2 2

5 15 -vsA+)K* 15 -V5(1L+8)K* 1 r?
hi(r) 2 s2K2(X-€) 2 r2 sK2(r) s(K - ¢&)°
Let ,
oo 1 2
hy(r) = 2 ﬁ(r2+ S)K“(r) (3.8)
and s = V1 - r2. Using the substitution
_2Vu _ 2Vt
ey and U= (3.9)
Then u = % By Landen’s transformation formula
207 _
iK(l +r) =1 +nNK()
in [30] and (3.9), we have
Kr) =1 +uw)XKw) =01 +uw@+ K. (3.10)
By (3.10), the identity (3.8) is equivalent to
4
t t 2 14 2
har) = (VO @/ - [EXOF. 1)

401+ )Vt t2
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It is easy to show that the first factor in the right hand side of (3.11) is strictly increasing in t on (0, 1). Hence,
by virtue of the third item in Lemma 3 and the relation between r and t, the function h,(r) is strictly increasing
on (0, 1).

It was given in [2, Theorem 15] that the function r — is strictly decreasing from (0, 1) onto (0, %)
Therefore, by (3.7) and Lemma 1, the function h{(r) is positive and strictly increasing.

From the fifth item in Lemma 3 and (3.6), we conclude that the function H,(r) is strictly increasing on
(0, 1). Hence, the monotonicity of H(r) follows from the first item in Theorem 2 and (3.5).

It is clear that the limits H;(0%) = % and H{(17) = oo follow from item (5) in Lemma 3, item (1) in
Lemma 4, and item (1) in Theorem 2. Additionally we note that H(0*) = G1(0o*) + H{(0") = Rl@-In16 Tpe

2In4
double inequality (1.14) follows immediately. The proof of Theorem 3 is complete. O

s(K-€)
r2

Remark 3. The lower bound in (1.14) is better than corresponding bounds in the equation (14) in [24,
Theorem 2] which is presented in item (3) of Lemma 4.
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