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Abstract: Over the last few years, by utilizing Mawhin’s continuation theorem of coincidence degree theory
and Lyapunov functional, many scholars have been concerned with the global asymptotical stability of
positive periodic solutions for the non-linear ecosystems. In the real world, almost periodicity is usually more
realistic and more general than periodicity, but there are scarcely any papers concerning the issue of the
global asymptotical stability of positive almost periodic solutions of non-linear ecosystems. In this paper we
consider a kind of delayed two-species competitive model with stage structure. By means of Mawhin’s contin-
uation theorem of coincidence degree theory, some sufficient conditions are obtained for the existence of at
least one positive almost periodic solutions for the above model with nonnegative coefficients. Furthermore,
the global asymptotical stability of positive almost periodic solution of the model is also studied. The work
of this paper extends and improves some results in recent years. An example and simulations are employed
to illustrate the main results of this paper.

Keywords: Stage structure, Almost periodic solution, Coincidence degree, Competitive model, Stability

MSC: 34K13; 34K20; 92B05; 92D25

1 Introduction

In [1], Zeng et al. proposed the following two-species competitive model with stage structure:

x1(t) = —a1(O)x1 () + b1 (Ox2(0),
X2(6) = ax(Ox2() = b2 (O)x2(t) - c(O)x3(6) - B1(Ox2(E)x3(0), (1.1
x3(t) = x3(t) [a3(t) - b3(O)x3(t) - B2 ()x2 ()] ,

where x; and x, are immature and mature population densities of one species, respectively, and x3 represents
the population density of another species. The competition is between x; and x3. By means of the fixed point
theory and Lyapunv functional, Zeng et al. studied the existence and uniqueness of globally attractive positive
T-periodic solution of system (1.1).

In real world, almost periodicity is more realistic and more general than periodicity. Therefore, more and
more scholars have focused on the study of almost periodic dynamics of non-linear ecosystem [2-6]. Moreover,
population models with delays have attracted much attention in recent years. Time delays represent an
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additional level of complexity that can be incorporated in a more detailed analysis of a particular system.
So, this article is to consider the following delayed two-species almost periodic competitive model with stage
structure:

x1(8) = —a1(O)x1(t) + b1 (Ox, (¢ - 7(8)),
x2(8) = a2 (Ox2(t) = ba(Ox2(t) - c(Ox3(8) - B1(O)x2(Ox3(t - 6(8)), (1.2)
Xx3(t) = x3(8) [a3(t) - b3 (t)x3(t) - B2(Ox2(t - 0(1))]

where a;, b;, B;, ¢, T, § and o are all nonnegative almost periodic functions, i=1,2,3,j=1, 2.

Let R, Z and N* denote the sets of real numbers, integers and positive integers, respectively, C(X, Y) and
C(X,Y) be the space of continuous functions and continuously differential functions which map X into Y,
respectively. Especially, C(X) := C(X, X), C}(X) := C1(X, X). In relation to a continuous bounded function f,
we use the following notations:

T
FemffE), f=swf). |fle=supl@) F- Jim 5 [ f@)ds.
0

Throughout this paper, we always make the following assumption for system (1.2):
(Hl)C_ll >0,a; > Bz, 6_13 >0, Bl >0and 1_33 > 0.
The main purpose of this article is to study the existence and global asymptotic stability of positive almost
periodic solution of system (1.2) by using the coincidence degree theory and Lyapunov functional. Finally, a
example and some simulations are also given to illustrate the main results.

2 Preliminaries

Definition 2.1. ([7, 8]) x € C(R, R") is called almost periodic, if for any € > 0, it is possible to find a real
number [ = I(€) > 0, for any interval with length I(¢), there exists a number 7 = 7(¢) in this interval such that
Ix(t + T) — x(t)|| < €, Vt € R, where || - || is arbitrary norm of R". 7 is called to the e-almost period of x, T(x, €)
denotes the set of e-almost periods for x and I(¢) is called to the length of the inclusion interval for T(x, €).
The collection of those functions is denoted by AP(R, R"). Let AP(R) := AP(R, R).

Lemma 2.1. ([5]) If x € AP(R) is differentiable, then for Ve > 0, it follows:

(1) there exists & € [0, +oo) such that x(&¢) € [x* - €, x™] and x' (&) = 0;
(2) there exists ne € [0, +o0) such that x(ne) € [x~, x~ + €] and X' (ne) = 0.

Lemma 2.2. ([6]) If x € AP(R) is differentiable, for any interval [a, bl with b — a > O, let ¢, n € [a, b] and
I ={sel&b]:x(s)20}, I,={secln,b]:x(s)<0},

then
x() < x(&) + / X(s)ds, Vtel£,bl, x(®)=x(m)+ / x(s)ds, Vvt e ln,bl.

I I
Lemma 2.3. ([6]) Assume that x € AP(R), there exist & € [a, b], § € (-oo, a] and & e [b, +o0) such that
X&) =x(&) and x(&)<x(s), Vsel¢, &l
Lemma 2.4. ([6]) Assume that x ¢ AP(R), there existn € [a, b, € (~oo, a] and 7} € [b, +oo) such that

x(n) =x(@) and x(n)=x(s), Vs eln,nl.
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Lemma2.5. ([7]) Iff € APR) and f = m(f) = % _[OTf(s) ds > 0, then we have

a+T _ _
%/f(s)ds S E,g} vT = Ty,

where a is an arbitrary real constant and Ty > O is a constant independent of a.

The method to be used in this paper involves the applications of the continuation theorem of coincidence
degree.

Let X and Y be real Banach spaces, L : DomL C X — Y be a linear mappingand N : X — Y bea
continuous mapping. The mapping L is called a Fredholm mapping of index zero if ImL is closed in Y and
dimKerL = codimImL < +oo. If L is a Fredholm mapping of index zero and there exist continuous projectors
P:X — XandQ : Y — Y such that ImP = KerL, KerQ = ImL = Im(I - Q). It follows that Lp = L|pomrrKerp :
(I - P)X — ImlL is invertible and its inverse is denoted by Kp. If Q is an open bounded subset of X, the
mapping N will be called L-compact on Q if QN(Q) is bounded and Kp(I - Q)N : Q — X is compact. Since
ImQ is isomorphic to KerL, there exists an isomorphism J : ImQ — KerL.

Lemma 2.6. ([9]) Let Q C X be an open bounded set, L be a Fredholm mapping of index zero and N be L-
compact on Q. If all the following conditions hold:

(a) Lx # ANx,Vx € 0Q NnDomL, A € (0, 1);

(b) QNx # 0, ¥x € 0Q NKerL;

(c) deg{JQN, Q nKerL, 0} # 0, where deg(:, -, -) is the Brouwer degree.

Then Lx = Nx has a solution on Q N DomlL.

For f € AP(R), we denote by

T
A(f) = {w eR: Tlim %/f(S)e‘iwst ' 0},
0

m
mod(f) = {anw,- :n; € Z,meN,w; € A(f),j =1,
1

N
3
—

the set of Fourier exponents and the module of f, respectively.

3 Almost periodic solution

Let

+ . 3(&2 - 1_72) 3((,_12 - I_Qz)a) 36_13 36_13(1)
fi = ln{ z } + 3 +

N +::1n —_ N
f3 [b3 >

u(s) = ax(s) - by(s) - B1(s)ef3,  v(s) = as(s) - Ba(s)e”?, Vs eR,

where w is defined as that in (3.3).

Theorem 3.1. Assume that (H,) holds. Suppose further that
(H)p>0andv > 0,

then system (1.2) admits at least one positive almost periodic solution.
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Proof. Under the invariant transformation (x1, x2, x3)T = (e**, 2, €”3)T, system (1.2) reduces to

. (t=7(0)
7100 = ~a1 () + MO = Fa(0),

V2(6) = ay(t) - by(6) - c(t)e?>© — By (He¥3 0D .= Fy(¢), (3.0)
73(0) = as(t) - b3 (D30 - B, (£)e? 00 .= F3(p).

It is easy to see that if system (3.0) has one almost periodic solution (y1,y2,y3)T, then (x1,x2,x3)7 =
(e, e, e”*)T is a positive almost periodic solution of system (1.2). Therefore, to complete the proof it suffices
to show that system (3.0) has one almost periodic solution.

Take X =Y =V; @ V,, where

Vi = {Z = (y1,y2,¥3)" € AP(R, R?) : mod(y;) C mod(Ly), V@ € A(yy), [@| 2 0o, 1 =1, 2, 3},

Vo ={z=01,y2,3)" = (ki, ko, k3)", k1, ka, ks € R},

where
by (t)e?2-70)
e1(0)

Ly = Ly(t, @) = ay(t) - by(t) - c(t)e?*® - By (H)e?>°O),
Ls = L3(t, 9) = a3(t) - b3 (0)e” ¥ ~ By(0)e? 7,

Li=Li(t,p) = —a:(t) +

1)

¢ = (1,92, 93)T € C([-70,0],R?), 19 = max;_1 ,{1%, 6%, 0}, By is a given positive constant. Define the
norm

2] = max { sup [y1(s)|, sup [y2(s)], sup |y3(S)\}, vz =(y1,y2,y3) €X=Y,
seR seER sER
then X and Y are Banach spaces with the norm || - ||. Set
L:DomL CX Y, Lz=L(y1,y2y3)" =045 ¥5)",

where DomL = {z = (y1,y2,¥3)" € X:y1,¥2,¥3 € C}(R)} and

y1(t) F1(t)
N:X—Y, Nz=N|y(t)| = | Fy(t)
y3(t) F3(t)

With these notations, system (3.0) can be written in the form
Lz=Nz, VzelX.

It is not difficult to verify that KerL = V,, ImL = V; is closed in Y and dim KerL = 3 = codim ImL. Therefore,
L is a Fredholm mapping of index zero (see Lemma 2.12 in [6]). Now define two projectors P : X — X and
Q:Y— Yas

Y1 m(y1) V1
Pz=P |y, | =|m(y;)| =Qz, Vz=|y,| eX=Y.
V3 m(y3) V3

Then P and Q are continuous projectors such that ImP = KerL and ImL = KerQ = Im(I - Q).
Furthermore, through an easy computation we find that the inverse Kp : ImL — KerP N DomlL of Lp has
the form

i Joyi(s)ds-m | [3yi(s)ds
Kpz=Kp |y, | = fotyz(s)ds—m fotyz(s)ds , Vz=|y,| €ImL.
Y3 fotyg(s)ds—m fot)’B(S)dS VE
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Then QN : X — Yand Kp(I - Q)N : X — Xread

Y1 m(Fy)
QNz=QN |y, | = | m(F?) |,
Y3 m(F3)

y fly1(O] - Qf [y, (8]
Kp(I-Q)Nz=Kp(I-Q)N |y, | = | fly(0] - Qfly2()] |, Vz € ImL,
y flys (O] - Qflys(6)]

where f(x) is defined by f[x(¢)] = fot [Nx(s) - QNx(s)] ds.ad Then N is L-compact on Q (see Lemma 2.13 in [6]).
In order to apply Lemma 2.6, we need to search for an appropriate open-bounded subset Q.
Corresponding to the operator equation Lz = Az, A € (0, 1), we have

. (t=1(1)
10 = A [-ar () + LOZT

72(0) = A [a2(0) - ba(0) - c(0)e”? - By (D" 2V, G
73(0) = A [a3() - b3(0)e”® - By (D).

-

w

Suppose that z = (y1, 2, y3)T € DomL C X is a solution of system (3.1) for some A € (0, 1), where DomL =
{z=01.y2,y3) €X:y;€ C'(R),i=1,2,3}.
There must exist {a{” : n € N*} such that

yila}) {y? - 1,3/?} . ¥i=supyi(s), i=1,2,3. (32)
n SER
From (H,) and Lemma 2.5, Vto € R, there exists a constant w ¢ (0, +oo) independent of to such that
to+T to+T _ _
% / a;(s)ds € [%, %} , % / bi(s)ds ¢ {%, %b’] ,
o1 N (3.3)

a, -b, 3(a> - b)
2 2

/ [ax(s) - by(s)]ds € {

to

}, V2w, i=1,3.

~| =

For Vngy € N*, we consider ag) -w, ag) (i=1,2,3), where w is defined as that in (3.3). By Lemma 2.3,
0 0

there exist ¢; € ag,i) -w, ag) , €. € | —oo, ag,i) ~w|and ¢ e ag), +oo ) such that
o 0|2 5; o o

vil€) =i, i@ =yls), vse [6,&], i-1,2,3. (64)
By (3.4), we obtain from system (3.1) that

4 bl(s)e"Z(s’T(s))
0= / —-aq(s) + e ds,
L
&
0= / |a2(5) = b(s) - ()" - Bu()e” 0] i, (35)
L
&
0= / [a3(s) ~ b3(s)e”?® —ﬁz(s)e“(s_"(s))} ds.
¢

LB
From the second equation of system (3.5), it follows from (3.3)-(3.4) that
&
g(é’z -§ )& < / c(s)e”?® ds
8
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&

= /[az(S)—bz(S)—ﬁ1(S)ey3““S‘S”} ds
¢
&

< / [a2(s) - b(s)] ds
¢
< 2-bde g,

which implies that
y2(&) <ln [M} (3.6)

LetI; = {s € [{,-, Eﬂ yi(s) 2 O} (i =1, 2, 3). It follows from the first equation of system (3.1) and (3.3)
that

/ o(s)ds = / A [az(S)—bz(S)— c(s)e’:® —ﬁl(S)e”(S“s“”} ds
I, I

a?
g

< /[az(s)—bz(s)} ds < / [ay(s) - ba(s)] ds

I aﬁ,zo)—w

< 3(6_12 - Bz)(u .
2

By Lemma 2.2, it follows from (3.6)-(3.7) that

(3.7)

3(6_12 - Ez){u
2

10 2y + [ ds = in | 202202 =5, vtelfal)

L

which implies that
y2a@) < f5.

In view of (3.2), letting ng — +oc in the above inequality leads to
yi= lim_ya(e) <f;. (3.8)

Similar to the arguments as that in (3.6)-(3.7), we can obtain from the third equation of system (3.5) that

and / y3(s)ds < 3a23w. (3.9)
I

y3(&3) <1n {31-9&3

3

By a similar discussion as that in (3.8), it follows from (3.9) that

=f3. (3.10)

3a3:| N 3aszw

<In
2 { b, P

On the other hand, from (H,) and Lemma 2.5, Vto € R, there exists a constant [ € [w, +o0) independent
of ty such that

to+T _ ~
/ u(s)ds e [“ 3‘“} % / v(s)ds € E, %} , VT=1. (3.11)

to

For Vng € Z, by Lemma 2.4, there exist n; € [nol, nol + 1], n; € (=oo, nol] and #; € [npl + 1, +eo) such that

vi(n) =i, yi(ni) = yi(s), VSE[Qi,ﬁi}, i=2,3. (312
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By (3.12), we obtain from system (3.1) that

12
0= / [az(S) ~ by(s) - () — By (s)e” 3(3‘5“))} ds,
1,
3
0= / [ag(s) ~ b3(s)e”?® —ﬁz(s)eyz“"’(s))} ds.
ny

By the first equation of system (3.13), we have from (3.3), (3.11) and (3.12) that
- f[Z
%(fh _ﬁz)eyz(ﬂz) > /C(S)e)/z(s) ds

[az(s) - by(s) - ﬁl(s)eh(s—é(s))} ds
[0:9) - b2(8) - Br(9)ef ] ds

u(s)ds

v
\ﬁu v‘v:\ﬁ\ L:\,Nzu r‘v':

NI r‘\)':

>

(’_12 - ﬁz)y

which yields that

y2(n2) 2 1n {%] .

Furthermore, by the second equation of system (3.1), it follows that

n0{+l nol.+l
/ y2(s)lds / A|aa(s) - ba(s) - cls)e® - By(s)e” )| ds

Tlol 7101

(a} +bs+ctel? +B{ef3+) L.

IN

Then
nol+l

y2(0) 2 y2012) - / 72(5)|ds

rlol

> In {%] - (a}' +bh+ctel +ﬁ1’ef;) l:=f,, Vtelngl,nol+1.
Obviously, f; is a constant independent of ng. So it follows from (3.16) that

s = infy,(5) = inf { min J’2(S)} > inf {7} = 5.

no€Z | s€lngl,nol+l]

— 391

(3.13)

(3.14)

(3.15)

(3.16)

(B.17)

Similar to the arguments as that in (3.14)-(3.15), we can obtain from the third equation of systems (3.1) and

(3.13) that

v
y3(n3) z1n [E]

(3.18)
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and
nol+l nol+l
/ [y3(s)|ds = /A‘ag(s)—bg(s)ey3(5)—Bz(s)e”(s’“(s)) ds
nol nOI
< (a§ + btel +ﬁ5efz*) 1. (3.19)
It follows from (3.18)-(3.19) that
nol+l
y3(t) = y3(n3) - / [V3(s)| ds
rlol
> ln{ v } (a3+b efs +Bzef2)l i=f3, vtelnol,nol +1]. (3.20)
3b;

Obviously, f5 is a constant independent of ng. So it follows from (3.20) that
3 = inf y3(s) = inf s) > inf {f5} =f5. 3.21
yi-intya - inf {_min ys(@)} = inf 145) - G2
Finally, there must exist {6 : n € N*} such that
I |
y1(6n) € [yl,yl + H} , (3.22)

where y] = infscg y1(s). For vng € N*, we consider [0n, — w, 0r,], Where w is defined as that in (3.3). By
Lemma 2.4, there exist n; € [On, — W, On,], n, € (e, On, — w] and 71 € [On,, +oo) such that

i) =y1(@), yitn)zyas), Vs € [n, M) (3.23)

In view of the first equation of system (3.1), we get

evi(s)

U
O=/ [—al(s)+

1

y2(s-1(s))
bi(s)er? } ds,

|

which implies from (3.2) and (3.23) that

/ bi(s)er> (s-7(s) b1 ef2

3a; .
- (-n)z= / ai(s)d S0 52 Zeyl(nl)( ),

which yields that

b ofs
y1(n1) zln[ 3151 } . (3.24)

Let] = {s € [N1, One] : y1(8) < 0}. Then we have from the first equation of system (3.1) and (3.2) that

2(s-1(s))
/Y1(S)d5 = //l {—a1(5)+bl(s)ey} ds

evi(s)
] ]
6
> —/al(s)dsz— / ai(s)ds
] eno_w
(U (3.25)

2
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By Lemma 2.2, we get from (3.24)-(3.25) that

=f1, Vte([ni,On].

Blef5 _ 3a,w
= P :

y1(6) 2 y1(m) + /)'/1(5) dss1In {371
]

So 1
y1(6n) 2 fi = y12f1 - e

Letting ng — +oo in the last inequality leads to
yi=fi. (3.26)

Furthermore, by the first equation of system (3.5), we have from (3.3)-(3.4) that

ap 3 ;(l 2 by(s)ey2s—76) 3biefr -
il(fl—il)s/alts)ds=/ [1} dss —=(& - &),

evi(s) " 2en1(é)
A L
which yields that
3bief
y1(1) <In {1] . (3.27)
a
And
ya(s-1(s))
yi(s)ds = —-aq(s) + bi(s)er>> 7 ds
evi(s)
I I
2D
no
. by (s)eY2(s~76)
N evi(s)
D -w
3[71 ef; w
< —. .28
= T 2eh (3.28)
Similar to the argument as that in (3.8), we obtain from (3.27)-(3.28) that
= f+ = f+
y; <In [Bb}eZ] + 3b1efw = f1. (3.29)
ax 2eh

SetC = Zle(m‘\ +|f{]) + 1. Clearly, Cisindependent of A € (0, 1).Let Q = {z € X : ||z||x < C}. Therefore,
Q satisfies condition (a) of Lemma 2.6.

Now we show that condition (b) of Lemma 2.6 holds, i.e., we prove that QNz # O forall z = (y1, y2, y3)T €
0 N KerL = 90 N R3. If it is not true, then there exists at least one constant vector zo = (y(f, yg, yg)T € o0
such that

0=m|-a.(t) + %] ,
0=m |a(t) - by(t) - c(t)e’? —lh(t)eyg} ,
0=m [as(0) - b3(0e” - Ba()e”?] .

Similar to the argument as that in (3.8), (3.10), (3.17), (3.21), (3.26) and (3.29), it follows that
fi<yi<fl, fi<¥S<f, fi<)5<f3.

Then z, € Q N R3. This contradicts the fact that z, € 0Q. This proves that condition (b) of Lemma 2.6 holds.
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Finally, we will show that condition (c) of Lemma 2.6 is satisfied. Let us consider the homotopy

H(i,z) = 1IQNz + (1 - 0@z, (1,z) € [0, 1] xR>,

where o
V1 -a + bé#

Oz=@ |y, | =| a,-b,-ce”
V3 as - bze”

From the above discussion it is easy to verify that H(t, z) # 0 on 0Q N KerL, Vi € [0, 1]. Further, @z = O has a

solution: T

0h.yiyd) = (m [b}fﬁ] n [az;bz} n {%D o

1 3

A direct computation yields

b2 0 0
1
deg (@, 2 NKerL, 0) = sign 6 s 0 =_1.

0 0 -bse”
By the invariance property of homotopy, we have
deg (JQN, Q NKerlL, 0) = deg (QN, 2 NKerL, 0) = deg (®, 2 NKerL, 0) #0,

where J is the identity mapping since ImQ = KerL. Obviously, all the conditions of Lemma 2.6 are satisfied.
Therefore, system (3.0) has at least one almost periodic solution, that is, system (1.2) has at least one positive
almost periodic solution. This completes the proof. O

Remark 3.1. In [2], Chen also obtained the existence of positive almost periodic solutions of system (1.1).
However, the result in [2] required the following condition:
(F1)a; >0, b; >0,/3]T >0andc™>0,i=1,2,3,j=1,2.

)
(Fy)ai > %, ¢ > b] + B3 and b3 > B7, where m is some positive constant.

Obviously, (H,) in Theorem 3.1 is weaker than (F;). Further, by Theorem 3.1, it is easy to obtain the existence
of positive almost periodic of system (1.1) without (F,). So the work of this paper extends and improves the
result in [2].

Corollary 3.1. Assume that (H1)-(H;) hold. Suppose further that a;, b;, pj, ¢, T, 0 and 6 of system (1.2) are
continuous nonnegative periodic functions with periods a;, §;, nj, ¢, p, 0 and g, respectively,i=1,2,3,j =1, 2,
then system (1.2) has at least one positive almost periodic solution.

By Corollary 3.1, we obtain

Corollary 3.2. Assume that (H,)-(H;) hold. Suppose further that a;, b;, B;, ¢, T, 0 and & of system (1.2) are
continuous nonnegative w-periodic functions, i = 1,2,3,j = 1, 2, then system (1.2) has at least one positive
w-periodic solution.

Let N .
= (az — bZ) ) MZ = ii,
c b3

Ho(S) = ax(s) = ba(s) - B1(s)Ma,  vo(s) = as(s) - B2(s)M1, VseR.

In order to complement or improve (H,) in Theorem 3.1, we give the following result:

M1:

Theorem 3.2. Assume that (H,) holds. Suppose further that
(H3)a7 >0,b3>0andc™ >0,
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(H4)fio > 0 and v > 0,
then system (1.2) admits at least one positive almost periodic solution.

Proof. Proceeding as in the proof of Theorem 3.1, in order to use Lemma 2.6, it remains to search for an
appropriate open and bounded subset Q C X.
Consider the operator equations (3.1). By Lemma 2.1, for Ve € (0, 1), there exist &; = ¢;(€) such that

vil€) =0, yi&)elyi -eyil, vyi= sup yi(s), i=1,2,3. (3:30)
se

From system (3.1), it follows from (3.30) that

_ bl({l)eyl(gl’f(gl))
0=-a;(&1) + B2 —

0 = a2(&) - by (&) - c(&)er2@) — By (&,)eys 66D, (331)
0 = as(&3) — b3(&3)er?) — B,y (&5)er> (05D,

By the second equation of system (3.31), we have from (3.30) that
e < ¢(£)e?%) = a,(&) - by(&,) - B1(£,)e”? 78D < (a, - by)* = suplay(s) - by(s)],
seR
which yields that
y3 <In [

Letting € — 0 in the above inequality, we get

(az - by)"e’
.

y5<In {(az—c_bz)} =g5. (3.32)

So we can obtain from the first equation of system (3.31) that

aIeYI—G < al(‘f‘l)eyl({l) - bl(%‘l)eh(ﬁ—‘l’(&)) < bJ{ey; < M
=

Letting € — 0 in the above inequality, we get

(3.33)

+ _ +
yi<In [M} =gt

ajc-
Similar to the arguments as that in (3.32)-(3.33), it follows from the third equation of system (3.31) that

+

yi<ln [a—ﬁ} = g3. (3.34)
b3
By the similar discussions as that in (3.17), (3.21) and (3.26), we could find g} such that
yi =28, 1=1,2,3.

Set Co = Z?=1(|gi’| +1g7) + 1. Clearly, C is independent of A € (0,1). Let Q = {z € X : ||z|x < Co}.
From the proof in Theorem 3.1, it is easy to verify that Q satisfies conditions (a)-(c) of Lemma 2.6. Obviously,
all the conditions of Lemma 2.6 are satisfied. Therefore, system (3.0) has one almost periodic solution, that
is, system (1.2) has at least one positive almost periodic solution. This completes the proof. O

Corollary 3.3. Assume that (H1), (H3) and (H,) hold. Suppose further that a;, b;, Bj, ¢, T, 0 and & of system
(1.2) are continuous nonnegative periodic functions with periods a;, {;, 11;, ¢, p, 0 and ¢, respectively,i = 1, 2, 3,
j =1, 2, then system (1.2) has at least one positive almost periodic solution.

From Corollary 3.3, we have

Corollary 3.4. Assume that (H,), (H3) and (H4) hold. Suppose further that a;, b;, Bj, ¢, T, 0 and 6 of system
(1.2) are continuous nonnegative w-periodic functions, i = 1,2, 3, j = 1, 2, then system (1.2) has at least one
positive w-periodic solution.
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4 Global asymptotical stability

Theorem 4.1. Assume that (H,)-(H,) hold. Suppose further that
(Hs)T, 0, 6 € CL(R), supser{7(s), a(s), 8(3)} <1,aj>0and

. C hE) | o) } | { B }
s‘?ng{c(s) @) 1-6 ) " PO gy T

where §1, 7! and ! are the inverse functions of £(t) = t — 1(t), @(t) = t - o(t) and Y(t) = t - 6(¢t),
respectively, vVt € R.

Then system (1.2) has a unique positive almost periodic solution, which is globally asymptotically stable.

Proof. By Theorem 3.1, we know that system (1.2) has at least one positive almost periodic solution
(x7, x5, x5)T. Suppose that (x1, x2, x3)T is another positive solution of system (1.2).
From (Hs), there must exist O < 6 < aj such that

. b)) Balei(s) } . { AURO0) }
5‘2&{“5) i@ -0y ) " AP T ey s

Define
6
v = Vi),

i=1

where

Vi) = () = x4 (0], Vi(®) = |Inx(6) - Inx;(8)], i=2,3,

t
byi(&7t .
Vi(t) = / %m(s) -x,(s)| ds,

t-7(t)

t

1

Vs(t) = / %m(s)—xz(s)ms,
t-o(t)

t
B
Velt -6

x3(s) - x3(s)| ds.

By calculating the upper right derivative of V;(i = 1, 2, 3, 4, 5, 6) along the positive solution of system
(1.2), it follows that

D"V4(t) = sign[x(6) - x’{(t)]{ [—a1(t)x1(t) + b1(t)x,(t - 7(1))]

- [Far0xi0+ (-] |

< —ar(O)]x1(6) = X1(O] + b1 (O)|xa(t - T(D) - x5t - ()], (4.1)

D"V, (t) = sign[x,(t) - xZ(t)]{ [a>(t) = by (t) = c(t)xa(t) - B1(Ox3(t - 8(8)]
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- [@2(0) - ba(0) - (VX0 - B (O3t - (1) }
< —c(Oxa(O) = X5 (O] + B1(O]x3(t - 8(8) - x5(t - 8(D))),

DVa(0) = signlxs )~ X301 [ax(0)~ba(0x:(0) Bo(Oxa(e ~o(0)
- [0~ B30 - B0t~ o) |
< =b3(Dx3(t) - X5(0)] + B2 (B)]xa(t - 0(8)) - x3(t - 0 (1)),
-1
DVA0) = {21 0 ) = X5(0)] - et = T0) - 3t~ 70

-1
DWs(0) = PR L a0 - X300 - aOlxalt - 6(0) - Xt~ o(0)

and
-1
D*V(t) = mxg(r) 0] - B (Ot - 8() - X3¢ - 8(D).
Together with (4.1)-(4.6), it follows that

D*V(D) < —a1(O)x1 () - x; (D)

BiEO) _ Bale(O) *
et - P - B b -0

o Bw) } i
{ba(t) PRl LRCOREC)

3
—GZ |xi(t) - x;(t)\, vt 2 0.

i=1

IN

IN

Therefore, V is non-increasing. Integrating the last inequality from O to ¢ leads to

3 t
GRS / 1xi(s) — x.(5)| ds < V(0) < +o0, V£ 30,
i1

that is,

3 +oo
i=1

/ |xi(s) = x; (s)| ds < +oo,
0

which implies that
3
> lim |x;(s) - x;(s)| = 0.
1 S—r+oo

Thus, the almost periodic solution of system (1.2) is globally exponentially stable.

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

Next, we show that there is only one positive almost periodic solution of system (1.2). For any two positive
almost periodic solutions (x1, x>, x3)T and (X1, X2, X3)T of system (1.2), we claim that x;(t) = X;(t), vt € R,
i =1,2,3.If not, without loss of generality, there must be at least one ty € R such that x;(to) # X1(to), i.e.,

|x1(to) — Xx1(to)| := I > 0. The global asymptotical stability implies that there exists t; > to such that

l

[x1(8) — x1(8)] < L Vet

(4.7)
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By the almost periodicity of x; and X1, there must exist [; > 0 and 7 € [t; — to, t1 — to + 1] such that

l _ _ l
[x1(t + 7o) - x1(8)] < % [X1(t + 7o) = X1(8)| < % vt e R. (4.8)

So we can easily know from (4.7)-(4.8) that

I =|x1(to) - X1(to)| = |x1(to) — x1(to + To)| + [x1(to + To) — X1(to + To)| + [X1(to + To) — X1(to)]
1 1 1 3l

< —+ —+— =2
47474 g

which is a contradiction. Then x(f) = x;(t), Vt € R. Similarly, we can prove x;(t) = x;(t), vt € R, i = 2, 3.
Therefore, the almost periodic solution of system (1.2) is unique. This completes the proof. O

Together with Theorem 3.2, we can easily show that

Theorem 4.2. Assume that (H,),(H3), (H4) and (Hs) hold, then system (1.2) has a unique positive almost
periodic solution, which is globally asymptotically stable.

5 Example and simulations

Example 5.1. Considering the following delayed two-species competitive model with stage structure and
different periods:

x1(8) = =[1 + | sin(v28)|]x1(6) + 0.1| cos(v/3t)|x, (t - 1),
X2(6) = x2(£) - | cos(v/3)[x2(t) — x3(£) - 0.1 sin?(v3O)x2()x3(t - 1), (5.1
x3(t) = x3(t) [| cos(v/38)| - [1 +0.99 sin(v/2)]x3(t) - 0.1| cos(v/38)|x, (t - 2)].

Then system (5.1) has a unique positive almost periodic solution, which is globally asymptotically stable.

Proof. Corresponding to system (1.2), we have

a(s) 1+ |sin(v/2s)| b1(s) 0.1| cos(+v/3s)|
a(s) | = 1 , by(s) | =| [cos(v3s) |,
as(s) | cos(v/3s)) bs(s) 1 +sin(v/2s)
1(s) 0.1sin’(v/3s)
<g2(5)> - (O.l|cos(ﬂs)|) » =1, vseR.
Obviously, (H;) in Theorem 3.1 holds. Further, a, =¢=1,a3 =b, = 2, b3 =1+ 228 and B} = B3 = 0.1
Let e1(¢) = | sin(v/2t)| and e, (t) = | cos(v/3t)|, V¢ > 0. Note that &; = 2 ~ 0.64, i = 1, 2. For Vt; € R, we
have
to+t
ei(s)ds
EM=2— ¢ [1, 3} ~[0.32,0.955], Vt=1, i=1,2.
t nn

Therefore, we can choose w = 1 so that (3.3) holds. By an easy calculation, we obtain that
f5=0.62, f3=~1.12, u>0.06>0, V>0.472>0,

which implies that (H,) in Theorem 3.1 holds. Further, it is easy to verify that (Hs) in Theorem 4.1 is satisfied.
Therefore, all the conditions of Theorems 3.1-4.1 are satisfied. By Theorems 3.1-4.1, system (5.1) has a unique
positive almost periodic solution, which is globally asymptotically stable (see Figures 2-5). This completes the
proof. O



DE GRUYTER

0.45

Dynamics of two-species delayed competitive stage-structured model

0.4+

0.05

10

20 30 40 50 60 70 80
time t

Figure 1: Almost periodic oscillations of system (5.1)

0.1

0.09}
0.08-
0.07}
0.06 -
0.05}
0.04 X
00311

0.02H|

0.01 W\/

x,(0)=0.01
x,(0)=0.05
x,(0)=0.10

I
10 15 20 25 30 35 40 45 50
time t

Figure 2: Global asymptotical stability of state variable x; of system (5.1)
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Remark 5.1. Clearly, system (5.1) is with some nonnegative coefficients. Thus, condition (F;) in Remark 3.1 is
not satisfied. Further, corresponding to system (1.1), b3 = 0.01 < 0.1 = 87, which implies that condition (F5)
in Remark 3.1 is invalid. Therefore, by the main result obtained by paper [2], it is impossible to obtain the
existence and global asymptotical stability of positive almost periodic solutions of system (5.1). So the work
of this paper extends and improves the result in [2].

6 Conclusions

The stage-structured models have been studied extensively, and many important phenomena have been
observed in recent years. In this paper we study an almost periodic nonautonomous delayed two-species
competitive model with stage structure, and this motivation comes from a nonautonomous delayed two-
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species competitive model. We obtain easily verifiable sufficient criteria for the existence and globally
asymptotic stability of positive almost periodic solutions of the above model. In order to obtain a more
accurate description of the ecological system perturbed by human exploitation activities such as planting
and harvesting and so on, we need to consider the impulsive differential equations. In this paper, we only
studied system (1.2) without impulses. Whether system (1.2) with impulses can be discussed in the same
methods or not is still an open problem. We will continue to study this problem in the future.
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