Open Math. 2019; 17:742-757 DE GRUYTER 8

Open Mathematics

Research Article

Dae-Woong Lee*

Algebraic loop structures on algebra
comultiplications

https://doi.org/10.1515/math-2019-0060
Received September 10, 2018; accepted May 23, 2019

Abstract: In this paper, we study the algebraic loop structures on the set of Lie algebra comultiplications.
More specifically, we investigate the fundamental concepts of algebraic loop structures and the set of Lie
algebra comultiplications which have inversive, power-associative and Moufang properties depending on
the Lie algebra comultiplications up to all the possible quadratic and cubic Lie algebra comultiplications. We
also apply those notions to the rational cohomology of Hopf spaces.

Keywords: Lie algebra comultiplication, perturbation, algebraic loop, inversive property, power-associativity,
Moufang property, Eilenberg-MacLane space, cohomology algebra

MSC: Primary 17B70; Secondary 16T05, 55P45, 20N05

1 Introduction

The theory of Lie algebras is an outgrowth of the Lie theory of continuous groups and is playing an important
role for many reasons. Moreover, it intervenes in other areas of science such as different branches of physics
and chemistry. It is an active domain of current research and employs at the same time algebra, algebraic
topology, geometry and so on. Lie algebras arise as vector spaces of linear transformations equipped with a
new operation which is in general neither commutative nor associative. Indeed, Lie algebras are vector spaces
endowed with a particular non-associative product which is called a Lie bracket. Recently, the necessary and
sufficient conditions for a family of functors from the category of partial group entwining modules to the
category of modules over a suitable algebra to be separable were given in [1], and the homotopy relationship
between the space of proper maps and the space of local maps was constructed in [2].

In the topological point of view, co-H-spaces, which are also called spaces with a comultiplication, are
important objects of study for at least two reasons (see [3-8]). First of all, they are the duals of H-spaces in
the sense of Eckmann and Hilton (see also [9-11]). They have played a significant and central role in algebraic
topology for many years. Secondly, there is a large class of examples, namely the suspensions and the spheres,
which are co-H-spaces. They have the co-H-group structures which enable one to add homotopy classes of
maps using the suspension structure and which give rise to the homotopy group of a space in algebraic
topology.

In this paper, as an algebraic version of comultiplications of a space, we think about the algebraic
comultiplications of algebraic objects [12] and we are particularly interested in the algebraic loop structures
on the set of some Lie algebra comultiplications. The main purpose of this paper is to construct the algebraic
loops derived from a Lie algebra comultiplication, and investigate the basic properties of those algebraic
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loops and the set of Lie algebra comultiplications which have the inversive, power-associative and Moufang
properties depending on the Lie algebra comultiplications. We also apply these notions to those of the rational
cohomology of Hopf spaces.

The paper is organized as follows: In Section 2, we define certain Lie algebra comultiplications on the Lie
algebras and construct the abelian group structure on the set of Lie algebra comultiplications. In Section 3, we
determine concretely when the algebraic loop structures on the set of Lie algebra comultiplications have the
inversive, power-associative and Moufang properties for up to all the possible quadratic and cubic Lie algebra
comultiplications. Finally, in Section 4, we apply these results to those of some algebra comultiplications on
the rational cohomology algebras derived from the Hopf structures.

2 Preliminaries

We begin this section with the basic notions of comultiplications of topological spaces. A pair (X, ) consisting
of a pointed space X and a pointed map 1 : X — X v X is called a co-H-space if pin ~ 1 and p,n ~ 1, where
p1 and p, are the projections X vV X — X onto the first and second summands of the wedge, respectively, and
1 is the identity map of X, and ~ is the homotopy relation. In this case, the map 7 : X — X v X is said to be a
comultiplication.

Let A be a set with binary operation ‘+’ and zero element O € A; that is,

a+0=a=0+a

for every a € A. Then A is called an algebraic loop if for every a, b € A, the equationsa+x=bandy+a=>b
have unique solutions x, y in A.

The following result (see [3, Theorem 2.3] and [13, Proposition 1.13]) is the dual of a well known theorem of
James [9] for H-spaces and provides a connection between co-H-spaces and algebraic loops. For the moment,
we adopt the following notation: If (X, ) is a co-H-space with a comultiplication n : X — X v X and Y is any
space, then the set [X, Y] of homotopy classes of maps from X to Y with the binary operation ‘+;’ induced by
n will be denoted by [X, Y]y; that is,

f+ng=V({fvgn

forf,g € [X, Y]y, where V : Y v Y — Y is the folding map.

Proposition 2.1. If (X, n) is a 1-connected co-H-space and Y is any space, then the set [X, Y], becomes an
algebraic loop.

Moreover, it is well known in [3] that [X, Y], is also an algebraic loop if (X, n) is a co-H-space and Y is a
nilpotent space.

We now move on to the algebraic version of the topological comultiplication above. In this section, we
consider Lie algebras over a field FF of characteristic 0. Let V =< v, vy, ..., vp>and W =< wq, Wa, ..., Wy >
be graded vector spaces over F, and write |vs| = ds for the degreeof vs, s = 1,2, ..., nwithd; <d, <... < dn,
and similarly for wy, t = 1, 2, ..., m. Let L(V) and L(W) be the free graded Lie algebras generated by V and
W, respectively, with the Lie brackets [ , ]. We then define the coproduct L(V) U L(W) of Lie algebras L(V) and
L(W) by

L(V)UL(W) = L(V e W).

In particular, if V = W, then the elements of L(V) U L(V) in either summand are distinguished from each
other by using a prime on elements from the second factor. Therefore, if L(V) = L(vy, v3, ..., vn), then

L(V)UL(V) = L(V1, Vay« s Viy VA, Vay oo Vi)

Example 2.2. Let X™ be the nth Postnikov approximation of X [14, 15], and let Q be the field of rational
numbers. Then the graded rational homotopy groups of the Postnikov approximations of the function spaces
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based on the infinite complex and quaternionic projective spaces with the Samelson products as the Lie
brackets become the free graded Lie algebras over Q; that is,

nﬁ((chw’ *)(81’50)’ wO)(zn) & Q = L(Vl, V2seens Vrl)

and
nﬁ((ZHPw’ *)(81’80)3 wO)(qm) & Q = L(WI’ Wa,.ee, Wm),

where X is the suspension functor, and wy is the constant map as the base point of the function spaces, and
dim(v;) = 2ifori=1,2,...,n,and dim(w;) = 4jforj=1,2,...,m.

Definition 2.3. A homomorphism of Lie algebras
@ :L(V) — L(V)uL(V)
is called a Lie algebra comultiplication of L(V) if

mo@=1yy=mmo@,

where 771 and 7, are the projections L(V) U L(V) — L(V) onto the first and second factors, respectively.

Throughout this paper, we will make use of polynomials whose multiplications are the Lie brackets [ , ] in
the Lie algebras. We now consider the following.

Definition 2.4. ([16]) We define a quadratic Lie algebra comultiplication ¢ : L(V) — L(V) u L(V) of the free
graded Lie algebra L(V) by
@(vs) = Vs + Vg + Ps,

where Ps = Ofors = 1,2 and Ps = Z,-,,-(ViV]/'+V1/~Vj) fors = 3,4,...,nand i,j € {1,2,...,n - 1} with
d; + d; = ds.

Indeed, it can be seen that ¢ : L(V) — L(V) U L(V) is a Lie algebra comultiplication, since
1y 0 @(vs) = My (Vs + Vi + Ps) = vs = 1) (vs)

foreachs=1,2,...,n,and similarly 7, o ¢ = 1)
As a special case, we define the following:

Definition 2.5. The Lie algebra comultiplication
@o : L(V) — L(V) U L(V)

given by
(PO(VS) =Vs+ V/s

foreachvs € V,s =1, 2,..., nissaid to be the standard comultiplication (see [17, page 67] and [16, page 84]).
Definition 2.6. The element Ps € L(V) L L(V) is called the sth perturbation of ¢ : L(V) — L(V) U L(V). We

call P = (Pq, P,, ..., Py) the perturbation of ¢ and write ¢ = ¢p. We call P or ¢ one-stage if there is an integer
swith 1 <s < nsuchthat P; =0foralli#s.

We now describe the group structure on the set of Lie algebra comultiplications of the free graded Lie algebras
as follows.

Proposition 2.7. Let C(L(V)) be the set of all Lie algebra comultiplications of L(V). Then it has the structure of
an abelian group.



DE GRUYTER Algebraic loop structures on algebra comultiplications = 745

Proof. We first define the binary operation and the corresponding inverse at the perturbation level. Given two
perturbations P = (P, P5,...,Pp)and Q = (Q4, Q,, ..., Qn) of some Lie algebra comultiplications of L(V),
we can add them in the obvious way

P+Q=(P1+Q1,P,+Qy,...,Pn+Qn)
and take the negative of each perturbation P = (P, P>, ..., Py) as
_P:(_Ply_sz---,—Pn)-

This allows us to add and subtract Lie algebra comultiplications of L(V) by adding and subtracting the
corresponding perturbations as follows: If ¢p and ¢ are the two Lie algebra comultiplications of L(V) with
perturbations P = (Pq, P,, ..., Pn)and Q = (Qq, Q,, ..., Qn), respectively, then we define the operations by

Pp+Pq=9Ppiq

and
- =¢_p,

where @p,q : L(V) — L(V) u L(V) is the Lie algebra comultiplication with perturbation P + Q. Indeed,
we can show that ¢p,q and —¢ are Lie algebra comultiplications of L(V). This gives the set of Lie algebra
comultiplications C(L(V)) the abelian group structure with the standard comultiplication ¢, as the unit,
where 0 = (0, 0, ..., 0) is the perturbation. O

More generally, we let £ and M be Lie algebras and let ¢ : £ — £ 11 £ be a Lie algebra comultiplication. Then
we can define an addition ‘+,’ on the set of Lie algebra homomorphisms as follows:

Definition 2.8. For the Lie algebra homomorphisms f, g : £ — M, we define the addition f +, g by the
composition of algebra homomorphisms
c— s cuc o mum—Y s,

where V is the folding homomorphism; that is, V o (f L g)(v) = f(v) and V o (f L g)(v') = g(v) for each v and
vin L.

From the definition above, we note that if i,, i, : £ — £ L £ are the first and second inclusions, respectively,
thengp =iy +piy: L — LUL.

3 Algebraic loop structures

Let A be an algebraic loop, and let I(a) and r(a) be the left and right inverses of a € A, respectively, under the
operation ‘+’; that is,
lla)+a=0=a-+r(a).

Then an algebraic loop A is said to be inversive if I(a) = r(a) for all a € A. An algebraic loop A is called
power-associative if (a + a) + a = a + (a + a), and is called Moufang if (a + b) + (c + a) = (a + (b + ¢)) + a for all
a, b, c € A (see [4,18]). It can be shown that an associative binary operation is Moufang.

Convention. From now on, we substitute the free graded Lie algebra L(V) by £ for a notational convenience,
where V =< v1,v,,..., va > is the graded vector space over a field FF of characteristic zero. If ¢ : L — LU L
is a Lie algebra comultiplication and M is any Lie algebra, then the set of Lie algebra homomorphisms h :
L — M with the binary operation above induced by the Lie algebra comultiplication ¢ will be denoted by
Hom(£, M),.
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Lemma 3.1. Under the Lie algebra comultiplication ¢ : £L — £ U £, Hom(£L, M), becomes an algebraic loop.

Proof. For the Lie algebra homomorphisms f, g € Hom(L, M)y, we need to find unique solutions x,y €
Hom(£L, M), for the equations f +p x = gand y +¢ f = g. The Lie algebra homomorphism x : £ — M s
constructed on generators of £ by induction on the degree |vs| = ds of vs. The equation shows that

g(vs) = (f +¢ X)(vs)
=Vo(fux)op(vs)
=Vo(fux)(vs+vs+Ps)
= f(vs) + x(vs) + V o (f U X)(Ps),

where P; is the sth perturbation of ¢. In other words,
x(vs) = g(vs) - f(vs) = V o (f L X)(Ps).

The induction gives the existence and uniqueness of x. Similarly, the existence and uniqueness of y follows.
O

We recall that there is a bijection as sets
Hom(£, M)y —— @5, Hom(L(vs), M)(NL(VS)

under the correspondence f — (f1, f>, ..., fn). Here,

1. the left-hand side is an algebraic loop, while the right-hand side is a direct sum of vector spaces over a
field K of characteristic zero;

2. @l ¢ Lvs) = £ U L is the standard comultiplication defined by @[}, y(vs) = vs + v5; and

3. fs € Hom(L(vs), M)tph(vs) foreachs=1,2,...,n.

Definition3.2. Let ¢ = ¢p : L — L U L be a Lie algebra comultiplication of £ with perturbation P =
(P1, P3,...,Pyn). Then ¢@p or P is said to be purely cubic if each P;,i = 1, 2, ..., n has only polynomials of
length 3, and is said to be cubic if each P;,i =1, 2, ..., n has only polynomials of length < 3.

Definition 3.3. We define decomposable maps
Dij L — LUl

between vector spaces by
Dyj(v1) = 0 = Dyj(v2)

and
/ /
Djj(vs) = vivj + viv;

foreachs=3,4,...,n,andi,j=1,2,...,n-1withd; + d; = ds.

It is natural for us to consider the following fundamental question: What kind of operations are there in
the algebraic loop Hom(£, M), ? The following lemma gives the answer to this query. We denote by > i the
summation in which i and j run from 1 through n - 1 with d; + d; = ds fors = 3, 4, ..., n.

Lemma3.4. Let ¢ : L — LU L be a Lie algebra comultiplication as in Definition 2.4 and let f = (f1, f2, ..., fn)
and g = (g1, 82, ..., 8n) be as in the algebraic loop Hom(L, M),. Then we have

(fl,fzy---,fn) +tP (glygzy---’gn) = (h1’ hZ’---’hYl))

where
hs = fs + 8s
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fors=1,2,and
hs = fs + 8s + Zv(f‘—'g)Dij
i,j
onL(vs) fors = 3,4, ..., nwithd; + d; = ds, and +, means the binary operation on Hom(£, M), induced by
the Lie algebra comultiplication ¢ with perturbation P = (P1, P5, ..., Py).

We note that the image of generators of the graded vector space V under the composition (f U g)D;; of Dj; :
L Lulwithfug: Lul —MuMis as follows:

(f Ug)D;;(vs) = (f L g)(vivj + vivy) = fi(v)g;(v)) + gi(vifj(v;)
fors=3,4,...,n.

Proof. We first recall that the sum ‘f +¢ g’ is the composite of the homomorphisms

LL>LUL£>MUML>M,

where V is the folding homomorphism. It can easily be seen that the following diagram is commutative:

rsUrg

Llvs)uL(vs) —= L UL

\ \Lﬂ_‘g
fsUgs

MuUuM,
where rs : L(vs) — £ is the canonical inclusion foreachs =1, 2,...,n.Fors = 1, 2, we have

(f+o8)vs) =Vo(fug)oe(vs)
= Vo(fug)vs +vi)
=Vo ((fl;fz’ oo ,fn) ( (gl;gZ’ ) ,gn))(Vs +V§)
=V o (fs(vs) + gs(vs))
=fs(Vs) +gs(Vs)-

We now get

(f+p8)vs) =Vol(fug)opvs)
=Vo(fug)vs+vs+ Zi’j(viv}’- +Viv)))
=Vo((fi,far - s fa)U(81, 825+ -+, 8n)(vs + Vs + 32, ;(vivj +V{v)))
=V o (fs(vs) + 8s(vs) + 3 ;(fi(vi)g;(v}) + g:(vfi(v))
= fs(vs) + gs(vs) + Zi’j(fi(vi)gj(vj) + gi(Vi)fj(Vj))
= (fs + 8s)(vs) + 3=, ; V(f U 8)Dj;(vs)

for each vs € L(vs), s = 3, 4, ..., nwith d; + d; = ds. This completes the proof. O

Definition 3.5. ([16]) We define a one-stage quadratic Lie algebra comultiplication

p:L—LUL
of £ by
@(vs) = vs +vg + Ps,
where Ps =0fors=1,2,...,n-1and P, = Zi,}-(viv}’. + vgv]-) with d; + d;j = dn; that is, the perturbation of

the Lie algebra comultiplication ¢ : £L — LU Lis P=(0,0,...,0, Py).

Theorem 3.6. Let ¢ : L — L U L be the one-stage quadratic Lie algebra comultiplication given by Definition
3.5. Then the algebraic loop Hom(L, M), has the inversive, power-associative and Moufang properties.
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Proof. We first prove the inverse property. Let I(f1, f>, . . ., fn) denote the left inverse of a Lie algebra homo-
morphism f = (f1, f>, ..., fn), namely

l(fl’f21"'1fn) = l(f) =f= (fl’fZ"",fn),

in the algebraic loop Hom(£, M),. Then, by Lemma 3.4, we have

(0;---30) = lgfl’_fZa---a_le) to (fl’fZ’""fn)
= (fl,fzu--,fn) +o (fl’fz""yfn)

= (fl +fi,fa+far oo fuot + faots fn+ fn +Z,-,jV(f|—|f)Dij)-
Thus, f1 = ~f1,f> = ~f2, ..+, fa-1 = =fn-1 and

fn =~fn —Zv(fuf)Dij = —fn +Zv(fuf)Dij,
ij i.j

where we have used the following:
(FUDy(vn) = FUAv] +viv)

— RO + DR

O A AT

=—(f uf)(v,-v]f +Vivj)

= ~(f U f)Dj;(vn).
Now, if r(fi,f2,...,fn) is the right inverse of (fi,f2,...,fn) in the algebraic loop Hom(L, M)y, say
(f1s f2s - s fn) = (F1s f2s + -+, fn). Then

(Oa~-- aO) = (flsz’ e !frl) to rSflles e ’Afn)
:(fl’fZ:'--)an)-"(P(flafzy-',:’fn) R R
=(fitfu.fa+fore oo fra +faots fat o+ 2 VU FDy).

Thus, fi = ~f1,f> = ~f2, -+ » fa-1 = ~fa1 and

fa==fa=> VEUNDy; = ~fa+ > V(FUDy.

i,j ij

Therefore, f = f in the algebraic loop Hom(£, M), so that it has the inversive property.
Secondly, we compute the following:

<(flsf2: '-'afrl) +(P (fl)fZ’-" ,fn)) +(P (flsza ---;fn)
= (2f1,2f2, - s 2fn-15 2fn + 20 VE U Dy) +o (Frs f2s -+ f)
=(F1,F5,...,Fn),

where F; = 3f;fori=1,2,...,n-1and

Fn=3fn+ ZV(f U f)Dy; + ZV(Zf Uf)Dyj =3fn +3 ZV(fo)Dir
i,j i,j i,j

Similarly, we have

(fl’f2y-~-yfn) +o ((fl9f25""fn) +o (fl’fzy""fn))
= (flszr-'-!fn) +o <2f1a2f2,---,2fn—1’2fn +Zl’]v(fuf)Dl])
=(G1, Gz, ..., Gn),

where G; = 3f;fori=1,2,...,n-1and

Gn=3fn+ZV(fo)Dij+ZV(fu2f)Dij=3fn+3ZV(f|Jf)Dij.

i,j i,j i.j
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Thus
(f+(0f)+(Pf=(Fl’FZ"--’Fn)=(GlyGZ,"-9Gn)=f+<P(f+(Pf):L — M
so that the algebraic loop Hom(£, M), is power-associative.

Finally here, we show that the algebraic loop Hom(£L, M), has the Moufang property. Let f =
(fi,f2s-..,fn), 8 =(81,82,...,8n) and h = (hq, ha, ..., hn) be elements of Hom(£, M),. Then we have

((flezy e :fn) +<p ((glrgz’ ) )gl’l) +tp (hla hZ: ey hn))) +(P (fl:ny oo ’fn)

= ((fl,fz,---,fn) +o (g1+hi,82+h2, ..., 801+ hp-1,
gn+hn+3V(EURDy) +o (fi,fas .-, fn)
=(fitgi+hi,fr+g+ha, .., fa1+8n1+hn1,fn+gn+hn
+Zi,j V(gu h)Dij + Zi,j V(fu(g+ h))Dij) +o (fisfa, oo s fn)
=(2fi+g1+h,2f,+g2+ho, .., 2fn1 +8no1 + M1, 2fn + gn + hn
+Zi,}. V(gl—lh)Dij+Zi,j V(fl_lg)Dij+Zi’jV(f|_l h)Dy;
+2 0 V(fuf)D; + doij V(gUf)D; + > Vih U f)Dy).

We now compute
((flafZa---afn) o (g1,g2,---,gn)) +o ((hl, hi,...,hn) +p (fl;fz;---afn))
= ((fi+81,f2+82, -+ fn-1+ 8n-1, fu+ 8n + 20, ; V(F L 8)Dy)
+o(h1+fi1,ha+fa, oo hyo1 + fro1, hn +fn+ 32 V(R U f)Dy))
= (2fi+g1+h1,2f2+82+hay o, 2fn1 +8n1 + Moty 2fn + 8n + B
+30; VFUGDy + 3, V(huf)Dy + 3, V(F U h)Dy;
+Zi,j v(f Llf)Dij + Zi,j V(gu h)Di}' + Zi,j v(gl—'f)Dij)-

Therefore, we get
(f+<p (g+<p h)) +qaf= (f+gog) +o (h +<pf)

as required. O

In general, a Lie algebra comultiplication

containing at least two non-zero perturbations, say Ps # P;, cannot be guaranteed to have the inversive,
power-associative and Moufang properties. This is why we restrict our range in Theorem 3.6 to the one-stage
quadratic perturbation.

From now on, Zi’ ik denotes the summation in which i, j and k are the elements of theset {1, 2,...,n-1}
withd; +d; +dy = dsfors =3,4,...,n.

Definition 3.7. We define a purely cubic Lie algebra comultiplication ) : L — £ U L by
Y(vs) = vs + Vs + Qs,
where Qs =0fors=1,2and

Qs = E (ViVjVi + ViViVi + ViVjVi + ViViVi + ViViv + Viviv)
i,j,k

foreachs =3,4,...,n,andi,j, k€ {1,2,...,n- 1} with d; + d; + d = ds.
Definition 3.8. We define the decomposable maps
Dl L — LUk

between vector spaces by
ngk(vl) =0= ngk(Vz)
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forl=1,2,...,6,and

D (vs) = vivjvy
D (vs) = vivivy
D?jk(vs) = Vivjvi
Dg-k(vs) = Vivjvy
D?jk(vs) = ViViVi
D (vs) = vivjvy

foreachs =3,4,...,n,andi,j,k=1,2,...,n-1with d; + d; + d; = d.

Lemma3.9. Lety : L — L U L be the purely cubic Lie algebra comultiplication as in Definition 3.7 and let
f={1,f2,...,fn) and g = (g1, 82, . .., §n) be in the algebraic loop Hom(L, M),,. Then we have

(fl:fzy e !fn) +1/) (glng) e ,gn) = (hI) h29 ey hn)
where hs = fs + gs fors =1, 2, and
hs = fs+gs+ > V((fi, f) U gD + (fi U (gj,gk))Dizjk +((fj, fio U gi)D,-z}k
+(fi U (8is gj))Df}k +((fi, il L gj)Df}k +(fj U (gi» gk))Diij>

on L(vs) for s = 3,4,...,n, and +, means the binary operation on Hom(£, M)y, induced by the Lie algebra
comultiplication .

We note that the notation (f;, f;) etc. stands for the direct sums of f; and f; in a similar fashion to the discussion
right after the proof of Lemma 3.1.

Proof. A straightforward argument just like Lemma 3.4 completes the proof. O

Definition 3.10. We define a one-stage purely cubic Lie algebra comultiplication ) : L — £ U L by
P(vs) = vs + Vg + Qs,
where Qs =0fors=1,2,...,n-1,and
Qn = Z(vivjv;( + ViViV + ViVjVi + ViViVi + ViViVy + Vivivy)
i,j,k

fori,j,k=1,2,...,n-1with d; + d; + dy = dn.

Corollary3.11. Letyp : L — L U L be the Lie algebra comultiplication as in Definition 3.10 and let
f =1, s fn)8 = (81,82,...,8n) and h = (hy, hy, ..., hn) be the elements of the algebraic loop
Hom(£L, M)y,. Then we have

(f +p (8+y )
= (fl +81+h1, ..o, fn1+8n-1+hno1, fn+8n+ hn
+3°V((gi, g) U h)D' + 3" V(g; U (hy, h))D* + 3 V((g;, &) L hy)D?
+3° V(g U (hy, hp))D* + 3 V(gi, 8i) U h))D® + 3 V(g; U (hy, hy))D®
+ 3 V(((fir f;) U (gk + KD + (f; L (g5 + hy, gk + hi))D? + ((f;, fi) L (g; + hy))D?
+(fie U (gi + hy, gj + h))D* + ((fi, fi) L (g5 + )ID® + (f; LU (g + hy, 8 + hk))D6)>;
and
(f+yp8) +yp (R+y )
= (fl +81,... ’fn—l +gn—1:f)’l +8nt ZV(((fl’f]) I—lgk)Dl + (fl u (g]! gk))Dz
+((f;, fid U gD + (fic U (i, g)D* + ((fi, i) L gD + (f; L (giagk))D6>)
y (h1 #fis e hnn + fats hn+ o+ 3V (((hy, B) U DY + (B U (fy, £i))D?
+((hj, hi) UFID? + (e U (f;, £)D* + ((hy, ) U F;)D? + (hy U (fi’fk))DG))-
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Proof. The proof follows from Lemma 3.9. O

Theorem3.12. Let : L — L U L be the Lie algebra comultiplication as in Definition 3.10 and let f =
(f1sfas-vvsfn)s 8= (81,82, 8n) and h = (hy, hy, ..., hn) be the elements of Hom(£, M)y, Then
1. Hom(L, M)xp is inversive or power-associative if and only if

Sk V(i £ U FIDE + ((Fis i) LD + ((Fis fi) U £)D3y)
- Zl} k v((fl U (f)sfk))DUk + (fk u (fzsf)))D4k + (f] u (fzsfk))Duk)

and
2. it has the Moufang property if and only if

0= X0, V(s 1) U fODY + (g1 b U fODY + (B, £) U fODY
+((h1’ g]) Ufk)DUk ((fz’ g]) u hk)DUk ((ghf]) u hk)DUk
(i1 &5, A)Df + iy, 503 - G )y
-(fiu (f}» hk))DUk (giu (h],fk))Dik (giu (f], ))Duk
+((fj, i) U D3 + (g5, i) U f)D3y + ((hy, fi) Ufz)Duk
H(hy, 80 UFIDY — (F 210 U Ry )D,,k (5 £ 0D
0G5 DD i DD = G DD
-(fru (i, by ))Dl]k (gr U (hzsf)))D,]k (8 U (i, by ))Duk
+((fir i) WDy + (815 hi) W F)DGy + (hy, i) Uf,)DUk
+((hi, g1) uf])D,]k ((fi» 81 U by )Dl)k ((8i, fi) U by )Dllk
+(fj U (8i, hk))D,,k +(fy U (h, £)D - (f; U (hzafk))Dl]k
~(F; U (s DS - (85U Chi, fi)DS (25U (f )DEy),

where d; + d; + dy = dn.

Proof. For a notational convenience, we will also make use of the simple notation »_ for Zi’ ik and D! for
ngk in the proof, wherel =1, 2, ..., 6.
1. For the power-associative property, we calculate the following:

((fl,fZ, oo fn) Ty (f1, f2, - ,fn)) Ty (f1.f2s -+ s fn)
= (2150 2ty 2+ Xy V(G S UFIDT + (U (5, fi)D?
(5 fi) USID? + (Fie L (s fND + (s fi) UHID® + (f U (i, fi)D?) )
+y(f1, f25 -+ s fn)
= (3f12- -+ 31 3fa + V(3 ) UFID' + G U (. SOID? + (5, fi) L F)D?
+(fie U (Fi, f)D + (i, fi) U FD® + (F U (s, fi))D®
+Q2fi, 2f;) UfidD' + f; U (f, fi))D? + (2f;, 2fi) L f;)D?
+(2fi U (fis [)ID* + (s 2 L 26)D° + (2 U (i, f))DF) )
= (3f1s+ > 3fn-1,3fn + 55 V(i f)) UFID + 3 3 V(f; U (£, fi))D?
+5 3 V((f;, fi) UFID? + 3 V(i U (fi, f;))D*
+5 3 V((fi, fi) UFD® + 3 3 V(U (fi, fi))D®);
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and

(fi,f2s-- -5 fn) Ty ((fl,fz ----- fn) Ty (fi,fa s fn))
= (Fisfareeesf) by (2100 os 2ers 26+ DV (i ) UfID + (fi U (5, fi)D?
+{(f, i) LD + (e (i, DD + (s fi) U FID5 + (5 L (s fi)D?) )
= (3f12-++23fu1, 3 + X V(1 ) UFOD! + (U (. f)D? + (. fi) L F)D?
+(fiew (i DD + ((Fis fi) L FID° + (f 1 (Fr, fi))D®
+(fi, ) U 260D" + (f; U (2, 2f0)D* + (fj fi) L 2f)D?
+(fi U @fiy 26)D* + (fi, f) U 26)D° + (f; U (2f;, 2f0)D) )
= (31 s 31, 3+ 3L V(i f) U FID' +5 5V U (f, fi))D?
3L V({(fj, i) LD’ + 53 V(fieu (i, f))D*
+3 3 V((fi, fi) UF)D® + 55 V(i U (fi, fi))DC).

Thus, the algebraic loop Hom(£, M)y, is power-associative if and only if

S V(i U FIDY + (5, fi) U FID? + ((Fi, fi) L F)D?)
= Zv((fl U (fjsfk))Dz + (fk U (fi’f]'))D4 + (f] u (fisfk))Ds)-

The inversive property is obtained as in the proof of the power-associative property by applying Lemma 3.9
and Corollary 3.11.

2. We finally find the conditions for the algebraic loop Hom(£, M), to have the Moufang property. Let
=0/, fn),g = (g1,82,..., gn)and h = (hy, hy, ..., hn) be the elements of Hom(£, M)y, Then,
by Lemma 3.9 and Corollary 3.11, we have

(F+yp@+yp M) +y f

=(2fi+g1+h1, ..., 2fn1+8n1+hn1,2fn+8n+hn
+3°V((g1, &) U h)D! + 3" V(g L (hy, hi))D? + 3 V((g5, 8x) U hi)D?
+ 3" V(g U (hy, h)D* + 3" V((84, &) U hj)D° + Y- V(g; U (hy, hy))D®
+ V(i f;) LU gD + S V((fi, f) U D + 3 V(f; U (g5, 81))D?
+3° V(i U (g, hi))D? + 3 V(f; U (hy, g ))D? + X V(f; L (hy, hy))D?
+ 3 V((f, fi) Ug)D? + S V(i fi) U h)D? + 3 V(fi L (g4, 8))D*
+3 V(i b (g, h))D* + 3 V(fi U (hy, g))D* + 3 V(fi U (hy, hy))D*
+ S V((fi, fi) U g)D* + - V((fi, fi) U h)D® + 3 V(f; U (g1, 8x))D®
+ V(i U (81, i))D® + 3 V(f; U (hy, g1))D + 3 V(£ U (hy, hy))D®
+ 3 V((fi f;) U fi) D' + 3 V((f;, g)) L fi) D' + 3 V((f;, hy) U fi)D?
+3° V(g f) U fi)D' + 3 V((gi, 8) U fi) D' + 3 V(g hj) U fi)D*
+ 3 V((hi, f;) U fi)D + 3 V((hi, g7) U fid DT + 5 V((hy, hy) U fi)D?
+ S V(i U, fid)D? + X V(g U (f, fi))D? + 3 V(h; U (f, fi))D?
+ S V(5 i) UAHD? + S V((F, g1) L f)D? + 3 V((f;, hy) U f,)D?
+> V(g fi) U f)D? + 3 V(g g1 UFD? + 3 V((gj, ki) U F)D?
+ S V((hj, fid UFID? + 3V ((hy, g) U fi)D? + 32 V(hy, hy) Uf;)D?
+ 3 V(iU (i, DY + 3 V(g U (fi, f;)D* + 3 V(e U (Fi, f))D*
+ V(i i) LD + 3 V((fi, 81) LU FD® + 3 V(fi, hy) U f;)D?
+3° V(g1 i) UFHID? + S V(81 81) UFD® + 3 VI((gi, i) L f;)D?
+ S V((hi, fi) UFD? + 3 V((hi, g U D + 3 V(Ry, hy) U f;)D?
+ 3 V(i U (i, fi))D8 + 3 V(g U (fi, i))D8 + 32 V(h; U (f;, £i))D®).
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Similarly, by Corollary 3.11, we get the following:

4y 8) +y (h+y )
= (2fi+g1+hi,.evs 2fn-1 +8n1 + o1, 2fn + gn + hn

+ 3 V((fi, f;) U gD + X" V(f; U (g5, 8))D* + X V((f;, fir) L 8:)D3

+ 3 V(i U (81, 8))D* + 3 V((fi, fi) L g)D® + 3 V(f; L (81, 8x))D°

+ 3 V((hi, hy) U fi) DY + 3" V(hi U (f;, fi))D? + 3 V((hy, hy) U f;)D?

+ 3 V(he U (fi, [))D* + 3 V(R hy) U f;)D® + 3 V(hi U (f;, fi))D®

+ SV (((fi + i, f; + &) U (hye + fi))DY + ((f; + 8:) U (hj + f;, by + fi))D?
+((f; + 8j» fre + 8K) U (hi + f))D? + ((fy + &) U (hy + fi, by + f;))D*
+((fi + 81> fi + 81 U (R + f;))D° + ((f; + gj) U (h; + fi, hy + fi))D®))

=(2fi+g1+hy,..., 2fn-1+8n-1+hn-1,2fn+8n+ hn

+ 3 V((fi, ;) U gD + S V(fi U (gj, g)D? + 3 V((fj, fr) U g)D?
+ S V(i U (g, 8))D* + X V(fi, fi) Ug)HD® + X V(f; U (gi, 8x))D°
+3° V((hi, b)) Ufi)D' + 3 V(h; U (F;, fi))D? + 32 V((hy, be) U f;)D?
+ 2 V(e U (fi, f))D* + 3 V(hy, hy) U f)D® + 3 V(hi U (f;, fi))D®
+>V((fi, ;) U D + S V((fi, f;) Ufi)DY + 3 V(i g5) U hy)D?
+ 3 V((fi, ) U fi)D' + 3 V((gi, f) U h)D + 3 V(g3 f;) U fi)D?
+3° V(g g) U h D' + 3 V(g4 g) Ufi) D' + 3 V(f; U (hy, hy))D?
+ 3 V(i U (hy, fi))D? + 3 V(i U (f;, hi))D? + 3 V(i U (f;, fir))D?
+3°V(gi U (hj, hi))D? + 3" V(g; U (hy, fi))D? + 3" V(g; U (fj, hy))D?
+3 V(g U (f, fi))D? + S V((f, fi) U h)D? + 3" V((f;, fi) U f)D?

+ 3 V((f;, 8) Uh)D? + 3" V((f;, &) UFD? + 3 V(g;, fi) L hy)D?
+3°V((gj, fi) UfID? + 3" V((gj, 8) U hy)D? + Y V((gj, gi) L f;)D?
+ 3 V(fie U (hy, h)D* + 3 V(i U (hy, f))D* + 3 V(fi U (f;, hy))D*
+ 3 V(i u (i, iDD* + 3 V(gi U (b, hy))D* + 37 V(g U (hy, f;))D*
+3° V(g U (i h))D* + 3 V(g U (fi, f))D* + 3 V((f;, fi) U hj)D?
+ > V((fi, i U F)D? + 3 V((fi, 81) U h)D° + 3 V((f;, gi) L f;)D?
+>°V((gi, fi) U h)D? + 3 V((gi, fi) L f;)D? + 5 V((g;, 8x) U hy)D?
+3° V(81 g LD + 3 V(f; U (hy, hi))D® + 3 V(f; U (hy, fi))D®
+32 V(U (fis DD + 3 V(i U (fi, fi))D® + 3 V(gj U (hy, hi))D®
+>V(gj U (hy, fi))D® + 3" V(g; U (fi, hi))DE + 3- V(g; L (f;, £i))D®).

Therefore, the algebraic loop Hom(£, M)¢ has the Moufang property; that is, the equality

holds if and only if

as required.

(f+yp @@+ph) +y f=(F+y 8) +y (h+y f)

0= V((fi, ) U fidD* + > V((gi, ) U fi)D* + 3 V(hy, f;) L fi) D!

+3°V((hi, g)) U fi)D = X" V((f;, &) U hi)D' =3 V(g fj) U hy)D?
+ 3 V(f; U (gj, h))D* + 3 V(f; U (hy, g))D? = X V(f; U (hy, fi))D?
- V(U (f, h)D? = 3V (g; U (hy, fi))D? = 3 V(g U (£, hi))D?
+ S V((f, i) UFD? + 3 V((gj, ki) UFD? + 3 V(hy, fi) U f;)D?

+3° V((hj, g1 Uf)D? = 3 V((fj, 81) L h)D? = 3V (g5, fi) L hy) D’
+ S V(iU (g h))D* + 3 V(fi U (hy, g))D* - - V(fi U (hy, f7))D*
-S> V(i u (i, B)D* = S V(gk U (hy, f;))D* = 3 V(gi U (fi, hy))D*
+ > V((fi, i) UFD + X3 V((gi, i) LD + 3 V(hy, fi) U f;)D?

+>° V((hi, g1 U F)D? = S V((fi, g) U hp)D? = - V(g4 fi) U hj)D?
+ 3 V(f; U (gi, hi))D® + 3" V(f; U (hy, g))D° = 3 V(f U (hy, fi))D®
=SV U (fi, )D® - S V(g U (hy, fi))D® - 3 V(g U (f;, hy))D®

— 753
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Remark 3.13. A space X is said to be a rational space if m+(X) is a graded vector space over Q. It is well known
that 77+ (QX) ® Q with the Samelson product <, > is a connected graded Lie algebra Ly if X is a 1-connected
rational space, where Q is the loop functor from the pointed homotopy category to itself. Moreover, there is
a beautiful theorem, originally due to Quillen, which states that any connected graded Lie algebra over Q is
realized as 71<(QX) ® Q for some simply connected space X. Therefore, we can obtain the results above with
a journey starting from a 1-connected space X, via the Quillen’s theorem (or Quillen minimal model), to the
connected graded Lie algebra Ly with the Samelson product.

4 Applications to the rational cohomology

If (X, m) is a rational H-space, then by the Hopf’s theorem (see [19, page 269] and [20]) the rational co-
homology is the free commutative algebra with the cohomology cup products ‘U’ on the set of generators
S ={x1,%2,...,xr}; thatis,

(H (X;Q), +,U) = Alx1, X2, - - ., Xr).

We denote this by A(S) with |x;| = n;,i=1,2,...,rand n; < n; <... < n,. Moreover, the Hopf-Thom theorem
says that X has rational homotopy type of a product of rational Eilenberg-MacLane spaces, i.e.,

X ~g K(Q, n1) xK(Q, np) x ... x K(Q, ny).

Recall that the multiplication m : Xg x Xg — Xg and the cohomology cross product pairing induce a
homomorphism of rational cohomology algebras

m" : A(S) — AS) @ A(S).
In a similar way, we consider the coproduct of rational cohomology algebras as follows:
AKX X2y oy X)) UAXL, X2y ooy X0) = AL, X2y ooy Xry X, Xy ooy X0),
where |x}| = n; fori=1,2,...,r.
Just like the previous case in Section 3, we define the following.
Definition 4.1. A homomorphism of the free commutative algebras
& AS) — AS)UA(S)
is called a cohomology algebra comultiplication of A(S) if
Mo§=1,5=m0%,

where 771 and 7, are the projections A(S) U A(S) — A(S) onto the first and second factors, respectively.

We also recall that the following diagram

HXQeH(X;Q —=HXxX;Q)

\ l P
H'(X;Q)
is commutative; that is,
Xi UXj = d*(Xi X Xj)
in (H"(X;Q), +,U) = A(S), where x is the cohomology cross product and d” is an algebra homomorphism
induced by the diagonal map d : X — X x X. Therefore, we will write the cohomology cup product x; U x; as

‘x;x;’ for convenience.
We now construct concrete cohomology algebra comultiplications in more detail below.
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Definition 4.2. We define cohomology algebra comultiplications
& p : A(S) = AS) L AS)
of A(S) by
&(xs) = Xxs + X5 + As
and
p(X¢) = X¢ + X¢ + By,

respectively, where

1. A1=B1=B2=0;

2. As =Zi’jxix]’~fors=2,3,...,nandi,je {1,2,...,r-1} with n; + nj = ns; and

3. Bt=zi,].,kx,~xjx§(fort=3,4,...,nandi,j,ke {1,2,...,r-1} with n; + nj + ny = n,.

We can also construct algebraic loops Hom(A(S), A(T)); and Hom(A(S), A(T)), induced by the cohomology
algebra comultiplications &, p : A(S) — A(S) U A(S), respectively, where A(T) is the free commutative algebra
on the set of generators T = {y1, y2, ...,y p with |y;| =m;,j=1,2,...,landmy smp <... < m;.

Remark 4.3. We note that the first perturbation of ¢, and the first and second perturbations of p must be
defined by A; = B; = B, = 0 in Definition 4.2 because of the anticommutativity of the cohomology cup
products and the dimension reason.

Let Dl-lj-,, Dizjk, : A(S) — A(S) L A(S) be the decomposable maps defined by

Djj(x1) = 0 = D (x1) = Do (x2);

and
Djii(xs) = x;X]
foreachs =2,3,...,rwithn; + nj = ns and
D (xe) = XiXjX},
foreacht =3, 4,...,rwithn; + nj + ny = n,, where i, j, ke {1,2,...,r-1}.

Leta =(aj, az,...,ar)and b = (b1, by, ..., br) be the elements of the algebraic loops Hom(A(S), A(T))¢
and Hom(A(S), A(T))p. Then we have

(al,az,---,ar)"'{(bl,bz,---,br)=(C1,C2,---,Cr)

and
(aly az,..., ar) +p (bly bZ’ ey br) = (dl’ d2’ ey dr),

where

1. ci=a;+by=dyandd, =a> + b,;

2. Cs= as+bs+zi’l-(ai|_|b,-)Di1j, and d; = a[+b,+zi’j’k(a,-ua,-ubk)Di2jk/ fors=2,3,...,randt=3,4,...,1;
and

3. the ‘+;” and ‘+,’ denote the binary operations on the algebraic loops Hom(A(S), A(T)); and
Hom(A(S), A(T)), derived from the cohomology algebra comultiplications & = {4, 4,

P(B,.B,,...,B,)» Tespectively.

.....

Definition 4.4. We define the one-stage cohomology algebra comultiplications &, p : A(S) — A(S) U A(S) of
A(S) by
£(xs) = xs + X + As,

and
p(x¢) = x¢ + x¢ + By,

respectively. Here
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1.
2.
3.

As=B;=0fors,t=1,2,...,r-1;
Ar=3; x;X; with n; + nj = ny; and
Br = 37, ; x XiXjXj with n; + nj + ny = nr.

We end this paper with the application of the Lie algebra comultiplications to the free commutative algebra
cases derived from a rational H-space as follows.

Proposition 4.5. Let ¢, p : A(S) — A(S)UA(S) be the cohomology algebra comultiplications given by Definition
4.4,andlet a = (a,, a,,...,ar),b = (b, bs,...,br)and c = (cq,Ca, ..., Cr) be the elements of the algebraic
loops Hom(A(S), A(T)) ¢ and Hom(A(S), A(T))p. Then

1.
2.

the algebraic loop Hom(A(S), A(T)); has the inversive, power-associative and Moufang properties;
the algebraic loop Hom(A(S), A(T)), is inversive or power-associative if and only if

Z V((a,', a]-) L ak)Dizjk, =0,
i,j,k

and

3. Hom(A(S), A(T)), has the Moufang property if and only if

0=>;:Vlai,c)u ak)Dizjk, + 354 Vb, ¢ U ak)Dizjk, +3 5 Vi, ap U ak)Dl-z]-k,
+ Ei,j,k V((Cl', b]) U ak)Dizjk’ - Zi,j,k V((ai, b]) u C}()Dizjk/ - Zi,j,k v((bz, a]) u Ck)Dizjk/y

where n; + n; + ny = ny, and V : A(T) U A(T) — A(T) is the folding homomorphism as in Definition 2.8.

Proof. The proof is straightforward and is very similar to those of Theorems 3.6 and 3.12. O
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