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Abstract: This paper presents a new representation of a-openness, a-continuity, a-irresoluteness, and a-
compactness based on L-fuzzy a-open operators introduced by Nannan and Ruiying [1] and implication
operation. The proposed representation extends the properties of a-openness, a-continuity, a-irresoluteness,
and a-compactness to the setting of L-fuzzy pretopological spaces based on graded concepts. Moreover, we
introduce and establish the relationships among the new concepts.
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1 Introduction

Continuity is an important concept in topology, which has developed extensively with the emergence of fuzzy
mathematics. In [2, 3], Sostak considered the degrees to which a mapping is continuous, open, and closed
between two (L, M)-fuzzy topological spaces (including the fuzzifying case) for the first time. Subsequently,
the degrees of continuity, openness, and closeness of mappings between L-fuzzifying topological spaces were
discussed in detail by Pang [4]. Later on, Liang and Shi [5] clarified the relationship among these degrees and
the degree of compactness and connectedness in the case of (L, M)-fuzzy setting.

Recently, Shi [6] measured preopenness and semiopenness of L-subset by introducing the concepts of
L-fuzzy preopen operators and L-fuzzy semiopen operators, respectively. In [7], Shi and Li used L-fuzzy
semiopen operators to introduce and characterize the semicompactness. Later on in [8] the degree of precon-
nectedness was introduced with the help of L-fuzzy preopen operators. In addition, he used Shi’s operators
to define new operators such as L-fuzzy semipreopen operators [9] and L-fuzzy F-open operators [10]. These
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operators have proved to be of great importance in studying the characteristics of many concepts of L-fuzzy
topology (see [11-14]).

In [1], Nannan and Ruiying introduced L-fuzzy a-open operators in L-fuzzy topological spaces and used
it to study L-fuzzy a-compactness. Moreover, the concept of open cover and a-fuzzy a-compact are given
and its related properties are discussed. Also, the relationship between L-fuzzy a-compactness and fuzzy
a-compactness are discussed.

This paper first discusses some important properties of L-fuzzy a-open operators. It then introduces a-
openness, a-continuity, a-irresoluteness, and a-compactness degree based on the implication operation and
L-fuzzy a-open operators. Further, some important properties of a-openness, a-continuity, a-irresoluteness,
and a-compactness degree were extended to the setting of L-fuzzy pretopology based on graded concepts.
Moreover, it presents a systematic discussion on the relationship among the new concepts.

2 Preliminaries

In the sequel, X # @, and L refers to a completely distributive De Morgan algebra (briefly, CDDA). Let 1; and
0; denote the greatest and smallest elements of L, respectively. For each u, v € L, the element u is wedge
below v [15], written u <1 v, if foreach D C L, \/ D = v yields to w > u for some w € D. We say the complete
lattice L is completely distributive (briefly, CD) if and only if v = \/{u € L|u < v} for any v € L. A member
u € L is said to be co-prime if u < v v wyields tou < voru < w. P(L) and J(L) refer to the family of non-
unit prime members and non-zero co-prime members of L respectively. The greatest minimal family and the
greatest maximal family of v € L are denoted by a(v) and B(v) respectively. Moreover, a”(v) = a(v) N J(L) and
B*(v) = B(v) N P(L). By LX we refer to the set of all L-subsets on X. 2% denotes the collection of all finite sub-
collections of U C L. Evidently, L* is a CDDA when it inherits the structure of the lattice L in a natural way,
by defining \/, A, <and " pointwisely. Further, {xy|u € J(L)} denotes the collection of non-zero co-primes of
Lx.

For each CDDA L, there exists an implication operation —: L x L — L as the right adjoint for the meet
operation A is defined by
u»—>v=\/{weL\u/\wsv}.

Further, the operation < is given by
Uu-v=WU—v)A{l—u.
The following lemma lists some important properties of implication operation.

Lemma 2.1. [16] Let (L, \/, \) be a CD lattice and — be the implication operation corresponding to A. Then for
allu,v,w € L, {u;}icr, and {v;}icr C L, we have the following statements:

) (u—v)zw<uAwsv.

R2) usvesu—v=1j.

MB) u—-V—=w=uAV)—w

I4) w—=uwAuUu—=v)swe—v.

) w—usu—v)— w—=v).

a16) u— A u;j= AU~ u), henceu — v < u+— wwheneverv < w.

ier ier
az) \ uj—v= A(u;—v), henceu— w=v+— wwheneveru < v.
ielr ielr

An L-fuzzy inclusion [17, 18] on X is defined by the function ¢ : L¥*xL* — L, where &(A1, A;) = A\, cx(A1(x)V
A5(x)). We shall denote an L-fuzzy inclusion by [A; &A,]. For each function f : X — Y and € C LY, the next
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equality is defined in [19]:

A{rwovy e f- A {ewy V reem).

yey Bee xex Bee

An L-topological space (briefly, L-ts) is a pair (X, T), where the subfamily T C LX contains 0;x,1;x,and
closed for any suprema and finite infima. Elements of T are called open L-subsets and their complements are
called closed L-subsets. For an L-subset A of an L-topological space (X, 7) we denote by A and A° the closure
and the interior of A, respectively.

Definition 2.2. [16, 20-22] An L-fuzzy pretopology is given by the function ¢ : L¥ — L satisfies the
following statements:

(01) 0(11x) = 0(0px) = 15
(02) o |V A; )2 A\ 0(A),V{A}ier C L*.
iel iel

For any L-subset A € L%, g(A) refers to the degree of openness of A. 0" (A) = 6(A4’) is the closeness degree
of A. The pair (X, o) is said to be an L-fuzzy pretopological space (briefly, L-pfts). A function f : (X, 01) —
(Y, 0;) is said to be L-fuzzy continuous with respect to L-fpts’s (X, ¢1) and (Y, o) if and only if o, (f* (B)) 2
0,(B) for each B € LY, where f< (B)(x) = B(f(x)).

Definition 2.3. [1] Let o be an L-fpt on X and let the mapping .« : LX — L defined as follows:

;zf(A)=\/{o(B)/\ AV {G(C)/\ AA (a(u’))’}}.

B<A Xy <A x, <C yv<ICyy<D=B

In this case, .« is the induced L-fuzzy a-open operator by 0. .7 (A) is called the degree of a-openness of A and
" (A) = «/(A’) can be regarded as the a-closeness degree of A.

Corollary 2.4. Ifoisan L-fpton X and A € L%, then:

a=\ {omr AV {o0n A crwonf},

B<A Xy <1A x, <C yv<C

where CI° refers to the L-fuzzy closure operator induced by o (see [23]).

Theorem 2.5. [1] Let 6 be an L-fpton X, A ¢ L% andu € J(L), then A € 7 if and only if A is an a-open set
in o, where o, = {A € L* | /(A) 2 u}.

Theorem 2.6. Leto : LX —; {0;,1;} bean L-ptsandlet « : LX —; {0y, 1,} be the corresponding L-a-open
operator. Then <7/ (A) = 1; if and only if A is a-open L-subset.

Proof. We can prove the theorem by using the following fact:

dA) =1, \/ {U(B)A /\ \/ {O'(C)/\ /\ Cl”(B)(yy)}} =1y

B<A Xy <A xy,<C yv<C

< 3B < A such that ¢(B) = 1; and /\ \/ {O‘(C) A /\ Cl"(B)(yy)} =1
Xy <A x, <C yv<C

< 3B < A such that ¢(B) = 1; and Vx, < A, 3 C with x, <1 C such that ¢(C) = 1
and /\ Cl(B)(yw)
»<c
< 3B < A such that ¢(B) = 1; and Vx, < A, 3 C with x, < C such that o(C) = 1
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and vy, < C, CI°(B)(yv) = 11

< 3B < A such that 0(B) = 1; and Vxy < A, 3 C with x, <1 C such that ¢(C) = 1;
and C < CI°(B)

< 3Beog, BsA<(B)°

< A is a-open L-subset.
Where™and ° refer to the closure and the interior operator, respectively. O

Theorem 2.7. Let 0 be an L-fpt on X and let </ be its corresponding L-fuzzy a-open operator. Then o(A) < <7/ (A)
forall A e LX.

Proof. The proof can be obtained from the following inequality:

o (A)

V{omn AV {o@n A crmom}]

B<A Xy <A x, <C Yy <1C

aan N\ {G(C)/\ A CI"(A)(yu)}

xu<A x,<C yv<C

v

v

oin \ {awn A\ crwo)

Xy <A Yy <4
=0(A)Aa(A) A1
= o(4).

O

Corollary 2.8. Let o be an L-fpt on X and let < be its corresponding L-fuzzy a-open operator. Then ¢”(A) <
"(A) forall A € LX.

Theorem 2.9. Let «7 : LX —s L be an L-fuzzy a-open operator induced by L-fpt o on X. Then <7 satisfies the
following conditions:

(1) W@Lx) = Q{QLX) = 1L-
() (\ A) > \ o/(4) for any {A;}ie; C LX.
iel iel
Proof. The proof of (1) is clear. To prove (2), suppose that w € L and w <t A\ @/(4;). Then for any i € I, there
iel
is B; < A; such that

w<o(B;) and w< /\ \/ {O‘(Ci)/\ /\ /\ (U(D'))'},

Xy <VA; Xy <1C; yv<IC; y4<D=B;

ie.,, w < 0(B;) and for any i € I and xy < A;, there is C; € LX such that x, < Ci, w < 0(C;) and
WA, e /\WSDE\/ B,«(U(D/))/- Hence

iel

ws/\o(B,-)sa(\/Bi), ws/\a(CJsa(\/Ci),

icl iel iel iel

and

wsA A A D).

iely,<C; y4<D=\/ B;
icl
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Since {xu|xu aV Ai} =U {xu|xu <Ai} and {yv|yv aV Cl-} =U {yv\yv < Ci},we have
1

iel icl i€l iel

ﬂ(i\e/IAi> _Bs\\//A» aBr NV {U(C)A A A (O(D’))’}

Xu<1v A xy<C yv<\Cyy<D>B
iel iel

v

o (\/ B,-) AN ARy (\/ C,-) A /\ (@)Y
iel ielx, <V A; iel yv<1V Ciy4<D=\/ B;
iel iel ier

o(va)ip A fo(Veal A A A wo
iel iclx, <1V A; iel iely,<1C; y4<D=\/ B;
iel iel

G(VBi>A A A 0(\/C,~>/\ AN A @Y

iel icl x,<A; iel ielyy<1C;y4<D>\/ B;
icl

v

[\

w.

This shows o7 | \/ 4; | = A\ < (4;). O
icl iel

In the following definition, we use L-fuzzy a-open operators to introduce generalized definitions for L-fuzzy
a-open, L-fuzzy a-continuous and L-fuzzy a-irresolute functions.

Definition 2.10. If (X, 01) and (Y, 0,) are L-fpts’sand f : (X, 01) — (Y, 0,) is a function, then:

(1) fis an L-fuzzy a-open function iff 61(A) < «(f~(A)) forany A € L.
(2) fis an L-fuzzy a-continuous function iff 0, (B) < .« (f<"(B)) holds forany B € LY.
(3) fisan L-fuzzy a-irresolute iff o (B) < .« (f<(B)) holds forany B € LY.

Corollary 2.11. If (X, 01) and (Y, 0,) are L-fpts’sand f : (X, 01) — (Y, 0>) is a function, then:

(1) fis an L-fuzzy a-continuous iff 05(B) < </, (f~(B)) forany B € LY.
(2) fis an L-fuzzy a-irresolute iff <7, (B) < <7, (f(B)) forany B € LY.

Definition 2.12. [24] For an L-fpt 0 on X and an L-subset A ¢ L%, the degree of fuzzy compactness com(A)
of A is given by:

com(4) = A\ {{/\U(B)AA(A’V\/B)(X)}H \ /\<A’\/\/B>(x)}

uctx | {Beu xeXx Beu Ve2 xeX BeV
- A {{/\U(B)A[AQ\/u}}H \/ [AQ\/V}}.
ucrx | \Beu Ve2w

In this case, an L-subset A is said to be fuzzy compact if and only if com(4) = 1;.

Definition 2.13. [1] Let o be an L-fpt on X. An L-subset A € LX is called a-compact if

/\,Q/(B)/\/\(A/\/\/B)(X)s \V /\(A’V\/B)(x)

BeU xeX BeUu Ve2w) xeX BeV

for every U c LX.
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Definition 2.14. [25,26] Foran L-ptton X, u € L\{1;} and A € L*, a family U C L¥ is said to be a at-cover
of A if for each x € X, we have u € a(A’(x) v \/ B(x)). The family U is said to be a strong ay-cover of A if

BelU
ueal A @0V \V BMX)).

xeX BelUu

Definition 2.15. [25, 26] Foran L-pt ron X, u € L\{1;} and A € L%, a family U C L is said to be a Qu-cover

of A if for each x € X, we have A’(x) v \/ B(x) = u.
Beu

Definition 2.16. [25, 26] Foran L-pt Ton X, u € L\{1;} and A € L%, a family U C L* is called:

(1) au-shadingof Aifforeachx € X, (A’(x) v \/ B(x)y< u.
BeU
(2) astrong u-shadingof Aif A (A’(x)Vv V B()ys u.
xeX BeU
(3) a u-remote family of A if for each x € X, (A(x) A A B(X)y= u.
Beu
(4) astrong u-remote family of A if \/ (A(x) A A B())=u.
xex BelU

3 Degree of a-openness, a-continuity and a-irresolutness for
functions between L-fpts’s

In this section, we will introduce the notions of a-openness, a-continuity, and a-irresolutness degree for
functions between L-fpts’s. Further, we will discuss their properties.

Definition 3.1. If (X, 0¢) and (Y, 0,) are L-fpts’sand f : (X, 01) — (Y, 0,) is a function, then:
(1) the a-openness degree of f with respect to g1 and o, is defined by
mm=A{mmeWHwﬁ.
AeLX
(2) the continuity degree of f with respect to ¢; and o, is defined by
act) = N\ {o® - @)},
BeLY
(3) the irresoluteness degree of f with respect to 1 and o, is defined by

)= \ {® - @),

BelLY

Definition 3.2. For any two L-fpts’s (X, 0¢) and (Y, 0,) and any bijective function f : (X, 61) — (Y, 03), the
a-homomorphism degree of f with respect to o, and o, is given by

a-Hom(f) = ai(f) A ao(f).

Remark3.3. (1) Based on (2) of Lemma 2.1, ac(f) = 1; implies to < (f<(B)) = 0,(B) forall B € LY. This
is exactly the definition of a-continuous function. The cases ao(f) = 1; and ai(f) = 1; can be shown
similarly. Thus (2) and (3) in Definition 3.1 are precisely the a-open and a-irresolute function’s definition
as in the sense of Definition 2.10.

(2) For the identity function i : (X, 01) — (X, 01), we have ai(i) = ao(i) = a-Hom(i) = 1;.

By using Definition 3.1 and Corollary 2.11, we can state the following corollary.
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Corollary 3.4. If (X, 01) and (Y, 0;) are L-fpts’sand f : (X, 01) — (Y, 0,) is a function, then:

(1) the a-continuity degree of f is characterized by
act) = N\ {o'® o (B}
BelLY
(2) the a-irresoluteness degree of f is characterized by
()= \ {5 @) A B}
BeLY
Definition 3.5. For any function f : (X, 0,) — (Y, 0,) where (X, 01) and (Y, 0,) are two L-fpts’s, the a-
closeness degree of f is given by
acl() = N\ {mff(A) - w;(f%(A))}.
AclLX

Theorem3.6. Iff : (X,01) — (Y,03)and g : (Y, 0,) — (Z, 03) are two functions where (X, 01), (Y, 03)
and (Z, 03) are three L-fpts’s, then:

1) ai(f) A ai(g) < ai(go f).
(2) ao(f) A ao(g) < ai(g o f).
B3) acl(f) A ai(g) < acl(g o f).

Proof. Since the proof of (2) and (3) is clear, we only prove (1). By using Definition 3.1 and Lemma 2.1 (4), we
obtain

() naite) = A\ {8 =@} A {400 (@)
BelLY ceL?
< A {szfz(g“(C))Hdl(f“(g“(C)))}/\ A {%(C)sz(g“(c»}
cel? cel?
- A { (6O - s @) A (40 - se©) ]
Ccel?
< A {%(g“(c))wm((gof)“(c))}
celL?
~ai(go f).

By using Definition 3.2 and Theorem 3.6, we have the following corollary.

Corollary 3.7. Let (X, 04), (Y,0,) and (Z,03) be L-fpts’s, f : X — Yandg : Y — Z be two bijective
functions. Then a-Hom(f) A a-Hom(g) < a-Hom(g o f).

Theorem 3.8. Let (X, 01), (Y, 0,) and (Z, 03) be L-fpts’sand g : Y — Z be a surjective function. Then:

(1) ao(gof) A ai(f) < ao(g).
(2) acl(g o f) A ai(f) < acl(g).

Proof. (1) Since f is a surjective function, we have (g o )~ (f<(B)) = g (B) for each B € LY. By using (4) of
Lemma 2.1, we get

aolgopraif) = A\ ) ieon @ A {® @)

AelLX BelY
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IN

{%(f‘_(B)) o %((gof)*(f*(m))} A A {%(B) o m(g*(B))}

BelY BeLY

- A (@ e @y ) 1 (a8 o @) |

BeLY

< N\ {a® - e}

BelLY
= ao(g).

Analogously, we can prove (2). O
Similarly, the following theorem is true.

Theorem 3.9. Given three L-fpts’s (X, 01), (Y, 02) and (Z, 03). If f : (X, 01) — (Y, 0,) is an injective function
and g : Y — Z is any function, then

(1) ao(gof) A ai(g) < ao(f).
2) acl(gof) A ai(g) < acl(f).

Theorem 3.10. Iff : (X, 01) — (Y, 0,) is a bijective function where (X, 1) and (Y, 0,) are two L-fpts’s, then

@ ad(f) = Ay pr {@fz(fﬁ(A)) - %(A)}.

@ a0(f) = Apeyr {Ml(f“(B)) - WZ(B)}-
(3) ai(f 1) = ao(f) = acl(f).

Proof. The proof of (2) is similar to (1), we only prove (1) and (3).

(1) From the bijectivity of f, we get f~(f7(A)) = A forany A € L%, and f7(f*(B)) = Bforany B € L. 1t
follows that

A ey aw} - A {oarw) o ar-e-wn)

AeLX AeLX

2 \ @ n @)

BelLY

{ﬂfz(f”(f“ 0 e =%(MB))}

{mz(fﬁ(A)) - mm)}

Hence

ai(f) = A\ {MZ(B)Hm(f“(B))}

BeLY
= /\ {Wz(f%(/l)) = 4271(14)}-
AeLX
(3) Since f is a bijective function, we get (f 1) (4) = f7(A) and f 7 (4’) = f 7 (A)' for any A € L*. Therefore
()= N\ {eA) o a0}

AeLX

- A\ A - anan}

AelLX
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=ao(f).

and

w0 - N\ {@mA) - .%(f*(A))}

AeLX

- A {szl(A’)H%(f_)(A'))}

AelLX
- A {%(A') = m(fﬁ(A)')}
AelLX
=acl(f).
The proof is completed. O
Corollary 3.11. Given a bijective functionf : (X, 01) — (Y, 0,) between two L-fpts’s (X, 01) and (Y, 0,), then:

(1) a-Hom(f) = ai(f) A ai(f 1) = ai(f) A acl(f).
@) aHom(f) = \ e {Mz(f_)(A)) o %(A)}.

B) a-Hom(f) = Ae,r {dl(f“(B)) o %(B)}.

4 A new extension of a-compactness

Nannan and Ruiying [1] introduced the notion of a-compactness in L-fuzzy topology with the help of L-fuzzy
a-open operator. In the following definition, we present the degree of a-compactness based on implication
operation as a new generalization of a-compactness.

Definition 4.1. Let (X, 0) be an L-fpts. For any A € L%, let

acomt) - A\ {0 ([a\/1) s\ [a2\/Y])]

UCLX Ve
- A { A ;z{(Al)»—>{/\ (A’v \/ Al)(x)»—> VoA (A’v \/ Al)(x)}}.
UCLX A €U xeX A eU Ve xeX A eV

Then aComA) is said to be the degree of a-compactness of A with respect to ¢. By using Theorem 2.9, we
have Com_, (A) = aCom(A) for any A € L*.

Theorem 4.2. Let T bean L-pton X and A € LX. An L-subset A is fuzzy a-compact if and only if aComy, (A) =
1;, where the mapping xr : LX — L is given by

_ 1L, lfA ET,
Xe(4) = {oL, ifA/c 1.

Proof. Let T be an L-pt on X. It is clear that y is L-fpt. An L-subset A € L* is a-open set with respect to 7 if
and only if #4, (A) = 1;. Based on the definition of fuzzy a-compactness, we have an L-subset A € L is fuzzy
a-compact such that for any collection U C LX, we have that

(W) = {[AQVU} <\ [Ag\/v}] :

Vve200
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By using Lemma 2.1, A is fuzzy a-compact if and only if for any collection U C L, we have

e () ([AQ\/U}H \/ [@\/v})

Ve

This result together with the definition of aComy, (A) yields to aComy, (4) = 1;. O

Theorem 4.3. Let o bean L-fpton X and A € LX. An L-subset A is L-fuzzy a-compact if and only if aCom(A) =
1;.

Proof. Based on Definition 4.1 and Lemma 2.1, the conclusion is straightforward. O
Theorem 4.4. For any L-fpt 0 on X and A € L%, we have aCom(A) < Com(A).
Proof. Straightforward. O

Lemma 4.5. Forany L-fpt 0 on X and A € LX, we have aCom(A) > u if and only if

o(U) A [AQ\/U} rus \/ {AQ\/V} ,

Ve

forany U C LX.

Proof. Foreveryu € L, A € L* and U C L*, we have

aCom(4)>u & [\ {fgf(u)a{[Ag\/u]H \/ [Ag\/v]}}zu

ucrx Ve

M(um{[,qa\/up Y [Aa\/v}}zu

Ve
= {M(M)/\ [AQ\/UH -\ [Aé\/\?} > u
Ve
o (U A [AQ\/U} rus \/ [AQ\/V} .
Vez(u)
O
Theorem 4.6. For any L-fpt 0 on X and A € L, we have aCom(A) > u if and only if
\/ " (B) v { \/ {A(x) A /\ B(X)}} vu' > /\ \/ <A(x) A /\ B(x)) ,
BeM xeX BeM Ne20 xeX BeN
foreach M C L,
Proof. Based on the definition of «#* and Lemma 2.1, the proof is clear. O

Theorem 4.7. For any L-fot 0 on X and A € L%, we have

aCom(A)=\/{ueL|/\M(B)/\[AC\/U}/\us \/ [AC\/V},VUCLX}.

BelU Ve

Proof. By using Lemma 2.1, we have aCom(A) as the upper bound of

{ueL|/\M(B)/\[AC\/U]/\us \/ [Aé\/\?}, VUCLX}.

Belu Ve
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By using the Definition 4.1, we have

aCom(4) <\ «(B) ([AQ\/u} -\ [AQ\/V])

BeU Ve
= (/\ /(B) A [AQ\/uD -\ [ag\/v),
BeU Ve

for each U C LX. By applying the properties of the operation “—”, we have

/\m(B)A[Ag\/u}AaCom(A)s \/ {Aé\/\?},

BeUu Ve
and hence
aCom(4) € \/ {uell N\ #(B)A [AQ\/U} rus \/ [AQ\/V] ,VuUCIX¥y.
BeU Ve
Therefore, we completed the proof. O

Theorem 4.8. For any L-fpt 0 on X and A4, A, € L%, we have

aCom(A; vV Ay) > aCom(A41) A aCom(A5,).

Proof. We can prove the theorem by using the next inequality:

aCom(A; v A;) = \/ {u eLl \ #B)A [Al vAzg\/u] Au
BeU

<V [AlvAzg\/v] , vugLX}

Ve

= \/{u el \ #B) A [Alg\/u} A [Azé\/u}

BeUu

nus \/ [Alg\/v} A [Azg\/v},vugLX}

Ve

> \/{u el \ #®B A [ac\/u]

BeUu

nus \/ [Alg\/v} : vugLX}

Ve

A \/{u el \ #B)A [AZQ\/H}

BeU

Anus \/ [AZQ\/V} : vugLX}

vegw
= aCom(A;) A aCom(A,).

Theorem 4.9. Forany L-fptoonX and A1, A; € L%, we have

aCom(A; A A,) = aCom(A7) A o7 (AS).
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Proof. We can prove the theorem by using the next inequality

aCom(A; A Ay) = \/ {u eLl \ #B)A [Al AAZQ\/u]

BeU

A Us \/ [Al /\AZQ\/V} , VUQLX}

Ve

\/ {u €Ll \ «/B)A [AlgA’z v \/u]

BeU

>

us \/ [AlgA’zv\/v} , vugLX}

Vve20
aCom(A;) A o7(A5).

v

Corollary 4.10. For any L-fpt 0 on X and A € L%, we have
aCom(A) = aCom(1;) A o/ (A").

Theorem 4.11. For any L-fts’s (X, 01) and (X, o) such that o1 < 0, and for any A € LX, we have aComy, (A) <
aComy, (A).

Corollary 4.12. For any L-fpts (X, o) with the base or the subbase B, we have aCom(A) < aCom (A), for any
Ae X

Theorem 4.13. Forany L-fpts’s (X, 1) and (Y, 05), iff : (X, 01) — (Y, 03) is an L-fuzzy a-irresolute function,
then
aComy, (f;”(C)) = aComy, (C),

for every C € LX.

Proof. Foreach C € LX, we have

aComa, (f;”(€)) = \/ {u € L) A [f7 (OZ \/ U]

<\ {fﬁ(oc\/v} YU C LY}

Ve

> \/ {ue Lty [c\/ fi )

nus \/ [cé\/ff(V)} , VugLY}

Ve2t)

> \/{u e Ll (P) A [cg\/?]
Anus \/ [CQ\/R},VRQLX}

:Rez(fp)
= aComyg, (C).

O
Theorem 4.14. For any L-fpts’s (X, 01) and (Y, 03), if f : (X,01) — (Y, 0,) is an L-fuzzy a-continuous

function, then
Comy, (f;”(C)) = aComyg, (C),
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forevery C e LX.

Proof. For each C € L%, we have

Como, (7 (0)) = \/ {u e Liox W & [f7 (©Z \/ U]

Aus \/ {fﬁ(C)Q\/v} , VUCLY}

Ve

> \/ {ue Ll a [c2 \/ fi )

nus \/ [cg\/ff(m} , VUCLY}

Ve

\/{u e L|A(P) A [cg\/fp]
AUS \/ [Cé\/ﬂ%],VRgLX}

Re2®)
aComy, (C).

v

Theorem 4.15. Forany L-fotoonX,A c LX andu € L\ {0; }, the next statements are equivalent:

(1) aCom(A4) > u.

(2) Foreachv € P(L), /= u, every strong v-shading U of A with </ (Wy < v has a finite sub-collection V which
is a strong v-shading of A.

(3) Foreachv < P(L), /2 u, every strong v-shading U of A with o7 (LY < v, there exists a finite sub-collection
Vof Wand w € B*(v) such that V is a w-shading of A.

(4) Foreachv € P(L), v/> u, every strong v-shading U of A with </ (WY < v, there exists a finite sub-collection
V of Wand w € B (v) such that V is a strong w-shading of A.

(5) Foreachv € J(L), v/< u', every strong v-remote collection W of A with *(W)/< V' has a finite sub-
collection R which is a strong v-remote collection of A.

(6) Foreachv € J(L), v/< u’, every strong v-remote collection W of A with «/* (W) < V', there exist a finite
sub-collection R of W and w € a"(v) such that R is an w-remote collection of A.

(7) Foreachv e J(L), v/< u', every strong v-remote collection W of A with <" (W)/< V', there exist a finite
sub-collection R of W and w € a’(v) such that R is a strong w-remote collection of A.

(8) Foreachv <u,u < a(v),v,w # 0z, every Qy-cover U C (&7)v of A has a finite sub-collection V which is
a Qy-cover of A.

(9) Foreachv <u,w c a(v), v,w # 0, every Qy-cover U C (<)y of A has a finite sub-collection V which is
a strong aw-cover of A.

(10) Foreachv <u,w € a(v), v,w # 0y, every Qy-cover U C (/)y of A has a finite sub-collection V which
is a aw-cover of A.

(11) Foreachv < u, w € a(v), v, u # 0p, every strong ay-cover U C (</)y of A has a finite sub-collection V
which is a Qw-cover of A.

(12) Foreachv < u,w € a(v), v,w # 0r, every strong ay-cover U C (&7)y of A has a finite sub-collection V
which is a strong a-cover of A.

(13) Foreachv < u, w € a(v), v,w # 0y, every strong ay-cover U C (&/)v of A has a finite sub-collection V
which is a aw-cover of A.

Theorem 4.16. Forany L-fot con X, A € LX,andu € L \ {0.}, if a(w A s) = a(w) A a(s) foreachw, s € L,
then the next statements will be equivalent:



572 —— A.Ghareebetal. DE GRUYTER

(1) aCom(A4) = u.

(2) Foreachv € a(u), v # 0;, every strong ay-cover U of A with v € a(</(U)) has a finite sub-collection V
which is a Qy-cover of A.

(3) Foreachv € a(u), v # 0;, every strong ay-cover U of A with v € a(</(U)) has a finite sub-collection V
which is a strong ay-cover of A.

(4) Foreachv < a(u), v # 0, every strong a,-cover U of A withv € a(</(U)) has a finite sub-collection V
which is a ay-cover of A.

The following theorem and its corollary verify the relationship between a-irresoluteness degree and a-
compactness degree.

Theorem 4.17. Iff : (X, 01) — (Y, 0,) is a function between two L-fpts’s (X, 01) and (Y, 0,), then
aCom,y, (A) A ai(f) < aCom, (f ' (A))
forany A € L*.

Proof. Suppose that u; € L with u; < aComy, (A) A ai(f). Then
waaif)= A {ea®) o cr-@},
BeLY

and

u; < aCom,y, (A)

- A {{ A Aa@)a N\ (A’v \ A1>(X)}l—> V A (A’v \ A1>(x)}

UeLX * “Aeu xeX AreU V20 xeX Aev
Then for any B € LY and U C L%, we have u; < @ (B) — <4 (f<(B)) and
uy < { A @A N (A’ YAY. Al)(x)} AV <A’ YAV, A1>(x).
Areu xex Areu Ve xeX Aev
By Lemma 2.1 (1), we have u; A % (B) < < (f<(B)) forany B € LY, and

wn A a@n A\ (4 wiws \/ A (a0 w)w.

weu xeX weu Ve xeX weu

To prove

u; <aCom,y, (f~(A))

= A {( N\ B N (fH(A)’v \/ Bl)(}’))

WeLY B:eW yey B1eW
- VA (@ Vs ol
De2W) yeyY BieW

forall W C LY, let (W) = {f<(B1)|B1 € W} C L*. Then, we have

wn N ehEn A (F@v VB

BieW yey Biew

ann N\ @I (£ Y B o)

Biew yeyY BieW
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i N\ B A (4 e )

BieW xeX B1eW
un N a@on A (v V@)
Aref< (W) xeX Aief=(W)

< VAoV e

Ve~ wy xeX A eW

-V A (v Y ren)w
De2W) xeX B,eD

-V A(Frarv Vo).

De2W) yeY B1eD

By using Lemma 2.1 (1), we know

ws( N\ esmon A (F@v V oe)o)

BieWw yey Biew

- VA (Frare Vo).

De2W) yeY B1€D

Thus

e A (A @@ A (rary Voe)o)

WCLY Biew yeY BiewW

-\ A (f*(A)’v \/ B1>(y)}=aC0mdz(f_>(A)).

De2W) yeY B,€D

Since u; is arbitrary, we have aCom , (4) A ai(f) < aCom, (f 7 (A)). The proof is completed. O

Corollary 4.18. For any surjective function f : (X, 01) — (Y, 0,) where (X, 01) and (Y, 0,) are L-fpts’s , we
have
aCom,,, (1;x) A ai(f) < aCom, (1;v).
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