Open Math. 2019; 17:544-555 DE GRUYTER

Open Mathematics

Research Article

Wenxu Ge*, Weiping Li, and Tianze Wang

On Diophantine approximation by unlike
powers of primes

https://doi.org/10.1515/math-2019-0045
Received November 21, 2018; accepted April 5, 2019
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1 Introduction

Given k > 1 and non-zero real numbers A{, A,, - - - , As (not all in rational ratio, not all in same sign), we write

S
F(p) =" Apf,
j=1
where p = (p1, P2, ..., ps) with each p; a prime. Various authors have considered the distribution of values
of such forms, see [17, 18] for example.
For k = 1, Vaughan [17] first proved that for any real n, there are infinitely many solutions in primes p; to
the inequlity

A1p1 + Aapa + Asps + 11| < (maxp;) **°

with & = 1/10. The exponent was subsequently improved by Baker and Harman [1] to & = 1/6, Harman [6] to
& = 1/5 and Matomaki [14] to & = 2/9.

For k = 2, Baker and Harman [1] and Harman [7] showed that there are infinitely many solutions in primes
pj to the inequality

A1p? +A2p3 + Asp3 + Aupi + Asp3 +n| < (max p;) ™/
In 2011, Li and Wang [11] proved that there are infinitely many solutions in primes p; to the inequality

8+¢

[A1p1 + Asp3 + Asp3 + Aypis + n| < (maxp]-)’l/z
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Later, Languasco and Zaccagnini [9], Liu and Sun [12], and Wang and Yao [20] replaced 1/28 with 1/18,1/16
and 1/14, respectively.
For k > 3, Vaughan [18] first proved that there are infinitely many solutions in primes p; to the inequality

Dk + Aoph + -+ Asph 41| < (Illgjaggpj)“”g.

In 2006, Cook and Harman [2] improved the exponent o.

In 2016, The first author and the second author [3] first established that if A1, A,, A3, A4, A5 are nonzero
real numbers, not all of the same sign and A, /A; is irrational, there are infinitely many solutions in primes p;
to the inequality

|A1p1 +Asp3 + A3p3 + Aspiy + Aspz + 1| < (maXP;:)_l/now- (1Y)

Later, Mu [15], Liu [13], Mu and Qu [16] replaced 7% in (1.1) with 1/180, 5/288 and 5/252 respectively.
In this paper, under some extra conditions of A;, we get the following result.

Theorem 1.1. Suppose that A1, A>, A3, A4, A5 are nonzero real numbers, not all of the same sign, A1/, is
irrational, A, /A4 and A5 [ A5 are rational. Let ny real, and € > 0. Then there are infinitely many solutions in primes
Dbj to the inequality

[A1p1 +A2p3 + Asp3 + Aupid + Aspa + 1 < (maXp;:)_l/ﬂ%- (1.2)

In the previous arguments, the key of this problem is the estimates for exponential sums over squares of
primes (or for certain double sums if sieve methods are invoked). In [13], Liu used S, (A, a) < P%‘l/ 8+¢ In[16],
Mu and Qu used sieve method of Harman [7], and got S5(A,a) < P;‘l/ 7+ Using the method of Mu and Qu
[16], even if one got the best estimation S5(A;a) < P%’l/ 6+¢ 5/252 can only be replaced by 5/216. But in this
paper our method don’t depend on the estimates of S, (A, a).

Notation: Throughout the paper, the letter § denotes a sufficiently small, fixed positive number. The letter
£ denotes an arbitrarily sufficiently small positive real number. Any statement in which € occurs holds for each
fixed € > 0. c denotes an absolute constant, not necessarily the same in all occurrences. The letter p, with
or without subscript, denotes a prime number. Constants, both explicit and implicit, in Vinogradov symbols
may depend on Ay, A5, A3, A4, A5. We write e(x) = exp(27mix).

2 Outline of the method

We use the Hardy-Littlewood circle method which first stated by Davenport-Heilbronn. Note that A;/A; is
irrational and A, /A, is rational. Without loss of generality, we assume that |1, /44| < 1. Let a/q be a continued
fraction convergent to A1 /A, and put X = qlz/ >. Then (A,a)/(A4q) = a’/q’ is a continued fraction convergent
to A1/A4, where (a’, ¢') = 1. Thus we have g < ¢’. Suppose that 0 < 7 < 1, and write P; = XY and J; = [6P}, Pj]
for 1 <j < 5. We define

sintta

2
)+ si@= > topletar).

PEY;

K+(a) = (

Then we can easily get

K(a) < min(r?, |a|_2), /Kf(a)e(ax)da = max(0, 7 - |x|). 2.1
R

For any measurable subset X of R, we define

I(x) = /51(/110)52(/\261)53(/13a)54(}l40‘)55(ASIX)KT(OY)G(TIIX)da. (2.2)
X
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Then by (2.1), we have

I = Y (ogpy)--Qogps) [ elahaps +++ + Aup + Asp} + MIKr(@)da

p;j€J; R
< (logX)> > max(0, 7~ [Aypy + -+ + A4pl + Asp2 +17))
ijjj
< 7(log X)>N(1, X), 2.3)

where N(n, X) is the number of solutions to the inequality
Aip1 + -+ Agpl + Asp2 + 1| < T, p; €7;.

To estimate the integral J(R), we divide the real line into three parts: the major arc 90, the minor arc m and
the trivial arc t, which are defined by

M={a:|al<1}, m={a:1<]a[<§}, t={a:|a|>§},
where ¢ = T-2X1/80+¢ By the arguments of section 5 in [15], we have

J(O = o(r2X77/69), Q.4)

3 Preliminary lemmas

Lemma 3.1. [19, Theorem 3.1] Suppose that N > 2 and a satisfies
lga-al<q ', (a,9)=1, geN, acZ.
Then we have
Y (logple(ap) < (logN)*(N*q* + N% + Ng ).
p<N
Corollary 3.2. SupposethatX >Z > X $*€ and |S1(a)| > Z. Then there are coprime integers a, q satisfying
1<q < (X/2)’X¢, |qa-a| < (X/Z)*X7L.
Proof. This follows from Lemma 3.1 immediately. O
Lemma 3.3. [8, Theorem 3] Let k > 3 and a(k) = 1/(3 - 2X°1). Suppose that N > 2 and a satisfies
lga-al<Q7', (a,9)=1, g€N, q<Q, acZ,
where Q = N -2ko(kD/@k=1) Then forany e > 0,

N1+s
(g + N¥|ga—a])'/2’

Z(logp)e(apk) < Nl—o(k)+£ +
psN

Corollary 3.4. Supposethat P, = Z > P}“l/ 24+¢ and |S4(a)| > Z. Then there are coprime integers a, q satisfying
1<q < (P4/2)*P;, |qa-a| < (P4/2)*P5™.

Proof. This follows from Lemma 3.3 immediately. O
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Lemma 3.5. [7, Lemma 3] Suppose that N = 2 and « satisfies
lqa-al<q", (a,q)=1, qgeN, acZ.

Then, for any € > 0,

1/4
2 14¢ (1 1 q
z;v(logp)e(ap ) < N (5 + ﬁ) .
ps<

Corollary 3.6. [7, Corollary 1] Suppose that P, > Z > P;/ 8+ and that |S,(a)| > Z. Then there are coprime
integers a, q satisfying

1< q< (Py]2)"Ps, |qa-a| < (P2/2)* P52,
Lemma 3.7. [16, Lemma 3.7] Suppose that

fl@) €{S1(A1@), S3(A30)%, S4(M4@)™®, S2(120)*S3(A30)° S5 (As@)?,
$2(L0)*S4(4)"*, S2(10)* S5 (As)°}.

Then we have

1
[ r@ida < fox (1)
-1
/ f(@)|Kr(a)da < Tf(0)X 1. (3.2)
R
We define the multiplicative function ws(g) by taking
3usv 3p7* 12 whenu=0andv = 1;
- 3.3
w3 (™) {p“l, whenu=0and2 <v<3. G3)

Lemma 3.8. [21, Lemma 2.3] If a is a real number satisfying that there exist a € Z and q € N with (a, q) = 1,
1<q<P3*and|qa - a| < P'*, then one has

3 ws(q)P
Y el < T Pa—alg)
P<x<2P

. 3
otherwise, one has 3 p_,.,p (x> a) < P#*€,

Lemma 3.9. [21, Lemma 2.1] Let ¢ be a constant. For Q = 2, one has
Y d@ws(g)® < (log @),
1<q<Q

where A is a positive constant, d(q) is the divisor function.

4 The major arc

In this section, we give a low bound for the integral on the major arc 91. First, we consider the standard major
arc M = {a : |a| < X"1*1/12-¢} Using the idea due to Harman [7], we get the following lemma (one can also
see section 3 of Mu and Qu [16]). One may improve the standard major arc to {a : |@| < X1*?/15-¢} by using
some ideas due to Languasco and Zaccagnini [10] (one can also see [5]). But there is no improvement for our
result, because our improvement comes from the minor arc.
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Lemma 4.1. We have

JON) > 2 x77/%0, (4.1)

Lemma 4.2. We have

JOR\ M) = o(r2X77/60). (4.2)

Proof. For a given a, by Dirichlet’s theorem in Diophantine approximation, there exist integers a1, a,, q1, g2
depending on a such that

|sX’1+1/100 | < x~1+1/100

lg1A & — aq ,» @A a-a

with (aj, ¢}) = 1and 1 < g; < X*"/1%_ Since a € 9\ 9", we see that a;a, # 0 and a;/|a| < g;. Now we
assert that

max(q1, q2) 2 x1/100 (4.3)

We will reason by absurdity. Suppose both ¢; and g, are less that X'/1°°, We have

a a
laxq1A1/A; — a1qa| = A?Z{X (1 —aq) - ATla (q202a - az)
< X—1+1/50.
Since there is a convergent a/q to A; /A, with g = X°/12. Thus we have

lazq1A1/A; - a1qa| = o(g™ ). (4.4)

But

Xl/SO

laxq1] < q192 < =o(q). (4.5)

This contradicts the definition of g as the denominator of a convergent to A;/A, (see Lemma 9 of [1]). Thus
one of g1, ¢> is greater than X/1°°, Then, by Lemmas 3.1 and 3.5, we have

min (\Sl(}lla)|, \szuza)ﬁ) < X11/200+ (4.6)
Hence, by the arguments of Lemma 4.6 of [3], it is easy to get

IO\ M) = o(r2X77/%0),

5 The minor arc

First, we divide the minor arc m into four parts. Let m’ = m; Um, Ums, and m,; = m \ m’, where

my = {a em:|Si(Aa)| < X1 H0%EY

my = {a € m:|S1(Ara)| > XUVOE; 1S, (Aya)| > X1/271/16+ey

ms = {a e m:|Si(Ara)| > X1VOE S, (M) > X/ 471/06+)
Now, we begin to estimate the integral on m; respectively. First, it is easy to see that

3/16 13/32 3/32
Jmy) < (5%%3‘ Sl(/ha)> /|51(/l1a)\21<r(a)da /\Sa(Asa)\gKT(a)da (5.1)
R R
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1/4 1/8
x / 152002 S4(As)* [Ke(@)da / 1520085 (As0)° | K (@)dar
R R
1/8
x / 121200255 (L4 @)?S5 (A 002 | K (@) da

R
< (X1—1/6+£)3/16(TX1+£)13/32(TX5/3+£)3/32(TX1+£)1/4(TX6/5+8TX16/15+£)1/8

< TX77/6O—1/32+26

Lemma 5.1. We have
H(m2) < TX77/60—1/32+€. (52)

Proof. We use the method of Harman [7]. We divide m, into disjoint sets such that for a € A(Z1, Z>, y), we
have
Z1 21S1(A@)| < 2Z1 or Z; £ |S2(Asa)| < 2Z5 or y < |a] < 2y,

where Z; = x17V/6+epti 7, = x1/2-1/16+£3t 'y, — S for some positive integers t1, t5, s. Thus, by Corollaries
3.2 and 3.6, there exist two pairs of coprime integers (aq, q1), (a2, g») with a;a, # 0 and

1<q1 < (X/Z1)*X5, |qihia—aq| < (X/Z1)2 X5,

1<q, < (XM%/2,)4X¢, g0 - az| <« (X112 z,) x5,
Then for any a € A(Z1, Z>, y), we have |a;/a| < g;.

Let A = A(Z1,Z5,Y, Q1, Q2) bethesubset of A(Z, Z5, y) for which gj ~ Q;. Then, by a familiar argument
(see P. 147 of [17] for example),

a (g1 — aq) + ai(az; — g2A,)
Aza

A
0241i - a1£12‘ =

< Qu(X/Z,)* X5 + Qi (X2 Z,) x5
34+2¢

< X75/1274£.
ZiZ;

<

Also
la2q1] < yQ1Qa.

Note that g = X°/2. We have

1
) Q1N01, aznyZ9 (5~3)

672Q1ﬂ <
Al 4q

since X is sufficiently large. Then by the pigeon-hole principle and the Legendres law of best approximation
for continued fractions, the above inequality (5.7) have < yQ1Q,q ! solutions of |a,q1| (see Lemma 9 of [1]).
Clearly, each value of |a,q;1| corresponds to < X® values of a1, a, g1, > by the well-known bound on the
divisor function. Hence, we conclude that

pA) < xR0 min (/2047 0, (0212217 05"

SyQ]_QZ X1+€ X1+2£yQi/2Q%/2 X3+3€y
X 2Nn1/21/2 < 772 < 2224’
9 7,Z3Q,°Q, qs14;5 qs14;

< (5.4)

where u(A’) is the Lebesgue measure of A’. Thus we have

8(‘/{/) < 2122X1/3+1/4+1/5}1(A/) min(‘rz, y72)
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X227/60+3£

77/60-1/16+¢
7.7 X .
q41 2

LT LT

Summing over all possible values of Z1, Z,, y, Q1, Q2, we conclude that

J(my) < 1X77/60-1/32+¢ (5.5)
O

Lemma 5.2. We have
J(ms) < TX77/60-1/32+¢ (5.6)

Proof. The proofis similar to that of lemma 5.1, we only give a brief proof. We divide ms into disjoint sets such
that for « € A(Z4, Z;, y), we have

Z12181(A1a)| < 2Z4 or Z; < |S4(A4a)| < 2Z5 or y < |a] < 2y,

where Z; = X1-1/6+ext 7, = x1/4-1/96+e)t 'y _ 25 for some positive integers t1, t>, s. Thus, by Corollaries
3.2 and 3.4, there exist two pairs of coprime integers (a1, q1), (a», g») with a,a, # 0 and

1<q1 < X/Z1)°X5, |- aq| < (X/Z1)° X5
1<q < XV 2)%XE, |gadsa - as| < (XM 2,)° X571,

Let A" = A(Z1,Z5,Y, Q1, Q2) be the subset of A(Z1, Z,, y) for which g; ~ Q;. Then,

g M~ a1 < o < X31/48-2e
2611/14 192 Z%Z% .
Also
la,q1] < yQ:1Q,.
Since ¢’ = g = X°/'2, we have
1
ath)T STC]” q1 ~ Q1, ax xyQ,. (5.7)

Hence, we conclude that

p) < x Y80 min ((x/2024° 0, (012,257 05"

<<X£yQ;/QZ , ZX1/14/+2e . - X1/4+2g/}éQ;/2Qi/z . Xg//zz;r;y 58)
1Z2Q7'°Q, q214; I AYVAS
Thus by Lemma 3.7, we have
1/2 1/2
1) < | [1s:0h0s, ) Ke@da | | [ 15200008:030085 s Ke(@)da
/ R

1615+\ Y2 [ o oo o XP1F3Ey v
< (TX ) min(t~, y )lezq’Zi%Z%

X77/60+2£
(g172

Summing over all possible values of Z;, Z5, y, Q1, Q2, we conclude that

<T < TX77/60—5/24+2£

H(m3) << Tx77/6071/32+€.
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Lemma 5.3. We have

3(1114) < TX77/60_1/32+8.

Proof. We use the method of the first author and Zhao [4]. First, by Cauchy’s inequality, we get

1/2
J(my) < ( / sl(Ala)zKT(a)da) I2)Y? < (1x1)V25(2)42,
R

where
30 = / 152 (122)2S3(A32) S4 (A @) (A5 )2 [ K+ () dar.
Then we have

32)= ) (logp) / e(ar3p*)S3(-A34)]S2(A,@)* S4(A40)* S5 (As ) | Kr (@) dax

pej} my

< (log X) Z L/e(a/\—j» n3)S3(—/13a)\Sz(/Iza)ZS4(A4a)255(A5 a)2|KT(a)da
neds

4

Then, by Cauchy’s inequality, we get
3(2) < P (log X)£12,

where
2

L£=3" L/e(a}bn3)53(—/\30()|52(/\2a)254(/\40l)255(/\sa)z|Kr(0<)d0l
neds

4

For the sum £, we have

0= 3 [ [ 152000010055 150 S2 A28 Su A5 (A

n633m4 my

S3(-A30)S3(A3B)e(A3n’ (a - B))K-(a)K<(B)dadp
< / 1S2(A2B)*S4 (A4 P)* S5 (A5 B)* S3(As BYF(B) | K- (B)dB,
where
F(B) = / 1S2(A20)2S4(A42)%S5(As)* S3(-A30) T(A3(at - B))|Kr(@)det

and

T(x) = Z e(xn’).

neds
Let Mﬁ(r, b)={aecmy:|rAs(a-B)-b| < P§9/4}. Then the set My(r, b) # () forces that

b+ A3 < [rAs(a - B) - b| + [rAsa| < P/ + 1|A5¢.

— 551

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

LetB={becZ:|b+rAsf < P;g/“ +r|A3|&}. We divide the set B into two sets By = {b € Z : |b + rA3f| <

rlAs|tl} and B, = B\ By. Let
Mﬁ = U U M/;(r, b)

3/4 bEB
1=r<P3™ 400
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Then by Lemma 3.8, we have

1S2(A2)*S4(A42)* S5 (A5 @)* S3(=As )| w3 (r) K< (@) 3/4en
F P d P J(1), 5.15
® <P [ S N a+ PYe5(1) (515)
where ws(r) is defined as in (3.3). Note that [S;(A,a)| < P>X Y16 and |S,(A4a)| < P4X '/%%*¢ for a € my,.
Then, by Cauchy’s inequality, we get

/ 1S2(A22)2S4(A40)? S5 (A5 )2 S3(-A32) w3 (N K< (a) da
1+P3As(a—B) - b/r|

1/2
< (M/|52(/\za)453(/13a)254(/14a)455(/\50l)2Kr(a)da) (B2

< PyP X100 5(2) 2 (B2, (5.16)

where

|S5(As2)? |w3(r)2 K+ (a)

3(B) = 5.17
= | W Pnsla-p) - i G17)
Mg
Now we begin to estimate the integral J(B). First, we divide it into two parts.
DS / [Ss(As@)?|w3()*Ke(a)
1+ P3|A5(a - B) - b/1|)?
lsrng/4 (be,)BlMﬁ(r b) ( 3| 3( ﬁ) / D
= J31(B) + 32(B), (5.18)
where
|S5(Asa)® |ws(r)* K« ()
da. 5.19
-> > (+ Plds(a— §) ~ b/r)? (519)

1<r<p3/* b€
=r= (b,r)= 1 Mp(r,b)

For the first part, we have

~ 2 2 IS5(A5(B +~) + b}l5/(r)l3))|2
np < Y wmery | Gy

1sr<p3/ 9/4

beB ~
(b.)=1|rA3y|<Pj

U(B*)
<rt 3w’ / RN

S A S
where
UBD = > Ss(As(B+) + bAs/(rA3))%,
beB;
and

Bri={beZ:-rv([Aslv it ]+ 1) < b+rAsf < rv([Asv it ] + 1)}

Since A5 /A3 is rational, we take A5 /A3 = u/vwithu,v € Zand (u,v) = 1. We take r; = ﬁ Then we have

UBD= Y > elAs(B+7)+bAs/(rA))(p3 - p3)

P1,02€J5 beB]
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¢ Y Y e (Moi-s)

P1,p2€J5 |beB]

=2rv(Asv it + 1) Z 1

p1.p2€75
u@% —pg)zo(modr\/)

<rrt Z 1

p1:2€75
p% Epg(modrlv)

< r‘l"lP%(rlv)"2 § 1
1sbq,bysryvi(by by,ryv)=1
b? Ebg(modrl v)

<Pt Y 1
1<bsrqv
b5 =1(modry v)

< T 1PE(r)°.
Thus, by Lemma 3.9, we have

1

3B <TPs Y wi(nPd()° / e
3

3/4
1sr<P; Ir/\3'y\<P;9/“

< TPix! Z w3(r)?d(r)¢ < TPEX ¥,

1<r<p3/*
Now, we begin to estimate J(f). First, without loss of generality we need only consider the set
By ={b e Z:rAs|t" <b+1A3f < P3P/ + 1|15/}
which falls in the set
By ={beZ:rvky <b+rA3f <rvks},

where k1 = [|A3]v it ] and x; = [|A3|v"1&] + 2. Then we have

~ |Ss(As@)|* w3 (r)* Kz (a)
B < > > / (1+P§|/\3(a—/3)—b/r|)2d“

1SrsP§/l‘ be‘B;Mﬁ(?’,b)

, 1Ss(Asa)|* |~
N IRZ0EY / (1+P§|A3(a—ﬁ)—b/r\)2da

1sr<p3/t bEB;Mﬁ(r,b)

5 1 1S5 (Asa)|*
< > ows? Y k-12 > / (1+P§\A3(a—ﬁ)—b/rl)2da

15,5p§/4 K1<k<x; rvk<b+r/13ﬁsrv(k+1)Mﬂ(r’b)

5 1 " Uy
< 3w Y *-12 / Wd%

3/4 Kx1<k<k
1<r<P; 1 2 |rA3'y\<P;9/l'

where G = {b € Z : rvk < b + rA38 < rv(k + 1)}. On the other hand, similar to the above estimate
we have U(C)) < P%d(r)°. Thus we have

2B <P3XT Y wi()?dn)© Y ﬁ«rP%X’w.

15,4;;/4 K1<k<x;
Combining (5.15)-(5.21), we have

— 553

(5.20)

of U(BY),

(5.21)

(5.22)
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uniformly for B € R.
Hence, by (5.12), (5.13) and (5.22), we have
3(2) < PY83(1) + TH4(P, P3P, Ps) /2 x4 I102ve 5 (1) 12 50y /4, (5.23)

By Holder’s inequality and Lemma 3.7, we have

1/3
3(1) < 3(2)3 / 15202024 |Ke(a)da
R
1/6 1/6
/ 152050025305 @)2S5 (As @)% | K~ (@) dax / 1520200255 (As )° | Ke (@)da
R R

< j(2)1/3(1_13%132)(—1+s)1/3 (TP%P%P%X_HS)l/é(TP%PEX"1+£)1/6
< 3P (P3PPI PEx 1),
Thus we have
3(2) < P;/Sj(z)l/B (TP%P§/2P5P§X—1+€)2/3 + 3(2)5/121_7/12(1_)21_)3P4P5)7/6X77/1277/192+€.
Then this implies
3(2) < TP3PY2p2pix 1€ p21/16 | £(P, P3P, Ps) X 1TI16%  px47/30-1/16%E, (5.24)

Then (5.9) follows from (5.10) and (5.24) immediately. O

6 Completion of the proof of Theorem 1.1

We take 7 = X'/32*2¢_Combining (2.4), (5.1) and Lemmas 4.1, 4.2, 5.1, 5.2, 5.3, we deduce that J(R) > 72X77/60,
Thus by (2.3), we have

N, X) > tX77/%°(log X)™°.

Note that max(p;:) =X,507T = max(p;:)‘l/ 32+2¢ Then we see that the following inequality

A1p1 + -+ A4pit + Asp2 + 1] < max(p;:)‘l/n*zs

has TX77/%°(log X)~° solutions in primes p;. Since X = g*?/> and A/, is irrational, there are infinitely many

pairs of integers ¢, a. This implies that the last inequality has infinitely many solutions in primes p;.
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