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Abstract: In this paper, we consider a nonautonomous two-species impulsive competitive system with
infinite delays. By the impulsive comparison theorem and some mathematical analysis, we investigate the
permanence, extinction and global attractivity of the system, as well as the influence of impulse perturbation
on the dynamic behaviors of this system. For the logistic type impulsive equation with infinite delay, our
results improve those of Xuxin Yang, Weibing Wang and Jianhua Shen [Permanence of a logistic type
impulsive equation with infinite delay, Applied Mathematics Letters, 24(2011), 420-427]. For the correspond-
ing nonautonomous two-species impulsive competitive system without delays, we discuss its permanence,
extinction and global attractivity, which weaken and complement the results of Zhijun Liu and Qinglong
Wang [An almost periodic competitive system subject to impulsive perturbations, Applied Mathematics and
Computation, 231(2014), 377-385].
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1 Introduction

The logistic system is considered to be one of the most important systems in mathematical ecology, and a
great deal of research works have been done based on this system. Because of the seasonal fluctuations in
the environment and hereditary factors, many scholars have investigated the logistic system with time delays
(see [1-8]). Noticing that the disturbance of environmental factors at certain time moments can give rise to
instantaneous and changes of population density, many scholars have investigated the dynamic behaviors
of impulsive differential equations (see [9-21]). Especially, Yang [21] investigated the following logistic system
with infinite delay

x(8) = x(t) <a(t) - b(t) / K(s)x(t - s)ds) , t20, t#t,
0 (1.1)

X(tz) = th(tk), k = 1) 2) MY

with the initial condition x(t) = ¢(t), t < 0, which is continuous and bounded on (-, 0] to [0, +o0) with
¢(0) > 0. Here a(t) and b(t) are continuous functions, bounded above and below by positive constants;

Mengxin He, Zhong Li: College of Mathematics and Computer Science, Fuzhou University, Fuzhou 350116, P. R. China, E-mail:
hemx@fzu.edu.cn, lizhong04108@163.com

*Corresponding Author: Fengde Chen: College of Mathematics and Computer Science, Fuzhou University, Fuzhou 350116, P.
R. China, E-mail: fdchen@fzu.edu.cn

3 Open Access. © 2019 He et al., published by De Gruyter. This work is licensed under the Creative Commons Attribution alone 4.0
License.


https://doi.org/10.1515/math-2019-0062

DE GRUYTER Dynamic of a nonautonomous two-species impulsive competitive system with infinite delays = 777

K : [0, +o0) — (0, +o0) is a continuous kernel such that f(; “K(s)ds = 1; t;, (k =1, 2, - - -) are impulse points
with limy_, ., tx = +oo; the impulse perturbations {h; : k=1, 2, .-} is positive sequences bounded above
and below by positive constants. The authors discussed the permanence and global asymptotical stability of
system (1.1) under the following condition

0 <infp.q hp s hp<1 (k=1,2,---)and infp., (hy — hp_q) > 0,
which implies hj < 1 is an increase sequence.

On the other hand, competition for limited resources among ecologically similar species has been
intensively investigated by many scholars due to its extensive prevalence and its importance on determining
the structure of animal and plant communities, the diversity and the evolution of species. The famous Lotka-
Volterra competition system has been studied extensively (see [22-24]). Naturally, impulse perturbations have
been introduced into competitive systems and many excellent results have been obtained (see [13, 18, 25-32]).
Recently, Liu and Wang [32] considered an almost periodic impulsive competitive system of the form

x1(0) = () (n(t) @y (O () - %) ,
2(0) = - 210G N
X2(8) = x5(t) (rz(t) a>()x,(t) EYNT > 20, t2 1, .

x1(t7) = hypx(te),
X2(t7) = hypxa(ty), k=1, 2,---.

For any given continuous function f(¢), let f; and fj; denote info.¢c.oo f(£) and SUPys«,o. f(£), respectively. The
authors discussed the permanence of system (1.2) under the following conditions:

(H1) Ho<t,<thix, i = 1, 2, are bounded above and below by positive constants for all ¢ > 0;

(HZ) rip — biM >0,i=1, 2.
But the authors did not consider its competition exclusion, global attractivity and extinction. For the perma-
nence of system (1.2), we also want to know whether conditions (H1) and (H2) can be weakened? To answer
this question, we first introduce the following example.

Example 1.1 For system (1.2), let r1(t) = %2504 1y (t) = L2, a1(t) = 5 + 4sinv2t, a5(t) = 11.5 + 8.5 sin 2t,
bi(t) = 2 +sint, by(t) = 1 + 0.5sint, hy; = 5.5 - 0.5 cosk, hy; = 3.5 +0.5sin2k and t; = k + % Obviously,
condition (H2) does not hold, but Figure 1 shows that system (1.2) is permanent.

iy
“A

20 40 60 80 100 o 20 40 60 80 100
time t time t

Figure 1: System (1.2) with the initial conditions (0.01, 0.01)T and (0.03, 0.03)7 respectively.

This example gives a certain answer to the above question. So it requires us to give its strict mathematical
verification and to discuss the competition exclusion, global attractivity and extinction of (1.2). Our results
improve and complement the corresponding results of Liu and Wang [32].
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Motivated by the above papers, in this paper we consider the following system

%1(0) = 11 (0 (rl(t) — a0 71<1(s)xl(t ~s)ds - %) ,
g
%2(0) = X0 (rz(t) a0 ZOKZ(S)XZ(t _s)ds - ’M) L £20, t4 1, .
x1(6) = hyexa (&),
() = o), k=1, 2, ,
under an initial condition
xXi() = ¢i(w) = 0, for u € (~oo, 0] with ¢; € C((~o0, 0], [0, +o0)) and ¢;(0) > O. (1.4)

Here x4 (t) and x,(t) are population densities of species x; and x; at time ¢ respectively; r1(t) > 0and r,(t) > 0
are the growth rates; a,(t) > 0 and a,(t) > O are the effects of intra-specific competition; r;(t) and a;(t) are
continuous functions, bounded above and below by positive constants for all t > 0; the continuous functions
b.(t) = 0 and b,(t) > O are the rates of inter-specific competition, which are bounded for all t > 0; K; :
[0, +00) — (0, +o0) (i = 1, 2) are continuous kernels such that f0+°° Ki(s)ds =1;0 <ty <ty <+++ <ty < tyyq <
-+ are impulse points with lim;_, ., t; = +oo; the impulse perturbations {h;; : k=1,2,---} (i =1, 2)are
positive sequences bounded above and below by positive constants.

2 Preliminaries

In this section, we present the following definitions and lemmas which are useful in proving our main
results.

Let PC([0, +o0), R?)={¢ : [0, +o0) — R* x R*, ¢ is continuous for t # t;. Also ¢(t) and ¢(t;) exist, and
o(t) = d(ty), k=1, 2,---}. By the basic theories of impulsive differential equations in [9][10], system (1.3)
has a unique solution X(t) = X(t, Xo) € PC([0, +o0), R* x R*). For any sequence {h,}, let h; and hy; denote
infycz hy and supy; hg, respectively. For the sequence {¢;}, denote sup;, ti = supycz(tis1 — t) = nand
infycz t; = 6. Obviously 2 6 > 0.

+o00
Define Gy = (t;_1,ti) xR* xR, k =1,2,:--+;G = |J Gy; Vo = {V € CI[G, R"], there exists the limits
k=1
V(ty, Xo), V(ty, Xo), V(ty, Xo) = V(tx, Xo), and V is locally Lipschitz continuous}.
Definition 2.1 Let V ¢ V. For any (t, X(t)) € [t;_1, t;) x R* xR*, the right-hand derivative D* V(t, X(t)) along
the solution X(t, X,) of system (1.3) is defined by

DYV (¢, X(t) = lihm ior+1f %[V(t +h, X(t+ h) - V(¢t, X()].

Lemma 2.1 (see [10]) Assume that m € PC[R*, R] with points of discontinuity at t = t; is left continuous at
t=ty, k=1,2,--+, and that

D*m(t) < g(t, m(t)), t#t,, k=1,2,---,
m(ty) < pp(m(ty)), t=tx, k=1,2,---,

(2.1)
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where g € C[R* x R*,R], ¢y € CIR, R] and ¢ (u) is nondecreasing in u for each k = 1, 2, --- . Let r(t) be the
maximal solution of the scalar impulsive differential equation

u=gl(t, u), t#te, k=1,2,---,
u(ty) = gi(ulty) = 0, t=ty, tp>ty, k=1,2,---, 2.2)
u(tp) = uo,

existing on [t, +o0), then m(ty) < ug implies m(t) < r(t), t = to.
Remark 2.1 (see [10]) In Lemma 2.1, assume inequalities (2.1) reverse. Let p(t) be the minimal solution of (2.1)
existing on [to, +o0), then p(t§) = ug implies p(t) = r(t), t = to.

Consider the following impulsive system

y(t) = }’(t)(a - bY(t)), t# tk’ (23)
y(t) = hy(t), k=1,2,---,

where a and b are positive constants.

Lemma 2.2 (see [17]), Let y(t) be any positive solution of system (2.3). It follows that:
(i) Ifhy = 1, then

an+1Inhg
b)'th

(i) Ifhy <1, hy < 1 and aB +Inh > O, then

< liminf y(t) < limsup y(¢) < M.
t—>+oo t—+oo b6

(a9 +In hL)hL

< liminf y(t) < limsup y(t) < m.
b9 t—+oo t

—>+oo bl’th

(iii) If hy < 1, hyy 2 1 and a0 +1In hy > 0, then

(aB +Inhy)h;

< liminf y(t) < limsup y(t) < (a0 +1nhydhy
b6 t—+o0 t

—+o0 bo

Lemma 2.3 Let y(t) be any positive solution of system (2.3). Assume that an +1n hy; < 0. Then tlim y(t) = 0.
—+o0o

Proof. Let z(t) = 1/y(t), then system (2.3) is transformed into

z(t) = -az(t)+ b, t#ty,
. 1
Z(tk): 7Z(tk)! k: 1: 2:"' ’
hy

According to [9], for any T > 0, we can obtain

t
z(t) = H hie—a(t—T)Z(TJr)_Fb/ H ie—a(t—s)ds.
T

T<ti<t "'k sstp<t hy

First we consider an + In hy; = 0, that is e“hﬂl/{” = 1and hy < 1. According to [17], we obtain

t=-T

¢
=) t=s_q
z(t) = (ﬁ) ! e_a(t_T)Z(T+)+b/ <7th) T emalts)gs
T

= hy(z(T*) + bt = bT) — +oo, t — +oo,
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Next consider an + In hy; < 0, that is e“h}‘/{” <1and hy < 1, then

2(t) 2 (ﬁ) %_1e’““’T)Z(T*) ,_bnhu_ {1 - (i) %e’““’”}

an+1Inhy har
Y bnhM 1 =T brth
N (hMZ(T) a’1+lnhM)<eah}V{'7) +a11+lnhM%+°°’ t= oo,
because of aqbf% < 0. Therefore, it follows from the positivity of y(t) and the relationship between z(t)
M

and y(t) that tlim y(t) = 0. This completes the proof of Lemma 2.3.
— 400

Lemma 2.4 Let (x1(t), x2(t))T be any solution of system (1.3) with (1.4), then x;(t) > 0,i=1, 2, forall t > 0.
Proof. From the ith equation of (1.3) with (1.4) (i = 1, 2), we can obtain
t

xi(6) = $iO)( IT hu)exp / (ritw) - i /ﬁoKi(s)xi(u ~ s)ds -
0

O<ty<t
0

b;(u)x;(u)

1+x;(w) )du >0,

where 1 <j < 2, i # j, which completes the proof of Lemma 2.4.

Lemma 2.5 For any y € PC([0, +o0), R"), let k : [0, +o0) — (0, +o0) be a continuous kernel such that
Jo "~ k(s)ds = 1. Then

+oo

+o0
lim inf y(t) < lim inf/ k(s)y(t — s)ds < limsup [ k(s)y(t — s)ds < lim sup y(¢).
t—r+oo t—r+oo

0

t—+oo t—>+oo
0

The proof is similar to that of Lemma 3 in [24], so we omit it.

3 Main results

In this section, we present the main results of this paper. First we study the coexistence of system (1.3).

Theorem 3.1 Let (x1(t), x2(t))T be any solution of system (1.3) with (1.4), i = 1, 2. Assume that

M;
(riL_blMl M)9+lnhL>O 1Sl.,].52,i#j;
(3.1
M;
rip - b; ]

M1+ M; >0,

then m; < hmlnfx (t) <limsupx;(t) < M;, i=1, 2, where
t—+oo

M = max (riMG +1n th)hle riyn + In hiM
' a; 6Ry; ©aithimRy |7

G- 1'T1f4w’ m+Inhy [(rig - 1'14%’)9 +1Inhy 1h3
m; = min ,
lMHllrlhiL aimH,i0
with
+oo . +oo N
Ry = /(hgde"’M)"sK,'(s)ds <400, Ryi= /(hi’}we"'M)_sK,'(S)ds < +oo,
0 0

+oo

o ()" o0~ (-t~ 20 s < o,
0

+oo

Hy; = / (h%)g EXP{ - (riL - ajyM; - b+%j) }K (s)ds < +oo.
0
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Proof. From (1.3), we can obtain for i = 1, 2 that

Xi(t) < rimx; (),
xi(ty) = hyxi(te).

Then according to Lemma 2.1, we have

xi(t-s) = ( 1 i)e""Msxi(t).

t-ssty<t hik

Fori =1, 2, substituting this into the ith equation of (1.3), we obtain

. I 1 _r
X;i(t) < x;(t) [riM -a; ( T) e r'MSKi(S)dSXi(t)} .
o tesstist ik
(1) If hjys 2 1, it follows that .
. 1 \8*1 _,.
%00 < xi0[rin—au [ ()" e Ki(o)dsxi 0]
s 1
I, iRy
< xi(0)[rig = (0],

where Ry; = '0+ “(hiéwe”M)‘SK,-(s)ds. According to Lemma 2.2, we obtain that

(riMG +1n th)hle

ligiipxi(t) < 4 R0 ,i=1, 2.
(2) If hjy; < 1, we have
toe s
(0 = xi0[rin—au [ ()" exp{-runs}Ki(S)doni0)]
0

< x;j(O)(riyy — ai i R2ix; (1)),
where Ry; = [~ (h/},€"™)K;(s)ds. Again from Lemma 2.2 we have
lim sup Xi(t) < M

t—+oo aiLhizMRz,-r[

All the above analysis show that

{ (r,-M6 +1In th)hle riyn + In hiM

lim sup x;(t) < max ,
PXi a;.R1;0 ai h?,Roim

t—r+oo

Therefore for any given € > 0 satisfying

M +¢
(rie=binggr ¢ )0+ Ik >0, 1< j<2,i#),

j

M;+e

rip —biy—o7—— >
iL ’M1+M]-+£ ’

there existsa T > Osuch thatfor ¢t > T, x;(t) s M; +&,i=1, 2.

}éM,., i=1, 2.

(3.2)

(3.3

(3.4)
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Substituting this into system (1.3), it follows from Lemma 2.5 that, for 1 <i,j <2 and i # j
502 0 - ;) - PG
xi(ty) = haxi(ty).
We can easily obtain that
x;(t-s) < ( 11 hilk) exp{ - (riL —ajpy(M; +¢€) - M)s}xi(t).

t-ssty<t 1+Mj+e

Substituting this into the ith equation of system (1.3) gives rise to

%) %0 {m burMre) ,M/ I 7 )exe {—(riL—aiM(Mi+s)—b’"”(M)s}f@(s)dsxi(t)}.

1+M +E 1+Mj+€
t-ss<ty<t

Next we prove l}m inf x;(t) = m;.
—>+oo
(3) If h;;, = 1, we deduce that

X;(t) x;(t) [r- biwM;re) aiMj(ohl,L) i exp {_(riL_aiM(Mi‘*'g)_bWI(W)S}Ki(s)dsxi(t):| .
0

LM e B 1+Mj+e

By setting € — 0, it follows from Lemma 2.2 that

biuM;

(TIL— 11MM )n+lnh1L

lim inf x;(t) > R

t—rtoo zMlehiLrI

where +°~° 13$ binM;
H1i=/ (TL) eXp{—(fiL amMi - 37 M) }K(S)
1
0

(4) If hy, < 1, we obtain

, bim(Mj+e) ERRE bim(Mj+e)
X;(t) %(6) |:riL_1-l-1\/Ij-i-£_aiM/(}‘l,~L> exp {_(riL_aiM(Mi*'E)—m) S}Ki(s)dsxi(t) .
0

By setting € — 0, it follows from Lemma 2.2 that

(- 22} 0

hm inf x;(t) >

t—>+oo aiMHZiB ’
where .
_ 1 % blMM
Hy; = / (E) exp{ ( i ~ @imMi — 377 M, ) }K i(s)ds.
0

Thus,

. ([ - 50+ Inhy dhE (i - S +Inhy ) .

lim inf x;(f) > min , =m;, i=1, 2.

t—rtoo aim6H>; xMthiLHli

This proves the permanence of (1.3).
Theorem 3.2 Suppose that the conditions of Theorem 3.1 holds, and there exist a; > 0 and p; > O such that

+oo

/sKl-(s)ds =0, i=1,2
0

(3.5)
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and
ayg bimp1 2
251 P1~ =5 ~bamp2 - 2ai1yp101 ~ bimaimp101 ~ bam@rmp202 > 0,
1 m
1 (3.6)
a b
2 IZVLI’:Z bimp1 zr;lvfpz 2a5,p202 - biy@imp101 - bayarmp202 > 0

2

where M; and m; (i = 1, 2) are defined in Theorem 3.1. Then for any two solutions (x1(t), x>(t))T and
1(0), v2(0)T of system (1.3) with (1.4), there are

lim |x;(t) - y;(t)| =0, fori=1, 2.
t—+oo

Proof. Let (x1(t), x,(t))T and (y1(¢), y>(t))T be any two solutions of system (1.3) with (1.4). From Theorem 3.1,
for any £, > O satisfying O < €1 < min{m;, m,}, there exist § > O such that

ai.p1 bimpi 2
- - -2a 01 - byya o1 - byya 0,20,
My+e,  (my-g,)? 2MP2 1MP101 =~ bipaAimpP101 = bayaompP202 57)
ax.p2 baup> 2
2= —p - —=e -2 o,-b o1-b 0,26,
M, + €1 1MP1 (m, - £,)? aomMpP202 = Dima1mMP101 ~ DamarmpP202

and T; > O such that for t > T,

m;—&1<x;, yi<Mij+eq, i=1, 2. (3:8)

Define a Lyapunov function as follows

+oo

V4i(t) = (1nx,-(t) —Iny;(t) - / /K,-(s)ai(v +8)(x;(v) —yi(v))dvds)z, i=1, 2.

0 t-s

Fort> Tiandt # t;, k=1, 2,---, calculating the upper right derivatives of V;(t) with 1 < i, j < 2 and i # j,
we have

D V()
+oo t
= 2(Inx(0 - Inyi(0) - / / Ki(S)ai(v + $)0(0) - yi(v))dvds
0 t-s

x;(t) y;(6) )}

[~ @@y [t -n0(m - T
0

2biy
(1+4;(0)
+oo

{lmx (OOl Lo ) y,(m} [ [ x©@mxerymavas

0 t-s

IN

=2a;, (x;()-yi () x; (O-Iny; (O 5 E | Inx; (-0 y;(6)]]x;(6)-y;(6)]

IN

=2a; (x;(t) - yi(0))(n x;(¢) - Iny;(6)) + 2bip| In x;(8) = Iny;(6)]|x;(2) - y;(0)]

+ajy0i|x; () - yi(O)|* + biyaimoi|x;(t) - y; ()]
+oo t

+(ai2M+biMaiM)//Ki(S)\Xi(V)—Yi(V)\dedS,
0 t-s

where ¢(t) lies between x;(t) and y;(t), j = 1, 2.
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Fori=1, 2, define

+oo

Vyut) = (@ + bineatin) / / / Ki(s)xi(w) - yi(w)|?dudvds.

0 t-s v

Fort> Tyandt#ty, k=1, 2,---, calculating the upper right derivatives of V;(t), it follows that

+oo t

D Vai(8) = (y + bistins) <oix,-(t) YO - / / Ki(s)x(v) - yi(v)ﬁdvds) .

0 t-s

Denote V;(t) = V;(t) + V;(t) fori = 1, 2. Therefore, fort > Ty and t # t, k=1, 2,---,

DV(t) = D™ (p1 V1(8) + p2 V2 (1))

2
= Zpi[_zaiL(Xi(t)_Yi(t))(ln xi(O-ny(O)+2biy | In x; (-1 y; ()] | x;(6)-y; (1))

i=1

+(2ajy + bimain)oi|x:(t) - yi(O))* + biyainoilx;(0) - y;(6)]*]

= —2a1.p1(x1(O-y1(O)An x1(O-Iny1(8)) + 2bymp1| Inx1 (O-1ny1 (8[| x2(O)-y2 (0]
=2a,1p2 02 (t)y2())(In x2()-1n y2(6)) + 2boyp2 | In x2(O-1n yo ()] |x1 (6)-y1 (8]
+2a%yp101 + biyaiyp101 + bayaryp202)|x1(t) - y1 ()2
+2a5p202 + biya1mP101 + bom@oyp202)X2() - y2(8)]?

< —2812PL I (6) -y (B + B1up1 X1(0) = y1(8)]* + biyp1 [xa(t) = y2 (O

é' 1(6) £2,(t)
a p2 P2 2 2
{ZL(t) x2(6) - y2 (O + {?:I(t) x2(8) = Y2 (O + bampa | x1(6) = y1(8)|

+(2a?yp101 + bimaimp101 + bamarnp202)x1(t) - y1(6)?

+2a3yp202 + biyaiup101 + bayaryp202)x2(t) - y2(0)?
aQp1 bimp1
Mi+eq (mi-€1)?
D1pa boup2
My+eq (mz -€1)?

< =8(|x1(8) = y1(O + [x2(0) - y2 (D),

+homp2+2aip101+b1MaA1MP101+banarmpr 02) x1(6-y1 (0]

—2MEZ b mp1+2a5p202+b 1A up U1+b2MazMP202) x2(O-y2(0,

where &;;(f) (1 <i,j < 2;1 # j) lies between x;(t) and y;(¢), i = 1, 2.
For t = t, we can easily verify that V(t;) = V(¢,). Integrating both sides of the above inequality from T

to t, we obtain

t
V(o) +6 / (1(9) = Y1) + a(s) - ya(s)2)ds < V(T) < +oo,
T
Therefore, V(t) is bounded on [Ty, +o0) and there is

+oo

/(IX1(S) —y1(8)]? + |x2(s) - y2(s)|*)ds < +oo.

T
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Similarly to the analysis of [17], it is obvious that

lim |x1() - y1(0)] = lim [x5(¢) - y2(6)] = O
t—+oo t—r+oo

This completes the proof of Theorem 3.2.
Next, we consider the competition exclusion of system (1.3).

Theorem 3.3 Let (x1(t), x2(t))T be any solution of system (1.3) with (1.4). Assume that

ri0+1Inhy >0, (3.9)

roun +1Inhyy <0, (3.10)

then the species x, is permanent but the species x; is extinct, that is

my < liminf x,(t) < limsupx,(t) < M; and lim x,(f)=0
t—+oo t—stoo t—+oo

where M is defined in Theorem 3.1 and
N { run+Inhy  (r1z0+Inhy)h2, }

. alMHquh%L, alMH219
with

+oo

Hyp = / (%)% exp { - (HL - alMMl)s}Kl(s)ds < +o0,

1L
0
+oo

Hyp = / (h—L)% exp { - (7’1L - alMMl)s}Kl(s)ds < +oo,

0

Proof. Since (3.9) implies that r10 + In hy; > 0, according to the proof of Theorem 3.1 there is lim sup x1(t) <
t—+oo
Mj;. Condition (3.10) implies h,j; < 1. Again from the proof of Theorem 3.1, we obtain

+oo

X(t) < x2(t) [rZM - axhym / (hz%MerZM)_us(S)dSXZ(f)} .
0

According to Lemmas 2.1 and 2.3, we have

lim x,(¢t) = 0.
t—r+oo

Then for any &, > 0 satisfying (T1L - ?11”82 ) 0 +1Inhqp > 0O, there exists a T, > 0 such that for t > T,,
2

x1(8) < My + &5, x3(t) < &5, (G.11)

Substituting this into system (1.3), it follows from Lemma 2.5 that

b1M€2}’

x1(8) = x1(8) {HL —a;y(My + &) - 1+e

xi(ty) = hyexi(te).

Similarly we have

X1(8) 21 (8) [HL 11_?82 am XH exp{ (”1L—01M(

0 t— S<tk<l’

1M££2 ) s }Kl (s)dsxq (t)} .
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Then similarly to the analysis of Lemma 2.2, by setting £, — 0 we can easily obtain

2
lim inf x4 (¢) = min { rin +Inhyy  (rig0+nhyhy, } 2 my

t—r+eo ainH1inh?;’ a1nH1 0
with

oo s

Hi = / (i)ﬁ exp { - (rlL - (11MM1)S}K1(S)dS < +oo,
0
oo s

Hy = / (ﬁ)g exp{ - (ru - alMM1>S}K1(S)dS < 400,
0

This completes the proof of the theorem.
Consider the following impulsive system

+oo

(0 = X (n(0 - (0 / Ki(9)x(t - s)ds),
0 (3.12)

x(ty) = hyx(ty), k=1, 2,---,

Theorem 3.4 Under the assumptions of Theorem 3.3, we further suppose that there exists a o, > 0 such that

+oo

/sKl(s)ds =0y, and 4L _ a2y o, > 0.
M,
0

Then for any positive solution (x1(t), x(t))T of system (1.3), and any positive solution x(t) of system (3.12), there
is tlim |x1(t) = x(8)] =
—r+oo

Proof. Let (x1(t), x2(t))T be any positive solution of system (1.3), and x(t) be any positive solution of system
(3.12). From the condition of Theorem 3.6, there exists a §; > 0 such that

a
S _ g2 04 2 64.

According to Theorem 3.5, for any O < &3 < m, small enough, there exists a T3 > 0 such that for ¢ > T3,

my—€3<x1 <M +e3.

Define a Lyapunov function as follows

+oo t
_ 2
710 = (Inx (0 - Inx(® - / / K1 (8)ar (v + )0 (v) - x(v))dvds )
0 t-s
Similarly to the analysis of Theorem 3.2, for t > T3 and t # t;, k = 1, 2,---, calculating the upper right

derivatives of 7 (t), we can obtain

D*V1(0)<-2aq1; (x1(8) — x(£))(In x1 () - In x(£)) + a3 ;01 |x1(t) - x(0)|?

+oo t
rady / / Ki(9)}x: () - x(v)2dvds + 2b1M€3|lnxl(0 In x(0)
0 t-s
+oo
L 2bimdimes / / Ky ()x1(v) - x(v)|dvds.
1+e&

0 t-s
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Define
rob ¢ +ob
V,(t) = a%M///Kl(s)|x1(u)—x(u)\2dudvds+y)iﬂ{r%///l(1(s)\xl(u)—x(u)|dudvds.
6-sv ’ O-sv
Fort > T3and t # ty, k = 1, 2,---, calculating the upper right derivatives of V,(¢) and denoting V(t) =

V1(t) + V5(b), it follows that

D*V(6) < —2ay; (x1(6) = x(£))(In x4 (£) = In x(£)) + 2a3 ;01 |x1 (£) — x(6)|?

2biyaimEs oy 2bimes
+ 1+ &5 [x1(t) = x()| + Tie; [ In x4 () - In x(t)]
_ 2ayqg 2 ) A2 2b1M€3< 1 ) i
< ( M+ 65 +2aiyor ) () -xOF + 77— re, \AMOLt o [x1(6) = x(0)].

By the boundedness of x;(t) and x(t) and setting €3 — 0, we educe that

ZalL
M,

DHV(t) < (- + zaiMal) x1(6) = x(B)2 < =84 |x1.(6) - x(D)2.

For ¢t = t;, we can easily verify that V(¢;) = V(¢;). Integrating both sides of the above inequality from T3

to t, we obtain
t

V(t) + 64 / 1x1(s) = x(s)|*ds < V(T3) < +oo.
T3

Therefore, V(t) is bounded on [T3, +o<) and there is
oo
[ ) - x(o)Rds < 4o
T3

Similarly to the analysis of [17], it is obvious that

lim |x(¢) - x(8)| = 0.
t—+oo

This completes the proof of Theorem 3.4.
Now we discuss the extinction of system (1.3).

Theorem 3.5 Let (x1(t), x2(t))T be any positive solution of system (1.3). Assume that

riyn +Inhy <0, 1<is2,

then system (1.3) is extinct, that is lim xq(t) = lim x,(t) = 0.
t—>+oo t—+oo

Proof. The proof of the theorem is similar to the corresponding part of Theorem 3.3, so we omit the detail.

In the following part of this section, based on the above theorems, we gives some corresponding results
for systems (1.1) and (1.2) respectively. First for system (1.1), similarly to the analysis of Theorems 3.1 and 3.2,
we can easy obtain the following theorem.

Theorem 3.6 Let x(t) and y(t) be any two positjve solutions of system (1.1). Assume that

a 6+Inh; >0, /sK(s)ds =0 and by > biyMo.
0

Then system (1.1) is permanent and globally attractive, that is
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ms hm 1nfx(t) <limsupx(t) <M and tlim |x(6)-y(®|=0
—r+oo

t—>+oo
where
B (aM9+1nhM)h§/, ayn +1n hy . Jan+Inh (aL9+1nhL)h%
h M—max{ bLRle ’ bLhﬁ/IRzrl } and m = min bMlelh% ’ bMH29
wit|

R, = f0+°°(h1%,[e“M)’sK(s)ds, Ry = [77(h}e™)SK(s)ds,

+oo
s

Hy = / (hL) exp { - (aL - bMM>s}K(s)ds < too,

0

+oo

H, = / (hiL)% exp { - (aL - bMM)s}K(s)ds < +oo,

0
Remark 3.1 In Corollary 3.1, we prove the global attractivity of (1.1), but under some weaker conditions than
those in Yang [21]; especially, our result does not require the following unreasonable condition:

O0<infi; hy s hgy <1 (k=1,2,---)and inf;.(hy - hy_1) > 0.

Next for system (1.2), similarly to the proof of Theorem 3.1, we can easily prove the following theorem.

Theorem 3.7 Let (x1(t), x2(t))T be any solution of system (1.2) with x;(0) > 0, i = 1, 2. Assume that

b M
(riL M )0+1nhL>0 1<i,j<2,i#]j,

1+ M’
(3.13)
biuM,
L M’ >0,
then m} < hmmfx (t) < limsup x;(t) < M}, i =1, 2, where
t—+oo
im0 +Inhphipyy  riyn +1nh;
M’ = max (rim iM 1M, iM iM ,
! { a; 0 airhiyn }
biuM] biuM]
(rl-L 11 M,)q+lnh,L [(rl-L T M,)9+lnh,L}h
m’ = min , .
thlLrl 1M9

Theorem 3.8 Under the conditions of Theorem 3.7, we further assume that there exist p; > 0 and p, > 0 such
that

ayrp1 —boyps >0 and azips - b1MP1 >0,
Then for any two positive solutions (x1(t), x2(t))T and (y1(t), y2(£))T of system (1.2), there are hm |xi()-yi(t)| =
0, fori=1, 2.

Proof. Let (x1(t), x2())T and (y1(t), y>(£))T be any two positive solutions of system (1.2). From Theorem 3.7,
for any €4 > 0 small enough, there exist §, > 0 satisfying m} — €4 > 0 and T, > O such that for ¢ > T,

airp1 - boypr 2 6, and axip; - biupr = 62,

mi—e,<xi, yisMi+e,, i=1, 2.
Define a Lyapunov function as follows

(0 = 3 pil Inxi(6) - Iny(0)-

i=1
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Fort> T,andt # t;, k=1, 2,---, calculating the upper right derivatives of 7(¢), forj = 1, 2 and j # i, we
have

D*V(t)=ipisgn(x,-(t)—yi(t)){ai(t)(yi(t)—xi(t))+bi(t)( 0 X0 )}

1+y(0) 1+x0
b;

i-1
3 M
< ;Pz‘ ( - a; |x;(t) - yi (O] + Wp{j(t) - y]-(t)\)

< (mayrp1 + boup2)|x1(6) = y1(O)] + (=azp2 + bimp1) 1x2(t) - y2(8)]

) < =6, (|x1(0) - y1 (O] + [x2(8) - y2 (D)),
where {j(t) lies between x;(t) and y;(t).

For t = t;, we can easily verify that f/(t;) = V(t;). Integrating both sides of the above inequality from T,
to t, we obtain

t
V(t) + 8, /(IX1(S) = y1(8)] + [x2(5) — y2(s))ds < V(T3) < +oo.

Therefore, 7(t) is bounded on [T4T ¥ +o00) and there is

/ (x2(8) = y2(8)] + [x2(s) - y2(s)))ds < +oo.
Ty

Similarly to the analysis of [17], it is obvious that

lim [x;(6) - y1(6)] = lim |x;(8) - y2 ()] = 0.
t—+oo t—+oo

This completes the proof of Theorem 3.8.
Consider the following impulsive system

x(8) = x(0)(r1(8) - a1 (Ox(1), (3.14)
X(t;) = hlkx(tk)! k = 1’ 2) Sty
Similarly to the analysis of Theorems 3.7 and 3.8, we can easily prove the following theorem.

Theorem 3.9 Let (x1(t), x2(t))T be any positive solution of system (1.2), x(t) be any positive solution of system
(3.14). Assume that

ri0+Inhy, >0 and ryyn+1Inhyy <0
Then the species x is permanent and globally attractive but the species x; is extinct, that is

m{ <liminfx;(t) < limsupx;(t) < M} and lim |x;(t) - x(t)] =0; lim x,(t) =0,
t—>+oo t—s+oo t—+oo t—r+oo

where M is defined in Theorem 3.7 and

m’ — min 4 T2+ Inhg (ri 6 +1Inhyg)hyg _
! ayyhin aym0

Theorem 3.10 Let (x1(t), x2(t))T be any solution of system (1.2) with x;(0) > 0, i = 1, 2. Assume that

riyn+Inhpy <0, 1<i,<2,
then system (1.2) is extinct, thatis lim x,(t) = lim x,(t) = 0.
t—+oo t—r+oo

Proof By impulsive comparison theorem and Lemma 2.3, these results can be easily obtained, so we omit
the detail.

Remark 3.2 Obviously, condition (H;) implies (3.13), but not vice versa. Thus Theorem 3.7 weakens Lemma
2.4 in [32]. Also Theorems 3.8-3.10 complement the results of [32].
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4 Numerical simulation

In this section, we present some numerical simulations to show the influence of impulse perturbations

on the dynamic behaviors of systems.

Table 1: Parameter values of system (1.3)

DE GRUYTER

Parameter Interpretation Value

r1(t) Growth rate of species x; %

ra(t) Growth rate of species x, 0'3%‘1"36

a(t) Intra-specific competition of species x; 0.28 + 0.01sin /2t
a(t) Intra-specific competition of species x> 0.11 + 0.01sin 2t
b1(t) Interspecific competition o of species x, onx; 0.011 +0.001sint
b>(t) Interspecific competition o of species x; on x; 0.021 +0.001sin ¢t
Ki(t) Kernel function of species x; 10e710¢

K> (t) Kernel function of species x; 8e 8t

hqx Impulse perturbations on species x; 1.1-0.2cosk

hok Impulse perturbations on species x; 1.05 + 0.04 sin 2k
tr Impulse points k+ %

In Table 1, by calculation we have ry; = 0.8, ri)f = 0.88, a;r = 0.27, ayy = 0.29, by = 0.01, byy =
0.012, hlL = 0.9, th =1.3,1r =03,y = 036, ar; = 0.1, a;yr = 0.12, b2L = 0.02, sz = 0.022,
hyp =1.01, hyp = 1.09, 0 = 0.5, n = 1. Choose p; = 9 and p, = 5. Therefore,

(rim0 + In hyp)hiy,

Mq= o =~10.0277,
1
alLG/(h{’Me”M)’sKl(s)ds
0
Moe (ram0 + In hoy)h3y, ~6.7458,

2= +o0
aZLG/(hZ%Me’ZM)’SKz(s)ds
0
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Hor = / <h%L)9 P { B (ru - aiyMi - lilf[ﬁzz)s}lﬁ(s)ds ~1.3036,
e
Hiz = / (T;)ﬁ P { - (VZL - auM; - Iizfﬁll)S}Kz(s)ds ~1.0695,
- oo
01 = /slﬁ(s)ds = 1—10 and o0, = /us(s)ds = %
0 0

We can easily verify that

b1M1MM ~0.7895 >0, (ny-burpo )9+lnh1L~02894>O
M, M
L= bawg 3 = 0-2800 >0, (rzL-szfjlwl)OthzLz0-1499>0,
blMMz 2
ri - 0+Inhqr]h
my = [(riz 1+aM2)H . 1lhiy - 1.2802,
w21
bouM;
ryL - +Inh
m2=(2L Ehrn i 2L 5 5148,
ayHianhs;
PR VAL SVIE S S g -b -b ~0.0603 > 0
M a7 P1 m2 2MP2 — 2a1yP101 1MA1MP101 — Doy ArmpP202 = 0. >
1
2%2LP2 _py, bamba _ 3 42,10,05 - biyarpr01 - bay@oupaos = 0.0430 > 0
M, MP1 m2 2MP202 — D1MA1MP101 — Dy dormpP202 = 0. .

2

— 791

Thus all the conditions of Theorem 3.2 are satisfied. Therefore both species x; and x, are permanent and

globally attractive, which is shown in Figure 2.

Table 2: Simulations of system (1.3)

Case hix hyk Species x; Species x; Figure

1 1.1-0.2cosk 0.2+0.1sin2k Permanence Extinction Figure 3
2 0.2-0.2cosk 1.5+0.1sin2k Extinction Permanence Figure 4

3 0.3-0.1cosk 0.5+0.1sin2k Extinction Extinction Figure 5

Furthermore, we keep the growth rates, the intra-specific competition and the kernel functions of all
species unchanged in Table 1, but adjust the values of the impulse perturbations given in Table 2, then sim-
ulations (see Figures 3-5) show that the permanence and extinction of the species are significantly changed,
which are in accordance with the results of Theorems 3.4 and 3.5, here we can verify the corresponding

conditions similarly to those in Table 1.

5 Conclusion

In this paper, we are devoted to obtaining the major factors that affect the coexistence, competition
exclusion and extinction of system (1.3). Table 1 shows that we can choose some suitable values of parameters
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Figure 2: System (1.3) with (¢1(£), ¢2(6)) = (2.6, 2.8)T and (3.8, 3.6)T for t < O respectively.
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of system (1.3) to guarantee the coexistence of both species. However, when we change the values of the
impulse perturbations shown in Table 2, there is a significant variation of the survival of each species.
When choosing the impulse perturbations h;; < 1 small enough and keeping the value of the growth
rate unchanged, it is hard to maintain the permanence of the species x;. Moreover, this can result in the
extinction of both species, which is different from the continuous system. The impulse perturbation plays an
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important role in the survival of the species and can deduce more situations of real ecosystems. Furthermore,
for the logistic type impulsive equation with infinite delay, our results improve those of [21] and remove its
unreasonable condition. For the corresponding nonautonomous two-species impulsive competitive system
without delays, our results weaken and complement the results of [32].
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