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Abstract: This paper considers the nonfragile observer-based guaranteed cost finite-time control of discrete-
time positive impulsive switched systems(DPISS). Firstly, the positive observer and nonfragile positive ob-
server are designed to estimate the actual state of the underlying systems, respectively. Secondly, by using
the average dwell time(ADT) approach and multiple linear co-positive Lyapunov function (MLCLF), two
guaranteed cost finite-time controller are designed and sufficient conditions are obtained to guarantee the
corresponding closed-loop systems are guaranteed cost finite-time stability(GCFTS). Such conditions can be
solved by linear programming. Finally, a numerical example is provided to show the effectiveness of the
proposed method.

Keywords: Guaranteed cost finite-time control, Nonfragile positive observer design, Discrete-time positive
impulsive switched systems, Average dwell time

MSC: 15-xx, 65-XX, 93-XX

1 Introduction

The switched system is a type of hybrid systems. It comprises a set of a differential or difference equations
and a switched controller, which designate the switching between subsystems at a specific interval of time. It
has been studied very well, see [1-4]. As a special kind of switched systems, the positive switched systems
whose output and state are non-negative have been paid much attention and adopted to many practical
applications, such as communication networks [5], viral mutation [6], formation flying [7], and so on. There
have been many available results about discrete-time positive switched systems [8-10]. Because of sudden
changes in the state of the system at certain instants of switching, many practical switched systems exhibit
impulsive dynamical behavior, these systems are usually called impulsive switched systems [11]. For discrete-
time positive impulsive switched system, a few results have been obtained, see [12,13]. In [12], the exponential
stability for a class of discrete-time positive impulsive switched linear systems was studied. In [13], the finite-
time stability for a class of discrete-time positive impulsive switched time-delay systems under asynchronous
switching was discussed. However, [12] and [13] are based on the assumption of the known state.

Moreover, it is necessary to design a state observer, because the states of the systems are not all
measurable in practice [14]. Recently, the exponential stability property of the proposed switching observer

*Corresponding Author: Leipo Liu: College of Information Engineering, Henan University of Science and Technology,
Luoyang, 471023, China, E-mail: liuleipo123@163.com

Hao Xing, Xiangyang Cao, Zhumu Fu: College of Information Engineering, Henan University of Science and Technology,
Luoyang, 471023, China

Xiushan Cai: College of Mechatronics and Control Engineering, Hubei Normal University, Huangshi, 435002, China

3 Open Access. © 2019 Liu et al., published by De Gruyter. This work is licensed under the Creative Commons Attribution alone 4.0
License.


https://doi.org/10.1515/math-2019-0058

DE GRUYTER L. Liuetal. =— 717

was discussed, and an LMI-based algorithm was given for discrete-time impulsive switched nonlinear systems
with time-varying delays in [15]. The problem of state observation for continuous-time and discrete-time
impulsive switched systems was investigated in [16]. Furthermore, when the state observer gain variations
could not be avoided, a kind of nonfragile state observers for discrete-time switched nonlinear systems was
proposed in [17]. However, [15-17] were involved in non-positive systems and the design of finite time controller
was not considered.

On the other hand, in most practical applications, the researchers are more interested in designing the
control system, which is not only finite-time stable but also guarantees an adequate level of performance. One
method to this problem is so-called guaranteed cost finite time control. Some remarkable results have been
presented, see [18-23]. These results mainly focus on non-positive systems. Very recently, In [24], guaranteed
cost finite-time control was extended to fractional-order positive switched systems and a cost function for
fractional-order positive systems (or fractional-order positive switched systems) was proposed. In [25], the
problem of guaranteed cost finite-time control for positive switched linear systems with time-varying delays
was considered and a cost function of positive systems (or positive switched systems) was also presented. It is
worth noting that [24] and [25] are involved in continuous-time positive switched systems with known states.
To the best of our knowledge, the problem of observer-based guaranteed cost finite-time control of discrete-
time impulsive switched systems has not been fully investigated, especially for DPISS, which motivates us for
this study.

In this paper, the problem of nonfragile observer-based guaranteed cost finite-time control of DPISS is
considered. The co-positive type Lyapunov function with average dwell time (ADT) technique is constructed.
The main contributions lie in two aspects: 1) For DPISS, the design methods of positive observer and nonfrag-
ile positive observer are firstly proposed, respectively. 2) Two types of guaranteed cost finite-time controller
are designed to guarantee the corresponding closed-loop systems are GCFTS, the obtained conditions can
be easily solved by linear programming. The rest of the paper is organised as follows: Section 2 gives some
necessary preliminaries and problem statements. In Section 3, the main results are given. In Section 4, a
numerical example is provided. Section 5 concludes the paper.

Notations. The representation A - 0 (= 0, < 0, < 0) means that a;; > 0 (> 0, < 0, < 0), which is also
applying to a vector. A -~ B (A = B) means that A - B = 0 (A - B = 0). RY is the n-dimensional non-negative
(positive) vector space. R™™ denotes the space of n x n matrices with real entries. AT denotes the transpose of
matrix A. N and N* are the sets of non-negative and positive integers. Z* denotes the set of positive integers.
Matrices are assumed to have compatible dimensions for calculating if their dimensions are not explicitly
stated.

2 Preliminaries and problem statements

Consider the following DPISS:

x(k+1) = Ay x(k) + Bogou(k), k# km-1,m e Z*
x(k+1) = E;gx(k), k=km-1,me Z*

y(k) = Cyqex(k)

x(ko) = xo

@)

where k € N, x(k) € R" is the system state, u(k) € R™ represents the control input. (k) represents switching
signal of system and takes values in a finiteset I = 1,2,...,S, S € N*. In general, 4;, B;, C;, E; are the ith
subsystem if o(k) = i € I. ko = O is the initial time. km(m € Z*) denotes the bth impulsive switching instant.
Moreover, o(k) = i € I means that the ith subsystem is active. o(k - 1) = j and o(k) = i(i # j) indicate
that k is a switching instant at which the system is switched from the jth subsystem to the ith subsystem. At
switching instants, there exist impulsive jumps described by (1). Ap, Bp, Cp, Ep are constant matrices with
suitable dimensions.
Next, we will give some definitions and lemmas for the system (1).
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Definition 1 [5]. System (1) with u(k) = O is positive if x(kg) = O and any switching signals o(k), the
corresponding trajectories x(k) = 0, y(k) = 0 hold for all k > k.
Lemma 1. System (1) is positive if and only if A; = 0, B; = 0, C; = 0, E; = 0, where i € I.

2.1 Positive observer design

We construct the following DPISS (1):

)?(k + 1) = (AO'(k) - Lo(k)Co(k))f((k) + Bo(k)u(k) + Lg(k)CU(k)x(k), k # km - 1, m ¢ VA
X(k+1) = HygoX(k), k=km-1,me Z*

u(k) = I(U(k))?(k)

x(ko) = xo

@

where x(k) € R" is the estimated state vector of x(k), y(k) € RP is the observer output vector. L; € R™? is the
observer gain, H; € R™", Vi ¢ I is the matrix to be determined.
Remark 1. For DPISS (1), it not only requires that the state of the designed observer converges to that of the
considered system, but also guarantees the positivity of the estimated state X(k) of system (2) with u(k) = 0.
To this end, it is naturally required, according to Lemma 1, A; - L;C; = 0, B; = 0, L;C; = 0, H; = 0, K; = O,
wherei c I.

Let e(k) = x(k) — x(k) be the estimated error, then we can obtain the following error system:

When k # kn — 1, we have

e(k + 1) _ Ai - LiCi 0 e(k) (3)
x(k+1)| | LiC; A;+BiK;| | x(k)
When k = kpy, — 1, we get
e(k + 1) _ Ei Ei - Hi e(k) (4)
x(k+1)| |0 H; x(k)

T
For the sake of convenience, we define X(k + 1) = [eT(k +1) %T(k + 1)} . Thus, equation (3) and (4) can

be rewritten as _
X(k+1)=Aix(k), k#km-1,meZ"

x(k+1)=Bix(k), k=km-1,me Z* 5)
X(ko) = Xo
where
! LiC; A;+BK;|”"" |0 H;

Remark 2. According to Lemma 1, if error dynamic system (5) is positive, then it should guarantee that 4; >
0,B;>0,Vi e I(Itmeans A; - L;C; = 0, L;C; = 0, A; + BiK; = 0, E; = 0, E; — H; = 0, H; = 0).

Definition 2. For any switching signal o(k) and any k; > k; > 0, let No(k1, k) denote the switching numbers
over the interval [kq, k,). For given T, > 0 and Ny > 0, if the inequality

No'(kl, kz) < NO + kl%akl (6)

holds, then 7,4 is called an average dwell time, and Nj is called a chattering bound. Generally, we choose
Ny =0.

Definition 3. (Finite-Time Stability(FTS)). For a given time Ty and two vectors a > B - 0, discrete-time
positive impulsive switched systems (5) with is said to be FTS with respect to (a, 8, Tf, o(k)), if

xT(0)p<1=x"(ka<1, vk € [0, Tf] @)

Remark 3. In (5), the state X7 (k) includes the e(k) and X(k). From Definition 3, our goal is that the weighted
system X7 (k)a does not exceed threshold 1 in a given time interval T¢, then the estimation error e(k) might
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not converge to zero in a given time interval T;. If a smaller threshold is chosen, then the estimation error will
become very small.
Now we give some new definitions for our further study.

Definition 4 [24]. Define the cost function of DPISS (5) as follows:

Tp-1

J= Z(XT(S)Rl +u’(s)Rz) (8)

s=0
where R; = 0 and R, > O are two given vectors.
Definition 5 [24]. (GCFTS) For a given time constant Ty and two vectors a > f > 0, consider DPISS (5) and
cost function (8), if there exist a control law u(k) and a positive scalar J* such that the closed-loop system is
FTS with respect to (a, f, T, o(k)) and the cost function satisfies J < J *, then the closed-loop system is called
GCFTS, where J” is a guaranteed cost value and u(k) is a guaranteed cost finite-time controller.
Remark 4. [14] noted that one could not stabilize any unstable positive system by using extended Luenberger
type positive observers. But finite time stability means that the system state does not exceed the specified
boundary within a given time interval and it is different from the asymptotic stability. So the problem of
positive observer-based guaranteed cost finite-time control of DPISS is feasible.

2.2 Nonfragile positive observer design

If the state observer gain variations could not be avoided, a kind of nonfragile state observer will be designed
as follows
X(k+1) = (A5 — Loy + ALg))X(K) + Bgoyu(k) + (L) + AL () CogioyX (k)
k#km-1,meZ*
X(k+1) = Hygox(k), k=km-1,me Z* 9)
u(k) = Ky X (k)
x(ko) = xo

where AL; € R™? are uncertain real-valued matrices which satisfy AL; € [Ly, L,]. L} € R™?, L, € R™®.
We can obtain the following error system

X(k+1) = Aix(k), k# km—-1,me Z*

x(k+1)=Bix(k), k=km-1,me Z* (10)
(ko) = Xo
where
A' _ Ai—(Li+ALi)Ci 0 5o Ei Ei_Hi
! (Ll + ALi)Ci Ai + BiKi » 0 Hi

Remark 5. According to Lemma 1, if observer system (9) and error dynamic system (10) are positive, then it
should guarantee that A; > 0, B; = 0,Vi € I(It means A; — (L; + AL)C; = 0, (L; + AL;)C; = 0, A; + BiK; =
0,B; = 0,E; = 0,E; - H; = 0,K; = 0, H; > 0).

The aim of this paper is to design the positive observer and nonfragile positive observer based on
state feedback controller, and find a class of switching signals o(k) for systems (2) and (6) such that the
corresponding closed-loop systems are GCFTS, respectively.

3 Main results

3.1 Observer-based guaranteed cost finite-time stability analysis

In this subsection, we will focus on the problem of GCFTS for DPISS (5). The following theorem gives sufficient
conditions of GCFTS for system (5).
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Theorem 1. Consider the system (5), for a given time constant Ty, vectors a > B >~ Oand Ry > O, R, > O, if
there exist a set of positive vectors v;, Vj, Vi, Uj, 1 # J, 1 € I, positive matrices K;, L; and positive constants b1,
¢, &> 1, u > 1, and such that the following inequalities hold:

AT -cILhvi+ Ry +CILTv; - &v; <0 (11)

(AT + KB )u; + Ry + KRy - év; < 0 (12)

Elvi-pvi <0 (13)

(Ef -H])v; + Hv; - pv; < 0 (14)

bra<yp; < p (15)

A;-LiC; =0 (16)

A;+BiK; = 0 17)

Ei-H; -0 (18)

b1 > P& (19)

Yi = [Yir, Yizs---» Yinl”, Py, represents the ith elements of the vectors ¥;, respectively, then under the
following ADT scheme

Ta> Ty = pp—tilt (20)

= Ingi-Ing,~T;InZ

the system (5) is GCFTS with respect to (a, B, Ty, (k) and the guaranteed cost value of system (5) is given by

J =20 T (s)Ry + uT(5)Ry) < = .,rTfyé(pz 1)

Proof. Construct the following multiple linear co-positive Lyapunov function for the systems (5) as follows:
Vl)?(k) = )?T(k)ll)l (22)

where 1; =[viT viT}T, icl
Supposing a switching sequence 0 = ko < k1 < km < kpy1 < ... < Ty. Without loss of generality, we
assume that subsystem i is activated at the switching instant k;,,—; and the subsystem j is activated at the
switching instant k.
When k € [ky-1,km — 1), m € N, o(k) = o(k + 1) = i, along the trajectory of system (5), the difference of
the MLCLF is
AVi(x(K) + xT ()R + xT (KT R,
= xT(k + 1)p; - XT(K); + xT ()R + xT(k)KT R,
ot | AT =CTLDVi+ Ry + CTLTv; | g
=X AT KTBTY; 4 Ry 4 KTR, | X WO¥i

(23)

From (11) and (12), we have

AVi(x(K)) + xT ()R + xT()KI R, < (£ - DX (k)p; (24)
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it implies
Vi(k(k + 1)) < EX" (l)y; (25)
When k = km — 1, a(k + 1) = o(km) = j, a(k) = o(km — 1) = i, i # j. Along the trajectory of system (5), the
difference of MLCLF is

Vi(&(k + 1)) = pVi (&) = X" (k + D)p; — px" ()
X'k + Vs~ XU

oo (26)
< ¥T(k) . ETi Vj V‘;l
(E{ - H;)vj + H; v; — pv;
From (13) and (14), we have
Vi(x(k + 1)) < pVi(x(k)), i #j. @7
So, when k € [km, kini1), from (27), we get
Voo (X(K)) < &gk Vo) X(km))
k—km > (28)
< UEETE V(e 1) (X(km = 1))
Repeating the procedure of (28) and noting & > 1, we obtain
Voo (X)) < ghkam (k) X(km))
< u& kv &km - 1)) (29)
< p&khm g1k Vo) X(Kin-1))
< pghkna Vo) X(Kin-1))
By iterative operation, we get
VoK) < w285 2y (lkim-2))
< <
oS ) (30)
< yNa(k,ko)é’k ko Va(ko)(x(kO))
= pNe IOy ) (ko))
From (15) and (22), we have
Vo ((0)) = X (1) 51 2 P17 ()t (€}))
Vi) (ko)) = X1 (0) 1) < P2%7(0)B (32)
From (30)-(32), we obtain
T
%o < 2 uTe €7 oxT(0
(0 = ™ 719 O)F -
< a1,
Substituting (20) into (33), one has
xT(ka <1 (34)

According to Definition 3, we conclude that the system (5) with u(k) = 0 is FTS with respect to

((X, ﬁy Tf’ O(k)).
Next, we will give the guaranteed cost value of system (5).
When k € [ky-1, km — 1), m € N, according to (24), we know

Vi(x(K) < ExT(k)v; — xT(k)Ry - xT(K)KTR, (35)
Similar to the proof process of (25)-(30), for any k € [0, Ty] and u > 1, we can obtain

Vi ((K)) < pllotkkol ko, (ko)) - 32574 xT(s)(R1 + KT Ry) (36)

S=k0
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Noting that V¢, (X(k)) > 0, (36) can be rewritten as
0 < plalkdolghkoy (ko)) — S5 X(5)T(Ry + KT Ry) (37)
Letting k = Tr, we get

S x(s)T(Ry + KT Ry) < plotkoko)gkko(y7 5 (ko))

< PN CTE0) £T7 Ko (Ve 5(K) G8)

Then we can obtain .
=50 X (8) Ry +KIR) < T = €TpTa ¢y 9)
Therefore, according to Definition 5, we can conclude that the system (5) is GCFTS. Thus, the proof is

completed.
In Theorem 1, (11) and (12) are nonlinear matrix inequalities, there are no effective methods to solve K;
and L;. So, an algorithm is presented to obtain the feedback gain matrices K;, L;, i € I.
Algorithm 1
Step 1. By adjusting the parameters &, yu and Letting fp = K;Bg Up, then solving (13)-(19) via linear
programming, positive vectors vy, vp, Kp and Ly can be obtained.
Step 2. Substituting vp and K into f, = K;Bg Up, fp can be obtained. The gain Ly, v, and v, are
substituted into (12).
Step 3. If fp - fp < 0and (12) are all satisfied at the same time, then K, and L, are admissible. Otherwise,
return to Step 1.

3.2 Nonfragile observer-based guaranteed cost finite-time stability analysis

Now we consider system (10); the following theorem gives sufficient conditions of GCFTS for system (10).
Theorem 2. Consider the system (10), for a given time constant Ty, vectors a > f > 0, Lll, le and R; >
0, R, > 0, if there exist a set of positive vectors v;, v;, v, v;, I # J, | € I, positive matrices K;, L; and positive
constants ¢, ¢, & > 1, u > 1, such that (12)-(15), (17)-(19) and the following inequalities hold:

(AT I+ ALY v; + Ry + CE(L; + AL)Tv; - &v; < 0 (40)

A;—(Li + AL)C; = 0 (41)

then under the ADT scheme (20), the system (10) is GCFTS with respect to (a, 8, T, o(k)) and the guaranteed
cost value of the system (10) is given by

J= ZsTial(XT(S)Rl +ul(s)Ry) <J" = .foyéqbz (42)

Proof. Replacing (A] - CTL])v;+ Ry + C] LT v;in (23) with (A] - CT(L; + AL) vi+ Ry + C] (L; + AL vy, similar
to the proof of Theorem 1, we easily obtain that the resulting closed-loop system (10) is GCFTS.

Thus, the proof is completed.
Theorem 3. Consider the system (10), for a given time constant T, > vectors a >~ f > O, L’l, L/2 and R; >~
0, R, - 0, if there exist a set of positive vectors v;, vj, v;, vj, I # j, i € I, positive matrices K;, L; and positive
constants ¢, ¢, & > 1, u > 1, such that (12)-(15), (17)-(19) and the following inequalities hold:

(AT = CT(L; + L) vi + Ry + CT(L; + L) v - &v; < 0 (43)

Ai-(Li+L)Ci =0 (44)
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then under the ADT scheme (20), the system (10) is GCFTS with respect to (a, B, T, o(k)) and the guaranteed
cost value of the system (10) is given by

T,

J = ST TSR, + uT(S)Ry) < T = ET T b, (45)

Proof. If (A7 - CT(L; + L) v; + Ry + CT(L; + L)) v; - év; < 0 and A; - (L; + L})C; = O, we can easily get
(AT - cH(L; + AL)Tv; + Ry + CT(L; + AL)Tv; - &v; < 0and A; - (L; + AL;)C; > 0. Then, the conditions of
Theorem 2 are satisfied. So the resulting closed-loop system (10) is GCFTS.
To obtain the feedback gain matrices K; and L; in Theorem 3, an algorithm is presented.
Algorithm 2
Step 1. By adjusting the parameters &, y and Letting f, = K} B} vp, then solving (13)-(15), (17)-(19) and
(44) via linear programming, positive vectors vp, Up, Kp and Ly can be obtained.
Step 2. Substituting v, and Kj into f, = K:Blv,, f, can be obtained. The gain Ly, v, and v, are
substituted into (43).
Step 3. If f, — f, < O and (43) are all satisfied at the same time, then K, and L, are admissible. Otherwise,
return to Step 1.

4 Numerical example

We present a numerical example to show the effectiveness of the proposed approach. Without loss of
generality, we consider the case of nonfragile positive observer of DPISS (10) with the parameters as follows:

0.1 0.3 0.3 0.1 0.2 0.3 0.10.2
A = By - Eq = Hy = ,C=[. }
17 0.2 0.3} ! {0.1 0.2} ! [0.3 o.z} ! [0.1 0.1} 1=0.150.2
0.2 0.15 0.10.2 0.3 0.4 0.2 0.2
Ay = ,B: ,E= ,H= ’C=|:.1.i|,
27 10.3 0.2] 2 [0.2 0.1] 2 {0.2 0.5} 2 {0.1 0.4} 2=]0-10.3
R |05 R, o [01] o [003] o [004
0.6 0.2 0.02 0.03

T T
a= [0.2,0.35,0.1,0.4} B = [0.4,0.1,0.2,0.1] :

Choosing Tf = 5, £ = 1.1 and p = 1.05. Solving the inequalities in Theorem 3 by linear programming, we

have
0.1522 0.1522 0.0817 0.0815
V1 = s Vo = sy U1 = y U2 = s
0.1594 0.1593 0.0869 0.0888

0.0381 0.1498 0.0583 0.1505 0.3829 0.3953
I<1 = sy N2 = 5 L1 = , Ly = s

0.0052 0.1234 0.0235 0.1244 0.4170 0.4258
g |00194] o f0.0257
17 10.0825 |2 |0.0929 |’

It is easy to firm that f, - f, < 0 and (10) are satisfied. then K, and L, are admissible. According to (20), we
get Ty = 1.7.

The simulation results are shown in Figs. 1-5, where the initial conditions of the system (10) are x(0) =
[ 2,2,1,1 } T, which meet the condition )?T(O)ﬁ < 1. The state trajectory of x; and state observation trajectory
X, are shown in Fig. 1. The state trajectory of x, and state observation trajectory X, are depicted in Fig. 2.
Fig. 3 plots the state of the error dynamic system. The switching signal o(k) is depicted in Fig. 4. Fig. 5 plots
the evolution of X(t)a, which implies that the corresponding closed-loop system is GCFTS with respect to
(a, B, Tf, a(k)) to (a, B, Tf, o(k)), and the cost value J * = 2.33, which can be obtained by (45).
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3 T
x1
observation of x1
25+ -
2 -
15f -
1 |
05f -
o s s s s ‘
0 05 1 1.5 2 25 3 35 4 4.5 5
time(s)
Fig. 1. The state trajectory of x; and state observation trajectory X;.
3 ‘
x2
observation of x2
25 b

0 I I I I L
(o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 S

time(s)

Fig. 2. The state trajectory of x, and state observation trajectory X;.
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T T
error of x1
error of x2 [

0.6 J_

0.4 B

|

0.3

0.2 4

O L L L L L T k
o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

time(s)

Fig. 3. State of the error dynamic system.

15 N

0.5 b

-0.5F N

0 0.5 1 15 2 2.5 3 3.5 4 4.5 5
time(s)

Fig. 4. Switching signal of system (5) with ADT.
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0.1 T T T T T T T T T

0.09 i

0.08 - i

0.07 | i

0.06 | B

0.05

0.04

0.03

0.02

0.01

o] 0.5 1 15 2 2.5 3 3.5 4 45 5
time(s)

Fig. 5. The evolution of X7 (k)a of system (5).

5 Conclusions

In this paper, we have considered the issue of nonfragile observer-based guaranteed cost finite-time control
for DPISS. Based on the ADT approach and co-positive type Lyapunov function technique, two types of guar-
anteed cost finite-time controller based on positive observer and nonfragile positive observer are designed,
and sufficient conditions are obtained to guarantee the corresponding closed-loop systems are guaranteed
cost finite-time stability(GCFTS), respectively. Such conditions can be solved by linear programming. Finally,
a numerical example is given to illustrate the effectiveness of the proposed method.
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