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Abstract: In this paper, we investigate a partially single-index varying-coefficient model, and suggest two
empirical log-likelihood ratio statistics for the unknown parameters in the model. The first statistic is asymp-
totically distributed as a weighted sum of independent chi-square variables under some mild conditions.
It is proved that another statistic, with adjustment factor, is asymptotically standard chi-square under
some suitable conditions. These useful statistics could be used to construct the confidence regions of the
parameters. A simulation study indicates that, with the increase of sample size, the coverage probability of
the confidence region constructed by us gradually approaches the theoretical value.
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1 Introduction

Consider a partially single-index varying-coefficient model of the form
Y = g5(BoUX + 657 + ¢, (1.1)

where (U, X, Z) € RP x R x RY is a vector of covariates, Y is the response variable, S, is a p x 1 vector of
unknown parameters, g is a g x 1 vector of regression coefficient, go(-) is a d x 1 vector of unknown functions
and ¢ is a random error with E(e | U, X, Z) = 0 and Var(e | U, X, Z) = o2. Assume that € and (U, X, Z) are
independent. In order to make sure the identifiability, it is often assumed that || || = 1, where || - || denotes
the Euclidean metric.

Feng and Xue[1] considered the problem of model detection and estimation for single-index varying-
coefficient model, they identified the true model structure and obtained a new semiparametric model, which
is partially linear single-index varying-coefficient model. As we all know, the optimal parametric estimation
rate is n~'/? and the optimal nonparametric estimation rate is n2/°, if we treat a parametric component as a
nonparametric component, the problems of data overfitting and efficiency loss will occur.

Model (1.1), may include crossproduct terms of some components of X and Z, is easily interpreted in real
applications because it has the features of the partial linear model, the single-index model and the varying-
coefficient model, which make the model more general. Model (1.1) takes many other regression models as
special cases, such as linear model, partial linear model, varying-coefficient model, single-index model,
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partial linear single-index model, single-index varying-coefficient model, etc. The linear component 65Z
provides a simple summary of covariates effects which are of the main scientific interest. The index S§U
enables us to simplify the treatment of the multiple auxiliary variables, and the functions gy (-)s enrich model
flexibility. It is well known that in order to construct the confidence region of (8¢, 6o) by using the normal
approximation method, it is necessary to construct the embedded estimation of the asymptotic variance of
the corresponding estimator, which includes the estimation of parametric and non-parametric components.
The empirical likelihood method avoids this shortcoming and its structure does not include estimation of
parameter (Bo, 6). In this paper, we can construct an empirical likelihood ratio function for (8o, 69) by
assuming go(+) and its derivative £ (-) to be known functions.

As far as we know, there is not much literature on this model by using empirical likelihood method,
although it has been applied to varieties of models. In this paper, we consider the problem of a method of
constructing confidence regions for (8o, 8), since the empirical likelihood method, which is introduced by
Owen|[2, 3], has many advantages. For example, it does not require the construction of a pivotal quantity, and
it does not impose a priori constraint on the shape of the region. Owen[4] proved the empirical log-likelihood
ratio is asymptotically a standard chi-square variable when he applied the empirical likelihood to linear
regression model, so that it can be applied to constructing the confidence region of the regression parameter.
There are studies related to empirical likelihood, such as Wang and Rao[5], Wang, Linton and Héardle[6],
Xue and Zhu[7-9], Zhu and Xue[10], You and Zhou[11], Qin and Zhang[12], Stute, Xue and Zhang[13],
Xue[14, 15],Wang et al.[16], Huang and Zhang[17], Wang and Xue[18], Lian[19], Xiao[20], Zhou, Zhao and
Wang|[21], Fang, Liu and Lu[22], Arteaga-Molina and Rodriguez-Poo[23], among others.

The rest of this article is organized as follows. In Section 2, we give an estimated empirical likelihood
ratio, and investigate the asymptotic properties of the proposed estimators. In Section 3, we give an adjusted
empirical log-likelihood and derive its asymptotic distribution. Section 4 reports a simulation study. Proofs
of theorems and lemmas are postponed in Appendix A and Appendix B, respectively.

2 Main results

2.1 Methodology

Suppose that {(Y;, U;, X;, Z;); 1 < i < n} is an i.i.d sample from model (1.1), that is

Yi =g6(ﬁ6Ui)Xi+9(‘gZi+€i, i= 1,"' , n, (21)
where ;s are i.i.d. random errors with mean 0 and finite variance ¢2. Assume that &;s are independent of
{Ui,Xi,Zi; 1<is< n}.

Our primary interest is to construct the confidence region of (89, o). In order to construct an empirical
likelihood ratio function for (B¢, 89), we introduce an auxiliary random vector

ni(B, 0) = [Y; - g6(B"UpX; - 0" Z;lw(B" U (&5 (B U)X, U7, Z{)". 2.2
where go(-) denotes the derivative of the function vector go(-), and w(-) is a bounded weight function with a
bounded support Ty. In order to control the boundary effect in the estimations of go(-) and g¢(-), it is necessary
to introduce this function here. To convenience, we take w(-) the indicator function of the set T,,. Hence, the
problem of testing whether (B, 6) is the true parameter is equivalent to testing whether E[n;(B, 0)] = 0if (8, 6)
is the true parameter. By Owen|[2], this can be done by using the empirical likelihood. That is, we can define
the profile empirical likelihood ratio function as follows

n n n
Ln(B, 0) = maX{H(npi) | pi =0, Zpi =1, Zpirli(ﬁ, 6) = 0}. (2.3)

i1 i=1 i=1
It can be shown that -2 log Lx(B0, 80) is asymptotically chi-squared with p + g degrees of freedom. However,
Ln(B, 0) cannot directly be used to make statistical inference of (8¢, 6p) because Ln(8,6) contains the
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unknowns g(-) and g(-). A common approach is to replace g(-) and g(-) in Ln(8, 6) by their estimators and
define an estimated empirical likelihood function.

When (8, 0) is known, model (1.1) can be treated as a varying-coefficient partially linear regression model.
Then, we can use the methodology of profile least square to estimate go(-) and go(-). We estimate the vector
functions go(-) and go(-) via the local linear regression technique. The local linear estimators for go(t) and
go(t) are defined as g(t; Bo, 60) = @ and 2(t; Bo, 6o) = b at fixed point (Bo, 6o), where @ and b minimize the
sum of weighted squares

> 1Y - 65Z; ~ {a+ b(BU; - 0} Xi)* Kn(Bo U; - 0), (2.4)

i=1
where Kj,(-) = h™1K(-/h), K(-) is a kernel function, and h = hy is a bandwidth sequence that decreases to 0 as
n increases to oo. Simple calculation yields

(&t Bo), h&(t; Bo))™ = (&5, Wo, 5, 80,8) " €6,5, Wo,, (Y — Z60), (2.5)

where
X7 X1(BoUL - 8)/h

-f()’ﬂo = ’ WO,ﬂo = dlag{Kh(ﬁSUl - t), ey, Kh(ﬁ{)Un - t)},
Xn Xn(BoUn - O)/h
Y= (Yl"" ) YH)T and Z = (ZI’ te aZYl)T-

Let g(t; B, h) and a(t; B, h) denote the estimators of g(t) and g(t) with the bandwidths h and h; = hy,
respectively. Therefore, let 7;(8, 6) denote n;(B, 8) with g(B"U;) and g(B"U;) replaced by g(8"U;; B) and

£(BTU;; B) respectively fori = 1, - -+ , n. Then an estimated empirical log-likelihood ratio function is defined
as
R n n n
I8, 6) = -2max{y log(np;) | p; 20, pi=1,  pifi(B,6) = 0}. (2.6)
i=1 i=1 i=1

By the Lagrange multiplier method, -2 log i(ﬁ, 0) can be represented as

18, 6) =2 log(1 + A"#;(8. 0)), @7)
i=1
where A = A(B, 0) is determined by
B, 0 _
Z T+ A3, 6) =0. (2.8)

Firstly, we write Gg = (g5(B"U1)X1, -+, 86(B"Un)Xn)". Hence, we can derive a estimator of G4 by (2.5),
which is

[XT, 041(&T g, Wi.5,61,80) ™ €1 g, Wi,

Gg, = : (Y - Z6o) (2.9)
[X;-I ’ Od]('f;,ﬁo Wl,ﬁo fn,ﬁo)_lf;’ﬁo Wn,ﬁo
£ Sp,(Y - Z6o) (2.10)
here 04 denotes the d-dimensional zero vector, let §; g and W; g denote &, g, and W, g, with ¢ replaced by
BiU;fori=1,---,n. Hence we get an approximate linear model as follows
(In_SﬁO)Yz (In—Sﬁo)Zeo+8, (211)

here I, denotes the nth identity matrix.
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Secondly, we can use the least square theory to obtain
0 ={Z"(In - Sp,) " Un - Sp,)Z} " Z"(In — Sp,)"(In — Sp,)Y, (212)
we can get the estimators of g(-) and g(-) at t = Bju by substituting (2.12) into (2.5) as follows

(8(6; Bo), h&(t; Po))" = (£0,8,Wo,p, fo,po)flfg,ﬁo Wo p,(Y - z0). 13)

Thirdly, noticed that (2.13) and (2.12) are based on a known f,. Under the condition ||| = 1, we have a
estimator f of By by minimize the following equation that

N@B) =D {Y;- g (B UX; - 67Z;}°. (2.14)

i=1

Obviously, solving (2.14) is equivalent to solving the following equation under the condition ||3|| = 1 that

Y AYi - & (BTUNX; - 67Zi}§T (B UDX;Uw(BTU) = O. (2.15)
i=1

Finally, we get the final estimators 0, 3(-) and &(-) with Bo replaced byﬁ in 8, 3(-) and &(-), respectively.

2.2 Asymptotic properties

Let By = {B € B: ||B-Poll < con?}and @y = {6 € O : [|§- ]| < con "/} for some positive constant co. To
obtain the asymptotic distribution of -2 log i(ﬁo, 0o), we give a set of conditions first. These conditions are
not very hard to satisfy, similar restrictions were also made by Hardle, Hall and Ichimura[24], Xia and Li[25],
Wang and Xue[18], Xue and Pang[26].

(C1) The density function f(t) of B7U is bounded away from zero for t € T,, and B near By, and satisfies the
Lipschitz condition of order 1 on T, where Ty, is the support of w(t).
(C2) The functions g]-(t), 1 < j < g, have continuous second derivatives on Ty, where gj(t) are the jth
components of go(t).
(C3) E(|U[|®) = o0, E(|X[|®) < 00,E(|1Z|[®) < oo, E([&[°) < oo,
(C4) The bandwidths satisfy that h — 0, nh?/log® n — oo, nh*logn = 0p(1), nh® = 0p(1), nhh3/log? n — oo,
h1 ~ Tl_l/S.
(C5) The kernel K(-) is a symmetric probability density function with a bounded support and satisfies the
Lipschitz condition of order 1 and [ t*K(t)dt # 0.
(C6) The matrix D(t) = E(XX"|BSU = t) is positive definite, and each entry of D(t), D"1(f) and C(f) =
E(XZT|B5U = t) satisfies the Lipschitz condition of order 1 on Ty, where A = w(B{U)(g5(BU)XUT, Z7)".
(C7) The matrix B(Bg, 80) = E(AAT) is positive definite.

The following theorem shows that -2 log i(ﬂo, 6p) is asymptotically distributed as a weighted sum of
independent x? variables.

Theorem 2.1. Suppose conditions (C1)-(C7) hold. If (Bo, 6o) is the true value of the parameter, then
—210g]:(ﬁ0, 0o) 2, W1X%,1 Foeeet WPHIX%,pﬂ]’

where 2 denotes the convergence in distribution, the weights w; (1 < j < p + q) are the eigenvalues of
V(Bo, 60) = B*(Bo, 80)A(Bo, 60), and {x3 ;1 < i < p + q} are the independent x3 variables. Where

A(Bos 60) = B(Bo, 60) - E[C(B5U)D ™ (B U)CT (BSV]. (2.16)
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In order to apply Theorem(2.1) to construct a confidence region for (89, 6p), we have to estimate the unknown
weights w;s consistently. By the plug-in method, A(Bo, 60) and B(Bo, 6o) can be estimated consistently by

s a L ma A s PR N
A(B, 0) = n Z[AiAiT - C(BTUND (B UHCT (B UY), (217)
i=1
and
PO LN
B(p,0) = - AAT, (2.18)
i=1
respectively, where (B, 6) is defined in the above, and A = W(BTUI-)(§T(BTU1-)X1-U]T ,ZD)T, CH) =

S Wai(DAXF and D() = 1, Wii(X:XT with

W,i() = Kl(Brgrf_')/ > k-1 Kl(ﬁfllw]:_')’

where K (+) is a kernel function, and b, is a bandwidth with 0 < b, — 0.
This means that W;, the eigenvalues of f/(,B ,0)=B1 B, 9)21([3, 6), consistently estimate w; forj = 1,--- , p+
q.Let ¢1_4 be the 1-a quantile of the conditional distribution of the weighted sum § = W )(il +e- '+‘7Vp+qu pHg

given the data. Then we can define an approximate 1 — a confidence region for (8¢, 6,) as
Reer(@) = {(B,6) € Bx O : ~21og L(B, 0) < &1-q}.

In practice, we can calculate the conditional distribution of the weighted sum §, given the sample
{(Y;, U;, X;, Z;), 1 < i < n} by using Monte Carlo simulations, by repeatedly generating independent samples
Xi1>+* s X1 psq from the y7 distribution.

3 Adjusted empirical likelihood

When we use Theorem (2.1) to construct confidence regions of (8, 8), the weights w;s need to be estimated,
the accuracy of confidence region is decreased. Let p(Bo, 60) = (p + q)/tr{Vo(Bo, 60)}, where Vo(Bo, 0o) is
defined in Theorem (2.1). By Rao and Scott[27], the distribution of p(Bo, 60) S-F"7 wix3 ; can be approximated
by )(IZHq, which is a standard chi-square distribution with p + g degrees of freedom. Therefore, an improved
Rao-Scott adjusted empirical log-likelihood ratio can be defined as

1(8, 6) = p(B, O){-21og L(B, 6)}. (3.1)

However, the accuracy of this approximation depends on the w;s. Xue and Wang[28] proposed another
adjusted empirical log-likelihood. By using an approximate result in the above, the adjustment technique is
developed by Wang and Raol[5]. Note that (8, 6) can be written as
tr{A~(B, 0)A(B, 6)}
tr{B-1(B, 0)A(B, 6)}
where A~ represents a generalized inverse of matrix A. By examining the asymptotic expansion of
-2log I:(B , 0), similar to Xue and Wang[28], we can define an adjustment factor
tr{A~(B, )%(B, 6)}
tr{B-1(B, 0)2(B, 6)}

where £(8, 0) = {311, 7:(8, O}{ 31, 7:(B, 6)}7. The adjusted empirical log-likelihood ratio is defined by
1B, 6) = 7(B, 6){~210g L(B, O)}.. (32

The following theorem shows that the adjusted empirical log-likelihood ratio is asymptotically distributed
as standard chi-square.

[)(.B’ 9) =

(B, 0) =
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Theorem 3.1. Suppose that conditions (C1)-(C7) hold. Then
T(BO, 90) i> X127+q-

Invoking Theorem (3.1), 7(/3, 0) can be used to construct an approximate confidence region for (8¢, 6o).
Thereby, we can obtain the confidence region of (8, 6)

Raet(@) = {(B,0) € Bx 0 :1(8,60) < c1_4},

where P(x7.q < C1-¢) = 1 - a.

To apply Theorem (3.1) to construct a confidence region for (8¢, 89), we only need to estimate the adjustment
factor #(B, 0) by replacing (8, 6) by (B , 0). The value of -2 log f,(B, 0) is not depend on the estimation of (8, 6).
In practice, we can calculate the numerical value of -2 log I:(ﬁ , 0) by using the package in R(see ‘emplik’,
http://cran.r-project.org/web/packages/emplik/).

4 Simulation study

Consider the regression model
Yi = 81(BoUNXi1 + 82(BoUNXiy + 00Ziy + 0623 + &3, i=1,---,n, (4.1)

where o = (vV2/2,v2/2)7, 6y = (2,1.2)7, & ~ N(0,0.32). The sample {U; = (Uj;, U;»)";1 < i < n}
was generated from a bivariate uniform distribution [-1, 1]> with independent components, X;;, X;, were
generated from a normal distribution N(0,0.82) and {Z; = (Z;;,Z;;)";1 < i < n} was generated from a
bivariate normal distribution N(0O, X) with Cov(Zy, Z;;) = 2x0.5 LS ,k,1=1,2.Inmodel (4.1), the coefficient
functions are g (t) = sin(t - 2) and g,(t) = 1 - t2.

We used a Epanechnikov kernel K(f) = 0.75(1 - t?); and took the weight function w(t) = I3 ﬁ](t).
The bandwidths i = h;n"Y/?>(log n)™"/2 and hy = hop respectively, where h,p; was an optimal bandwidth
by using the generalized cross validation(GCV). It’s not hard to see that the bandwidth h satisfies condition
(C4).

Table 1 The coverage probabilities of the confidence regions on (8, 8) when the nominal level is 0.95

n Resampling times Coverage probabilities
90 500 0.924
120 500 0.934
150 500 0.942
170 500 0.940
190 500 0.950

From Table 1, we can see that the probability of coverage increases with n until it approaches the theoretical
value 0.95.

5 Appendices

5.1 Appendix A: Proofs of theorems

Proof of Theorem 2.1. Applying the Taylor expansion to (2.7) and utilizing Lemma (5.4), we obtain that

n

~2108L(Bo, 00) =~ 3" {AA:(Bo, 60) - 3 (X" 7i(Bo, o)1} + 0p(D), (T.1)

i=1
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Employing (2.8), we have

1<~ 7i(Bo, 60)
0=— — e
n Z 1+ /\Tﬂi(ﬁo, 90)

i=1

1o~ 1<, .
= E ;ﬂi(ﬁo’ 60) - H ;ni(ﬁo, GO)U;-(BO; GO)A

1 = 7i(Bos 00)A"7;(Bo, 60)]?
" ; 1+ A77;(Bo, 6o) )

The application of Lemma (5.4) yields that

n

> A 7i(Bo, 60)1* = > A"i(Bos 60) + 0p(1),

i=1 i=1

and
n

A= [Z 7:(Bos 80)77 (Bos 80D S 71:(Bos 60) + 0p(n12).

i=1 i=1

This together with (T.1) proves that
-21og L(Bo, 00) = nQH(E, Bo, 00)Rn" (Bo, B0)Qn(&, Bo, o) + 0p(1). (T.2)

Let 7([30, 0y) = -2log I:(ﬁo, 0y), and from (A.4.2) we obtain

1(Bo, 60) = [(02A)™2/nQn(E, Bo, B0)]" V(Bo, 80)[(0°A) /> V/nQn(Z, Bo, 0)] + 0p(1), (T3)
where  V(Bo, 0o) = AY2(By, 00)B 1 (Bo, 00)AY?(By, 0o) is defined in Theorem(2.1).
Let V = diag(wy, --- , Wp+q), Where w;, 1 < i < p + g, are the eigenvalues of V(fo, 6o). Then there exists

an orthogonal matrix H such that H* VH = V(Bo, o). Thus,we have

Qn(g’ B’ 9) = ]l(g’ B’ 6) +]2(§a B) +]3(§’ B’ 9) +]4(§, ﬁO’ 90) + Q(gO’ ﬁ’ 0) (T4)

From (T.4) and Lemma (5.3), we have

Qn(& o, B0) = Ju(&, Bo, 60) + 0p(n”*'?).
From (A.3.4) we derive that
H{0” A" (Bo, 60)} "> Qn(&. Bo, 60) > N(O, Ipsg), (T.5)
where I,.q is the (p + q) x (p + g) identity matrix. Results (T.5) and (T.4) together prove Theorem (2.1). O

Proof of Theorem 3.1. Note that A(Bo, 60) — A(Bo, 8o) and B(Bo, 80) — B(Bo, 6o). By the expansion of (3.2)
and
log L(B, ) = -5 k(2. B. 0){0” B(B. 6)} * Qn(&. B. 6) + 05(1),

we obtain
Tae1(Bos 80) = nQR(Z, Bo, 80){0 %A (Bo, 0)} " Qn(Z, Bo, Bo) + 0p(1). (T.6)

Hence, (T.6) proves Theorem (3.1). O
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5.2 Appendix B: Proofs of lemmas

Lemma 5.1. Suppose conditions (C1)-(C3), (C5) and (C6) hold. Then

. 1
sup  [(t:B) - o(D)]| = Op(h? + {-2T31/2), (5.1)
teTw,BEB nh
and loen
sup  [|3(t: B) - Go(Dl] = Op(h + {~>1131/2), 5.2)
€Ty, BE B nh

Proof of Lemma 5.1. This lemma is a direct extension of known results in nonparametric function estimation,
we can find its proof in Wang and Xue[18], they used the result of Theorem 2 in Einmahl and Mason[29], we
omit the detail here. O

To make formulations more concise, we give some notations here. Denote G = {g : T x B — R%}, |g|| g =
SUPscT, peB llg(t; B)||. From Lemma (5.1), we have ||§ - go|lg = 0p(1) and || - £ol|g = op(1). Hence we can
assume that g lies in G5 with § = 6, — 0 and 6 > 0, where

95=1{g€ 5+ /g~ 8olls <6, I8~ Sollg < 63, (A.L1)

Q. B, 6) = EL{Y - 672 - g"(B7U; )X)@"(7Us XUT, 2 w(g™ D), (a12)

Qu(g, B, 6) = T3 {Y; - 677 - 87 (B Ui X} 7 (" Uis XUT, 20" wiB™Uy. (A13)
i=1

Lemma 5.2. Suppose conditions (C1)-(C6) hold. Then

V(@ - 60) 25 N(0, 0> MpY), (5.3)
where My = E[{Z - C*(B5U)D 1 (BSU)X}{Z - C*(BEU)D* (B5U)X} "], and C(-), D(-) are defined in condition Cé6.
Proof of Lemma 5.2. From (2.9) and (2.12), we have

V(6 - 6o)

= V{Z"(In = Sp)" (In = Sp)Z} " Z" (In — Sp)" (In = Sp)(Y — Z6p)
1
vn
Let’s consider the three terms on the right-side hand of the equation given in the above.
First, we show that

= {27 Un = S Un ~ $)2) =27 (In = Sp) (s - Sp)(Gg - &),

1

ﬁzf(zn ~ Sp)"(In - Sp)e - N(0, 0> My). (A.2.)

We have

L Wapbop - (| AZHIE O ASLGE ORI
n °0:8 70,550, LS Kp(BTU; - X, XF BV L5 Ky (BTU; - X, XT(BYty?

1 . 1 Zn: I(h(BT Ui - f)XiZT
- Wa o7 = n =1 L s 5.5
no0sWop (; St Ky(BTU; - X ZE(BTU; - ) G:5)
1., IS Kn(BTU; - OXe
= W, € = n fi=1 . 5.6
néosWos <,11 >it1 Kn(BTU; - 0X;&i(BU; - t) 6o
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Note that each entry of the above matrices has a standard kernel estimation form, hence

%fg,ﬁwo,ﬁ‘fo,ﬁ = f()D(t) ® diag{1, u2} + Op(h” + {log n/nh}'/?), (5.7)
%fg,ﬁ Wo,5Z = f(OC() ® {1,0}" + Op(h” + {log n/nh}'?), (5.8)
L5 gWo ge = 0p(h* + {logn/nh} 1), (59)

uniformly for t € Tw and € By, here @ denotes the Kronecker product.
Let T; = Z; - ([X;, 041(&] Wi péip) " T Wi pZ)", now we have

1
EZT(In - Sﬁ)T(In - Sﬁ)g

= \% Z Tilei - ([X;, 041(& Wi,ﬁ‘fi,ﬁ)ilg’ﬁ Wipe)l
i=1

1« 1« igr
=— Z Tie; - —= Z Ti[X;, 0al(& s Wi g8 p) " &1 g Wi ge-
vng vno

Since we have || - Bo|| = Op(n"*/?) when B € By. Then, suppc g, 1165,5 Wo.880.8 = 45,5, Wo.p0 80,80 | = 0p(n'/?)
and supge s, 165 s Wo,8Z ~ &5 g, Wo 5,21l = 0p(n'/2). By (5.7), (5.8), (5.9) and the results in the above, we have

T; = Z; - C*(B5U;)D (B U)X; + 0p(n~ % + h? + {log n/nh}''?), (5.10)
[Xir Od](&t/} Wi,ﬁgi,ﬁ)_l'fl{ﬁ Wi,ﬁZ = {CT(ﬁT Ui)D_l(ﬁT Ul')Xi}T + Op(h2 + {log n/nh}l/z), (511)
[X;, 041(&7 g Wi p&i ) &7 g Wi pe = Op(h? + {log n/nh}'/?). (5.12)

Then, using the Law of large Numbers, it’s not hard to obtain
1 n
E[— T;eil =0,
[ NG i; i€il

1 ¢ . g
E[ﬁ 12:1: T;(IX;, 041(&7 g Wi i )~ &1 g Wy )] = O,

E% > Tieil* = 0 E{Z - CT(B3U)D ™ (BoU)XHZ - CT(B3UID ™ (Bo U)X} + 0(1).
i=1

Also, we have
1 n
E| == TillX;, 04)(& g Wi s ) &1 g Wy ge®
vn i=1
< E||T;|*El| Ti([X;, 0a) (&7 g W; p &1 p) ™ & s Wi g
Then, we can derive that

1\ . g
E{ﬁ ;[Xi: 041(& s W; i p) ' 1 Wy gE}” = 0(1).

Using the results in the above, we can prove Lemmal(5.2) by applying the central limit theorem and Slutsky’s
theorem.
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Second, we will show that L

\/HZT(In - SB)T(In - Sﬁ)Gﬁ = Op(l). (A22)

Similar to (5.4) and (5.7), we have
1.
n%0.8Wo,pGp

= 7 Lic Kn(B7Ui - Dg5(B UpXi X
LY Kn(BU; - Dg8(B UDXXT (5

= f(t)D(Dgo(t) @ [1, O] + Op(h? + {log n/nh}'?),

uniformly for ¢t € Ty and 8 € By. Then, we have
(X, 041(&T g Wi p&i ) &7 g Wi 5 G = {86(BEUNX;}™ + Op(h? + {log n/nh}'/?).
So, we have the result as followed

1
N

= D TS B UK - X, 0al(ET g W) Wi g G}
i=1

Z"(In - Sp)"(In - Sp)Gp

= = S {EBBEUX 00 + {log n/nh} ), - C(BUID ™ B5U)X)
i=1

= 0p(vn[h? + {log n/nh}*/?1?).
Checking the condition (C6), it’s obvious that
nli_>m Vvn(h? + {log n/nh}l/z)2 =0.

Hence, (A.2.2) is proved.

Third, obviously,
1
WZT(I,[ - Sﬁ)T(In - Sﬁ)Z

- E[{Z; - CT(B3UD™ (BRUDX;HZ: - CT(BSUND™ (BRUDXi} "] + Op(- + h? + {logn/nh} /%),

uniformly for ¢t € Ty and 8 € By. By the Law of large Numbers, we have

1 T T
2= 5" =52
= E[{Z - C*(B5U)D Y (BSU)X}{Z - CT(BSU)D H(BSU)X}T] + 0p(1). (A.2.3)
Hence, (A.2.1), (A.2.2) and (A.2.3) are together to prove Lemma (5.2). O

Lemma 5.3. Suppose that conditions (C1)-(C6) hold. Then

sup 11(g, B, 0)|| = 0p(n™*?), (A.3.1)
(g,ﬁ,9)€95><3nx@n
sup [|J2(&, B)l| = op(n"1/?), (A3.2)
ﬁegn
sup I73(g, B, 0)]| = o(n™1/?), (A.3.3)

(g,B,G)egngnxG)n

Vl4(@, B, 6) 25 N(0, a*A(Bo, 60)), (A3.4)
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where A(Bo, 69) is defined in (2.16),

J1(g, B, 6) = Qu(g, B, 6) - Q(g, B, 6) — Qn(go, Bo, 6o),
J2(g, B) = Q(g, B, 6) - Q(go, B, 0)
- o(g0(B"U; B), ) {g(B"Us B) — g0(B" U B},
J3(g, B, 0) = @(g0(B" U; B), B){g(B"U; B) - 80(B" U B}
- @(go(B"U; B), Bo){8(B"U; B) - 80(B" U; B)},
J4(8, Bos 0) = Qn(go, Bo, B0) + @(g0(B" U; B), Bo){g(B"Us B) - 8o(B" U; B)}-

Proof of Lemma 5.3. To prove (A.3.1). Denote rn(g,B,0) = +/n{Qn(g,B,60) - Q(g,B,0)}. Noting that
Q(go, Bos 6o) = 0, we have

Ji(g, B, 0) = 1% {ru(g, B, 6) - rn(g0, o, 60)}- (A3.5)

It can be shown that the empirical process {rn(g,8,0) : g € 91,8 € B1,0 € O;} has the stochastic
equicontinuity, where B; = {f € B : [|[B-Boll <1}, 01 = {0 € O : |0 - 0| < 1} and G, is defined in
(A.1.1) with 6=1. The equicontinuity is sufficient for proof of (A.3.1) since 6 < 1 for large enough n.

To prove (A.3.2), define the functional derivative @(go(; B), B) of Q(g, B, 0) with respect to g(-; B) at go(:; B)
at the direction g(-; B) — go(+; B) by

(808, B B) - 8ol )}
- Hm[Q(go(s B) + (g B) - 8ols B), B, 6) - Qgo(: B), B, O)] - .

Let go(B"U; ) = E{go(BoU)IB" U} and &o(B"U; B) = E{0(B5U)|B" U}. Obviously, 80(B5U; Bo) = 8o(BoU) and
£0(BoU; Bo) = £0(ByU). Then, some elementary calculation yields that

J2(8, B) = - E[{g(B"U; B) - go(B"U; B)} X
x ({g(B7U; B) - £0(B"U; B)} XU", 0) w(B"U)],

here 04 represents the g-dimensional zero vector. Note that the lower ¢ components of J,(g, B) are 0, so we
just have to consider about the upper p components of /,(g, 8). Denote

J2,1(8, B) = - E[{g(B"U; B) - go(B"U; B)} ' X
x {&(B"U; B) - £o(B"U; B)} XUW(B"U)]. (A.3.6)

Similarly to the proof of Lemma 2 in Xue and Wang|[28], for any p-dimension vector w, we have
W21 B) =~ [ 1E6B) - 200} Hul®)
% {&(t; B) - £o(O}w(Of (Ddt + op(n*?),

where uy(t) = E{Xw"UX"|B'U = t}, and f(t) is the probability density of 87U. By using the standard
argument of nonparametric estimation, it’s not hard to prove

&(t; B) - go() = DX OLF (O} n(t; B) + Op(n™ + h? + {log n/nh}!/?),
uniformly for t € Ty and 8 € By, where
1 n
Pn(t:B) = - > {Yi - g5(BTUDX I XK (BT U; - ).
i=1
Hence, we can derive that

w218, B) =~ /{D_l(t)dm(f;ﬁ)}rﬂw(t){é(t;ﬁ) - go(B)}dt + Op(n™"? + h? + {log n/nh}'/?)
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=2 (&, B) — (&0, B)} + Op(n"Y/2 + K% + {log n/nh}'/?),

where vn(g, ) = n" Y2 31 ew(BTU)XT DL (BT U pw (BT U)E(BT U;; B). Similar to the proof of (A.3.5), we can
use the empirical process techniques and show that the stochastic equicontinuity of vn(g, ), and hence
yn(&, B) = yn(&0, B)|| = 0p(1). By checking the condition (C4), the proof of (A.3.2) is complete.

We now prove (A.3.3). For the convenience, let /3, 1(g, 8, 0) and J3 2 (g, B, 6) denote the upper p components
and the lower g components of J3(g, B, 6) respectively. Hence, we have

J3,1(8, B, 0) = ~El(60 - 0) ZI(B" U; B) - £0(B"U; P)I" XUW(BT V)]
+ E[{(80 — )" Z[£(B"U; Bo) — §0(B"Us Bo)]" XUW(B"U)]
+E{g(B"U; B) - 80(B"U; B)} " X&6(B" Us BXUW(B™ U)]
- E[{g(B"U; Bo) — 80(B" Us Bo)} " X&0(B" Us Bo)XUw (BT U],
and
J3,2(8, B, 6) = E[{g(B"U; B) - 8o(B"U; B) + 80(B"Us Bo) — 8(B" Us Bo)} XZw(B"U)]. (5.13)
Check the condition (C6), and denote ¥(go,) = £5(87U; BXUw(B'U) and ¢(g,B) = {g(B"U;p) -
go(B7U; B)}"X. Then, we have
J3.1(8. B, 0) = Elp(g, B (&o, B)] - Elp(g, Bo)ip(&o, Bo)] + 0p(n?)
- E[{9(g, B) - ¢(g, Bo)} (&0, P)] + Elp(g, Bo) (2, B) - (&0, Bo)}] + op(n™/?)
2 J3,1a(8, B) + J3,16(8, B) + 0p(n''?).

By condition (C2), we have

(g, B) - @(g, Bo)
= [|{g(B" U; B) — 8o(B" U; B) + 8o(B" U; Bo) — 8(B" U; Bo)} " X||
= {8(B1U; B1) — £o(B2 U} X (B ~ Bo){U - E[U|B; UL} |
< (1§ - ZollslIB - Boll(1U — ELUIBUINIXID,

where B, and B, are between S and B, and ||(go, B)|| < (| X])(J|U|}). Now, we have ||J3.14(g, B)|| = o(n"/?),
uniformly for g € G5 and B € Bn, 6 € On. Similarly, we can prove || 1,(g, B)|| = o(n™/?) and J3 »(g, B) =
o(n"/2), uniformly for g € G5 and B € By, 0 € On.

Finally, we prove (A.3.4). Using the dominated convergence theorem ,we can obtain

@(80(B"U), Po){8(BoU; Bo) - go(BoU)}
= ~E[{g(BoU; o) - 8o(BoU)} " X(86(BoUIXU™, Z) w(B"U)]
+ E[{(80 - )" Z}(18(Bo Us Bo) — §o(Bo )" XU™, 0g) w(BT U)]

= - /C(t){g(t, Bo) - go(OY}f(H)dt + OP(n—l/z Th2 4 {log Tl/nh}l/z)
- _% Zl &:C(BLUND ™ (BLUX; + op(n™"/2 + h? + {log n/nh}'/?).

This together with (A.1.3) proves that
Ja(&, Po, 60) = - €1d; + 0p(n ™% + b + {log n/nh} 112,

where {; = w(BLU)EL(BEUNX; U; — C(BSU)D(BE U;)X;. By the central limit theorem and Slutsky’s theorem,
we have
VA4, Bo, B0) — N(0, 6> A(Bo, Bo)).- (A37)

Therefore, the proof of Lemma (5.3) is complete. O



740 —— XingXiang and Wanrong Liu DE GRUYTER

Lemma 5.4. Suppose that conditions (C1)-(C6) hold. Then

sup  ||Qn(&, B, 0)| = 0p(n™/?), (A41)
(B,0)€B %O,

sup  |[Ra(B, 6) - >B(Bo, 60)|| = 0p(1), (A4.2)
(B,0)€B %6,

sup  max||7;(8, O)|| = op(n'/?), (A4.3)
(B,6)€BnxO;, 1<is<n

sup  [A(B, 0)]| = op(nV/?), (A44)
(B:B)GIBHXQn

where Qn(g, B, 0) = L S0 {Y; - 87 (B"U;; P)X; - 0" Zyw(B"U)E" (B™U;; PX; UT, ZI)7,
Rn(B, 6) = % Z{':l (B, O (B, 6) and B(Bo, Bo) is defined in condition (C7) and 7}; is defined in (2.7).

Proof of Lemma 5.4. By Lemma (5.3) and (T.4), note that Qn(g, B, 6) = 0 and Q(go, Bo, 6o) = 0, we can prove
(A.4.1). To prove(A.4.2), let
Roi(B 6) = (8, 6) - ni(Bo, 60)
= &ilw(B"Us; B) - w(Bo U)o (BoUnXi Uy, Z{)"
+ &ilw(B"Us; B) - w(BEUDHIZ(B™ Uss B) - £o(B5 UDI X, U, 07}
+&w(BT Ui P{IE(B™Us; B) - £o(BSUNI X, UF, 07}
+[80(BoUy) - E(B" Uy B X;w(B" Us; B) (&0 (BoUNX, U7 , Z7)"
+ (00 - )" Ziw(B"Us; BYEH(BEUDXUT, ZD)"
+ [20(BEUY) - E(B™ Uy B X;w(B" Uy B{[(B™Uss B) - £0(BSUNI X;UT, 07}
+ (60 - 0)"Z;w(B™U;; B){[£(B"Uss B) - 20(BE U X; U7, 07},

where 7;(+) is defined in (2.2), hence

Ru(B, 6) = " 1i(Bo, 60011 (Bo. 00) + 7 > Rui(B, OOR}1(5 6)
i=1 i=1

1 > C0R 5,0+ N 2 Rulb, O Bo. 60

£ M1(Bo, 00) + M2(B, ) + M5(B, 6) + M4(B, 6).

By the law of large numbers, we have M; (8o, 6o) 2, 02B(Bo, 6). In order to prove (A.4.2), we only need to
prove that M;(8, 6) 2.0 uniformly for (8, 0), 1 = 2, 3, 4.

Let M, (B, 6) denote the (s, t) element of M, (8, ), and Ry; s(8, 6) denote the sth component of R,;(5, 6).
By Cauchy-Schwarz inequality,we have

a8, 0) = (D" R (B, 0)M2(5 S 7 R (8, 60 (a45)
i=1 i=1

Since the lower g components of Ry; s(8, 8) are zero, we need only to consider the upper p components of
Ryi s(B, 0). It can be shown by some elementary calculation that

1w P
- > Rpis(B,6) — 0,
i=1

uniformly for (8, 8) € Bn x On. By this, we can prove that M, (8, 6) N 0, uniformly for (8, 6) € Bn x On.
Similarly, it can be shown that M5(B, ) P 0and M 4+(B, 60) 2.0 uniformly for (8, 6) € Bn x On. Hence, this
proves (A.4.2).

Similar to the proof of (A.4.2), we can derive (A.4.3) and (A.4.4), we omit the detail here. O
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