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Abstract: Singular overpartition functions were defined by Andrews. Let C; ;(n) denote the number of (k, i)-
singular overpartitions of n, which counts the number of overpartitions of n in which no part is divisible by k
and only parts i (mod k) may be overlined. A number of congruences modulo 3, 9 and congruences modulo
powers of 2 for fk,i(n) were discovered by Ahmed and Baruah, Andrews, Chen, Hirschhorn and Sellers, Naika
and Gireesh, Shen and Yao for some pairs (k, i). In this paper, we prove some congruences modulo powers of
2for Cyg,6(n) and Cyg,15(n).
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1 Introduction

In a recent work, Andrews [1] defined combinatorial objects that he called singular overpartitions. Moreover,
Andrews proved that these singular overpartitions, which depend on two parameters k and i, can be
enumerated by the function C; ;(n) which denotes the number of overpartitions of n in which no part is
divisible by k and only parts = +i (mod k) may be overlined. Andrews also established the generating function
for Cy ;(n). Fork =3 and 1 < i < | X |, the generating function for C; ;(n) is given by

ifk,i(n) g = 45 q")oo(—g;‘;)q")w(q"; 9 1)

where -
(@5 @) = [[(1 - ag™.
n=0

Furthermore, by elementary generating function manipulations, Andrews [1] proved that for all n > 0,
C3,1(9n+3) = C3,1(9n + 6) = 0 (mod 3).

Since then, a number of congruences modulo 2, 3, 4, 8, 9, 16, 32 and 64 for Ek,,-(n) have been discovered for
some pairs (k, i), see for example, Ahmed and Baruah [2], Chen [3] Chen, Hirschhorn and Sellers [4], Naika
and Gireesh [5], Shen [6] and Yao [7].

In this paper, we prove some new congruences modulo powers of 2 for (48, 6)- and (48, 18)-singular
overpartitions.

Eric H. Liu: School of Statistics and Information, Shanghai University of International Business and Economics, Shanghai,
201620, P. R. China, E-mail: liuhai@suibe.edu.cn

*Corresponding Author: Wenjing Du: Wenbo College, East China University of Political Science and Law, Shanghai 201620, P.
R. China, E-mail: duwenjing-16@163.coms

3 Open Access. © 2019 Liu and Du, published by De Gruyter. [ I=ammmm This work is licensed under the Creative Commons Attribution alone 4.0
License.


https://doi.org/10.1515/math-2019-0026

DE GRUYTER Arithmetic properties for Andrews’ (48, 6)- and (48, 18)-singular overpartitions =—— 357

2 Congruences modulo 2, 8 and 16 for C,s ¢(n)

In this section, we prove some congruences modulo 2, 8 and 16 for C4g ¢(n). It should be noted that
congruences for C,g ¢(n) and C4g,15(n) were not discovered before.

Theorem 2.1. Forn =0,

Cyg,6(16n +8) = 0 (mod 8), (1)
Cyg,6(16n+12) = 0 (mod 8), (2.2)

and
Cys.,6(32n + 28) = 0 (mod 16). (2.3)

Theorem 2.2. Forn, k=0,

Cus. (22“3 31~ 22k ) =0 (mod 2), (2.4)
Cus.6 (2”‘”‘ 17~ zzm 0) =0 (mod 2), (2.5)
Cus.6 (22’“‘* 23 22k+1 0) =0 (mod 2), (2.6)
Cus.6 (22’”" 49 x ZZk ) = 0 (mod 2). 2.7)
Theorem 2.3. Forn, k=0,
m(Bm-1)

for some integer m,

_ k _ 1 (mod?2), if2n+1 =
Cus,6 <4k+2n s 20%4 - 10 X[; 10) = ( )
0 (mod 2), otherwise.
Proofs of Theorems 2.1-2.3. First, we introduce some notations. Throughout this paper, for any positive integer
k, fy is defined by

[

fic=@"5¢9= = T[(1- 4",

n=1

and S(g) and T(q) are the Gollnitz-Gordon functions defined by

1
Sta) = (g5 q®)s(q*; 4®)o(q7; %) oo
and 1
1) = (5 (@ O P
By (1.1), we have
> Cus6(mq" nt 12;(fq ) 2.8)
and
Z 48,18(M)q" —%- (2.9)

n=0
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It follows from (3.15) and (3.16) in [8] that
A L (5 Ji)
1040 = 5 (flf_,% fu

and

f: f
sca’-3 (7).

Substituting (2.10) into (2.8) yields

g = 2 5 fi2
ZHZ;C““(" R

3

It follows from Lemma 2.6 in [9] that

f5 _ fufefref3s +qf6f§f48 .
fi fifsfiafus " fifi6fau

Xia and Yao [10] proved the following 2-dissection formula for 1‘Tlf3:

1 of1> ‘q z?fzzz;.
hfs  Ffuff3, " Fififsfn

By the binomial theorem, for any positive integer k and any prime p,

zfgkil (mod p*).

Substituting (2.14) and (2.13) into (2.12) and employing (2.15), we have

22C486(2n)qn+1 L fft, _ 1 fifefu

n=0 fi ffs f1 fef12
and
C 2 fife _ fofsfh
an; w2+ 1)d WEIHE f12f4f24

_ 3 fifR 1 hffh (mod 4).

T2 Ofh fE fafa
From Lemma 2.11in [11],

D 177

2k f3fs

and
1 14 2 ¢l
44 4qf—41{f .

fi s >
Substituting (2.18) and (2.19) into (2.16), we obtain

S}

> Cugeltm)g™ = 2-

1
f ff

1 f3. fifsfia
fioh fife

fafe -

and

22C486 (4n+2)g"™! = 2f6 _ 22f3f2 12
n=0 fifsfd fifef2

DE GRUYTER

(2.10)

(2.17)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(217)

(2.18)

(2.19)

(2.20)

(2.21)
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Substituting (2.19), (2.14) and (2.13) into (2.20) and employing (2.15), we deduce that

_ o h'fe fPffh fifehau
2 Cassl8Ma" = 2igary — pre + 40 o

oo

Fofe - 1 fifsfh

75 b +4qf,f2 (mod 8)
4

f3

and

oo

—= n 1t e f3*fefon fzfz.fsflz
C = _
2 Cusol8n+ 404" = 2 5sei + 8~ ap 4 g

_ o1 f°f fe <1)3. 12 ifon f4f8f12
=2. 2 fefe 85 4 Faf12 f23f24 (mod 16).

Substituting (2.18) and (2.19) into (2.22) and utilizing (2.15), we see that

fafe , fiféf
4flfzfu 4 f3f12

oo

Z 4s.6(16n + 8)q" = 4f3f5 -

= 4f1F(q) (mod 8),
where
B a BRERAf
Fa) = fi f2 f12 fa

Hirschhorn, Garvan and Borwein [12] proved that

B_Rf . f

fRR TR

Substituting (2.26) into (2.25), we find that

F(q) =

Congruence (2.1) follows from (2.24) and (2.27).
Substituting (2.18) and (2.19) into (2.23) and using (2.15) yields

f1O1ef3 +4f230f3f12
f3f3fa fEf2fe

oo

2648,6(1&1 +12)q" =4

3212 ( fi
2 fufia (ff +f3> (mod 16).

Define
Z b(n)q" = ff—;
= 1/2
Replacing g by —¢ in (2.29) and employing (2.15) and (2.30), and using the fact that

(-4 -q) Ao

we have

S C1bg" = i — £, (mod 4).

4
n=0 f

— 359

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Hence,

e Z(1+( Dbng" =23 b@n)g?" (mod 4)

n=0

and

f4 _ 2n+1
ih -fi= Z(l -1)"bn)q" an;b(zn+1)q (mod 4).

In view of (2.15), (2.28) and (2.32),

o 23
2648,6(16n +12)q" = 8f2f6 Z b(2n)q°"

n=0
_Gfefi 6n
=8 f nE:O b(2n)g°" (mod 16).

Congruences (2.2) and (2.3) follow from (2.34).
From (3.29) in [10],

2 fifefts zqu'fszfsfzz‘.

B f3fsfou f3fi2

Substituting (2.18) and (2.35) into (2.17) and employing (2.15) yields

- 6 £l 6f2
2N Cusglan+ gt = J25 - Jafé d4
nz:; 4s,6(4n +1)q tfafiz fifafiaf3 med®

and

e8]

o2 M fH L2 f

n=0

Substituting (2.26) into (2.37) and using (2.15), we deduce that

S}

ZE% 6(4n+3)qn+1 = fl?f6 f8 qf4f12 = qf4f12 (mod 2),

o ffe RTTR f2
which implies that for n = 0,
Cyg,6(8n+7) =0 (mod 2).
By (2.15) and (2.36),
2
ZZ Cisoln+1)g"™" = 1 fufe fif¢ (mod 4).

et 1 ha fife

Substituting (2.18) into (2.39) and employing (2.15), we have

fifa

2 i@s 6(8n+5)g"" = il BE_5 ( g fl) (mod )

o fifef?  fife fe

Thanks to (2.33) and (2.40),

oo

Z 48,6(8n+5)q" = i Zb(2n+1)q2"

n=0

2548’6(4n+3)qn+1Ef§f§f4flz_fzféfs 311 _B (mod 2).
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(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)
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= i b(2n + 1)¢*" (mod 2) (by (2.15)).
n=0

Therefore, forn = 0,
Cyg,6(16n +13) = 0 (mod 2)
and
Cug,6(16n +5) = b(2n + 1) (mod 2).

It is well-known that
fr= 3 1
r[:*OO

Combining (2.43) and (2.31) yields

b(n)z{l(mOdz)’ ifn=

0 (mod 2), otherwise.

mBm-1) for some integer m,

Thanks to (2.15) and (2.21),

T wi_ 5 fifia
2§C48,6(4n+2)q =7 i (mod 4).

Based on (2.15), (2.12) and (2.45), we see that for n = 0,
648,6(4'1 + 10) = C48’6(n) (mod 2).

By (2.46) and mathematical induction, for n, k > 0,

10(4% - 1)
3

Cug,e (4kn + = Cyg,6(n) (mod 2).

(2.41)

(2.42)

(2.43)

(.44)

(2.45)

(2.46)

(2.47)

Replacing n by 8n + 7, 16n + 8, 16n + 12, 16n + 13 in (2.47) and using (2.38), (2.1), (2.2), (2.41) respectively,

we obtain the congruences stated in Theorem 2.2.
It follows from (2.42) and (2.44) that

1 (mod 2), if2n+1=w

648,6(16n + 5) = {

0 (mod 2), otherwise.

Theorem 2.3 follows form (2.47) and (2.48). This completes the proof.

3 Congruences modulo 2, 8 and 16 for Cjs 15(n)

We prove several congruences modulo 2, 8 and 16 for 648’18(n) in this section.
Theorem3.1. Forn =0,
Cyg,18(16n + 11) = 0 (mod 8),
Cyg,18(16n +15) = 0 (mod 8),

Cyg,18(32n + 15) = 0 (mod 16).

for some integer m,

(2.48)

(3.1
(3.2)

(3.3
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Theorem 3.2. Forn, k=0,

2k _
C48 18 (22k+3n 7 23 1) =0 (mod 2),
2k _
C48 1 (22k+4 25 x 23 1) =0 (mod 2),
2k+1 _
C48 18 (22k+4 17 % 23 1) =0 (mod 2),
2k+1 _
C4g 18 (22k+4 23 x 23 1) =0 (mod 2)
Theorem 3.3. Forn, k>0,
m(Bm-1)

for some integer m,

Cug,1s (4"*2n i 1> _ } 1(mod?2), if 2n =
’ 0 (mod 2), otherwise.

Proofs of Theorems 3.1-3.3. In view of (2.9) and (2.11),

1 fi f
ZZC4818(n “ 56 fe +i ;62-

Substituting (2.14) and (2.13) into (3.9) yields

2 ias 18(n)q" = f§ff2 f4f16f24 foM *t4q f8f12f48

n=0 ’ ) 22f4f62f24 f8f48 f“f f12 f2f16f24
Therefore,
ife fofsfta
C
an; A TN T
and

o n_ 1 f3fts 1 fafefa
2§C48,18(2n+1)q —fl f + 12 f8f12 .

Substituting (2.18) and (2.19) into (3.11) yields

Bffifio | [22f2
2 C 4 1 =
g 4818( n+1)q" fsfs + 19f3ff,‘

and

S

= n_1 f Hfifu 1
;C48,18(4n+3)q _f]l_‘ fl f[%fé +2- flf fl f4f6'

Substituting (2.19), (2.14) and (2.13) into (3.13) and employing (2.15), we have

3 fsfta ‘2 71 +4q fRfefu +8q lelfz%fu
123 fIof2f2f3, f8f8f12 fi

oo

> Cug1s(8n+3)q" =

fifefau
fafi2

(mod 8)

1 fifsfh 1
[T f3 f2fs +4a

DE GRUYTER

(3.4)

(3.5)

(3.6)

(3.7)

(3.9

(3.10)

(3.11)

(312

(3.13)

(3.14)
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and

oo

O i i s AN 1
2 Cunas(8n+ 700" = frap et + 47 B4 2l 85y

n=0

_ ( ) 2f6f24 fzf el
fi faf12 fou

l f5f12 f6 d16
+2- T f2f1z( od 16). (3.15)

Substituting (2.18) and (2.19) into (3.14) yields

- n_, fafé ff3f12 f2féfou
Z: Cus18(16n+11)q" = 4f1f2f12 77, +4q s
= 4f, F(g) (mod 8), (by (2.15)) (3.16)

where F(q) is defined by (2.25). Congruence (3.1) follows from (2.27) and (3.16).
Substituting (2.18) and (2.19) into (3.15) yields

SRR B
2 Cuaas(6n+15)g" = 47 et - “erpst,

f2f8f12 f172_
f12f4f6 <f3f6 f3) (by (2.15))

)

_ 8fzf8f12 Z b(2n + 1)¢®™*> (mod 16) (by (2.33))
n=0

fifufe
’;fj’;“ Z b@n + )¢5 (mod 16)  (by (215). G17)
Congruences (3.2) and (3.3) follow from (3.17).
Based on (2.15) and (3.10),
2%(348 18(2n)q" = sz f}:‘} +f11 f;{;ﬁz (mod 4). (318)

Substituting (2.18) and (2.35) into (3.18) and employing (2.15), we deduce

Zw = n_ f5f2 fRf2 _ 1. fuf? fzfs
2 e Cag18(hn)q” = Sfuf12 +fff2f§f1z 2 fo f12 (mod 4) (3.19)
and

. _ Bfsfafa | hfefs _ Bf3 fg

n§=0 4,18(4n+2)q" = s + mo=h v (mod 2). (3.20)

Substituting (2.26) into (3.20) and employing (2.15), we deduce that

Cug,18(4n +2)q" = _DfiE L fs +qf23f 12 — gf,f7, (mod 2). (3.21)
fi2 fz fa

:Mg

=0

It follows from (3.21) that for n > 0,

Cyg.18(8n +2) = 0 (mod 2). (3.22)
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Substituting (2.18) into (3.19) and utilizing (2.15) and (2.32), we see that, modulo 4,

~— L3 fif2 2fu f3
2y C 8n)q" = +22 = +fi2
Z; w1 = e o+ e S = e thE
f3 ( fa ) 2 < 2n - 2n
=2 (2 4 =22 b(2n =2 b(2n s
7 lapth fG; (2n)q ; (2n)q
which implies that for n > 0,
648’18(1611 + 8) =0 (mod 2) (323)
and
Cyg,18(16n) = b(2n) (mod 2). (3.24)
By (2.15) and (3.12),
2 if% 18(4n+1)q" = Sfi2 + i (mod 4). (3.25)
e fife ~ fifs
Thanks to (3.9) and (3.25), we see that forn = 0,
Cug,18(4n + 1) = Cyg,13(n) (mod 2). (3.26)
By (3.26) and mathematical induction, we deduce that for n, k = 0,
ko A -1Y _
C48’13 4'n+ —— | = C43,18(n) (mod 2). (3.27)

Replacing nby 8n+2,16n+8,16n+11, 16n+ 15 in (3.27) and using (3.22), (3.23), (3.1) and (3.2) respectively,
we arrive at the congruences stated in Theorem 3.2. It follows from (2.44) and (3.24) that

1 (mod 2), if 2n = w for some integer m,
C4g’18(16n) = 2 (328)

0 (mod 2), otherwise.

Theorem 3.3 follows from (3.27) and (3.28). This completes the proof.

Acknowledgments. This work was supported by the National Science Foundation of China (grant no.
11701362).

References

[1] Andrews G.E., Singular overpartitions, Int. J. Number Theory, 2015, 11, 1523-1533.

[2] AhmedZ.,Baruah N.D., New congruences for Andrews’ singular overpartitions, Int. J. Number Theory, 2015, 11, 2247-2264.

[3] ChenS.C., Congruences and asymptotics of Andrews’ singular overpartitions, J. Number Theory, 2016, 164, 343-358.

[4] Chen S.C., Hirschhorn, Sellers J.A., Arithmetic properties of Andrews’ singular overpartitions, Int. J. Number Theory, 2015,
11, 1463-1476.

[5] Naika M.S.M., Gireesh D.S., Congruences for Andrews’ singular overpartitions, J. Number Theory, 2016, 165, 109-130.

[6] ShenY.Y., Congruences modulo 9 for singular overpartitions, Int. ). Number Theory, to appear.

[71 Yao O.X.M., Congruences modulo 16, 32, and 64 for Andrews’ singular overpartition, Ramanujan J., 2017, 43, 215-228.

[8] Xia E.X.W., Yao 0.X.M., Some modular relations for the Gollnitz-Gordon functions and Ramanujan’s modular equations,
Indian ). Pure and Appl. Math., 2014, 45, 53-74.

[9] Xia E.X.W., Yao 0.X.M., New Ramanujan-like congruences modulo powers of 2 and 3 for overpartitions, J. Number Theory,
2013, 133, 1932-1949.

[10] Xia E.X.W., Yao O.X.M., Analogues of Ramanujan’s partition identities, Ramanujan J., 2013, 31, 373-396.

[11] Xia E.X.W., Congruences modulo 9 and 27 for overpartitions, Ramanujan J., 2017, 42, 301-323.

[12] Hirschhorn M.D., Garvan F., Borwein J., Cubic analogs of the Jacobin cubic theta function 6(z, g), 1993, Canad. ). Math., 45,
673-694.



	1 Introduction
	2 Congruences modulo 2, 8 and 16 for C48,6(n) 
	3 Congruences modulo 2, 8 and 16 for C48,18(n)

