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1 Introduction

Fractional differential equations appear naturally in a number of fields such as physics, geophysics, polymer
rheology, regular variation in thermodynamics, biophysics, blood flow phenomena, aerodynamics, electro-
dynamics of complex medium, viscoelasticity, Bode’s analysis of feedback amplifiers, capacitor theory, elec-
trical circuits, electron-analytical chemistry, biology, control theory, fitting of experimental data, nonlinear
oscillation of earthquake, the fluid-dynamic traffic model, etc. For more details and applications, we refer the
reader to the books [1-6] and references [7-14].

Fractional differential equations also serve as an excellent tool for the description of hereditary properties
of various materials and processes [15, 16]. The presence of memory term in such models not only takes into
account the history of the process involved but also carries its impact to present and future development of the
process. Fractional differential equations are also regarded as an alternative model to nonlinear differential
equations [17]. In consequence, the subject of fractional differential equations is gaining much importance
and attention.

The Bagley-Torvik equation is a prototype fractional differential equation which was proposed by Bagley
and Torvik as an application of fractional calculus to the theory of viscoelasticity [18—20]. The governing
equation is given by the fractional differential equation

(MD2 +2S/up D + K) X(t)=f(H), 0<ts1, L1
subject to initial conditions
x(0) = xo, x'(0) = xq, 1.2)
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where x(t) represents the displacement of the plate of mass M and surface area S. Furthermore, y and p are
the viscosity and density, respectively, of the fluid in which the plate is immersed, and K is the stiffness of the
spring to which the plate is attached. Finally, f(x) represents the loading force.

In the current paper we investigate the existence and uniqueness as well as approximations of the
solutions for the Bagley-Torvik equation admitting only the existence of a lower (coupled lower and upper)
solution. Our governing equation is a generalization of (1.1) to an arbitrary @ with 1 < a < 2 in the fractional
derivative term. In fact, we consider the following initial value equation

<D2+AD“+B) x(t)=f(), O0<t<1, 1<a<2, (1.3)
subject to initial conditions
x(0) = a, x'(0)=b, (1.4)

where D% is the Caputo fractional derivative of order a, f : [0, 1] — R is a given function and a, b, A and B
are real numbers.

For various applications in engineering and applied sciences fields, the Bagley-Torvik equation is ex-
tensively studied in literature both from numerical and theoretical point of view [3, 21-30]. Several nu-
merical methods have been proposed for approximate solutions of this type equations, such as successive
approximation method [3, Section 8.3], Adams predictor and corrector method [21], Taylor collocation method
[22], hybridizable discontinuous Galerkin method [23], Discrete spline method [24] and others [25-28]. Also,
Svatoslav Stanék [29] investigate the existence and uniqueness of solutions for generalized Bagley-Torvik
fractional differential equation subject to the boundary conditions. In [30], the authors investigate the general
solution of the Bagley-Torvik equation with 1/2-order derivative or 3/2-order derivative. Furthermore, they
show that the general solution of the Bagley- Torvik equation involves actually two free constants only, and
it can be determined fully by the initial displacement and initial velocity.

Our main aim is to prove the existence and uniqueness as well as construct an approximate solution for
(1.3)-(1.4). This is done in Section 3. Our main tools are some applicable partially fixed point theorems which
are applied in the suitable partially ordered sets as well as iterative methods, whose description can be found
in [31-35]. The advantage and importance of this method arises from the fact that it is a constructive method
that yields sequences that converge to the unique solution of (1.3)-(1.4) admitting only the existence of a lower
(coupled lower and upper) solution.

2 Auxiliary facts and results

Here, we recall several known definitions and properties from fractional calculus theory. For details, see [1-
3, 36]. Throughout the paper AC"[0, 1], n € N, denotes the set of functions having absolutely continuous
n-th derivative on [0, 1], and ACJ[O0, 1] is the set of absolutely continuous functions on [0, 1]. It is known that
x € AC[0, 1] if and only if there exists a function ¢ € L[0, 1] such that x(t) = ¢ + fot (1) dt.

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a function x : [0, 1] — R is defined
as

¢
I“x(t) = ﬁ /(t— )% x(r)dr, 0<t<1.
0

provided that the integral exists. For a = 0, we set I* := I, the identity operator.

Definition 2.2. The Caputo fractional derivative of order a > O of a function x : [0, 1] — R is defined as

/ “(0) "
D%*x(t) = F(n ) dt“/t )t (X() Z )
0
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_ DnIn—a <X(t) _ X X(k)(O) tk> ,

k!
k=0

wheren -1 < a < nand n € N, provided the right side is pointwise defined on [0, 1]. We notice that the Caputo
derivative of a constant is zero. Note thatifn — 1 < a < nand x € AC" [0, 1], then

t
[t=or e @ar - ),
0

DO

Lemma2.1. Leta, B> 0.Ifx € L'[0, 1], then I“IPx = 1"*Fx.

Lemma 2.2. For O < a < 1, I is linear and continuous from L'[0, 1] to LP[0, 1] where 1 < p < g
Lemma 2.3. For a > 0, I* is linear and continuous from AC[0, 1] to AC|0, 1].

Lemma 2.4, Leta > 1.Ifx € L'[0, 1], then I*x € AC[0, 1].

Proof. This is an immediate consequence of Lemma 2.1 and Lemma 2.2, because I°x = Il %%y where
la] =max{n € N,n < a}. O

Lemma?2.5. Leta > 0, a € R and x € L'[0, 1]. If there exists f € AC[0, 1] such that x(t) - aI®x(t) = f(t) on
[0, 1], then x € AC[O, 1].

Proof. 1If a = 0 we are done, and so we henceforth assume a # 0. Given a > 0, choose ny € N so that npa > 1.
Now, by applying the operator I* to both sides of x(t) = aI*x(t) + f(t), we have

I%x(t) = aI**x(t) + I°f(¢),
or equivalently,
x(t) = a®I?%x(t) + al*f () + f(©).
Continuing this process to the ny-th step, we get

no
X(t) = a(n0+1)I(n0+1)ax(t) + Z aklkaf(t),
k=0

for t € [0, 1]. The desired result is therefore a consequence of Lemma 2.4. O

Definition 2.3. A function x € AC'[0, 1] is a solution of (1.3)-(1.4) if it satisfies the initial conditions (1.4) and
(1.3) holds for almost everywhere on [0, 1].

Lemma 2.6. x(t) is a solution of the problem (1.3)-(1.4) if and only if it is a solution of the following integral
equation

x()=a+h (t + ﬁt}“) AP () + P [f(6) - Bx(8)] 2.1

in the set C1[0, 1].

Proof. Let us note that this result is mainly proved in [29]. Let x(t) be a solution of the problem (1.3)-(1.4).
Then x € AC'[0, 1] and the equality

X' (t) + AI*X"'(t) + Bx(¢t) = f(¢), (2.2)
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holds almost everywhere on [0, 1]. Applying the integral operator I?> to both sides of (2.2) and using
Lemma 2.1, we deduce
x(t) =a + bt - AI" X" (t) + I [£(£) - Bx(8)]
=a+ bt - AP I'X"(t) + I? [f(6) - Bx(D)]
=a+bt-AP [x'(t) - b] + I? [f(©) - Bx(t)]

—a+bt+ AP g ap-ay(n) 4 P [f(0) - Bx(t) >
=+ bt g x(0+ I [f(0) - Bx(0)]

A -a —ay
=a+b <t+ mﬁ ) - AP (t) + I? [f(t) - Bx(t)] .

Note that I*t# = F(nggﬂ) t“F, @ > 0,B > -1. Therefore, x € C'[0, 1] is a solution of the integral equation

(2.1). Now, we suppose that x € C1[0, 1] is a solution of the integral equation (2.1). It is obvious that x(0) = a
and x’(0) = b. By calculations similar to those in (2.3), we establish that

_ A
I'4-a)
=a+bt-AP X (6) - b] + I [f(6) - Bx(t)] .4)
=a + bt - AI* *[x(t) - a - bt] + I? [f(6) - Bx(t)]

=a + bt - A% [x(t) - x(0) - x'(0)¢] + I? [f() - Bx(t)] .

x(t) =a+b (t + t3’“> - AP (8) + I [f(6) - Bx(t)]

Differentiating twice, we get
X" (t) = ~AD*I**[x(t) - x(0) - x'(0)t] + f(t) - Bx(D), (2.5)
and so
x"(t) + ADx(t) + Bx(t) = f(t). (2.6)

Now it suffices to show that x € AC![0, 1]. By differentiating both sides of (2.1), we have

X' () + AP (6) = b (1 ;A ) tz_"‘) +1It [f(t) - Bx(1)] . 2.7)

r-

Since b (1 + ﬁtz‘“) + I' [f(t) - Bx(t)] € ACI0, 1], the desired result is therefore a consequence of

Lemma 2.5. O

3 Main results

Before continuing our investigation, we introduce a few fundamental concepts related to the required spaces
and provide some partial order on them to serve as a background for the materials to be illustrated in the later
sections.

By C1[0, 1] we denote the class of contiuously differentiable functions on a finite interval [0, 1] with the
standard norm ||x||¢1jo,1) = max{|[x|cjo,1)» IIX'll cjo,1]} Where [|X||¢jo.1] = SUPsc[o,1] [X(2)|. Obviously, C*[0, 1] is
a Banach space. Now, we define an appropriate partial order on C![0, 1] and prove some essential properties
in this partially ordered Banach space.

Definition 3.1. We define the following order relation for C*[0, 1],
x=y < x()=y), X<y (), telo,1].

Lemma 3.1. (C[0, 1], <) is a partially ordered set and every pair of elements has a lower bound and an upper
bound.
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Proof. It is easy to see that (C1[0, 1], <) is a partially ordered set. Now we prove that every pair of elements
in C'[0, 1] has a lower bound and an upper bound. Let x, y € C'[0, 1] and define

t
x(t) = /min{xl(-),y/(-)}(T) dr +min{x(0), y(0)},
0

and

t
X(0) = / max{x'(",y'()}(1) dt + max{x(0), y(0)}.
0

So a simple calculation shows that the functions x and ¥ are in C'[0, 1] and are the lower and upper bounds
of {x, y}, respectively. O

Dividing by A, B (distinguish the cases A - B > 0 and A - B < 0), we will consider two cases separately.

3.1 InvestigationinthecaseA-B <0

In this subsection we consider the case in which A - B < 0. We consider only the case that A > 0 and B < 0. The
other case is completely similar. Before continuing, we need to introduce the coupled fixed point theorems
which play main role in our discussion. For complete details, see [34].

Definition 3.2. Let (X, <) be a partially ordered set and ¢ : Xx X — X. We say that ¢ has the mixed monotone
property if 9(x, y) is monotone non-decreasing in x and is monotone non-increasing in y.

Definition 3.3. We call an element (x, y) € X x X a coupled fixed point of the mapping ¢ if

4(x,y)=x, and ¥4(y,x)=y.

Theorem 3.1. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is
a complete metric space. Let 4 : X x X — X be a mapping having the mixed monotone property on X. Assume
that there exists a k € [0, 1) with

d“9(x,y), 9w, v)) < g[d(x, u) +d(y,v)], foreachx = uandy < v.

Suppose either & is continuous or X has the following property:

(i) if a non-decreasing sequence {xn} — x, then x, < x for all n,

(ii) if a non-increasing sequence {yn} — y, then'y < yn for all n.

Ifthere exist xq, yo € X such that xo < %(xo, Yo) and yo = 4(yo, Xo), then 4 has a coupled fixed point (x", y") €
X xX.

We define the following partial order on the product space X x X:

LY, &GP eXxX, ) 2EPDex=X 7=<y.

Theorem 3.2. In addition to the hypothesis of Theorem 3.1, suppose that for every (x, y), (X, y) € X x X, there
exists an element (u, v) € X x X that is comparable to (x, y) and (X, ¥), then 4 has a unique coupled fixed point
oy,

Theorem 3.3. In addition to the hypothesis of Theorem 3.2, suppose that every pair of elements of X has an
upper bound or a lower bound in X. Then x™ = y". Moreover,

lim %" (xo, yo) =X,
n—oo

where 4" (xo, yo) = 4 (9" (X0, ¥0), 9" (0, X0)).
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In view of Lemma 2.6, we transform problem (1.3)-(1.4) as the following integral equation

_ A 3-a
x(t)=a+b (t+ I"(4—a)t )

t ; (31)
— L _2-a/ _ B
IG-a O/(t )% (1) dt + O/(t 1) [f(r) - Bx(1)] dr,

in the set C'[0, 1].

Definition 3.4. Anelement (xo, yo) € C'[0, 1]xC'[0, 1]is called a coupled lower and upper solution of problem

1.3)-(La) if

xp(t) £ b (1 + 15 a)tz "‘) r(z ) fo(l‘—T)1 2yo(T) dr+f0 [f(r)+ \B\XO(T)]
(3.2
x0(0) < a,

and

AGEL (1 + F(3 3 t2- "‘) - ﬁ f(f(t - 1) exf (1) dr + jot [f(7) + [Blyo(1)] dr
(3.3)

yo(0) = a,
forallt € [0, 1].

Theorem 3.4. Assume that (xo, yo) € C0,1] x C[0, 1] is a coupled lower and upper solution of problem

(1.3)-(1.4) and k = max{2|B|, F(3 a)} <1.

(i) Then the initial value problem (1.3)-(1.4) has a unigue solution x* € C[0, 1].

(ii) Moreover, there exist two monotone iterative sequences {xn} and {yn} such that both sequences converge
to x" in Ct[0, 1].

(iii) In addition, the following error estimates hold,

* 1 k"
l[xn = X[l c1j0,17 < 71-k (HX1 ~Xollcipo,) + [IV1 —y0||cl[0,1]) ) €20
* 1 k"
lyn =X [lc1jo,1] < 1-k (HX1 ~Xollcipo,) + [IV1 —YO||cl[0,1]) ) (3.5
kn
Pxn = ynllexo,n = 7= (X1 = Xollerpo,11 + Iya = Yollerpo,1p) - (3.6)

Proof. In view of (3.1), we define the operator ¢ : C[0, 1] x C'[0, 1] — C'[0, 1] by

G0,y =a+b <t+ r(4A— a)ﬁ-a) F(3 S / (-1 (D) dr + / (t- 1) [f(0) + |Bx(@)] d

0

3.7
Obviously, for any x, y € C1[0, 1], we have #(x, y) € C[0, 1]. On the other hand,

@'(x,y)(t) = b (1 . ﬁtz"“) F(z / (t- D)%/ (1) dr + / (F(r) + |Bx(0)) dr

and so the operator ¢ is well defined.
Now we shall show that ¢ has the mixed monotone property. Let x, X € C'[0, 1] with x < X. Using the
monotonicity of integral operator, we have

¢
G(x, y)(t) -94(x, y)(t) = |B| /(t— 1) [x(1) - X(7)] dr <0,
0
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and

t
960 -9 O - 1Bl [ [v0)-x(0)] dr
0
<0,
for every t € [0, 1]. Hence, ¢(x, y)(t) < 9(x, y)(t) and ¢’ (x, y)(t) < ¥'(x, y)(t) for every t € [0, 1], that is,

4(x,y) < %X, y). Similarly, let y,y € C'[0, 1] with y < . From the monotonicity of Riemann-Liouville
fractional integral operator, we have

t
Y60~ 90O =~ 155 / (t- 12 [y'(0) -7 (1)] dr
0
> 0.

and

t
T @O~ 0N =~ s [0 Y@ -y @] dr
0
> 0.

for every t € [0, 1]. Hence, 4(x, y)(t) = 4(x,y)(t) and &' (x, y)(t) = ¥'(x, y)(t) for every t € [0, 1], that is,
4(x,y) = 9(x,y). Thus, 9(x, y) is monotone non-decreasing in x and monotone non-increasing in y.
Now, for x, y, X,y € C1[0, 1] with x = X, y < ¥, we have

t t
G(x, y)(t) - 9(X, 7)(1‘)’ = )\B\ /(t - 1) [x(1) - X(1)] dt - ﬁ / (- [ -¥(@)] dT‘
0 0

|B| -
= sup |x(t) - x(t)| + sup [y'(t)-¥'(8)],
2 iefo,1] F(4 a) ¢cfo0,1]

IN

IN

Bl %oy + =2y -l ergo)
2 ’ I'(4-a) ’

and
t t
96 y)(0 - 9'(% 9)(0)] = |1B / X(0)-x(0)] dr - / (-0 [y (@ -7(@)] i
0 0
B "0-y @)
<| |t21(1)p1] |x(t) - x(t)\+r(3 )é}éﬁ] [y (&) -y (8]
< |BJlIx = X[ ¢1jo,1] * m“y—ﬂ\m[o,ﬂ-
Therefore,

. _ A _
1906, y) =90 Yllerpo,) < IBIIX =Xl crjo,1) + m”y—ﬂ\cl[o,l]-

IN

k - _
3 X =Xlexo,u + 1y = o, (G:8)

Furthermore, it is easy to see that, if {x»} is a monotone non-decreasing sequence in C 1[0, 1] that converges
to x € C'[0, 1] and {yn} is a monotone non-increasing sequence in C'[0, 1] that converges to y € C*[0, 1],
then x, < xand y < yn, for all n.
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On the other hand, from (3.2), we have

¢ t
60b (14 7550 ) - gy [0 o dr [0+ i) ar
Y 0
= d A 3-a
_E[Mb(Hmt ) (3.9)
¢ t
A 2-a.
G-® 0/(t— )" Yyo(r) dT + O/(t— ) [f(1) + |B|xo(1)] d‘r]

=9'(x0, yo)(D),

for every t € [0, 1]. Now by applying the integral operator I' on both sides of inequality (3.9) and using
x(0) < a, we deduce
t

¢
xo(t) < x0(0) + b (t + ﬁt}“) - ﬁ /(t - 1)y (1) dT + /(t - 1) [f(1) + |Bl|xo(7)] dt
0 0

A

sa+b(t+7r(4_a)

£ t
tB_a) ) ﬁ /(t -0 o dr + /(t - 7) [f(7) + |Blxo(7)] dr
0 0

=9 (xo, yo)(t),

for every t € [0, 1]. Furthermore, using (3.3) and applying similar calculation, we get y((t) = 9’ (yo, x0)(t)
and yo(t) > 4(yo, xo)(t) for every t € [0, 1]. Therefore,

Xo X ¥9(x0,¥0) and yo = “4(yo, xo0)- (3.10)

Consequently, Theorem 3.1 yields the existence of coupled fixed point (x*, y") € €[0, 1] x C*[0, 1] for the
oparator ¢.
Also, C[0, 1] x C*[0, 1] is a partially ordered set if we define the following order relation in C*[0, 1] x
cllo, 1]:
LY SEY) = x2X,y=y.

Now, if for every (x, y), (x,y) € C*[0, 1] x C1[0, 1], we define
t
%(6) - / max{x'(-), ¥ ()}(r) dr + max{x(0), X(O)},
0

and

t
0) = / min{y’'(), ¥’ ()}(1) d + min{y(0), ¥(0)}.
0

then (%, ) € C*[0, 1] x C[0, 1] is comparable to (x, y) and (X, y). The uniqueness of the coupled fixed point
(x", y*) therefore follows from Theorem 3.2. Finally, an application of Theorem 3.3, together with Lemma 3.1,
yields x™ = y". This establishes the first assertion.

For the second assertion, we define iterative sequences {x,} and {y»} as follows

Xn = g(Xn—lx yn—l)y Yn = qJﬂ(yr’l—la Xn—l); n= 19 27 Tty (3'11)

where xo and y, are the coupled lower and upper solutions of problem (1.3)-(1.4). We intend to prove by
induction on n that {x, } and {yn} are non-decreasing and non-increasing sequences, respectively. The case
n = 1 being immediate from (3.10). Now we take an arbitrary positive integer n and we assume that x,_1; < xn
and yn < yn-1. Then, using the mixed monotone property of ¢, we have

Xn =9 (Xn-1,Yn-1) X 9(Xn, Yn-1) < G(Xn, Yn) = Xn+1,
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and
Yne1 =9 (Yn, Xn) 29 (Yn, Xn-1) 2 G(Yn-1, Xn-1) = ¥n.
Moreover, both sequences {x,} and {yn} converge to x” which follow from Theorem 3.3. This proves assertion

(ib).

Now we prove the error estimates. From (3.8) it follows that
k
X2 = x1llerjo,1) < 5 ([1x1 = Xollc1jo,17 + 1Y1 = Yolleipo,17) » (.12
k
ly2 = yillcijo,1) S 5 (HX1 =Xollc1po,11 + V1 —)’0Hc1[0,1]) . (B.13)

Again employing (3.8) and using (3.12) and (3.13), we deduce
k2
lIx3 = x2llcyo,1] < 5 <||X1 =Xollc1po,1) + IIva —)/0Hc1[o,1]) )

k
lys = y2llctjo,1] < 5 (||X1 = Xoll¢ijo,1) + V1 —)’Oﬂcl[o,l]) .

By a mathematical induction, we obtain
kn
IXne1 = Xnllcro,1) < 5 (Ix1 = xollcrjo,17 + V1 = Yolleipo,17) » (.14)
n

k
lYn+1 = Ynllcijo,1) < 5 (Ix1 = xollcrjo,17 + Iy = Yollerpo,17) - (3.15)

Thenforanymz=n=1,

m-n-
1Xm = Xnl|c1j0,1] < Z 1Xn4jr1 = Xnsjllcrpo, 1)
=0

m-n-1 i
k™ (3.16)
< ZO 5 (X1 = xollcijo,11 *+ Y1 = Yollipo,1)
j=
1k - km
=51C (||X1 X0||c1[0,1]+||Y1‘Y0||C1[0,1]>-

Letting m — oo in both sides of (3.16), we can obtain the error estimate (3.4). A similar argument can also be
used to prove error estimate (3.5). Finally, (3.6) follows immediately from (3.4) and (3.5). O

Remark 3.1. Inview of Theorem 3.4, the sequences defined by (3.11) generate a sequence {(xn, yn)} which each
of its elements is a coupled lower and upper solution of problem (1.3)-(1.4).

Remark 3.2. Let (xq, yo) be a coupled lower and upper solution of problem (1.3)-(1.4) such that xo < yq and let
{xn} and {yn} be the sequences defined by (3.11) such that ||xn - x*||C1[0’1] — 0and ||yn - x*Hcl[O’l] — 0. Then

Xo%Xg X Zxn = XX < Syn <o X y1 <o, (3.17)

Example 3.1. Let us consider the following problem

X"() + 2D3x(t) - 1x(H) = f(£), O0<t<1,
{X(O) = 05, x'(0) = 11: (3.18)

where f(t) = 162 - 1t - §ﬁ — 2 and the exact solution is x(t) = t(1 - t). Observe that, we have k =

gyt
max{2|B|, ;3% } = 0.90267 < 1. Now, define % : C'[0, 1] x C'[0, 1] = C*[0, 1] by setting

= 2 3-a 2-a
g(X, Y)(t) = <t + mt ) 5F(3 /(t T) y (T) dr

. (3.19)
1, 1 87 1
+ [(t-1) <712—7‘r—7——2+—x(‘r)) dr
0/ 4 4 5n 4



508 —— H.Fazliand].]. Nieto DE GRUYTER

A relatively simple calculation, with the help of Maple, shows that (xo(t), yo(t)) = (-3t, 3t) is a coupled lower
and upper solution of problem (3.18). Therefore, all the assumptions of Theorem 3.4 hold and consequently,
problem (3.18) has a unique solution in C'[0, 1]. Moreover, the unique solution of (3.18) can be obtained as
limp— 00 9™ (X0, yo) Where 9™ (xg, yo) =4 (54"‘1()(0, ¥0), 4" (yo, xo)). For simplicity, we set xn = 9(Xn_1, ¥n-1)
and and yn = 9(Yn-1, Xn-1). Using simple calculation, with the help of Maple, we can now form the first few
successive approximations as follows
3
x1 = %(xo0,yo) = t - 16 0 024072 ¢ +0.02083 t - 0.16667 £ - 12,
15 /@

32 3

_ _ 02t 5 4 3_ g2
y1 =90, X0) =t + 15 Vn 0.24072t> +0.02083 t* +0.08333 t” - t°.

Therefore, we have

X2 = 9%(x0, Y0) = % (X1, Y1)
= t-0.00001 t? — 0.03438 tZ — 0.00764 t7 +0.00017 5 — 0.00208 t°

+0.05333 £ - 1.32 ¢

and
Y2 = 9*(Yo, Xo) = 4(y1, X1)
= t+0.00001 t% +0.06877 l‘% -0.00764 t% +0.00017 t® +0.00104 £°
+0.05333 2 - 0.83996 ¢°.
Similarly,

X3 = 9> (x0,Y0) =% (X2, ¥2)
= t-0.03851¢? —0.011 7 - 0.00052 t 2 —0.00008 t* —0.00001 ¢’ +0.002 5 — 0.02 t* — {2,

and

¥3 = 92 (¥0, X0) = 4(y2, X2)
= t+0.07703 2 —0.011 £7 — 0.00104 t? —0.00008 t* +0.002 £> + 0.01 t* - £2.

It is interesting to point out that (xn, yn) = (9" (X0, ¥0), 4" (Y0, X0)) , n = 1, 2, 3 serve as an approximation to
the unique coupled fixed point of ¢ of increasing accuracy as n — oo. On the other hand, from Theorem 3.3, the

unique solution of (3.18) can be obtained as
x" = lim 9" (xo, yo) = lim 9" (yo, Xo).
n—oo n—oo

The graphs of xn and yn, for n = 0, 1, 6 are shown in Figure 1. Furthermore, the graphs of xy, and yy, for n =
0, 1, 6 are shown in Figure 2.
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Figure 2: Graphs of x}, and y,

Remark 3.3. To derive the same results for the case in which A < 0 and B > 0, we can apply the same technique
as mentioned above. The main difference is the structure of the function 4 and consequently the definition of
coupled lower and upper solution of the problem (1.3)-(1.4). We could carry out a similar argument to prove the
existence, uniqueness and approximation results.

3.2 InvestigationinthecaseA:-B > 0

In this subsection we consider the case in which A - B > 0. Before continuing, we need to introduce the fixed
point theorem which play main role in our discussion. For complete details, see [31-33].

Theorem 3.5. Let (X, <) be a partially ordered set such that every pair x,y € X has a lower bound and an
upper bound. Furthermore, let d be a metric on X such that (X, d) is a complete metric space and 4 is monotone
(i.e., either order-preserving or order-reversing) map from X into X such that

30<k<1:d@X),9(y) <kd(x,y), Vx =y,

Ixg € X : xg = 9(xq) or xo > 9(xo).

Suppose also that either & is continuous or X is such that if x, — x is a sequence in X whose consecutive terms
are comparable, then there exists a subsequence {xn, } of {xn} such that every term is comparable to the limit

*

x. Then ¢ has a unique fixed point x*. Moreover, for every x € X, limy_eo 9™(x) = x".
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In view of Lemma 2.6, we transform problem (1.3)-(1.4) as x = ¥(x) where ¢ : C'[0, 1] — C'[0, 1] is defined
by

¢ ¢
gx)t)=a+b (t + ﬁt}“) - ﬁ /(t -2 %/ (1) dt + /(t - 1) [f(r) - Bx(1)] dt
0

0

Definition 3.5. An element xo € C'[0, 1] is called a lower solution of problem (1.3)-(1.4) if

x6(0) = b (1+ i ) = gy Jo =0 "xp(x) dr + [ [£(1) - Bxo(1)] d
(3.20)

x0(0) < a,

forall t € [0, 1] and it is an upper solution of (1.3)-(1.4) if the above inequalities are reversed.

Theorem 3.6. Assume that xo € C*[0, 1] is a lower solution of problem (1.3)-(1.4) and k = |B| + % <1.
(i) Then the initial value problem (1.3)-(1.4) has a unique solution x* € C[0, 1].
(ii) Moreover, the iterative sequence {xn} defined by

- LB—O{
xn(t) =a+b (t+ F(4—a)t )

t ¢
A 2-a/
TG-a) O/(t - 1) Xy (1) dT + 0/(t - 1) [f(1) - Bxn-1(7)] dt

converges to x" in C*[0, 1].
(iii) In addition, the following error estimates hold,

. k"
IxXn =X llcajo,1) < 7 IX1 = Xollcro,11-

[Xn+1 = Xnllcpo,17 < K" [1X1 = Xollc1jo0,1-

Proof. The proof is similar to that for Theorem 3.4. It suffices to define ¢ : C'[0, 1] — C1[0, 1] by

Y00 = a+b (t ; ﬁﬁ*«) o / (E- D> (r) dr + / (6-7) [f(D) - Bx(7)] d
and to apply a similar arguments as in the proof of Theorem 3.4 correspondig to Theorem 3.5. O

Example 3.2. Let us consider the following problem

1y~ 23 x(f) - L
x"(t) 5DZ/)((t) 92 x(t)=f(t), 0<t<1, (3.21)
x(0) =0, X'(0) = £,
where f(t) = -1 + 3t2 + 138231‘ 3-4 ‘/(\/3140 and the exact solution is x(t) = £ - 3> + :t.
Here A = -2 and B = - 1. Observe that k = |B| + ;2L = 0.95135 < 1. Now, define & : C'[0, 1] — C'[0, 1]

by

t
_ 9 _ 2 3-a 2 o N2-as
g(x)(t)—l—é)(t et )+75T(3_a) Je-orx@ar

0

/(t ‘r)(—lr3+4‘rz+§‘r B—gf(jgm-) = (T))
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A relatively simple calculation, with the help of Maple, shows that xo(t) = —%t is a lower solution of problem
(3.21). Therefore, all the assumption of Theorem 3.6 hold and consequently, problem (3.21) has a unique solution
in C'[0, 1]. Moreover, the unique solution of (3.21) can be obtained as limy_seo Xxn Where xn = %(xn_1). The
graphs of xn and yn, for n = 0, 1, 6 are shown in Figure 3. Furthermore, the graphs of x,, and yy, forn =0,1, 6
are shown in Figure 4.
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Figure 3: Graphs of x, and exact solution
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Figure 4: Graphs of x}, and derivative of exact solution
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