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Abstract: The 2-closure G? ofa permutation group G on a finite set Q is the largest subgroup of Sym(Q) which
has the same orbits as G in the induced action on Q x Q. In this paper, the 2-closures of certain primitive
permutation groups of holomorph simple and holomorph compound types are determined.
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1 Introduction

Let G be a permutation group on a finite set Q. Then G has a natural induced action on Q@ := Q x Q as
follows:
(a, B)% = (a®, B%), wherea,Bc Q, gcG.

Each orbit of G of the above action is called an orbital of G on Q. We denote by Orbl(G, Q) the set of all orbitals
of Gon Q.
In 1969, Wielandt [1] defined the 2-closure of G to be the group

G? := {x € Sym(Q) | O* = O for each O € Orbl(G, Q)},

namely the largest subgroup of Sym(Q) that has the same orbitals of G. Clearly, G? > G.1fG = G?, then G
is called 2-closed. See some basic properties of 2-closures in Wielandt [1, 2].

A transitive permutation group G < Sym(Q) is called primitive if the vertex stabilizer G := {g € G| a8 =
a}ismaximal in G. Denote by soc(G) the socle of G, namely the product of all minimal normal subgroups of G.
Then either soc(G) is a minimal normal subgroup of G, or soc(G) = M x N with M = N being minimal normal
subgroups of G. According to the structure and the action of soc(G), the well-known O’Nan-Scott theorem
divided the finite primitive permutation groups into eight types, refer to [3-5]. The eight types are described
as follows:

HA (Holomorph Affine): soc(G) =~ Zé, isregular on Q and X < Z}, : GL(I, p), where p is a prime and [ > 1;

HS (Holomorph Simple): soc(G) = M x N, where M N = T are nonabelian simple normal subgroups of
X and regular on Q;

HC (Holomorph Compound): soc(G) = M x N, where M = N = T* are minimal normal subgroups of X
and regular on Q with T nonabelian simple and k > 2;
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AS (Almost simple): soc(G) = T is a nonabelian simple group and not regular on Q, and T <1 G < Aut(T);

SD (Simple Diagonal): soc(G) = T' is a minimal normal subgroup of G, with I > 2 and T is nonabelian
simple, (s0c(G))a = {(t, -+ ,t) [t € T} = Tfora € Q, and G < T.(Out(T) x S;);

CD (Compound Diagonal): soc(G) = T! with | > 4 and T nonabelian simple, and (soc(G))a = T* with
k=2and k| ;

TW (Twisted Wreath Product): soc(G) = T is regular on Q and G, is insoluble, where T is nonabelian
simpleand [ > 6;

PA (Product Action): soc(G) = T!is a minimal normal subgroup of X with T nonabelian simple and [ > 2,
and G < Aut(T): S;; moreover, there exists a set A such that Q = Al, Aut(T) acts irregularly on A and G acts on
Al as follows: for (w1, ..., w)) € QL (h1,...,h) € Aut(T)! and o € S,

Wy, -+, wy)Hommdo _ (W}llf'll . Wﬁ,’fl )

In 1988, Liebeck, Praeger and Saxl [6] studied the 2-closures of simply primitive (namely primitive but
not 2-transitive) permutation groups of almost simple type, and proved that if G is a such group with socle
T, then either T < G < Aut(T) or (G, G?) is given in an explicit list. For more results regarding primitive
groups and their 2-closures, see [7-13]. The main purpose of this paper is to determine the 2-closures of certain
primitive permutation groups of HS and HC types; for convenience both types are called holomorph type.

The notations used in this paper are standard. For example, for a positive integer n, we denote by Z, the
cyclic group of order n, and by S, the symmetric group of degree n. Given two groups N and H, denote by
N x H the direct product of N and H, by N.H an extension of N by H, and if such an extension is split, then
we write N : H instead of N.H. Also, we denote by G" the direct product of the group G of n terms, and by
H P the wreath product of groups H and P.

The main results of this paper are as follows.

Theorem 1.1. Let G = T : Aut(T) be a primitive permutation group of type HS on Q, where T is a nonabelian
simple group. Then the following statements hold:

(i) Ifthere exists t € T which is not conjugate to t in Aut(T), then G = G.

(ii) Ifeacht € T is conjugate to t™* in Aut(T), then G = G.Z, is primitive of type SD.

Theorem 1.2. Let G = N : Aut(N) be a primitive permutation group of type HC on Q, where N = T¢ with T a
nonabelian simple group and d > 2. Then the following statements hold:

(i) Ifthere exists t € T which is not conjugate to t * in Aut(T), then G@ = G.

(i) Ifeacht e T is conjugate to t* in Aut(T), then

6@ = [T2.0ut(T) x Z,)1".S,

is primitive of type CD.

After this introductory section, we explain the actions of certain primitive permutation groups in Section 2,
and complete the proofs of Theorems 1.1 and 1.2 in Section 3.

2 Actions of primitive permutation groups

In this section, we explain the actions of primitive permutation groups of several types that will be used in
Section 3. The main contents of this section can be found in Giudici, Li and Praeger [14, Section 2] and Liebeck,
Praeger and Saxl [15].
For a group G, denote by
G={g|&: x— xg, forallg, x € G},
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G={g|&: x— g'x, forallg, x € G}

the right regular representation and the left regular representation of G, respectively. Clearly, both G and G can
be viewed as regular (permutation) subgroups on G, and centralize other.
Let H be a subgroup of G, and denote by [G : H] the set of cosets of H in G. The coset action of G on [G : H]
is defined as follows:
(Hg)* = Hgx, forg,x € G.

It is well known each transitive action of a group X on a set Q can be identified (permutation equivalent) with
the coset action of X on [X : X,] with @ € Q. In particular, if X is regular on Q, then X, = 1, and the action of
X on Q can be identified with the right regular representation X (and so Q can be identified with X).

In the following, we give several remarks on the actions of primitive permutation groups of several types.
Let G < Sym(Q) be a primitive permutation group, and let N = soc(G).

Remark 1. Assume that G is of type HS or HC. Then N = My x M,, where M; ¥ M, ¥ T4 with d > 1 are
nonabelian minimal normal subgroups of G and regular on Q, and G < Nsym(m(N) = N : Aut(N). Moreover,
the action of G on Q as follows:

x"? = (xn) = xn?,
where x € Q, n € N and o € Aut(N).

On the other hand, since M; = T is regular on 2, we may identify Q = T¢ and identify the action of M;
on Q with the right regular representation T d hence M, = Cg(M1) can be identified with T4, Consequently,
we obtain

G < (T4 x T4).(0ut(T)? 1 S,),

and the action of G on Q = T4 is as follows:

(tlx tr, ..., td)(gl,gz """ §4) = (tlgl’ t2g2’ ey tdgd),

(tl’ tZ; ceey td)(gl’gz """ gd) = (giltlygiltZ’ e ’géltd)’

(t19 tz, ey td)(o-l’o-z ..... 0a) = (tgly tgzy sy tgd)y
(tl) tZa ceey l’d)‘r = (tlr’l s tzr’l s eeey tdr’l)y
where (t1, ta, ..., tg), (81,82, .+.,84) € T4, (01,02, ...,04) € Out(T)? and T € S,.

Remark 2. Assume that G is of type SD and N = soc(G) = T?, with T a nonabelian simple group. Then Ny =
{t, t,...,0) | te T} = Tfora € Q, and

G < T2.(0ut(T) x S,) < Aut(T?).

Since there is an one to one correspondence between [N : Ng] to T via Nq4(t1, t2) — t71t,, we may identify Q
with T. Now, for t € Q, we easily conclude that the action of G on Q is as following (or see [15, P. 307]):

() _ t{ll‘l‘z for (t1,t5) € TZ’

@D = t% for (a, a) € Out(T),
19 = 1 for (12) € S,.

Remark 3. Assume that G is of type HC or CD and N = soc(G) = T4, with T a nonabelian simple group and
d = 4. Then G can be built from a primitive permutation group of type HS or SD respectively by product action,
see [14, P. 296]. Hence there exists a set A, and a primitive permutation group H of type HS or SD on 4, such
that Q = AX for some k | dand G < H1S;, = H* : S, and G acts on A¥ in product action.
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3 Proofs of Theorems 1.1 and 1.2

In this section, we prove Theorem 1.1 and Theorem 1.2. We first give an observation.

Lemma3.1. Let G = T¢ : Aut(T9) be a primitive permutation group of type HC on Q. We may identify A = T4
(see Remark 1 in Section 2). Then the vertex stabilizer G, := {g € G | 1% = 1} = Aut(T?), where 1 is the identity
element of TA.

Proof. Let go € G, where g € T? and ¢ € Aut(T9). By Remark 1, we have 189 = g%, Hence go € G, if and only
g% =1, or equivalently g = 1. The lemma follows. O

Proof of Theorem 1.1. Suppose that G = T : Aut(T) is a primitive permutation group of type HS on Q, where T
is a nonabelian simple group. Since G? is an overgroup of G, by Praeger [3, Proposition 8.1], either G? = A,
or Sy with n = |Q|, or soc(G?) = soc(G) = T? and G® is of type HS or SD.

If G? = Ay or Sy, then G®@ is 2-transitive on Q, hence G and so G has exactly two orbitals, namely G
is 2-transitive, which is a contradiction as a well known theorem of Burnside (see [16, Theorem 4.1B]) states
that a 2-transitive permutation group is either of type HA or AS.

Therefore, G2 is of type HS or of type SD and soc(G'?) = soc(G) = T2. Consequently, we always have
G < G? <G : S,. Since T is regular on Q, we may identify Q = T.

Assume first that there exists an element t € T which is not conjugate to ¢ in Aut(T). Let 0, = (1, t)G
and 0, = (1, )" be two orbitals of G on Q. If 01 = 0,, then (1, £) = (1, t1)" = (1%, (¢1)*) for some x € G. It
follows that t = (¢'1)" and 1% = 1. Thus x € G, = Aut(T) by Lemma 3.1, and ¢ is conjugate to ™! in Aut(T), a
contradiction.

Therefore, 0; # O,.Foreacht € Tand (12) € S,, we have t!?) = "1 by Remark 2 in Section 2, it follows

G
0,92 = (1,0 = (1,0"?% = (1, )" = 0,

that s, (12) ¢ G?. Hence G = G, part (i) of Theorem 1.1 holds.

Now assume that each element t € T is conjugate to t ! in Aut(T). By the transitivity of G on Q, each
orbital of G on Q can be expressed as (1, t)¢ for some t € T. By assumption, there is a € Aut(T) < G such that
t* = t"1. By Remark 2, it follows that

(@, 09 = (1,002 = (1,926 = (1, 1) = (1, 0% = (1, 8,

thatis, (12) € G?. Hence G® = G.2, part (ii) of Theorem 1.1 holds. This completes the proof of Theorem 1.1.0

Now, we complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Suppose that G = N : Aut(N) is a primitive permutation group of type HC on Q, where
N = T4 with T a nonabelian simple group and d > 2. Since GY isan overgroup of G and soc(G) = T?? with
2d = 4, by Praeger [3, Proposition 8.1], either G?) = Ay or S, with n = |Q|, or soc(G?) = soc(G) and G? is a
primitive permutation group of type HC or CD.

If G? = A, or Sy, then G is 2-transitive on Q, and so is G since G and G? have the same orbitals, by a
theorem of Burnside (see [16, Theorem 4.1B]), G is of type HA or AS, a contradiction.

Thus G? is a primitive permutation group of type HC or CD, and soc(G?) = soc(G) = T?4. By Remark 3, it
easily follows that there exists a set A and a primitive permutation group H of type SD on A with soc(H) = T?,
such that @ = A%, and G < G® < H) Sy = H? : S,, and G@ acts on A4 in product action. Notice that
T? < H < T2.(0ut(T) x S).

Notice that H is a primitive permutation group of type SD on A with socle T2, (soc(H))s = {(t,t) | t € T} =
T for each § € A, soc(H) has a normal subgroup T which is regular on A. Thus we may identify A = T, and
henceidentify Q =T 4 Let O be an orbital of G, and let1= (1,1, ...,1) € T¢ = Q. By the vertex transitivity of
G, we may assume O = (1,~)C, where v = (t1, ta, ..., tg) € T4 = Q.

T2d
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Now, we prove that part (i) and part (ii) of Theorem 1.2 are true respectively.

(i) Suppose G > G. Then there is x € G® \ G. Since G® < H1S; = H? : S, we may set
x = (hy, hy, ..., hy)T, where h; € H; with 1 < i < dand 7 € S,. Since H is primitive of type SD with socle
T2, we may write h; = &(u;y, uj>)0;, where (u;1, uj;) € T?, 0; € Out(T) and &; € S,. By Remarks 2 and 3, we
conclude

(13 'Y)X = (1X’ ’YX)
= (1(h1,h2 ..... hd)‘l" (t]_; tZ, e td)(hl’hz ..... hd)T)
_ (1’ (tly tr,y e, td))(&(un,u)m,fz(un,zz)az ,,,,, fd(udl,dz)od)‘l'.

If § = 1foreachi € {1,2,...,d}, then x € G, a contradiction. Hence without loss of the generality, we may
assume &; # 1. Then

((u11,u12)01,(U21,U22)02,..., (ug1,ug2)o)t

@) = @, (6, 6, s £5))

ed))((ullyull)ol;(HZI;VZZ)O'Z ----- (ugy,ug2)oq)T

-1
=, (6, 65, . £

>

wheree; = 1if & =1,and ¢; =-1if & # 1with1<i<d.
Let go := (u11, u12)01, (U21, U22)02, ..., (Ug1, Ug2)O4)T € G. Then

-1 e €4\ _ -1 e €a\8080" G
(ly (tl ’ tz PRTES) td )) = (1’ (tl s tz 5 eeey td )) € (19 7)
and (1,7)" € (1,~)°. Hence
(la (tily tgzy ceey tgd)) = (1) (tla tZ’ ceey td))y = (1)” (tl’ tZa ceey td)y)

forsomey € G.So 1V =1, and hence y € G; = Aut(T)? by lemma 3.1. It follows that y = (111, 12, ..., 114), Where
ni € Aut(T)' with 1 < i < d. Thus (t7%, £, ..., t51) = (t1, t2, ..., tg) = (7, 2, ..., t]19). Hence t;' = £I'. That
is, t; is conjugate to ;! in Aut(T), part (i) of Theorem 1.2 holds.
(ii) Suppose that each ¢ € T is conjugate to ¢ * in Aut(T). Note that G < H1 S, < (T?(Out(T) x S2)) 1 S,
we only need to prove T?(Out(T) x S,)]1 S, < G. For any
d
x = (&1(u11, U12)01, E(Ua1, U22)02, vy E4(Ugr, Ugs)0g) € [T2.(0ut(T) x S,)],

where & € S,, (i1, u;p) € T? and 0; € Out(T) with 1 < i < d, it is easy to see that 0¥ = O if and only if
(1,7)%" € 0 foreach g € G. Notice that

8X = g(fl(un, U12)o1, fz(un, U22)02, ..., fd(udp Ugp)0g)
=g(&1, &, o, EDW(uar, ur2)or, (Ua1, U22)02, ..o, (Ugy, Ugn)Og)
= g((uy1, u12)o, (U1, U22) 02,5 weny (Ugy, Ugy)0g) (1, &2,y oeny &)
for some (u;; , uj,)0; € T2.0ut(T) with 1 <i < d. Set
g = g((ur1, u12)o1, Ua1, U22)07, .o, (Ugy, Ug2)Tg).
Then g’ € G. It follows that gx = g'(¢1, &, ...,&;). Note that g € G = K9.S; = (Tz.Out(T))d.Sd, then
g=(11,72,..., Tg), where 7; € K, m € Pwith 1 <i < d. Thus
1,7 = 1,)° (§1,82,+..,84)
= (1’ (t1’ t23 ceey td))g (51,£2 ,,,, fd)

(E1,62000080)
= (1, (], 62, ., £

_ _ 1 (E1,8,.,80)
=, (tTl” Lot ey t;‘:fll ) e

1,,—1 ’ zﬂ—l ’
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N a1,
where (t;fll) = t;’fll if& =1, and (t

FPIR I SRR Tt

o N (G M N )

= ()L )T () )
= (1, ()T (€2 (527 )
= (L, ()™, ()7, .o, ™))

= (1, ()™, ()7, .., ™)

= (L (1 657, sy ) T,

T & Toiy”

1) :(t

i it

1
= (tl.‘ﬂl,l)rf”'l if & # 1. Since t is conjugate to t ! in

Aut(T) for each t € T, it follows that t?" = tf" for some n; € Aut(T) with 1 < i < d. Then

8X g’
@, )% = [0, (], 22, ..., 2]

= [1) (tlx t25 ceey td)](rh’n2 """ rld)gl
- (1, ,y)(m,rlz,.-.,nd)g'.

Note that (171,72, ..., 1q)g’ € G1 = Aut(T)? < G, it follows that (1,7)%* € (1,~)°. Thus x € G and hence
GY = [T2.(0ut(T) x Sz)]d.Sd. This completes the proof of Theorem 1.2. o
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