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1 Introduction

The main aim of this paper is to investigate the asymptotic behavior of the solution to the following stochastic
strongly damped wave equation with time-delay and with additive noise on a bounded set D c R<:

t S dw;
Ugt — aAur — Au+u + Au = f(u )+g(x)+Zh,~(x)7, (1)
j=1

with the initial value conditions
u(t,x) = up(t,x), ust,x)= %uo(t, x), forte[-h,0], xeD,
and the boundary condition
u(t,x)=0, forte[-h,o), x € 0D.

Here A and a are positive constants, W,-(j =1,2,---,m) is a real-valued two-sided Wiener process on a
probability space (Q,.#, P), which will be specified later, g is a given function defined on D, u is a real
function, f is a nonlinear functional satisfying some conditions which will be specified later, u‘(-) = u(t + -).

Wave equation is a kind of hyperbolic equation, which can be used to describe the wave phenomena in
nature and engineering. Hence, wave equation is a very important research field. Some evolution systems in
physics, chemistry and life science, depend not only on the current status, but also on the status in the past
period. These systems can be described by time-delay partial differential equations.

In this paper we study the asymptotic behavior of the solution to the stochastic time-delay wave equation
(1), when time tends to infinite. As we know, the asymptotic behavior of random system can be studied by
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its random attractor, which was first introduced by Crauel and Flandoli [9]. In recent years, the properties of
random attractors have been studied by many authors, see [10, 14, 16-19, 21, 24, 25, 30-32] and references
therein.

The asymptotic behavior of the solution to deterministic wave equation has been investigated by many
authors, see [2, 22, 23, 29, 33] and reference therein. In [33], S. Zhou obtained the uniformly boundedness of
the global attractor, and the estimate of the upper bound of the Hausdorff dimension of the global attractor for
strongly damped nonlinear wave equations. In [2], ].M. Ball proved the existence of a global attractor for the
semi-linear wave equation on a bounded domain Q C R" with Dirichlet boundary conditions. The existence
of the attractor for a class of strongly damped semi-linear wave equation on a bounded domain Q ¢ R? had
been obtained by V. Pata [22]. In [29], the authors got the existence of a global attractor for the wave equation
with nonlinear damping on a bounded domain. In [23], D. Prazak proved the global attractor for a class of
semi-linear damped wave equation on bounded domain in R"(n = 2, 3) has finite fractal dimension.

The random attractor for the stochastic wave equation has been studied also by many authors [12, 2628,
34]. In [12] X. Fan got the existence and fractal dimension of random attractors for stochastic wave equations
with multiplicative noise on a bounded domain Q ¢ R"(n = 1, 2, 3). Z. Wang and S. Zhou investigated the
random attractor for stochastic damped wave equation with multiplicative noise [26] and additive noise [27]
on unbounded domain.

However, the results for the stochastic retarded wave equation are very few. Retarded wave equations
are widely used in engineering, biology, physics and chemistry. Therefore, it is important for us to study the
asymptotic behavior of random attractor for stochastic retarded strongly damped wave equation. To prove
the existence of random attractor, we need to get some kind of compactness. Hence, we need the higher
regularity for the solution. To this end, by using the method in [15, 20], we decompose the solution into two
parts. One part has exponential decay with time and the other part has higher regularity. It follows from the
higher regularity of the solution and Ascoli theorem that the random absorbing set are compact.

This paper is organized as follows. In Section 2, we recall a theorem for the existence of random attractor,
and show that Equation (1) generates a random dynamical system. In Section 3, we prove the dynamical
system has a random absorbing set, and give the uniform estimates of the solution. In Section 4, we prove
the existence of random attractor.

2 Preliminaries and Random Dynamical Systems

In this section, we first recall a result for the existence of random attractor for a continuous random dynamical
system (RDS), and then introduce some notations which will be used in this paper. At last, we show that the
equation (1) generates a random dynamical system.

Let (X,|| - ||x) be a Banach space with Borel o-algebra #(X). Suppose that (Q, .7, P, (0¢)cr) is a
metric dynamical system on the probability space (Q, .#, P). Suppose that ¢ is a continuous RDS of X over
(Q, #,P, (61)¢cr)- And suppose 2 be a collection of subsets of X. The reader can refer to [3] [7] for more basic
knowledge about random dynamical systems.

Now, we refer to [3] [13] for the following result for the existence of random attractor for continuous RDS.

Proposition 2.1. Let {K(w)},cq € 2 be a random absorbing set for the continuous RDS ¢ in 9 and ¢ is 2-
pullback asymptotically compact in X. Then ¢ has a unique 2-random attractor {A(w)},cq Which is given by

Alw) = m‘raOUtzr(,b(t’ 0-tw, K(0-;w)). )

This result will be used to prove the existence of random attractor for the RDS generating by stochastic
strongly damped wave equation with time-delay (1).

The following notation will be used in the rest of the paper. We use (-, -) and || - || to denote the inner
product and the norm in L?(D), and use the notation || - ||x to denote the norm of a general Banach space
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X.For h > 0, let uf be the function defined on [-h, 0] by the relation u‘(s) = u(t + s), s € [~h, 0]. For any
continuous function ¢ : [-h, 0] — L?(D), define

I§]ls = sup [|§(s)]]. €)
0]

se[-h,

Let S be the collection of all continuous function ¢ : [-h, 0] — L%(D) with [|€]|s < o=. Then, it is easy to check
that (S, || - ||s) is a Banach space.
In the following, let (2, .#, P) be a probability space, with

Q={w=(w1,w2,+,wn) € CR,R™): w(0)=0}. (%)

The Borel g-algebra .# on Q is generated by the compact open topology [1] and P is the corresponding Wiener
measure on .%. (6¢)¢cr on Q is defined by

Oiw(s) =w(s+t)-w(t), s,teR. (5)

Then, (Q, .Z, P, (0¢)tcr) is an ergodic metric dynamical system.
In the rest of this section, we show that there is a RDS generated by the following stochastic strongly
damped wave equation:

m
W
Upt — aAus — Au+ue + Au = fuh) + g(x) + E h;(X)%’ (6)
=1

with the initial value conditions
u(t, ) = wo(t, ), uelt; ) = Suolt, ),  fort € [-h,0, x € D, @)
and the boundary condition
u(t,x) =0, forte[-h,oo), x € oD. (8)

Here a, A and h are positive constants, g is a given function in L?(D), and h]’-s G=1,2,---,m) are given
functions in H3(D), W(t) = (W1(t), Wa(£), -+ , Win(t)) is a two-sided Wiener process on the probability space
(Q, Z,P). We identify w(t) with W(¢), i.e. Wi(t) = w;(t) G = 1,2,---,m).f : S — L%(D) is a continuous
functional satisfying the following conditions:

(A1) f(0) = 05

(A2) there exists a constant Ly > 0 such that, forall §,n € S,

W) = FIl < Lyll€ = mllss )

(A3) there exist positive constants o > 0, C¢ > 0 such that Vg € (0, o), t > 0, u € C([-h, t]; L2(D)),
t t
/eﬁslf(us)lzds < Cf/eﬁ5|u(s)|2ds. (10)
0 -h

Let 0 > 0 be a fixed constant such that
A+c?-06>0, 1-0>0, 1-0a>o0. (11)
For convenience, we introduce the following natations. Set
B1=A+02—0, Bo=1-0, B3=1-o0a. (12
Set H = H(D) x L%(D), and the norm on H is the following

1, V)17 = Ballull® + B[ Vul® + [|v|®, for (u,v) € H. (13)
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Set
H={(w,v): ues, |[VuleS,veS}, (14)

with the norm [|(u, v)| |3 = B1|ull3 + B3| Vull3 +|[v|[3.
Set = u; + ou, then (6)-(8) can be rewritten as the following form:

du =n-ou
a 1%
d m dW: (15)
G = ~Ban + adm  Bru+ BAu -+ f(u) + g0) + > m) G
j=
with the initial value conditions
u(t, x) = up(t, x), n(t,x)=no(t,x) = %uo(t, X) + oug(t,x), for t €[-h,0], x €D, (16)
and the boundary condition
u(t,x) =0, forte|[-h,oo), x € 0D. @17)
To show that the equation (15) generates a continuous RDS, we first transform (15) into a deterministic equa-
tion with random parameters. We use famous Ornstein-Uhlenbeck process to do that. Forj =1, 2,--- , m, set
0
2(0w;) = - / e5(6:w))(s)ds, ¢ € R. 18)

—co

It is an Ornstein-Uhlenbeck process, and it is the solution of the following Ito equation:
de+Zjdt= de. (19)

Moreover, the random variable z;(6;w;) is tempered, and z;(;wj) is P-a.e. continuous [3]. Set

z(0w) = Z h;(x)z;(6:w;),

j=1
then (19) implies that
m
dz+zdt = h;dW;. (20)
j=1
Notice that h; € H3(D)(j=1,2,---,m). Thus, there exists a constant ¢ > 0, such that,
m m m
llz(w)]|? < CZ |Zj(a)j)|2; |Vz(w)|]? < CZ \zj(a)j)|2; |Az(w)]|)* < CZ \zj(a)j)|2. (21)
j=1 j=1 j=1

It follows from Proposition 4.3.3 [1] that, there exists a tempered function r(w) > 0 such that
m
Z \z,-(a),-)|2 < r(w), (22)
j=1

where r(w) satisfies, for P-a.e. w € Q,
r6iw) < et r(w), teR. 23)
Here f3 is a positive constant which will be fixed later. Then, it follows that, for P-a.e. w € Q, t € R

12(0w)|1? + (| V2(0:w)| 2 +[|42(0,w)]* < ce? I r(w). (24)
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Set
v(t, x) = n(t, x) - z(6rw). (25)

Then the equation (15) can be rewritten as the following form

du

qp - Voout z(6:w), (26)
dv
4p = “Pav+adv-Biu+ fsdu + ) +g(0) + 02(6,w) + alz(6,w),

with the initial conditions
u(t, x) = ug(t, x), v(t,x)=vo(t,x) = %uo(t, X) + aup(t, x) - z(rw), for t € [-h,0], xe D, (27)
and the boundary condition
u(t,x) =0, forte[-h,oo), x € dD. (28)

The equation (26) is a deterministic equation with random parameters. By [6], under the conditions (A1)-(A3),
for each (ug, vo) € X, (26) has a unique solution (u(t, w, uyp), v(t, w, vo)) for a.e. w € Q. Forany T > 0, by the
regularity of solutions for an analytic semigroup [4], we can get that

(u,v) € C([~h, T]; H'(D)) x C([-h, T]; L*(D)). 9)

The global solution can be obtained by the boundedness of solution of (26), by Lemma 3.1 below. Hence,
equation (26) generates a continuous random dynamical system ¢ with

o(t, w, po) = W', v, for t=0, we Q, and ¢ = (ug, vo) € H. (30)
Notice n(t, w, no) = v(t, w, no) + z(6:w). Define Y by
Y(t, w, o) = (', n"), for t=0, we Q, and Yo = (uo, No) € H. (31)

Then, ¥ also generates a continuous RDS associate with (15). It is easy to see that two random dynamical
systems are equivalent. Thus, we need only to consider the random dynamical system ¢.

3 Uniform estimates of solutions

In this section we prove some uniform estimates for the solution of the equation (26). To show that the RDS
¢ has an absorbing set, we need the following assumption:

C; < 40B1Bs. (32)
By condition (32), there exist two positive constants 84, S5, such that
Cf = 4PuPs, PBu < oP1, Bs < . (33)
Throughout the rest of this paper we assume that Z is the collection of all tempered random subsets of .

Lemma 3.1. Assume that conditions (A1)-(A3) and (32) hold. Then, there exists a random absorbing set
{K(w)} € 2 for ¢, that is, for any {B(w)} € 2, and for P-a.e. w € Q, there exists T1(B, w) > 0, such that

¢(t, 0_¢w, B(_tw)) C K(w), forall t= Ti(B,w). (34)
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Proof. Taking the inner product of the first equation in (26) with u, -Au, and the second equation in (26) with
v, respectively, we have that

1d

5 g ull? = v w) = ollul* + (z(0w), u), (35)
;;tHVuH = (Vu, V) - o||[Vul|* + (Vz(6:w), Vu), (36)
&IV = -Bal VI - all9VI2 - B, v) - BV, ) + (), V) +

(g, V) + 0(z(6iw), V) + a(Az(6rw), V). 37)

Then, summing up (35)xf81, (36)xB3 and (37), one has that

||(u v) |l = ~oBallull? - oBs||Vull® - B2l v — al|Vv||* +
(f), v) + (g, v) + B1(2(6:w), u) + B3 (Vz(6,w), Vu) + 0(2(6:w), v) + a(Az(6,w), V). (38)

Zdt

Now, we estimate the terms on the right hand side of (38). By (33), there exists a constant ¢ > 0 small enough,
such that 8¢ < 82 — 5. Using Young inequality, we obtain that

1
(Fh),v) + (g, v) < [If@O V] + gl HVHS4ﬁ5|\f(ut)||2+ﬁ5||\/||2+ 4Be g1 + BslIVII. (39
Using Young inequality again, one has that

B1(z(6tw), u) + B3(Vz(0:w), Vu) + 0(z(6tw), v) + a{Az(6tw), v)
< B1||z(Bcw)|| |[ul| + B3| |VZ(6:w)|| || Vu|| + 0]|z(Bew)|| |v]| + aHAZ(Btw)H [[v]]

2 2
< PL @)+ Bollul? + Lo 1V 02 + Bol Vull2 + T 2(6,) B 2 azBw)? + B2 v

4; 4Bs 265 7
< c1r(6,w) + (Brl[ull” + BslIvII + Bol IV ull?) (40)

In the third step, we use (21) and (22). Here ,87, Bg, Bo are positive constants such that 8; < o1 - B4, Bs <
B2 = Bs - Be, Bs < 0B3,and c; = ¢ <fﬁl + "22;: 4ﬂ ) Then, it follows from (38)-(40) that,

2801w, v) I = ~(0Bs ~ Ba~ B)IIulP - (0Bs = Bo)|[Vull = (Ba - Bs ~ B ~ B IVII2 ~ al| WVl +

TESW(H[)HZ_MHHHZ+ iBe lIg|I* + c1r(Brw). (41)
Set
/31o=min{aﬁ1 ﬁ€4_ﬁ7 Oﬂsﬁ Bg,ﬁz-ﬁs-ﬁs-ﬁs}- (42)

Then, one has that
d
261V = =2Buoll (V) [ = 2019+ S GO = 2allul + 55811 + 2ear(6w). (43)

Choose B € (0, Bo) small enough, such that B < B1o. It follows from (43) that

d

(I E) < - @Bio- B)ef“n u, v) |3 - 2ae?||vv||? *zz% F ]2 -

2B4P u|? + £ B HgH +2c1P7(6;w). (44)

Integrate over t in both side of the last inequality,

t t
Pl (u(®), v(D) |IF < || (u(0), v(0)) |IF ~ (210~ B) / ePs|| (u(s), v(s)) | ds - 2a / ePs||Vv(s)||>ds +
0 0
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¢ t t t

Bs

%/eﬁst(us)llzds—2[34/eﬁsHu(s)szs+/Ze—\|g|\2ds+2C1/eﬁsr(esw)ds. (45)
> 0 0 e 0

By condition (A3) and (32), we find that

t t t t
1 Ct
T /eﬁsnf(u ||ds - 2ﬁ4/eps|\u(s)||2dss zT§5/e/’s||u(s)||2ds—2ﬁl,/e/“|\u(s)||2ds
0 0 -h 0
0
2/34/eﬁs|\“ s)|[2ds < 2B4h|uol |3 (46)
-h

Noting that B < 2810, (45) and (46) imply that

t
P (u(®), v(0)) || + za/eﬂswv(s)uzds
0

t
Bt
< || (u(0), v(0)) || + 2B4h|uol|5 + ﬁnguz +2¢1 0/ ePSr(0sw)ds. (47)

Since ||uo]|s < ﬁ%||(u0, vo)l|sc, and || (u(0), v(0)) |17 < || (o, vo) II5¢, it follows from (47) that

t
| (u(®), v(O) || + 2@ / P50 1wv(s)| 2 ds
0

2B4h\ -
< (14280 € ) 0 vo) i +

For T € [-h, 0], by (48), one has that, for t + T > 0,

t
1 2 //3(5—0

+2cC e r(fsw)ds. 48
2Bmllg\l 10 (Bsw) (48)

t+1
| (ut+ 1), v(t+ 7)) || + 2a / P 1w v(s)) 2 ds

0
t+T

2B4h> —B(t+T) 2 1 2 / B(s—t-1)
s(1+2£2 e Ug, V + +2c e r(@sw)ds
(1+25¢ o)l g1+ 20 :
t
< (1 + M) ) (o, vo) [ + 555181 + 218" [ B OrBwnds, (49)
B 25Ps J

andfort+71<0

t+1

| (u(t + 1), v(t + 1)) |1} + 2a / P v v(s)|12ds < || (uo, Vo) 13
0

t
< (1 + M) 0| (uo, vo) |13 + i”guz +2c P / P01 (0sw)ds. (50)
B 2BBs )

By (49) and (50), we obtain that, for t > 0, T € [-h, 0]

t+1

2
H(ut,vt)HH+Za/eﬁ(s‘t"ﬂHVv(s)szs

0
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t
< (1 + M) eﬁ(h’t)H (o, vo) H%{ + 1 |\g||2 + 2c1eﬁh / eﬁ(s’t)r(esw)ds. (51)
B1 2BBs J

Replacing w by 6_;w in (51), we obtain that,

t+1

2 2
| (0=, uo(0-rw)), v'(6-cw, vo(6-w)) || +2a / P 1T v(s, 0w, vo(0(w))||*ds
0
t

lgl|? + 2¢1eP" / P00, 1 w)ds
0

1 2 4cq Bh
gl + 25w, (52

In the last term, we use (23). Notice that (uo(G_tw), vo(G_tw)) € B(6_¢w), and {B(w)} is tempered. Then,

1
2BBs

§ (1 . Zg;l*h) P10 | (up(0- ), vo(6-1)) 3 +

_ (1 . 2%) BT (ug(8-w), vo(0-1) 3¢ +

. 2B,h _
lim (1 ; B—‘*) 0| (up(Bw), volB-r)) [ = O. (53)
t—+oo B1
Hence, for any B € 2, there exists a random variable T1(B, w) > 0 such that, forall t > T, (B, w),
t+1
t t 2 B(s-t-T) 2
| (1 0-cw, uo(B-rw)), v (6-cw, vo(O-w)) ||, +2a [ e |V¥(s, 6.0, vo(B-rw))|*ds
0
1 2, 4c1 g _
<1+ -—r + —eP"'r(w) = ri(w). 54)
25, 811" + T @) = n( (
It is easy to see that r (w) is tempered. This ends the proof. O

To show the existence of random attractor, we need to get some estimates for Au and Av. To this end, we
decompose the solution of (26) into two parts, and then obtain some priori estimates for the solutions. Set

u=u+i; v=v+7. (55)
Here (&1, ) and (i1, V) are the functions which satisfy the following equations respectively

dit

a5 = Voot
dv 5+ adv ~ Al
& = -Bo7 + adAV - B1 it + B34, (56)

ﬁ(t’ X) = uO(t’ X)’ V(ti X) = VO(t’ X)’ te [_h’ 0]’ X e Dy
i(t,x) =0, te[-h,+o0), x € 0D.

and "
d—l; =V-oil+z(6;w),
% = —BoV + alV - Brit + B3Al + f(u') + () + 02(0rw) + alz(Brw), (57)

u(t,x)=0, v(t,x)=0, te[-h,0], xe D,
u(t,x) =0, te[-h,+o0), x € 0D.
First, we estimate (ii, ). By the proof of Lemma 3.1, it follows from (52) that, for t > 0, T € [-h, 0]

t+1

2
H (' (0-cw, uo(0-w)), ¥(6-1, vo(0-w))) Hj{ +2a / P61V (s, 0w, vo(0_(w))||ds
0

5 (1 " zg%h) MO (up(8-w), vo(6-w)) |12c. 58)
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It follows from (52) and (58) that

5 t+1
H (#(0-w, 0),#(6-w, 0)) Hﬂ +2a / P17, 6w, 0)]|2ds
0
2 2
<2 H (uf(e_tw, Uo(0_w)), V! (6_ 1w, vO(e_tw))) H% +2 H (af(e_tw, uo(0_w)), ¥ (6_1w, vO(e_tw))) HH +
t+1
+ha / Ps-t=1) (HVV(S, 0_;w, VO(G—tw)))HZ + ||V]7(S, 0_tw, Vo(e_ta))))||2> ds
0

<4 <1 + Zé—‘l‘h) ePh-0) (uo(0-¢w), vo(6-w)) [|5¢ + 54 Bﬁ llgl)? + 8;1 ePr(w). (59)
Thus, (54) and (59) imply that, for t > T1(B, w), T € [-h, 0],
ter
|| (a(t, 6w, 0), (¢, 6_;w, 0)) Hﬁ{ +2a / P01 vi(s, 0w, 0)]|2ds < 2r1(w) + 2. (60)

0
Here T1(B, w) and rq(w) are random variables defined in Lemma 3.1. Next, we give a priori estimate for
(Au, An).

Lemma 3.2. Assume that conditions (A1)-(A3) and (32) hold. Let B € 2 and (ug(w), vo(w)) € B(w). Then
there exist two random variables r,(w) and T»(B, w) > 0, such that, the solution (ii(t, w, 0), v(t, w, 0)) of (57)
satisfies, for t > T>(B, w),

(B3114i(t, 0w, O)||? +[|VI(t, 0w, 0)[2) + a [y PS70||A¥(s, 0_w, 0)||%ds < r2(w). (61)

Proof. Using the first equation in (57), one has that

d
dt

Taking the inner product of (62) and the second equation in (57) with A&t and —AV respectively, we obtain

1d‘
Zdt

HVVII = ~Bal[V9I? ~ a||AV|| - B3 (Alk, AD) + B1 (@, AV) ~ (F(u) + g + 02(8,w) + alz(B,w), AV).(64)

—All = AV - oAl + Az(0rw). (62)

|A# | = (A7, AR) - o] |Ad||* + (Az(6cw), AR), (63)

2 dt
Adding up (63)xfB3 and (64), we get

1d

S g (BsIIARIP +1191%) = ~0Bs||A@|> - BaIV911” - alla?||* + By (i, AV) +

B3(Az(8,w), All) - (f(u') + g + 02(0;w) + aAz(Ow), AV). (65)
It follows from (21), (22) and Young inequality, that
1B3(a2(0w), A1) < %2 a2 + B 14z « D3 g + Doy, (66)
and
‘ Br(it, AV) - (fh) + g + 02(0:w) + alz(B,w), AD)
< Sj1an P+ By i 2+ 240 0. (67)

2a
It follows from (65)-(67) that

d N N N N N
25 (Bsl1aal? + [99117) < ~Buy (Bs [l + || V912 - allav]| +
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52 .25 ty2 . D 2
THMH +E|\f(u | +EH§|| + 1210t w), (68)

with 811 = min{o, 28,} and 1, = M % Let 8 > O be the constant defined in Lemma 3.1. Noting that
B1o < B11, we have 8 < B11. Thus, multlplylng Pt in both side of (68), we have

d N N N N -
25 (BsePlaa|? + &PV 7I?) < ~(Brr - B) (Boe™|A@1? + &)V - ae®|[a7]? +
5B Btiiai2 o 5 Btier 2 L D Bt o2 Bt
2l + 2O + e lgl? + Braer(Orw), (69)

Noticing (i1(0), ¥(0)) = (0, 0) and B < B1;, integrate with respect to ¢ in both side of (69),

t
(B30 +[9901) + @ [ e 0)1a)|ds

t

0

t t

5B% “O1a 5 - _

< 0 [+ [ O s + el + b [ OrOwds.  (70)
0 0 0

Replace w by 0_;w in last inequality,
t

<B3\|Aﬂ(t, 0_cw, 0)| + ||Vilt, 0_rw, o)uz) + a/ P01 1Ai(s, 6_w, 0)[|2ds

0
t t t

582 0 5 _ 5 _
% / #0|ja(s, 0w, 0| *ds + 2 / P00, uo(6_w)))|*ds + @Hgl\z +B12 / P 005 rw)ds
0

IN

0
t

5Bt /eﬁ(S 9)la(s, 0-w, 0)||*ds + g
0

IN

P70 F (s (8-, uo(B-w)))||>ds + :T;Hgl\z + 2%12 r(w). (1)

o—__ ©

In the second step, we use (23). Next, we estimate the first two terms on the right hand side of (71). For the
first term, using (23) and (59), we have

t
5 / B0 a(s, 0w, 0)] *ds
0
t
 20BBL 2B [ o0 (010, vol0-cw) [l + afff;; gl + 4°C;ﬁ1 e / 5 0r(0,_w)ds
0
2
o Z0BB 2B 10 ., vo(0-0) e + ot i+ 80‘;;5 LeMr(w). 72

By Condition (A3), one has that
t 5C2 t
2 [ w0 s s 7L [t 6.0, w00 ) s
0 -h

0 t
5c c2
27 / 50 uts, 01w, uo(0- @) 2ds + . / P50 (s, 0-cw, uo(8-cw))|ds
—h 0

C2h 5¢2 |
< e P luo@-cw)is + L / 0 u(s, 6-cw, uo(6-cw))|*ds. (73)
0



482 — X.JiaandX.Ding DE GRUYTER

Similarly as in (72), by (52), one has that

5¢2 |
" [ el uts, 610, o(6- ) s
0
5C2(,31 + 2ﬁ4h) _ 5C2 20C1C2
s gt (w0(0-1), vo(6-0)) I + 5 g o llgll” + = (@), ()

Notice (up(w), vo(w)) € B(w). It follows that
dim_te?" 0 (uo(0-cw), vo(6-1)) 3¢ + € P |luo(8-cw))][§ = 0. (75)

Therefore, it follows from (71)-(75) that, for any (uo(w), vo(w)) € B(w), there exists T>(B, w) > 0, such that,
forall t > T>(B, w),

t
(Bsl14att, 6-cw, 0)|* + V9L, 6w, )| ) + a / P 0)1(s, 61w, 0)]*ds

0
5 . 581 5CF 2. (2B, 80ciB} gn 20c1CF gy
< 1+<aﬁ+aﬁ2ﬁ6+2aﬁ2ﬁ6 llgll” + i + B el + ap? e r(w)
=rn(w). (76)
This completes the proof. O

Lemma 3.3. Assume that conditions (A1)-(A3) and (32) hold. Let B(w) € 2 and (uo(w), vo(w)) € B(w).
Then there exist two random variables r3(w) and T5(B, w), such that, the solution (ii(t, w, 0), v(t, w, 0)) of (57)
satisfies, for t > T3(B, w) and -h < 01 < 0, < 0,

H (ﬁf(al, 0_cw,0), (01, 0_rw, o)) - (af(az, 0_.w,0), (a5, 0w, o)) HH <r3(@)or - 0nY2. (77)

Proof. By the definition of || - ||z, one has that

|@(01.6-1,0), 7(01, 8-, 0)) - (&' (0, 8-, 0), (02, 6w, )|
< B1 ||t + 01, 0w, 0) - i(t + 02, 0_¢w, O)|| + B3 || Vil(t + 01, 6w, 0) - Vii(t + 02, 6w, 0)||

+||9(t + 01, 0w, 0) - V(t + 02, 6w, 0) |

t+0, t+0, t+0;
< B / |25, 6_w, 0 ds + s / IVi(s, 0w, 0)|| ds + / 19/(s, 0, 0)|| ds. (78)
t+'01 t+'01 t+0q

Now, we estimate the terms on the right hand side of (78). For the first term, using (57), (60) and (24), we
obtain that, for t > T; (B, w),

t+0;
/ |2/(s, 0, 0)]| ds
t+oq
t+0; t+0; t+0;
: / |]17(s,6,ta),0)Hds+a/ |ats, 6w, 0)] ds + / |2(6s.w)|| ds
t+oq t+oq t+oq
t+q2 1/2 t+0; 1/2 t+0; 1/2
< (/ ”\“/(s,etw,O)Hst) +0(/ Hﬂ(s,etw,O)szs) + (/ Hz(Gstw)szs) o1 - 02| "?
+01 +01 +01

IN

t+0; 1/2 t+0; 1/2
(0 2 1/2
1+ /Zr (Os_tw) + 2ds + / z(0s_tw)||” ds |o1 - 03|
( \/E) (+01 1\Us-t ) ( H s-t H 1

+01
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1/2
< <1+ g >h1/2 (2 sup rl(GTa))+2> + 22 PR 2y b6y — gy M2, (79)

\/lTl 7€([-h,0]

In the third step, we use (60), and in the last step, we use (24). Notice that

t+qz t+0; t+0;
/ P92 7i(s, 6_w, 0)| 2 ds = / P50 | 17i(s, 0w, 0)||*ds > e Ph / |V (s, 0_w, 0)||*ds.
0 t+0, t+0,

Hence, it follows from (60) that, for t > T1(B, w),

t+0; Bh
/ |Vi(s, 0_¢w, 0)||*ds < 67 (n(w)+1). (80)

t+oq

Using similar computation as (79), we can get the following estimate: for t > T1(B, w),

t+0,
/ |Va'(s, 6w, 0)|| ds
t+0q
t+0; 1/2 t+o, 1/2
< / }|V17(s,6_tw,0)||2ds +0 / ||Vﬁ(s,9_tw,0)||2ds
ioy Loy
t+0, 1/2
+ / HVZ(GS_ta))Hst lo1 - 0|2
+01
oBh/2

1/2
7z (r1(w) + DY2 + \/%hl/z (2 s[up ]rl(GTw) + 2) + 2R 2P 2 () Y oy — gy V2.
3 7€[-h,0

(81)

Next, we estimate the third term on the right hand side of (78). By the second equation in (58), we get that

t+0; t+0;
/ Hf/(s, 0w, O)|| ds < / B> ||f/(s, 0w, O)H +a HA\?(s, 0w, O)H + B ||ﬂ(s, 0w, O)|| +
t+0, t+0oq

Bs [|4a(s, 0w, 0| + [[f(u’ (6-tw, uo(B-cw))| + I8l + 0 ||2(6s-cw)|| + a[|Az(65-(w)|| ds. (82)

By (60), we obtain that, for t > T1(B, w),

t+0;
/ B2 [[9(s, 8-, 0)|| + B || (s, 0w, 0 ds
t+0q
t+os 1/2
<(1+82) / ||(aCs, 6w, 0), (s, 6w, 0))H§{ ds lo1 — 02| /?

+01

<(1 +[§2)h1/2 sup (2r1(6rw) + 2)1/2 lo1 - 02|1/2. (83)
7€[-h,0]

By Lemma 3.2, for t > T>(B, w),

t+0;
/ Bs ||Au(s, 6-¢w, 0)|| + a ||A¥(s, 6_tw, 0)|| ds

t+o1
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[ t+0; 1/2 t+0; 1/2
B3 (/ |Aas, (9_ta),0)||2 ds) +a (/ |Av(s, 6_[a),0)||2 ds) lo1 — 02| "/?
i +01 +01

IN

1/2
< |B3(h sup r(6w) + ar%lz(w) log - 02|1/2. (84)
T€[-h,0]
By Condition (A1), (A2) and Lemma 3.1, for t > T1(B, w)
t+0; t+0;
[ 000, uo(@-w)ds <1y [ [6-10, uo(O-w)) |y ds < L sup rOra)lo~ o
t+oq t+0, r€l-h.0l
(85)
By (24), one has that
t+0;
/ gl + 0 ||2(0s-cw) || + a || Az(Bs—¢w)|| ds < (||g\| +(o+ a)cl/zeﬁh/4r1/2(w)) h'2|oy - 05|Y2. (86)
t+'01
Set
T3(B, w) = max { T1(B, w), T2(B, w)} ;
1/2
=<1+ 9V r2 (2 sup r(Brw)+2 + 22 BRI 20y 4
AY4 ,31 T€[-h,0]
B3 Lﬁh/z (@) + DY+ - Z_n"2 (2 sup r(6rw)+2 " + Y2 pt/2 PhlA 112 () 4 4
\/a \/ﬁ3 T€[-h,0]
1/2
(1 +[32)h1/2 sup (2r1(0Tw) + 2)1/2 +|B3|h sup r(6rw) + ar%/z(a}) +
T€[-h,0] T€[-h,0]
thl/2 sup r/2(6;w) + (|\g|| +(0+ a)cl/zeﬁh/“rl/z(w)) n'/2, (87)
T€[-h,0]
Then, it follows from (78)-(86) that, for t > T5(B, w),
2
|@(01.6-1.,0),7(01, 8-, 0) - (@03, 6w, 0), (02, 6w, 0) | =13(@)lor 02|, (88)
This ends the proof. O

4 Random attractor

In this section we prove the existence of Random attractor for the RDS generated by (26). First, we will use
the prior estimates in Section 3 to show that RDS ¢ is asymptotically compact.

Lemma 4.1. Assume that conditions (A1)-(A3) and (32) hold. The RDS ¢ is Z—pullback asymptotically compact
in K, that is, for P-a.e. w € Q, the sequence {¢p(tn, 0-¢,w, Po n(0-t, w))}ney has convergent subsequence in H,
as tp — oo, forany B € 2 and ¢ n(0-¢, w) € B(6_¢, w).

Proof. Since t, — +oo, there exists N; = N{(B, w) large enough, such that, for n > Ny, t, > T3(B, w) + h. Thus,

it follows from (60) and Lemma 3.2 that, for n > N; and o € [-h, 0],

N 2 1 1 1 N 2

(o, 6-¢,w, O)HHZ(D) < (ﬁ—l + B—3> (2ri(w) +2) + B—3r2(a)), |0, 6-¢,w, O)||H1(D) <2r1(w) + 2 + 2 (w).
(89)
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By the compact embedding theorem, we obtain that H'(D) — L%(D) and H?(D) — H'(D) are compact.
Hence, for 0 € [-h,0]and n > Ny, {(ﬁ(a, 0_t,w,0), (o, 0_t,w, 0)} is relatively compact in H. By Lemma 3.3,
for n > Ny, {(a(:, 6-¢,w, 0), ¥(:, 6_¢,w, 0) } is equi-continuous in C([-h, 0], H). Hence, it follows from Ascoli
theorem that, {(ﬁ(a, 0_t,w,0), (0, 0_+,w, O)} is relatively compact in C([-h, 0], H). Therefore, we can find a
subsequence {ty, } such that,

(@, 0-4,,0), 7", 0,0, 0)) = (§C, @), &, w))) in C([-h, 0], H). (90)

For any (ug,vg) € B, B € 2 and € > 0, there exists N, = N,(B, w, €), such that for n > N,(B, w, €), and
o€ [-h,0],

@€, 64,0, 0 =4, @), 9, 64,0, 0) -, @) <. oy
By (58), there exists there exists N3 = N3(B, w, €), such that for n > N3(B, w, €),
H(ﬂ[” (, 6-t,, uo(6-1,)), ¥ (-, 01, w, VO(G—tnw)))HH <e. 92)
By (91) and (92), we have that, for n > max {Ny, N, N3}
|, 0,0, o84, @) = 4, ), V-, 61,0, vo(B, ) - @) |
(0, 0.4,0,0) - £ ), (., 0.4,0,0) - £ ),

+2 H(ﬂt"(', 0-¢,w, uo(O-¢,w)), V" (-, O_¢,w, vo(O_t, CU)))H%

< 4e. (93)

52‘

This completes the proof. O

Theorem 4.2. Assume that conditions (A1)-(A3) and (32) hold. Then, the random dynamical system ¢ has a
unique 2-random attractor in J.

Proof. By Lemma 3.1, ¢ has a closed absorbing set K(w) in 2, and by Lemma 4.1, ¢ is 2-pullback asymp-
totically compact in . Hence, by Proposition 2.1, ¢p has a unique ¥-random attractor. This ends the proof.
O
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