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1 Introduction
1.1 p-mixing sequence
Let (Q, F, P) be a probability space, {X»n,n = 1} be a sequence of random variables defined on (Q, F, P),

n
Sn=>.X;forn>1.ForanyS C N ={1,2,---}, define F5 = 0(X;, i € S). Let A and B be two sub g-algebra
i=1

on J, put
p(A, B) = sup { wE(}I(E_X];/X—) zI?E)iIxEX'EY)Z :XeLy(A),Y € LZ(B)} . (1.1)
Define the p-mixing coefficients by
pn =sup{p(Fs,Fr): S, T c N with dist(S, T) = n}, 1.2

where dist(S, T) = inf{|s—t| : s € S, t € T}. Obviously, O < pn.1 € Pn < Po = 1. Then the sequence {Xn, n = 1}
is called p-mixing if there exists k € N such that p; < 1.

The notion of p-mixing random variables was first introduced by Bradley [1], and a number of limits
results for p-mixing random variables have been established by many authors. One can refer to Bradley [1]
for the central limit theorem; Sung [2, 3], An and Yuan [4], Lan [5], Guo and Zhu [6] for complete convergence;
Zhang [7] for complete moment convergence; Peligrad and Gut [8], Utev and Peligrad [9] for the moment
inequalities; Gan [10], Wu and Jiang [11], Kuczmaszewska [12] for strong law of large numbers.

*Corresponding Author: Shui-Li Zhang: College of Mathematics and Statistics, Pingdingshan University, Henan Province,
467000, China, E-mail: zhangshuilicong@126.com

Yu Miao: College of Mathematics and Information Science, Henan Normal University, Henan Province, 453007, China, E-mail:
yumiao728@gmail.com

Cong Qu: College of Mathematics and Statistics, Pingdingshan University, Henan Province, 467000, China, E-mail:
qucongl981813@126.com

3 Open Access. © 2019 Zhang et al., published by De Gruyter. This work is licensed under the Creative Commons Attribution alone
4.0 License.


https://doi.org/10.1515/math-2019-0036

DE GRUYTER Convergence for p-mixing random variables = 453

1.2 Some notations and known results

Let {Xn, n = 1} be a sequence of random variables and if there exist a positive constant C;(C,) and a random
variable X, such that the left-hand side (right-hand side) of the following inequalities is satisfied forall n > 1
and x = O,

1 n
CiP(X| >x) < ;P(\XH > x) < CP(X| > x), (1.3)

then the sequence {Xn, n = 1} is said to be weakly lower (upper) bounded by X. The sequence {X,, n = 1} is
said to be weakly bounded by X if it is both weakly lower and upper bounded by X. A sequence of random
variables {Un, n = 1} is said to converge completely to a constant C if

> P(|Un-C|>¢€) < oo, forall &> 0. (1.4)

n=1

The concept of complete convergence was introduced firstly by Hsu and Robbins [13]. In view of the Borel-
Cantelli lemma, complete convergence implies that U, — C almost surely.

The complete moment convergence is a more general concept than the complete convergence, which was
introduced by Chow [14]. Let {Zn, n = 1} be a sequence of random variables and a, > 0, b, > 0, g > 0, if

Z anB{by}|Zn| - €}9 < oo, forsomeorall e > 0,

n=1

then the above result was called the complete moment convergence. The complete convergence and complete
moment convergence have been studied by many authors. For instance, see Wang [15], Zhao [16], Zhang [17]
and so on.

Baum and Katz [18] obtained the following equivalent conditions for the i.i.d. random variables.
Theorem A. (Baum and Katz [18]) Let O < r < 2, r < p. Suppose that {Xn, n = 1} is a sequence of i.i.d. random
variables with mean zero, then E|X1|P < oo is equivalent to the condition that

Z nP/r2p (|Sn| > en”’) < oo, forall €>0, (1.5)

n=1

and also equivalent to the condition that

Z nP/2p (m,?x ISk| > snl/r) < oo, forall €>0. (1.6)
1<ksn

n=1

For the i.i.d. case, related results are fruitful and detailed. It is natural to extend them to dependent case,
for examples, martingale difference, negatively associated, mixing random variables and so on. In the present
paper, we are interested in the p-mixing random variables.

For identically distributed p-mixing random variables, Peligrad and Gut [8] extended the results of Baum
and Katz to p-mixing random variables (see Theorem B); subsequently, An and Yuan [4] extended the results
of Peligrad and Gut [8] to weighted sums of p-mixing random variables (see Theorem C); Gan [10] obtained a
sufficient condition on complete convergence (see Theorem D).

Theorem B. (Peligrad and Gut [8]) Let {Xn, n = 1} be a sequence of identically distributed p-mixing random
variables, ap > 1, a > 1/2, and suppose that EX; = O for a < 1. Assume that limp_eo pn < 1, then E|X;|P < oo
is equivalent to the condition that

1<j<n

Z n’-2p (max S| > sn“) < oo, forall €> 0. (1.7)
n=1



454 —— Shui-Li Zhang et al. DE GRUYTER

Theorem C. (An and Yuan [4]) Let {Xn, n = 1} be a sequence of identically distributed p-mixing random
variables, ap > 1, a > 1/2 and suppose that EX, = O for a < 1. Assume that {ay;, 1 < i < n} is an array of real
numbers satisfying

n
> lawl? = 0(n®), 0<8<1,
i=1

and
A =t{lcisn:|ayl? > (k+1)'} > ne VK,

Then E|X1|P < oo is equivalent to

oo j
> n®7?P | max > anX;| > en® | <oo, foralle>O. (1.8)
n=1 i=1

1<js<n

Theorem D. (Gan [10]) Let {Xn, n = 1} be a sequence of identically distributed p-mixing random variables
withp(1)<land1<p<2,6>0,a>max{(1+86)/p,1}.IfEX; =0 and E|X;|P < oo, then

Zn“p_2"5P (ISn| > en®) < oo, forall € > 0. (1.9)

n=1

In this paper, the purpose is to study and establish the equivalent conditions on complete convergence
and complete moment convergence for p-mixing random variables. Our main results are stated in Section 2
and all proofs are given in Section 3. Throughout the paper, C denotes a positive constant not depending on n,
which may be different in various places. Let I(4) be the indicator function of the set A, an = O(bn) represent
an < Chy foralln = 1.

2 Main results

In the section, we state our main results and some remarks. Recall that a real-valued function I(x), positive
and measurable on (0, o), is said to be slowly varying at infinity if li_>m 1(Ax)/1(x) = 1 foreach A > 0. Let
X oo

L= { f :f(x) is slowly varying function, and such that
k
/xsf(x)dx > Ck* 1 f(k), forallk>1,s> —1}.
1

Firstly, we state the complete convergence for the weighted sums of {X,, n = 1}.
Theorem 2.1. Let {Xn, n = 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let

a>1/2,ap > 1and EXy, = 0if p > 1. Assume that I(x) € £ and {an;, 1 < i < n,n = 1} is an array of real
numbers satisfying max |api] = 0(n~®). Then E|XP1(|X|"/%) < oo is equivalent to
<is<n

oo k

ap-2
E n I(n)P | max E aniX;
vt ( ) <1sksn i e

Remark 2.1. When right-hand side of inequality (1.3) is satisfied and l(x) is slowly varying function, the moment
condition E|X|P1(|X|"%) < o still implied (2.1). Conversely, for the sufficient condition of Theorem 2.1, we need
left-hand side of inequality (1.3) and l € L.

> s) < oo, forall > 0. (2.1)

Sincelogx € £ and 1 € £, we can obtain the following corollaries.
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Corollary 2.1. Let {Xn, n > 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let
a>1/2,ap=1and EX, = 0ifp > 1. Assume that {a,;, 1 <i < n,n = 1} is an array of real numbers satisfying
max |ani| = 0(n™®). Then E|X|P log(|X|) < oo is equivalent to

<i1sn

k

> anX

i=1

Z n*?=2log nP (max

1<ksn
n=1

> e> < oo, forall €>0. (2.2

Corollary 2.2. Let {Xn, n = 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let
a>1/2,ap=1and EX, = 0ifp > 1. Assume that {a,;, 1 < i < n,n = 1} is an array of real numbers satisfying
max |anil = 0(n™®). Then E|X|P < oo is equivalent to

<i1<n

oo k

ap-2
; n P <{r51]§15>§ ; aniX;
Remark 2.2. Let {Xn, n = 1} be a sequence of identically distributed p-mixing random variables, then {Xn, n >
1} is weakly bounded by X,. By taking a,; = n"* forall 1 < i < n,n = 1, then Theorem B can be obtained by
Corollary 2.2. Moreover, we not only consider the case ap > 1, but also consider the case ap = 1, so Theorem 2.1
extended and improved well-known results.

> s) < oo, forall €>0. (23)

Remark 2.3. For independent random variable sequence, we have pn = O for all n > 1. So our results extend
the Baum-Katz theorem from i.i.d. case to non-identically distributed p-mixing random variables.

Next, we give the complete moment convergence for the weighted sums of {Xn, n = 1}.

Theorem 2.2. Let {Xy, n = 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let
p>1l,a>1/2,ap = 1 and EX, = 0. Assume that l(x) € £ and {an;,1 < i < n,n = 1} is an array of real
numbers satisfying max |ani| = O(n~%). Then E|X|P1(|X|"/%) < oo is equivalent to

<i1sn

+

3 n2(n)E <{nl?x > < oo, forall €>0. (2.4)
<ksn

n=1

k
Z am-X,- - €
i=1

Remark 2.4. Similar to Theorem 2.1, the necessary condition of Theorem 2.2 only need that the right-hand side
of inequality (1.3) and I(x) is slowly varying function, the sufficient condition of Theorem 2.2 need the left-hand
side of inequality (1.3) and 1 € L.

Corollary 2.3. Let {Xn, n = 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let
p>1l,a>1/2,ap = 1 and EX, = 0. Assume {ay;, 1 < i < n,n = 1} is an array of real numbers satisfying
max |ani| = 0(n™®). Then E|X|P log(|X|) < oo is equivalent to

<i1sn

+

) < oo, forall € > 0. 2.5)

k
EE: a,ﬁ)(i—-e
i=1

Z n*2log(n)E (max
1<ksn

n=1

Corollary 2.4. Let {Xn, n > 1} be a sequence of p-mixing random variables which is weakly bounded by X. Let
p>1l,a>1/2,ap = 1 and EX, = 0. Assume {a,;, 1 < i < n,n = 1} is an array of real numbers satisfying
max |ayi| = O(n™®). Then E|X|P < oo is equivalent to

<isn

oo k *
S nE (max | anX;-€|| <oo, forall £>0. (2.:6)
1 1<ksn i
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3 Proofs of Main results

3.1 Some lemmas
To prove our results, we first give some lemmas as follows.

Lemma 3.1. (Kuzmaszewska [19]) Let {Xn, n = 1} be a sequence of random variables which is weakly mean
dominated (or weakly upper bounded) by a random variable X. If E|X|P < oo for some p > O, then for any t > 0
and n = 1, the following statements hold:

n
%ZE\XH” < CEX?, (3.1)
k=1
1 n
=S EXPIOX < 0) < C [EIXPIOX] < 0 + °B(X] > 0] (32)
k=1
and .
%ZE\XH”IQX,(\ > 6) < CEIX]PI(|X| > 0). (33)

k=1

Lemma3.2. (Lan [5]) Let {Xn, n = 1} be a sequence of p-mixing random variables, then there exists a positive
constant C such that forany x = 0 and alln = 1,

n
1 c
= - P ( max |Xz| > x P( Xkl >x)< (= +1|P| max [Xg| >x | . 3.4
(3# (masixt>x) ) Sorx> s (51) 7 (max ) G4

Lemma3.3. (Sung [20]) Let {Yn,n = 1} and {Zn,n = 1} be sequences of random variables, then for any
qg>1, €e>0andalla > 0, we have

[If}ﬁ),f Z(Y +7;)| - ea]

+

(3.5)

j
1 1 1
<| = Y; E Z;
(& 71) @ mZ *E | max|) 2

Lemma 3.4. (Utev and Peligrad [9]) For a positive integer N > 1 and positive real numbers q 2 2 and0 < r < 1,
there is a positive constant C = C(q, N, r) such that if {Xn, n = 1} is a sequence of random variables withpy < r,
WwithEX; = 0 and E|X; |9 < o forevery k = 1, then foralln = 1,

n n q/2
[Ilnax > X ] <C (Z E|X;|7 + (Z IEX,-Z) ) . (3.6)
sj=n |4 - -
i=1 i=1
Lemma 3.5. (Zhou [21]) Let I(x) be slowly varying at infinity, then we have

n
@) Z kP1(k) < CnP*t1(n), for p > -1 and positive integer n;
k=1

(ii) Z kP1(k) < CnP*ti(n), for p < -1 and positive integer n.
k=n

Lemma 3.6. (Bai [22]) Let I(x) be slowly varying at infinity, then we have

(i) lim l(k;) =1, forany k> 0; lim ’(ﬁ;;‘) =1, foranyu > 0;
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(ii) lim x*I(x) = o0; lim x%*I(x) = 0, for any a > 0;
X—>oo X—>o0

(iii) lim sup [0 =1,
M= yneycn+l

n
(iv) C12™1(e2™) < 3 2K 1(e2%) < C,21(e2™) for every r > 0, € > O and positive integer n.
P}

3.2 Proof of Theorem 2.1
Without loss of generality, we can assume that a,; > O forall 1 <i < n, n = 1. For fixed n, let
Xpi = X;iI(1X;| < n%), Xy =XI(X;| > n%), iz1.

We will consider the following three cases, p > 1, p = 1 and O < p < 1 respectively.
(i) Let p > 1. It is easy to see that
k
Z aniXi| > €>

E n®=21(n)P (max
1<ksn |4
n=1 i=1

oo n
< Z n*=21(n)P (U(|X,~| > n"‘))
n=1 i=1
k
Z aniXni
i=1
In order to prove (2.1), it need only to show that I < oo and J < oo. From (1.3), Lemma 3.5 and Markov’s
inequality, we have

(3.7)

+ E n®=21(n)P <mlz(1x
1<ks<n
n=1

SER

I =in“p’zl(n)IP’ <O(|Xi > n“))
n=1

i1
oo n

< Z n*?=21(n) Z P(|X;] > n%)
n=1 i=1

sci n?mP(X| > n%)

n=1

<C i n*P I ()E[| X |I(|X| > n%)]

n=1

sCi n®=%1y(n) iE[\X\I(k“ < |X] < (k+1)%]

n=1 k=n

(3.8)

oo k
<C) ENXIIK < [X] < (k+ D] n®*i(n)
k=1

n=1

<C) EIIXI(K® < |X] < (k+ )M U(K)
k=1

sCiJE[IXl”I(\XI”")I(k“ < |X] < (k+ 1)Y)]
k=1
<CE[|XPI(|X|*/%)] < oo.
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Note that ap = 1, EX,, = 0, by Lemma 3.1, then

j j
max 21: anEX | < max 21: aniEXI(|X;] > n%)
i= i=

1<j<n _7
n n
1 (39)
<D anEX[I(Xi| > n®) < C2 > EX[I(X;] > n)
i=1 i=1
¢t EXPI(|X| > n®) — 0.

napr-1

In order to prove J < oo, from (3.9), it is enough to check

Z n*=21(n)P (max
1<ksn

n=1

k
Z ani(Xni - IEXm')
i=1

&
> — < oo,
2)

%P1 and from Lemma 3.4, we have that
2

a-
&

> =
2)

= ap-2
Z n*?~%l(n)P ({Islli)z
q
> (3.10)

n=1
[~} n n q/z
<CY n®Un) | > al B Xy - EXy|? + <Z aE(X i - ]EX,,i)2>
n=1 i=1

By taking q > max{p, 2,

k
Z api(Xni — EXyy)
i1

<C Z n®=21(n)E ({n;?x
<K<n

n=1

k
Z ani(Xni - EXm‘)
i=1

i=1

2] + 5.

Note that g > p, by (3.8) and Lemma 3.1, Lemma 3.5, then

(=S n
J1 <C Z napizl(n) Z aziE‘Xn”q
n=1 i=1

=

S} n
<CY o n () 3 BIX 10X < n)
n=1

i=1

SCZ n®?~1"%(n) [E[X|?I(X| < n®) + n®IP(X| > nY)]

n=1

(=S n
<CY n®T M) Y CEIX((k - 1) < |X] < kY)

n=1 k=1 (311
+ CZ nP H(n)P(X| > n%)
n=1
<CY EIX|TI((k - D)% < |[X| < k%) Y n®PT ()
k=1 n=k

<CY EIX|UI((k - D% < |X] < kP
k=1

<CE [|X|P1(|X|1/“)} < 0.

In order to get J, < oo, we consider the following cases.
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casel:p>2,ap > 1.Fromq > (ap - 1)/(a - %) and Lemma 3.6, we can get that

oo n q/2
Ja=)_ nln) (Z A E (X - EXm)Z)

n=1 i=1

oo n q/2
<C Z n®=2"%](p) (Z IEX,2“>

n=1 i=1

- ap-2-aq,,q/2 2 a/2
SCZ n n?<l1(n) (IEX )

n=1
SCZ nap—z—aq+q/21(n) < oo,

n=1

case2: 1 < p<2,ap > 1.Take q = 2, by Lemma 3.1 and (3.8), then

S} n
I = Z n“?~21(n) Z aniE(Xn; - EXp)?

n=1 i=1
oo n
<C Z n* 2724 (p) ZEX?I(|X1~| <n%
n=1 i=1

SCZ nP 124 () [EX21(|X| < n%) + n?*P(|X| > n%)]

n=1

<C f: n1240(n) > TEXI((k - 1) < [X] < k) + i n*PHP(X| > n%)]

n=1 k=1 n=1
<CY EXI((k-1)% <|X[ < k%) > n"1U(n)
k=1 n=k

<CY EXI((k - 1)% < |X| < kK 2*1(k)
k=1

<CE [|X|pl(|X|1/“)} < oo,

case3:p>1l,ap=1,a> % Take g = 2, similar to the proof of (3.13), it following that J, < oo.
From the above discussions, we can get (2.1) for the case p > 1.
(ii) Let p = 1. By the similar proof of (3.9), we have

j
max Z anEXyi| — 0.
i=1

1sjsn |4

So in order to get (2.1), it is enough to show
oo n
> n* )P (U(|Xi > n“)) < oo
n=1 i=1

and

Z n*21(n)P (max
1<ksn

n=1

k k
Z anani - Z aniEXni
i=1

i=1

&
> — < oo,
2)

— 459

(312)

(3.13)

(3.14)

(3.15)

(3.16)
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By the condition (1.3) and Lemma 3.5, we have

n*21(n)P (qulw > n“))

i=1

Mz

n=1

Mz

n* 2l(n)ZIP’(|X| > n%)

i=1

¢y n*HmP(X| > n%)

n=1

<CZn"‘ 1l(n)ZIF’(k”‘ <|X| = (k+ 1%

n=1

n

IN
Il
3 =

8

<CZ]P’(k"‘ <|X|<(k+1) )Zn“ L)

n=1

<C Z P(k® < |X| < (k + 1)*)k*1(k)
k=1

sCiE[|X\I(|X|1/“)I(k“ <|X] < (k +1)M)]
k=1
<CE[|X[1(|1X|**)] < oo.

Furthermore, from (3.17), Lemma 3.4 and Lemma 3.5, we get

Z n" zl(n)P <n<13<)r(l Zam ni ZamEXm

n=1 i=1

Z api(Xni — EXy)
<CZ n"21(n) ZE\X,“ —EXpil?

SCZ n*(n) [E\X|ZI(\X\ < n% + n®*P(|X| > n“)}
n=1

i=1

oo n
<CY n M) Y EIXPI((k - 1) < |X]| < k%)

n=1 k=1

)

2

<CZ n*21(n)E ({nax

n=1

sCiE|X|ZI((k -1)*<|X| < k”‘)i n~*t(n)

k=1 n=k

<CY EIXPPI((k - 1)% < |X| < Kk *1(k)
k=1
<CE[X|I(1X|Y%) < oo.

Based on the above discussions, we can get (2.1) for the case p = 1.

DE GRUYTER

(3.17)

(3.18)
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s €
2 (3.19)

. €
> aniXy| > 2)
i=1

(iii) Let O < p < 1. Since X; = Xp,; + X,,; for all i = 1, we have
oo k
> n®P2Um)p <max > anX;
1 1<ks<n vy
oo k
< Z n“?=21(n)P <¥<ll?<)r(1 Z AniXni
n=1 i=1

+ Z nP=21(n)P <ml?x
1<ksn

n=1

L) A o

By Lemma 3.1 and Lemma 3.5, we obtain that

I = Z n®21(n)P <{HI?X
n=1

s<ksn

k

Z anani

i=1
oo n

<CY n® () Y R (X
n=1 i=1

C

&
> =
2)

nap—a—ll(n) [E|X|I(|X| <n%) +n"P(X| > na)}

IN

]

n=1
oo n
<CY n®(n) Y EXI((k - D)% < |X] < k)
n=1 k=1
+CY n®/21(n) > EIXP12I(" < |X| < (k+1)%)
n=1 k=n (3.20)

<CY EIX|I((k- 1) < |X] < k)Y n®*i(n)
k=1 n=k

oo k
+ CSTEXPPI < 1X] < (k+ 1)) S n® 2 i(n)
k=1 n=1
<C Y EIX|I((k - 1)* < |X] < kK~ %1(k)
k=1
+ CY EIXPPI® < |X] < (k+ 1))k 1K)
k=1
<CE|X[P1(|X|"/%) < oo.
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and

k
Z aniXpi
n=1 i=1
oo n p/2
<Cy n¥P2(nE (Z |X;,i|>
n=1 i=1

oo n
<y n®?2-21(n) > ElXy P2

n=1 i=1

*_ ap-2 P
J Zn I(n) ({rslli)r(l

&
> =
2)

<C > nPHmEXPPI(X]| > n%)

n=1
<C > n™ M) ST EXPPIK < (X] < (k+1)%)
n=1 k=n

<C Y EIXPPIK" < (X < (k + 1))k 1(k)
k=1
<CE|X[P1(|X|/%) < oo.

From (3.19)-(3.21), we can see that (2.1) holds for 0 < p < 1.
Conversely, we take a,; =n"*forall1 <i<n, n=1,then

Z n*?=21(n)P (rln;i)é 1X;| > en”‘)
<1<
n=1

oo j
SCZ n?~2I(n)P | 2 max ZXI' > en”

1gjsn (4
n=1 i=1

oo j
_ €
sCE n?~2I(n)P | max E aniXi| > 5 | <oo.
i=1

1<j<n
=1 ] :

Because of ap = 1, we have
lim P (max 1X;| > en”‘) - 0.

n—oo 1<isn

Thus, for all n large enough, it follows that

E

1<isn

P (max |X;| > en"‘) <

Using Lemma 3.2 and (3.24), we get

n
nCiP(|X| > en®) < ZIP’(|X,<\ >en®) < (2C+4)P ({nl?x 1 Xy | > en“) .
sKsn

k=1

DE GRUYTER

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Hence by I € £, we obtain

oo >Zn"‘p 2I(n)P <max\X |>n )

1<isn

n=1

ECZ nP~21(n)nP(|X| > n®)
n=1

=Ci n*1(n) i]P’(k“ <|X| = (k+1%

n=1 k=n

oo k
zCZP(k“ <|X| < (k+1)% Z n*®~1(n)

k=1 n=1

>C i P(K® < |X| < (k + 1)9)k*PI(k)

k=1
=CE (1xP10X1%) .

which implies the desired results.

3.3 Proof of Theorem 2.2

First we assume that the claim (2.4) holds, then it follows that

oo > Z n?21(nE ({nax Z Api

n=1

= E n“p"zl(n)/IP’ (max
<ksn
n=1 0

oo €
EZn“p"zl(n)/IF’ (mﬁlx
1<ksn
n=1

k
D i
i=1

D aniX

From Theorem 2.1, we know that E|X|P1(|X|"/%) < oo is equivalent to

in“ple(n)lp’ (max Zam i

1<ksn
n=1

ap-2 P
>C Z n*?~21(n) (rr(lagrcl

n=1

o)

§ ai‘ll i

+

e>t>dt

X; >e+t>dt
; >2€).

><m.

Conversely, if E|X|P1(|X|'/®) < oo, then from Lemma 3.3, we have that

+

Kk
> aniXi| -

Z n*21(n)E <max
~ 1<ksn

’

Z n**-21(n)E (max

n=1

k q
<CZ n“?21(n)E (max Zam(Xm EX,;) )
n=1
+ Z n*-21(n)E (max Z ani(X,; - EX);)
1<ksn
n=1

AT+7.

:E:: Api[(Xni — EXpy) +'(Xm

)

){nl)] -
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(3.26)

(3.27)

(3.28)
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From (3.10)-(3.13), we have that I < oo. Furthermore, by (3.8) and Lemma 3.1, we obtain

k
Z(X;u' - EXp)

n=1 i=1

N_C ap—z—al E
J<C> n (n) ({“,?’,3

)

oo n
<CY n®P7 M) Y CEIXGI(|X;| > n®) (3.29)
n=1

i=1

<CY _ n*PUEIX|I(|X] > n%) < oo

n=1

From (3.28) and (3.29), we can get (2.4).
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