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Abstract: In the present paper, the authors investigate the two weight, weak-(p, q) type norm inequalities for
a class of sublinear operators T, and their commutators [b, T-] on weighted Morrey and Amalgam spaces.
What should be stressed is that we introduce the new BMO type space and our results generalize known
results before.
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1 Introduction

As it is well-known, Muckenhoupt [1] characterized the weights w by means of the Hardy-Littlewood maximal
operator M. He showed that M is bounded on LP(w) if and only if w satisfied the so-called A, condition: there
exists a constant C such that for all cube Q,

1 1 o )117/p’<
<|Q|/Qw(x)dx) (Ql/Qw(x) dx <C,

Muckenhoupt and Wheeden [2] showed that fractional integral operator I, is bounded from LP(w) to
L%(w) if and only if w satisfied the so-called Ap,4 condition: there exists a constant C such that for all cube Q,

1 1 iag )" <
(|Q\ /Qa)(x)dx> <|Q\ /Qw(x) dx) <C,

These estimates are of interest on their own and they also have relevance to partial differential equations and
quantum mechanics.

On the other hand, Saywer [3] characterized the two weight inequality. However, Saywer’s condition is
often difficult to verify in practice, since it involves the maximal operator. Thus it is necessary to look for
other simple sufficient conditions. The first attempt was made by Neugebauer[4] in 1983. He gave a sufficient
condition closely in spirit to the classical A, condtion: if weight (u, v) satisfied the so-called “ power-bump "

condition:
1 1Y) 4 I 1/Gp)
— v(x)’dx) (—/u(x)"' dx) <C,
(|Q|/Q 12l Jo
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for some r > 1. Later, in 1995, Pérez [5] improved condition by

1 C o\ g s 1’
<|Q|/Qv(x) dx) (Q|/Qu(x) dx) <C,

A long-standing problem in harmonic analysis has been to characterize the weights governing weighted
norm inequalities for classical operators. The purpose of this paper is to give (p, q)-type two weight norm
inequalities for class of sublinear operators and their commutators by using the pair of weights (u, v) which
satisfies a Muckenhoupt condition with a “ power-bump " and “ Orlicz-bump " on the weight v.

Precisely, this paper is organized as follows.

In Section 2 contains some definitions. The next Section 3, we give some basic lemmas and investigate
the two weight, weak-(p, g) type norm inequalities for a class of sublinear operators 7 on weighted Morrey
and Amalgam spaces. Finally, two weight norm inequality for sublinear operators high order commutator
[b, Ty]m is considered in Section 4.

Throughout this paper all notation is standard or will be defined as needed. We have used the notation
Q(y, ) to denote the cube centered at y and its side length r > 0. Given A > 0,a cube Q(y, ),AQ(y, r) stands
for the cube concentric with Q(y, r) and having side length A/n times as long, thatis AQ(y, r) := Q(y, Av/nr).
Given alebesgue measurable set E, y g will denote the characteristic function of E, |E| is the Lesbesgue measure
of E and weighted mrasure of E by w(E), where w(E) := [, ; w(x)dx. We also denote E° := R™\ E the complement
of E. The class A is defined as union of the classes for 1 < p < co. Given a weight w, we say that w € A, if
there exists a constant C > 0 such that for any cube Q ¢ R", w(2Q) < Cw(Q). By the way, the letter C will be
used for various constants that may vary from line to line but remains independent of the main variables.

2 Some preliminaries

2.1 Sublinear operators and their commutators

In this paper, we cosider a class of linear or sublinear operator, which satisfies that given 0 < v < n, for any
f € LY(R") with compact support and x ¢ supp f,

T,f00] = c/Rn %dy, X ER" 1)
The condition (2.1) was first introduced by Soria and Weiss in [6] (y = 0). It is easy to see that (2.1) is satisfied by
many integral operators in harmonic analysis. When ~ = 0, such as the Hardy-Littewood maximal operator,
Calderon-Zygmund singular integral operators, Bochner-Riesz operators at the critical index and so on. When
0 < v < n, such as the fractional maximal operator, Riesz potential operators and fractional oscillatory
singular integrals and so on.

Given 0 < v < n.Let m = 1. b is a locally integrable function on R", and suppose that the m order
commutator [b, T,]m stands for a linear or a sublinear operator, which satisfies that for any f LY(R™) with
compact support and x ¢ supp f,

Observe that [b, Ty1o = T, [b, T,11 = [b, Tyl and [b, TyIm = [b, [b, TyIm-1].

2.2 Morrey spaces

The well-know Morrey space introduced in [7] to investigate the local behavior of solutions to second order
elliptic partial differential equations, and presented in various books, see [8—11].The Morrey space is a
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properly wider space than the lebesgue space when 0 < g < p < oo (cf. [12]) and this space works well with
the fractional integral operators, see [13—16]. For the maximal operator in Morrey spaces we refer to [17, 18],
while the Calderon-Zygmund type singular operators is known from [19-22].

Definition 2.1. Let 1 < p < oo, 0 < A < 1. The classical Morrey space L*! to be the subset of all LP (R") locally
integrable functions f on R" so that

=Ssu — (X) dx Y
Lp; < oo,

In particular, L?:° = L? and LP>! = L*.
In 2009, Komori[19] introduced the weighted morrey spaces, and gave the definitions as follows.

Definition 2.2. Let 1 < p < o0, 0 < A < 1 and u, v be two weights. The classical Morrey space LP**(u, v) to be
the subset of all LP (R") locally integrable functions f on R" so that

L )Pux)d "
1 = < oo,
Nl Loa v Sle?( (V(Q)A /Qlf X)Pu(x X)

We are now ready for the definition of weak Morrey spaces.

Definition 2.3. Let 1 < p < o0, 0 < A < 1 and w be a weight. The weighted weak Morrey space WLP*A(w) to be
the subset of all L? (R") locally integrable functions f on R" so that
1

w(Q)Mpa cw({x € Q: [f()] > 8NP < oo

If lwrpa(w) = SUP SUp
Q>x 6>0

2.3 BMO spaces

Definition 2.4. [23] Let g > 1, the space BMO(R") to be the subset of all locally integrable functions f on R"
so that

1 1/q
lf lBMoq := sup (*/ If(x) —fQ|qu> < oo,
o \1QlJq
where f; denotes the mean value of f over Q, thatis f;; := \Tlll /, 0 f(x)dx.

Remark 2.5. By John-Nirenberg’s inequality, we have ||f||gpo = |If|lBmos for all g = 1, so we denote by BMO
simple.

2.4 Amalgam spaces

Let 1 < p, g < oo, a measurable functions f ¢ L?o -(R") is said to be in the amalgam spaces (L9, LP)(R") of
LYR") and LP(R") and if [|fxq(y, || La(rn) belongs to LP(R"), where x () is the characteristic function of the
cube Q(y, 1).

1
p
If1l(za, Lrymn) = (/R" ||fXQ(y,r)||€q(]Rn)dY)

is a norm on (L9, LP)(R™) under which it is a Banach space with the usual modification when p = oo. These
spaces were first introduced by Winer [24] in 1926 and its systematic study goes back to the work of Holland
[25].

In 1989, Fofana [26, 27] considered the subspace (L9, L?)*(R") of (L9, LP)(R") in connection with the study
of the continuity of the fractional maximal operator of Hardy-Littlewood and of the Fourier transformation
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in R", which consists of measurable functions f so thatfor 1 ca < o0, 1 < p, q < oo,

1
“1/g- p P
s pcen = sup ([ (@94 g i) ) <o

and a usual modification version for p = oo or g = oo. As it was shown in [26] that the space (L9, LP)*(R")

is non-trivial if and only if ¢ < @ < p. Thus in the remaning of this paper we will always assume that this

condition g < a < p is satisfied. By the definitions, it is clear (also see [27]) that (L9, LY)(R") = L(R"),

(L9, L=)*(R") = LT(9/O(R"), where L9} (R™) with 1 < g < oo and O < A < n is the classical Morrey space.
Recently, Wang [28] studied the weighted version of these amalgam spaces.

Definition 2.6. Let u, v, w be three weightson R" and 1 < g < @ < p < oo, the weighted amalgam spaces
(LY, LP)*(u, v, w) as the space of all measurable functions f so that

1
_1/q- p v
£l wa,ryetum.) = sup ( / (V(Q(y, r)t/e-t/a-tip ||fXa<y,r)Hm(u>) w()’)dl’> <oo
r> n
and a usual modification version for p = oo or g = oo, where L9(u) is the weighted Lebesgue space.

It is easy to find that when A = 1 - g/aand 1 < g < a < oo, the space (L?(w), L™)*(R") is the weighted Morrey
space L9*(w), which first introduced by Komori [19] in 2009. Next we introduce the new BMO type space, and
our main results generalize the results in [28].

Definition 2.7. Let1 < g < a < p < oo. The space (BM0Y, L?)(v, w) is defined as the set of all locally integrable
functions f satisfying |/f||(gpos, Lr)a(v,w) < o0, Where

1/p
1/a- p
Ifll(Bmoa, Lrya(v,w) == Srljg’ (/ ((V(Q(y, r)t/etla 1/pH(f_fQ(y,r))XQ(y,r)HUI(V)) w(y)dy) .

where the f, ;) denote the mean value of f on Q(y, r). Itis clear that the space goes back to the classical BMO
space when a = oo,

n

3 Sublinear operators

To prove our main results, we need the following Lemma.
Lemma3.1. [19] If w € A,, then there exists a constant A > 1 such that

w(2Q) = Aw(Q).

Remark 3.2. If v > 0 and w € A\,, then there exists a constant C such that

(0@ \ <~ 0@ Y
Z (a)(Zf”Q)) - Z (Ai”w(Q))

j=1 j=1
oo 1\"
-3 ()
j=1
< C.

Theorem 3.3. Let1 < p < q < o0,0< A< p/qandT, satisfy (2.1) with O < v < n. Given a pair of weights (u, v),
suppose that for some r > 1 and for all cubes Q C R",

1/(rq) , 1/p’
Qp/mHatip (ﬁ/ v(x)’dx) (l%\/ u()? /pdx) <C 3D
Q Q
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Furthermore, we also suppose that T., satisfies the weak-(p, q) type inequality

1/p
§-v({x e R" : |Tof(x)| > 6})1/“7 <C (/ |f(x)|pu(x)dx) , 6>0. (3.2
Rn
Ifv € A\,, then the sublinear operator T is bounded from L? Au, v) to WLIAIP(v),
Proof of Theorem 3.3. Let f € LPM(u, v)with 1 < p < g < soand 0 < A < p/q. Fix Q := Q(xo, r) C R", we split

f = f1 +fo with fi = fy2q, where 2Q := Q(xo, 2y/nr). Then, for any given § > 0,

1

vQariad (v({x € Q: [T, ()] > 61) 4

1
< W{S. (v({x €Q:|T,(f) > 6/2}))”‘1
1
o (Vixe QT ()1 > 5/2}))"
= I+]1I.

For I, we recall that v € A,. By the assumption (3.2), we have

1/p
: ﬁ (/ |f1(")\pu(X)dx)

P 1/p
v(Q)/\/p </ F(0 U(X)dx>

Alp
.c (Vv((zg))) 17 racu)

< CHf”LPxA(u,v)'

For the term I1, observe that for x, xo € Q and y € (2Q)¢ we have |x - y| = |xo - y¥|. Thus, from Chebyshev’s
inequality and Holder’s inequality, we can obtain

2 1/q
"= (/Q ‘T’Y(fZ)(X)\qV(X)dx>

<2 SO 4aviod )1/4
S v(QMp (/Q~/(ZQ)C |x - y|n y|v(x)dx

1/q
W e
V(Q)Mp (/ Z/ZMQ\ZIQ |x =y dy‘ V(X)dx)

1/q
< Yol
h v(Q)/‘/P (/ Z/ZMQ\ZJQ Xo — y["7 dy| V(x)dx)

< cv(QMe Z FO)ldy

|2]+1Q|1 -v/n ./i+1Q
Ji/a-4) y 1/p’ 1/p
q-A/p -pb/p D
< Cv(Q) Z e e ) ( LS udy

i 1/p’
-A v QMP L
< CIIf |y Q4P E 1271Q17 \ g u(y) PPy
j=1

B j Ip
V(Q)llq Alp (2}+1Q)1/q s 1
= Cllfllzraqu,v) Z v(2/+1Q)1/a-Alp | 2j+1Q1-v/n /2i+1Q u(y) dy

’
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For any positive integer j, we apply Holder’s inequality, (3.1) and Lemma 3.1 to get

= y(Q)l/aAp
< Clifllerawn X So71 gyraiie
j=1

|2j+1Q‘1/r’q ()rd 1/(rq) ()—p//pd 1/p’
X —— 14 u
PRUEE (/m g y) </20 Y y)

° V(Q)l/q—A/P
< Cllfllraquv) 21: Y Q)aTy
j=
= C”f”LPr"(u,v)'
Combining the above estimates for I and II, and then taking the supremum over all cubes Q ¢ R" and

all 6 > 0, we finish the proof of Theorem. O

Theorem 3.4. Let 1 < p < g < oo and T satisfy (2.1) with O < ~ < n. Given a pair of weights (u, v), suppose
that for some r > 1 and for all cubes Q C R",

1/(rq) , 1/p’
Qpinifa-p (i / v(x)’dx) (i / ()™ /de) <C (33)
1Ql Jq Q[ /q

Furthermore, we also suppose that T, satisfies the weak-(p, q) type inequality

1/p
§-v({x e R": |T,f(x)| > 6NV < C (/ \f(x)|pu(x)dx> , 6>0. (3.4)
Rn

Ifp<sas<B<s<ooandv,w € A,, then the sublinear operator T, is bounded from (L?, L%)*(u, v, w) to
(L2, LY (v, w) with 1/B = 1/a - (1/p - 1/q).

Proof of Theorem 3.4. Letf € (L?, L5)*(u,v,w)withl<p<a<B<s<oocandv,w € A,.FixQ := Q(y,r) C
R™, we split f = f1 + f> with f1 = fx,q, where 2Q := Q(y, 2v/nr). Then, for any y € R",
v(QUy, MY T (Ao e
<v(Q, PV (F)x gy e
+v(QUy, VYTV T (B o a0
= I+1I.

For I, according to assumption (3.4), we obtain

1< v(QUy, MYEYS )T (F) | o)

1
< Cv(QQy, nyFHae ( /R n |f1(X)|”u(X)dX) ’

- cuag e |
Qly,2v/nn)

= Cv(QU, TP o2 i o
1/a-1/p-1/s
_C < v(Q(y, 1) )
v(Q(y, 2v/nr))
< CV(Q()/, 2\/ﬁr))l/a_llp_l/sHfXQ(y’zﬁr)HLP(u)-
where we haveused 1/8-1/g-1/s=1/a-1/p-1/s,1/a-1/p-1/s < 0and v € A,. For the term I, observe

that for x, xo € Q and y € (2Q)€ we have |x - y| = |xg - y|. Thus, by Chebyshev’s inequality and Holder’s
inequality yields

11 < 2v(Q(y, ) /P Has ( /

Q,r

1/p
If(x)\”u(x)dx)

v(QU, 2va) PS5 o e

1/q
) ITw(fz)(X)IQV(X)dX>
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1/q
/ |f(y)rl ady|qv(x)dx)
o Jy,2vmne X =V

1/q
-1/g- §2]
= 2v(Q(y, ) /A1t / | / ‘fi_dyﬂv(x)dx
Q(y.n) le Qy,2*1/n)\Q(y, 2 v/nr) |x - y|*=

< 2v(00y, P

S

< 21(Qly, )A-Va-1ls ( /D>
Qy.,n 7

j=

1/q
/ 7|f(y)|n_ dy|Tv(x)dx
Q.21 AN\ QQ, 2 y/an) [Xo =YY

1
f(2)|dz
V)| /Q(y,Zf”ﬁr) /e

< Cv(QUy, )P Z TR

1/p
< IB-1/s 1
@t Z T T g ")

, 1y’
x (/ u(z)? “’dz)
Q(y,2/*t/nr)

ey <—V(Q(¥’ ) )W/s V@, 2 A EII o el
= v(Q(y, 21 y/nr) ’ Qly, 2+t y/nn) I1LP ()

. v, 2/t /nn))t/a (/ u(z)‘p’/pdz) "
IQ()’, 2]'+1\/ﬁr)‘1—'y/n Q(y,2/+1\/nr)

A further application of Holder’s inequality, (3.3) and Lemma 3.1, we have

IN

v(Q(y, 2*1y/nr))

j+1 1/r'q 1/(rq) , 1/p’
Lt 2+1 fr)‘1 In (/ V(z)’dz) </ u(z)? “’dz)
|Q()’ , 2%/t Q(y, 21 v/nr) Q(y, 21 /nr)

oo

v(Qly, 1) Lp-tis j+1 1/a-1/p-1/s
SCE (— ) v(Q(y, 2" v/nr)) P2 X o2 vain e )
1

- v(Q(y, 1) VB-Ais j+1 1/p-1/g-1/
CZ(—’) v(Q(y, 27"t /)B4 *IfX o, 201 van | p

v(Q(y, 2/*1y/nr))

< € QU Z7VI T P o i s -
j=1

which is desired inequality. Combining the above estimates for I and II, and taking the L®(w)-norm of both
sides of with respect to the variable y, we finish the proof of Theorem. O

Theorem 3.5. Let 1 < p < q < oo and T, satisfy (2.1) with O < ~ < n. Given a pair of weights (u, v), suppose that
for some r > 1 and for all cubes Q C R",

1/(rq) , 1p’
g (4 [ ) (g [ rax) (35)
Q

Furthermore, if A = p/q, then the sublinear operator T is bounded from LP A(u, v) to BMO.

Proof of Theorem 3.5. Let f € LP(u,v) with1 < p < g < scand A = p/q. Fix Q := Q(xo, 1) C R", we split
f =f1+f,with fi = fysq, where 4Q := Q(xo, 4+/nr). Then,

o /Q T,£00) - (T+f)qldx

< 1g1 P00~ @l g [ 720200~ adolax
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= I+l

For I, it follows directly from Fubini’s theorem that

1= /Q T, £1001dx

¢ 1

) @/QAQ =y fWldydx
¢ 1

Tl AQ/Q de\f()’)\dy.

By simple geometric observation, we have for any x € Qand y € 4Q,
Ix —y| < |x = Xo| + |xo —y| < 3nr.

Using the transform x — y — z and polar coordinates, we have

1 1
Xy xS Tz
Q |X - Y| v |z|<3nr |Z| 7

3nr 1 o1
= wn—l/o p"*’yp dp

1
=wnp1— (3nr)".
nlfy( )

where w,_; denote the measure of the unit sphere. Therefore,

C
< — dy.
G |, oy

Notice that A/p = 1/q. It follows from Holder’s inequality and (3.5) that

P 1 -p'lp v
< g ([ rorruoay) ([ uor7iray)

v 4Q /\ o 1/17,
< cufan,A(u,v)'(Q'lﬁ ( / ) /pdy)

14QM'D AL s 1p’
< Clfllipacun eqarm (AQV(V) dy) (Aou(y) dy)

< Cllfllraquy)-

For the term II, observe that for x,y € Q and z € (4Q)¢, we have |x —z| = 2|x - y| and |x - z| =

we have that for any x € Q,

T 200 = (T2 )l = ]é' /Q (T2 o0 - ‘waz(y))d)"

< i//
- 1Ql o Jaor
Cx=yl
‘Q| / /(4Q)c |x - z\n 1x — z|n—7r+1 If(z)|dzdy

“1al /Q /(4Q)C W \f(2)|dzdy

* e o= 114

x—z["  Jy—zn

1
: CZZ: 2 [2iQta/n /ZMQ If(z)|dz.
j=

(3.6)

|z = xo]. Thus,
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Futher, notice that A/p = 1/q, by Holder’s inequality and (3.5),

— 1 o'l 1’ , p
2 uz) ™ Fdz u(z)dz
3y S g (/M @7 1rdz) (/zma'f(y)' )
1 V(2}+1Q)A/p _ // 1/pl
< Clfllpa s / w2 P P dz
” (“'V)j:zl 2 |2+1Qt-/n \ Jyiag
=1 vt i\
- ””"““’”ZE Qi /M“(Z’ @

1/(rg) up'
‘2]+1Q\1/(’ q) / . / -’/
<c | z) dz z) P Pdz
||fHLM(u V) E : 2j |2+1Q|1- ~/n 2,-+1QV( ) 20+1Q u(z)

< C”fHLM(u,v)'

Therefore,
II< CHf”LM(u,v)'
Combining the above estimates for I and II, and then taking the supremum over all cubes Q C R", we
finish the proof of Theorem. O

Theorem 3.6. Let 1 < p < q < oo and T satisfy (2.1) with O < v < n. Given a pair of weights (u, v), suppose
that for some r > 1 and for all cubes Q C R",

1/(rg) , p’'
Qe (| : / v(x)fdx) (ﬁ [uco ’pdx) <c (37)
Q

Furthermore, we also suppose that T satisfies the (p, q) type inequality
1/p

1/q
( g \‘T,yf(x)\qv(x)dx) <C ( 5 |f(x)\pu(x)dx) . (3.8)

Ifp<sasB<s<os,1/s=1/a-(1/p-1/q)andv,w € A,, then the sublinear operator T is bounded from
(L?, L)*(u, v, w) to (BMOY, L) (v, w) with 1/B=1/a-1/p-1/9).

Proof of Theorem 3.6. Let f € (LP, L*)*(u,v,w)withl <psasfBf<s<oocandv,w € A,.Fix Q :=Q(y,r) C
R", we split f = f; + f> with f; = fx,q, where 4Q := Q(y, 4+/nr). Then, for any giveny € R" and r > 0,
v(QUy, MYV (T, £(0) - (TPt Xaw.nlaw
< v(QUy, MBS (T 1100 - (T2 oy ot L)
+v(Qly, NMEATS) (T 5 () — (T2 ay,nXaw,nllLaw)
= I+1I.

For I, according to assumption (3.8), we obtain

1< 2v(Q(y, r)YE-a-1s ( /

Qly,n

1/q
[Ty f1(0)] qv(x)dx)

1/
< Cv(QUy, )Pt ( /R n \fl(x)\pu(x)dx> '

- cu(ag e |
Q. 4+/n1)

= Cv(QUs )Y P o im0

( v(Q(y, 1) )”“‘”"‘”S
v(Q(y, 4+/nr))

1/p
\f(x)l‘”u(x)dx>

(o AV 10) Ll 15 O v
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< CvQW, 4IPS i o o) -

where we have used 1/8-1/g-1/s = 1/a-1/p-1/s,1/a-1/p-1/s < Oand v € A,. For the term II,
observe that for x, z € Q(y, r) and n € Q(y, 4/nr), we have |x — 17| =2 2|x - z| and |x - 7| = | - y|. Thus, we
have that for any x € Q(y, r),

[T f2(0) = (T1f2) gy, n)| (72200 - Tyf2(2))dz

1
‘ |y, 1 QWy.n

11
p=n™jz=-n"

f(n)|dndz

09 oo .
Si
Q. NI Jaw.n Jiaw.avmn)-
X - z|

Q / / f(n)ldn
100, 0| Ty — nin—+1 ( ) dndz
| (y’ T)| Qy.n) J(Q(y,4/nn)¢ |X - r”n—’y-*-l | |

‘X - Z‘
< 70 Ty — pln—+1 (11) d’le
| (y’ T)| /Q(y,r) /((2(y,4ﬁr))‘ |y - rl|niry+1 ‘f |

r
=C o [f(n)ldn

Q. 4yane 1Y =1

oo

1 1
ccS L . /
Z 2 1Qly, 241/t Jioy, 2 mn)

j=2

f(m)ldn.

Therefore,

oo

_ 1 1
II < Cv(Q(y, r)/B-1/s — _ /
;Zz 2|Qly, 271/ g2 yany

A further application of Hélder’s inequality, (3.7) and Lemma 3.1, we have

If(n)|dn.

sy 1 1 1/p
< Cv(Q(y, r))l/ﬁ 1/s = . (/ ‘f(’l)\pu(i’l)dn>
iZz: 2|QWy, 2+tyantin \ Jog, 2 yan

, 1/p’
» ( / u()”? ”’dn)
Qy,27*1/nr)

ces L (v N o s i
25 \vaw, 271 van) ’ Qv

L VQW, 2"t ynn)tla ( / u(n)‘l”/pdn)l/p/
|Qy, 241ynn)| v\ J o, 201 van)

1

Scif (V(Q(Y’”))l/ﬁ_us v(QUy, 2 ) P o e e
5 27 \v(QQy, 2*1v/nr) , Q.2 v/ 17

' ' 1/(rg) oy
1Qy, 2* /)| »
" |Q(y, 2i*1y/nr)|1-/n . v(n)dn _ u(n) P dn
’ Q.27 V/nr) Qly, 2+ /)

ces L (@ NP o e ey
*¢ 25 \vaw, 27 van) ’ Qi

[~

< CY v, 2P -
j=2

N

which is desired inequality. Combining the above estimates for I and II, and taking the L°(w)-norm of both
sides of with respect to the variable y, we finish the proof of Theorem. O
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4 High order commutators

4.1 Orlicz spaces

Since commutators have a greater degree of “ singularity ", we need a slightly stronger condition. Roughly,
we need to “ bump " the right hand term as well, but it suffices to do so in the scale of Orlicz spaces, so it is
called as “ Orlicz bump ".

Next, we recall some basic facts about Orlicz spaces. Let @ be a Young function, that is to say, @ :
[0, +o0) — [0, +o0) is a continuous, convex and increasing function and satisfies @(0) = 0 and @(t) — +oo as
t — +oo. Given a Young function @, let E be a measurable set with |E| < oo, define the Luxemburg norm of f

over E as
Ifllo,E = inf{)l>0: T}ls\/E"D <|f(/{‘)|) dx < 1}.

In particular, when @ = tP, 1 < p < oo, it is easy to check that

1/p
fllo.q = <ﬁ /Q \f(x)|"dx) .

that is, the Luxemburg norm coincides with the normalized L? norm. For further details, we refer the reader
to [29].

4.2 Boundedness of sublinear operator commutators

To prove our theorem we need the following Lemmas.

Lemma 4.1. [30] Let b be a function in BMO(R"). Then
(i) For every cube Q C R" and for any positive integer j, then

|byi1q = bol < C( + 1)||b][Bmo-

(ii) Let 1 < p < oo. For every cube Q C R" and for any w € Ac. Then

1/p
(/Q|b(x)—bo|pw(x)dx> < Cw(Q)"?||b||puro0-

Lemma 4.2. [29] Let A, B and € be Young functions such that for all t > 0,
AT OB < €7H(D),

where A~L(t) is the inverse function of A(t). Then for all functions f and g and all cubes Q C R", the generalized
Holder’s inequality

Ifglle.a < 2lflla.aliglls.q-

Lemma 4.3. [31] If w € A, then there exist 6 > 0, C > 0 such that a measurable set E contained in a cube Q,
the following inequality holds:

@ <C <E|>6
w(@  “\[Ql) °

Now let us state our main results.
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Theorem 4.4. Letm=1,1<p<qg<oo,0<A<p/q, b e BMO and[b, T,]m satisfy (2.1) with O < v < n. Given
a pair of weights (u, v), suppose that for some r > 1 and for all cubes Q in R",

1/rq
Qi 1/p(|o|/ V(' dX) Iu™ g0 < C. (Y

where @(t) = t*' (1 +log(e + t))p/, Op(t) = ¥ (1+ log*t)mp/ (m=2,3,...).
Furthermore, we also suppose that [b, T+ ]m satisfies the weak-(p, q) type inequality

1/
§-v({x e R" : |[b, Talm(F)(x)| > 6})1/q <C </ |f(x)\pu(x)dx) ’ , 6>0. (4.2)
]Rn

Ifv € A, then the sublinear operator higher order commutators [b, T,]m is bounded from LPA(u, v) to
WLIMIP(v),

Proof of Theorem 4.4. Because the method is similar, we only need to prove the case of m = 1. Let f €
LPMu,v)with1 < p < g <ooand0 < A < p/q. Fix Q := Q(xo,r) C R", wesplit f = f; + f> with f; = X2
where 2Q := Q(xg, 2+/nr). Then, for any given § > 0,

1

Wil (v({x € Q: [[b, T, 1| > 61)

1
< Loy (VX e Q[Ib, T > 8/21)"4
1
e ® (x e Qs b, T > 8/21)"*
= I+1I.

For I, we notice that v € A, (cf. [32]). according to assumption (4.2), we have

D 1/p
v(Q)A/p ( / JELes] U(X)dx>

» 1/p
" Q) A/p ( / [f() u(x)dx>

Alp
cc (VV((ZQQ))) T

< C”fHLPv"(u,v)'

For the term II, notice that

< [b(x) = bM)IIf2(y)|
b, TG s € | R dy

sCIb(x)—bQ\/Rn %dy

o [ &)= ballfa)
*‘C/n oy Y
=: &0 + n(0).

Therefore,

1
s oy ® - (Vix e Q: 400> s/41)""

L1
v(QVP
= II +II.

5+ (v({x € Q:nl) > 6/4})"*
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Since the condition (4.1) is stronger than the condition (3.1). By Chebyshev’s inequality, we obtain

1/q
II < ﬁ (/ \{(x)|qv(x)dx)
1/q =

(Q)/\/P (/ 1b(x) - bQqu(x)dx> Z|21+1Q|1 e /Mo\f(y)\dy

Ap e 1
<o @ Y g [, V0N

1/q-Alp p r
e ZW( [ roruay) ([

1+1Q
/q-Alp i+1 M1/ 1/p’
v \' V(21 Q)1 )
 Clflimiun S (v(zmQ)) BrTg /M“(Y) "y
j=1

oo v(Q) 1/q-Alp
< Cllf lpraqumy Y (m)
j=1

|2j+1Q‘1/(r’q) g 1/(rq) g 1/p’
—_ 1% u
PR </zi+1o ) y> </zi+1Q ) y)

s CHfHLPv/‘(u,v)'

, 1/p’
u(y)”? /de)

where we have used Lemma 3.1. For the term II,, observe that for x, xo € Q and y € (2Q) we have |x —y| =
|xo — y|- Thus, from Chebyshev’s inequality, we can obtain

1/q
I < W (/ |r1(x)\qv(x)dx>

[bY) - bollf W) , 4 )1/q
V(Q)"/l’ (/ /(ZQ)C X =y dy|Tv(x)dx

1/q
c_C _ S 1bG) = ballfW)I 4, 1q

1/q
< C 3 16O) = bolf W)l ;.14
v (/Q | 1=Zl /2f*10\2i0 |xo — | | V(X)dx>

. 1a-Ap N 1 _

< Cv(Q) ‘E, QI /2;+1Q|b(y) bollf(y)ldy
< 1/g-A/ — b,
cv(Q)” ”E 2]+1Q|1 T /ﬂQIb(y) by1qllf(y)ldy

1/q-Alp A
+Cv(Q) Z W /MQ |byi1q = bollf(Y)ldy
=: IIZl +1122.
For I, putting € = ' isa Young function. We use Holder’s inequality to get,

o 1/p’
— 1 ’ o
Iy < Cy(QY TP PErEn (/ZMQ B(y) = bayjergP u(y)? /pdy>
1

1/p
([, roruae)
2)+1 Q
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< C|If|| (Q)llq Alp V(Z.HQ)A g+l 1/p’ (b - bojip) -1/p )
LpA(u,v)Y Z W| QI 21U e, 2mq-

For 1 < p < oo, we have

’

. N s
el =P = W(l +1og*t)

= AN OB ),

and it is easy to see that A = 1+ log* P, B~ el 1. If|lexpL,@ denotes the mean Luxemburg norm of f on
cube Q with Young function B ~ ef - 1. By Lemma 4.2

(b = by )u P ¢ 01 = ClIb = byosgllexpr, 210U 4, 2010
< ClIbllsmollu ™7 | 4, 2105
where we have used the well-known fact that for any cube Q c R" (cf. [30]),
b = bgllexp,q = Cl|bllamo-
Therefore, we apply Holder’s inequality, (4.1) and Lemma 3.1 to get

oo 1/q-a/p i+1 1/

v(Q) v(2*tQ)te ,
I, < CHfHLP-/‘(u,v) E <V(2i+1Q)) |2]'+1Q|1/p—7/n 1bllBmollu 1/pHA,ziHQ
j=1

oo Q) 1/g-alp
< Clflpaqm Y (m)
j=1

1/rq
/, V(y)rdy> 1P| 211
2+1Q

« |+ gpini/a-iip [
| Q‘ |2}+1Q|

< Cllfllzraqu,-

For the term II,,, we make use of Lemma 4.1 and Hélder’s inequality, then

Ap = b
1L, < V(@Y “”Z(wl)'zj”ﬁ'(')% /. oy
.=1 2]+1Q

1/q-A/p 14 e -p'lp 1/p/
e Zo Digigi ([, forumay) ([ urra)

j+1 Q

v(Q) 1/q-Alp v(2j+1Q)1/q > 1/p’
- Clf s Zo (5 2) ([ o ay)

Put €(t) and A(t) be the same as before. Obviously, C(t) < A(t) for all t > 0, then for any cube Q c R",
Iflle.q < Iflla,q by definition, which implies that the condition (4.1) is stronger than the condition (3.1). From
this and Holder’s inequality yields

1/g-a/p
< Clf Zo ;500

‘2}+1Q|1/rq v)d tra ()—p'/pd e
* g </m” y> (/2i+1ouy y)

(@ Mo
< Cllfll i) ZU D ( ;,+1Q))

< CIIfHLp,A(u,v)-

where in the last inequality we have used Lemma 4.3.
Combining the above estimates for I and II, and then taking the supremum over all cubes Q ¢ R" and
all 6 > 0, we finish the proof of Theorem. O
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Theorem 4.5. Letm=>1,1<p<q<eoo,0<A<p/q, b€ BMO and [b, T]m satisfy (2.1) with O < < n. Given
a pair of weights (u, v), suppose that for some r > 1 and for all cubes Q C R",

1 1/rq
jQ/matp (@ / w(x)’dX) V4,0 < C, (4.3)
Q

where A,(t) =t (1+log(e+ t))p/, Am(t) = 7' (1+1og™t) mp’ (m=2,3,..).
Furthermore, we also suppose that [b, T+ satisfies the weak-(p, q) type inequality

1/
§-v({x e R" : |T,f(x)] > /3})1/‘1 <C (/R |f(x)\pu(x)dx) p, §>0. (4.4)

Ifv € Ay, w € A, then the sublinear operator higher order commutators [b, T,]m is bounded from
(L?, L5)%(u, v, w) to (LT, LYP(v, w) with 1/B = 1/a - (1/p - 1/q).

Proof of Theorem 4.5. Because the method is similar, we only need to prove the case of m = 1. Let f €
(LP,L%)*(u,v,w)withl<psa<ss<oocandve Ay, w € Ax.Fix Q := Q(y, r) C R", we split f = f; + f, with
f1 = fXaq, where 4Q := Q(y, 4+/nr). Then, for any y € R",
v(Q, MYV, T (P oy o)
< v(Q(y, r))l/ﬁ_l/q_l/sﬂ[b, T X o, lLe=w)
+v(Qy, MBS b, T (X o0l e=w)
= I+1I.

For I, noticethat 1/8-1/qg-1/s=1/a-1/p-1/s,1/a-1/p-1/s < 0and v € A,. According to assumption
(3.4), we have

1< v(QQy, MY b, T oy

1/p
< Cv(Qly, D) /BYas < / |f1(X)|”u(X)dX)
]Rn

- culag e |
Qly,2+/nr)

< Cv(Qy, 2V B o
< v(Q(y, f))l/afl/pfl/sHfXQ(y,z\/ﬁr)HLP(u)

= (M) 1/a-1/p-1/s
v(Q(y, 2v/nr))

< Cv(QQy, 2v) M MPS e o mnlleg-

1/p
{¢9lis u(X)dX)

v(QU, 2va) P i o el

For the term II, notice that
(b, T51(F2) (] < [b(X) = by, |1 T~ ()] + [T (b, = DIf2)(X)
=: &(x) + ().
Therefore,

I < v(QQy, M43 1 E O o lLaee)

+v(QW, NI InCx g =)
=111 + II,.

For the term II;, By Chebyshev’s inequality ,Holder’s inequality and v € A\, yields

1/q
I, = 4/(Q(y, ) /F-Va-s ( /Q |€(x)|"V(X)dx>

.1
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1/q
< Cv(Q(y, ) P-ranls ( / |b(x) - bmy,r)\qv(x)dx)
Q

.7
X -
jgl: Qly, 2+ ﬁr)|1—7/n Q(y,2/*1y/nr)

\f(2)|dz

oo 1/p
_1/s 1
= CHQO D bl Y- et ([ @pveaz)
s y,2i*1\/nr

j=1

, 1p’
x (/ v(z)? /pdz)
Qy,2/*t/nr)

- v(Q(y, 1) Vhtis j1 1/B-1/g-1/s
SCZ Q. ) v(Qly, 2"t v/nr) Xy, 2+ vanllee)

j=1

. VG, 2 /nn)ta (/ v(z)‘p’/pdz) "
IQ(J’, 2j+1 \/ﬁr)‘l—'y/n Q(y,2/+1y/nr)

oo

scy” (—V(Q(Y’ ) )”MS vQQ, 27 AR S o el
= v(Q(y, 21 y/nr) ’ Qy,2#1y/nn 1P (v)

% |Q(y, Zjﬂﬁrnl/r/q v(z) dz Yo V(Z)*p’/pdz 1/p’
Q( 2j+1f)1—'y/n . .
1Q(y, nr)| Q.2+ /nr) Q.21 /nr)

v(Q(y, 1) k-1 j+1 1/a-1/p-1/s
<cy QY. 2 ) v(Q(y, 21 v/nr) Xagy, 201 yan ey

j=1

< €Y vQQ, 2 A P o lew)-
j=1

For the term II5, it is similar to Theorem 4.4. Together with Chebyshev’s inequality, we can obtain
it = avity, s
Qy.r

1/
< Cv(Q(y, r))l/ﬁ—l/IJ-l/S (/Q/(Q) Md”qv(x)dx) !
2 Cc

1/q
) In(X)IqV(X)dX>

|x -y
1/
< Cv(Q(y, r))l/ﬁ—l/q—lls (/Q/(O) Mdyﬂv(x)dx) 1
2 (4

|xo —y|™

oo

V@ Y i | 1P0) = bl 0)lay

— |2j+1Q‘1—'y/n
j=

1/s N 1
V@ Y e [ B0~ bl )y
j:l j+1

S

_ 1
+ Cv(Q(y, n)EYs Z PRI /2 o |byig = bollf(¥)|dy
]+

j=1
=: IIZl + IIzz.

For II,1, putting C = t* "isa Young function. It is similar to Theorem 4.4 and together with generalized Holder’s
inequality and Holder’s inequality to get,

oo 1/p
Iy < C , 1) B-1s 1 (/ P d)
51 < Cv(Q(y, 1) le Q0 2D \ gyt i If@)|Pu(z)dz

’ , 1/p'
" b() = by, ) I u(2)” /de)
(/Q(y,ziﬂﬁr) | Qw21 van|
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p-1/s i~ M ay.2im yan v
< Cv(Q(y, ) s Z 1Q(y, 21 /ar)[i-n

j=1

x[Q(y, 2]+1\/ﬁr)|1/p (b - bQ(y,zi+1ﬁr))u_l/pue,a(y,zfﬂﬁr)

1/8-1/s = HfXQ(y,zjﬂﬁr)HLp(u) “1/p »
G Doy = e L L PR
=1

oo

/B-1/s
Qly, 1) ! j+1 1/p-1/g-1/
R (qoarimm) Q2 VA g ol

v(Qly, 2 yan)te Ly
|Q(y, 27*1\/nr)|/p=~In lu HA,Q(yl’”ﬁr)

oo 1B-1/s
Qly, 1) ! j+1 1/8-1/g-1/s
S C]Z:; (m v(Q(y, 27" v/nr)) ||fXQ(y,2i+1ﬁr)HLP(u)

1/(rq)

. _ 1 -1/

x|Q(y, 2*1y/mr)/metfatlp (— v(y)’dy) Jut)| y
127*1] J o2 i) A,Qy, 21 /nr)

<C Z v(Q(y, 2j+1\/ﬁl’))1/ﬁ_1/q_1/s HfXQ(y,zjﬂ\/ﬁr) Il (-
-1

where we have used v € A. For the term II,,, we make use of Lemma 4.1 and Holder’s inequality, then

If(y)dy

115 bl smo
I, < Cv(Q(y, MYEYS N (i + 1) I
) 12:1: Qy, 2L ynn)|m Jog, 2

. UB-1/s o 1 1p
< Ccv(Q(y, 1) > G+ 1)‘ Ay, D Ly/an)[7n ( /Q(y,z,-ﬂ v Fo)IP u(y)dy)

j=1

! 1/p,
9 ( / u(y)”? /de)
Qly,27*1/nr)

= €3 vQU, ) TS o i o)
=1

« V(Q(w)))”‘“’s v(Qly, 2" /an)'/e ( »lpg )W
(J+1)<V(Q(y, 2i+1\/nr)) |Q(y, 27*1y/nr)| 1=/ /Q(y,zf*lx/ﬁr) ue) ’ '

It is similar to Theorem 4.4 and notice that the condition (4.3) is stronger than the condition (3.3). From these
and Hoélder’s inequality yields

) j+1 1/B-1/g-1/s . V(Q(y, T)) 1/B-1/s
< CZ V(Q(y» 2 \/ﬁ)’)) ||fXQ(y’2j+l\/ﬁr)HLp(u)(] + 1) m

j=1

|Q(y, 2j+1\/ﬁr)|l/r’q ' 1/rq fp'/pd 1/p’
* Q. 2Ty mn) i X v(y)'dy X u(y) y
1Q(y, nr)| Q(y, 2" /) Q27" /)

 C3Q, 2RI ) (o QD
s Vs Xa(y, 2 y/anllLr () v(QQy, 2+ /ar) .

j=1
Summing up all the above estimates and from the fact that 1/8-1/g-1/s=1/a-1/p-1/sand v € Ac, We

obtain

II < Ci v(Q(y, 271 /nr))Y/B-1/a-1s . . v(Q(y, ) 1/B-1/s
B Y, nr)) HfXQ(y,Z’”ﬁr)HLP(u)(] +1)

-1 v(Q(y, 27*1y/nr))
_ - j+1 1/a-1/p-1/s . V(Q(y, )’)) 1/B-1/s
= CZ V(Q(y’ 2 \/HT)) ||fXQ(y,2j+l\/ﬁr)||Lp(u)(] +1) m

j=1
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< > vQly, 27V P o s an -
j=1

which is desired inequality. Combining the above estimates for I and I, and taking the L°(w)-norm of both
sides of with respect to the variable y, we finish the proof of Theorem. O
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