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Abstract: The Conway groups are the three sporadic simple groups Co1, Co, and Cos. There are total of 22
maximal subgroups of Co; and generators of 6 maximal subgroups are provided in web Atlas of finite simple
groups. The aim of this paper is to give generators of remaining 16 maximal subgroups.
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1 Introduction

The Conway group Co; is one of the 26 sporadic simple groups. The largest of the Conway groups,
Cog, is the group of automorphisms of the Leech lattice I' with respect to addition and inner product.
It has order 8,315,553,613,086,720,000 [1] but it is not a simple group. The simple group Co; of order
221,39 5%,72.11.13.23 is defined as the quotient of Co, by its center, which consists of the scalar matrices
+1 [1]. The local subgroups of Co; are found in [2] and the maximal subgroups of Co, in [3]. There is also a
valuable discussion in [4].

The following theorem is crucial in determining the maximal subgroups of Co:

Theorem 1.1. [3] If K is a non-Abelian characteristically simple subgroup of Co, then N¢,, (K) is contained
either in a local subgroup of Co or in a conjugate of one of six particular groups:

1. NAs = (As5x]3).2,

2. NA6 E (AG X U3(3))2,
3. NA7 =~ (A7 X L2(7))2,
4., S(2) = Co,,

5. S(3) = Cos,

6.

S(23) > Ug(2).55.
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Note on notation. We use A.B to denote an arbitrary extension of A by B, while A : B and A - B denote split
and non-split extensions, respectively. The symbol n denotes a cyclic group of that order, while [n] denotes
an arbitrary group of order n. We follow the ATLAS [5] notation for conjugacy classes. Moreover, we denote
x¥ by y1xy and [x, y] by x 1y 1xy.

To facilitate the computations in finite simple and almost simple groups, [6], [7] provides the represen-
tations and words for generators of most of the maximal subgroups. However, there are still some cases to
deal with. A research problem “Words for maximal subgroups in sporadic groups” appears on the web page
of R. A. Wilson. We pursue the work initiated by R.A. Wilson of finding words for maximal subgroups of Co;.
According to [3] there are 24 conjugacy classes of maximal subgroups, but later on R.A. Wilson pointed out a
few errors (in his own paper) in the list of maximal subgroups of Co; [8] in which he mentions that the two
subgroups 32.[2.3°].2A4, and 32.[23.3%].24, are not the maximal subgroups of Co1, so the list contains total
22 conjugacy classes of maximal subgroups. There are 22 maximal subgroups of the group Co;. The maximal
local subgroups have been determined in [3]. The Atlas of Group Representations [6] contains the words for
maximal subgroups of Co, except 16. The maximal subgroups of Co, are given below.

* (A9 x S3)

*(D1o % (A5 x A5).2).2

* 5 1+2 GLZ (5)

* 3144 2.5,4(3).2

* 36 : 2.M12.

*32.U,(3).Dg

* 334 1 2.(S4 % S4)

* 24+12.(S3 x 356)

*53: (4xAs).2

*72:(3%2.54)

. *52: 245

*(A7 xLy(7)) : 2

*(Agx U3(3)): 2

. *(AsxGy(4) : 2

*(Asx]p):2

L x 22+12(A8 x 53)
Ug(2) : S3

. 21%8.05(2)

C03

211 : M24

. 3.8uz:2

22. C02

Next we proceed to find words for 16 maximal subgroups which are marked by asterisk.

W o NN A WDN e
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2 Methods

Most of the maximal subgroups on our list can be generated by two elements. If the group is small enough, a
random search will produce the subgroup required. This method was successfully used in [9] but in Co; the
subgroups are too large to use brute force. One more focused way of generating a subgroup is by choosing
a pair of conjugacy classes A and B in G such that conjugates of random elements a € A, b € B have a
reasonable high probability of generating a conjugate of the desired subgroup.

In most of the cases we present here, even though the subgroup we wish to construct may be generated by
two elements, it may be hard to tell which conjugacy classes they belong to. Even if we know a suitable
pair of conjugacy classes it may be that the probability the random elements in these classes generate the
desired subgroup is relatively small. In this case, we find some part of the desired subgroup, and work inside
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another subgroup, usually an involution centralizer, to find the rest. Once we have found a copy of the desired
subgroup, we can get information regarding the generating sets.

The maximal subgroups often occur as normalizers of elementary abelian groups. So normalizers, which are
crux of the matter here, were mostly computed by methods given in [10] and [11].

The generators of subgroups, wherever possible, have been obtained from [6].

The subgroups can be identified by determining order, composition series and orbit sizes in several permu-
tation representations. Moreover, comparing our result with the list of maximal subgroups in [5] we find that
there is only one possibility of the subgroup.

3 Main Results

We have extensively used the information given in [5], [3] and Atlas of finite group representations [6]. We use
GAP [12] for group theoratic calculations. Throughout this paper a and b are the standard generators of Coq
in permutation representation on 98280 points available at [6].

3.1 Construction of (A9 x S3) inside Co,

The required maximal subgroup is the normalizer of an element of class 3D. Here we use power maps to find
the representative of class 3D to say that a; is the element of said class given by a; = ((ba)?b)*. Now the
normalizer of a; inside Co; gives us the required maximal subgroup. The normalizer can be computed by the
technique given in [10] and the programs given in [11]. Before computing the normalizer we will give some
random words of Co; which will be used later. These words are given below:

by = (ab)*ba, b, = aba, bz =ab
b, = (ab)?, bs = (ab)’a, bg = (ab)?b.

Consider the group generated by a; and b say H, =< ay, b >, then compute the normalizer of a; inside
H,. From here we get the partial normalizer of a; inside Co;. Before computing the partial normalizer we will
give some random elements of H, which will facilitates our computations. These elements are given by:

C1 = alb, Cy = albal, C3 = albalbb,

cy = aibaibbay, cs = arbabbayb.

The words for partial normalizer are given below:

2, 163 1.6 2y 123 13 7
k1 =bybsbybsbobebybib;bs, ko = bobsbybsbybsbybsb,bs,
5 32 5
k3 = ayciaiciaiciaiciaicy, k4 = aiciayciaiciarciaicy,
3.3 4 4 5 3_ 5
ks = ayciaiciacia;ciascy, k¢ = ajciaiciaiciaiciascs.

Next we will find an involution inside the above partial normalizer. This involution is given by d; = k3,
then find the centralizer of d; inside Co; by using the method given by J.Bray [13]. The generators of the
centralizer of d, Inside Co; are given by:

d; = al(d, @)%, ds =[(d1, b))%, dy = abl(dy, ab)]'°,
d5 = aba[(dl, aba)]7y d6 = [(dly abab)]7’ d7 = [(dly ababa)]7y
dg = dyda, dy = dyds, dio = drdg, di1 = dyds.

Hs =< d;, ds, dy, ds, dg, d7 >.
The words for the normalizer of a; inside the above centralizer (H3) are given below:

k; = dydid,d3d>dad,dyd, dS, ks = d3dedsdidsdodsdadsdsy
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ko = d3d§d;d3dsdgdsdsdsds, kio = dsdi;dsdiydsdi dsdi,dsdi; .

By looking at the [5] we see that these words generate only partial normalizer so we repeat the above
process untill we find the complete normalizer. Now we give some other elements of Co; which will be used
in further computations.

my = (b1bybsb3b3bY)", my = (b1b2b3b;b2b3)°, ms3 = (b1b2b3b;bsb3)’
my = (b1b2b3b3bsb)°, ms = (b1byb3b2bsb?)’.
Consider the group generated by a; and ms say H, =< a;, ms >, then compute the normalizer of a;

inside H4. From here we get the partial normalizer of a; inside Co,. Before computing the partial normalizer
we will give some random elements of H,. These elements are given by:

n; =a;ms, n; =a;msms,
n3 = aimsmsas, nyg = aiMmsmsams,
N5 = aA1MsMsa1Msaz, Ng = A1Ms5Msa1Msa1Ms,

ny =adiMmsMsaiMsdsMsms.
The word for the normalizer of a; inside Hy is given by:

ki1 = alné‘aln?alné‘alné‘aln?.

Now by combining the words for the normalizer of a; inside H,, H; and H, we get the required complete
normalizer given by k-, k7 and k1. The generators for (A9 x S3) are k, and k- kq1.

3.2 Construction of (D1 x (A5 x As5).2).2 inside Co,

The required maximal subgroup is the normalizer of an element of class 5B. Here we first find an element
of class 5B and then find the normalizer of that element inside Co;, which gives us the required maximal
subgroup. The element of class 5B can be calculated by using the power maps. The normalizer can be
computed by the technique given in [10] and the programs given in [11] will facilitate us in computing the
normalizer. Before computing the normalizer we will give some elements of Co; which will be used later.
These elements are given below:

b1 = ababba, b, = aba, b3 = ab,
b, = abab, bs = ababa, b¢ = ababb,
b; = ababbab, b1, = babbababab.

The element of class 5C is given by ¢ = (b1 b1,)?. Next we will give the strategy of finding the normalizer
of c inside Co;. Consider the group generated by ¢ and a say H, =< c, a >, then compute the normalizer of ¢
inside H,. From here we get the partial normalizer of c inside Co;. Before computing the partial normalizer
we will give some random elements of H, which will facilitates us in computations.

c1=ca, ¢y = cac, Cg = caccac,

c7 = accaca, cg = accacaca, C9 = accacacac.
The words for normalizer of c inside H, are given by:

k1 = cciccicciccice?, k> = cciecSeciecsecs,

ks = cc[{ccicc?cciccl{, k4 = acgacZacgacgacé,
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ks = acoacoachacaacs.

Here we will give some more elements of Co;.

di = (b1babsbibsb3)°, d = (b1babsbibsb3)®,
ds = (b1b2b3b3b7b3)", dy = (b1b,b3b3b5b3)°.

Consider the group generated by fixing ¢ and a is replaced by d, say H3 =< ¢, d, >, then compute the
normalizer of ¢ inside Hs. Some elements of H3, which are used in further computations, are given below:

e, =cdy, e, = cd,c, e3 = cdycd,
The words for normalizer of c inside H; are given by:
5,4 154 54 13 54 63 673 .67 .5
ke = dyerdreidre” dreidrer”, k; = dyeidreidyeidreid,eq,
kg = dze%l‘dze%l‘dze%l‘dze%l‘dze%l‘.

Now combining the normalizer of c inside H, and H3 we get the complete normalizer of Co; given by ks,
k¢ and k7. The words for (D1 x (A5 x As).2).2 are kskg and k7.

3.3 Construction of 51*2GL,(5) inside Co;

From the information given in [5], the required maximal subgroup is the normalizer of an element of class 5c.
The construction of this group consist of two steps given below.

Step 1

Here we first find an element of class 5c. For that we give some words of Co;. These words are given by:

by = ababba, b, = aba, bs =ab

b, = abab, bs = ababa, bg = ababb

b; = ababbab, bg = ababbaba, by = ababbabab

bio = ababbababa, bi1 = ababbababab, b1> = babbababab
b3 = babbabababa, bi4 = babbabababb, b1s = babbabababba.

Then we use the power maps to find an element of order 5 and next check its centralizer order which
confirms that the element belongs to class 5c. The element of class 5c¢ is given by 5¢ = (b13b15)>.
Step 2
In this step we will find the normalizer of 5c inside Co;. The normalizer can be found by using the technique
given in [10] i.e. we construct the partial normalizer of 5c inside different subgroups of of Co;. Then we com-
bine these partial normalizer to get the required normalizer. The computations of these partial normalizers
are given below.
Consider the group generated by 5c¢ and ¢; say H; =< 5c, ¢; >, then compute the normalizer of 5c¢ inside
H,. Before computing the partial normalizer we will give some words of H; which will facilitates us in
computations. These words are given by:

d1 = bioe1(b1p), d> = 5cd, ds = 5¢di5¢,
d, = 5cd{5c5c, ds =5cd5c5cd,.

Next we use the "TKnormalizertest" given in [11] to compute the words for the partial normalizer of 5¢
inside H;. These words are given by:

ki = didydid3dd3didid,d3, k, = didyd,d3ddydidadd),
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ks = didjd1d3dydjdqd3dqd3, ky = did3d1d5dd3d1dy°dqds,
ks = did°d1d2’d1dyd1d5dq dS, kso = (e1e2e3a’b’e1)®,
kg1 = (erese3a’b?e?)".
Again consider the group generated by 5c inside kg; say H, =< 5c¢, kg; >. Here we compute the partial

normalizer of 5¢ inside H, by giving the similar arguments as mentioned above. We will give some words for
H, which are used in computations. These words are given below:

d¢ = 5ckgy, d; = 5ckgi5c, dg = 5ckgi15ckgy,
dg = 5ckg15ckg1ks1, dqo = 5¢kg15¢ckgi1kg15¢, dq11 = 5¢kg15¢ckgikg15¢5¢,
di> = 5ckg15ckgi1kg15¢5¢ckgy, dq3 = 5¢ckg15ckgi1kg15¢5¢ckgikgq,
d14 = 5¢kg15ckg1kg15¢5¢ckg1kgi5¢, dys = dedy,
dis = deds, di7 = dedo, di1g = dedi0,
dig = dgda1, dyo = dgdi2, dy1 = dgda3,
day = dediy, 2 = (ko).

The words for the partial normalizer are given below:
k7 = cadgcadacrdgeadicads, ks = codjcodicadgerdgerdy,
ko = cadgcad§crdacrdScads.
Consider the group generated by kg, k; and kg say H3 =< kg, k7, kg >. The words for H; are given below:
das = kekz, da4 = keks, das = kiks, dre = kek7ks,

da7 = kekykske, dag = kek7ksky, dag = kek7kskzks,
d30 = k6k7k8k7k8k6, d31 = k6k7k8k7k8k7, d32 = k6k7k8k7k8k8.

The words for the normalizer of 5¢ inside H3 are given below:
ko = 5¢ck}5cki5cki5cki5cky, k1o = 5¢k85ck85cké5cke5cke,
ki1 = 5¢ck35¢ck35cks5ck35ck3, k12 = 5ckg5ckg5ckg5ckg5eks,
ki3 = 5cd255cd§556d§55cd%556d§5.

Consider the involution c3 = k7. Since c3 is an involution so its normalizer can easily be calculated by
using the method given by J.Bray [13]. The generators of the normalizer of c5 inside Co; are given below:
f1 = 5cl(c3, 5017, f> = kg15¢cksilcs, kg15cks1]*®,
f5 = lc3, kg15cks15¢]', fa = le3, ks15cks15cks1]®.

Consider the group generated by f; and f3 say H, =< f>, f3 >. Now compute the normalizer of 5c inside
H,. Before computing the normalizer we give some words of H,. These words are given below:

dsz = fof3, dss = f>f3f2, duo = f3f2f3f3f2f2f3.

The word for the normalizer of 5c inside H, is given below:
ki4 = d33dSod33d;ods3dSydssdagdssdy.
Now combining the above partial normalizers will give us the words for the required maximal subgroup.
These words are given by k4, k13 and k4.
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3.4 Construction of 3** : 2.5,(3).2 inside Co,

From the information given in Atlas [5] the required maximal subgroup is the normalizer of an element of
class 3B. So here we first find an element of class 3B and then find the normalizer of it. We will give some
words of Co;. These words are given by:

by, = ababba, b, = aba, bs = ab, b, = abab,
bs = ababa, bg = ababb, b; = ababbab,
c1=bi1byb3bsb,b3, ¢2 = (b1byb3bsbyb3)?, c3 = (b1bab3b7byb3)°,

¢4 = (b1byb3b; b2b2)°, cs = (b1byb3b;bib3)}, c6 = (b1byb3b;b3b2)".

The construction of this group consist of two steps given below.
Step 1
In this step we will find an element of class 3B. This can be done by using the power maps of the above gen-
erated elements, then checking whether the centralizer order confirms that the element under consideration
belongs to class 3B or not. The element of class 3B is given by "b".
Step 2
In this step we will find the normalizer of b inside Co;. The normalizer can be found by using the technique
given in [10] i.e. we construct the partial normalizer of b inside different subgroups of of Co. Then we combine
these partial normalizer to get the required normalizer. The computations of these partial normalizers are
given below.
Consider the group generated by b and c; say H; =< b,c; >, then compute the normalizer of b inside
H;. Before computing the partial normalizer we will give some words of H; which will facilitates our
computations. These words are given below:

e = bCl, ey = bClb, e3 = bC1bC1.

Next we use the "TKnormalizertest" [11] to compute the words for the partial normalizer of b inside H;.

ki = beibeibel>beilbel?, k> = beibeSbel®besbei?,
ks = berbe>be?beSbet, ks = be?bel'beSbeilbe?,
ks = beibelbeibellbe3, ke = betbelbeibeibes.

Again consider the group generated by b and ¢4 say H, =< b,c, >. Here we compute the partial
normalizer of b inside H; by giving similar arguments as those mentioned above. We will give some words
for H, which are used in further computations. These words are given by:

€9 = bC4, €10 = bC4b, €11 = bC4bC4, €12 = bC4bC4b.
The words for the partial normalizer are given below:

k; = begbegbeg3bedbed?, ks = begbe3belbedbed,

ko = begbed>bedbegbed, kio = begbel’*besbesbes.
9 9

Now combining the above partial normalizers will give the words for the required maximal subgroup.
These words are given by ks and k.

3.5 Construction of (A, x G»(4)) : 2 inside Co;

From the information given in Atlas [5] the required maximal subgroup is the normalizer of 2B (a four group
whose involutions are in class 2B). The construction of this subgroup consist of two steps.
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Stepl
In this step we find 2B2. First we find an involution of class 2B. This involution is given by a, then we find the
centralizer inside Co4. This can be done by using the technique given by J. Bray given in [13]. The generators
of the centralizer inside Co; are given by:

a; =[a, b7, a; =[a, bal, as = babla, bab)’,
a, = babala, babal’, as = bababla, babab)’, ag = ababla, abab)’,

a; = ababala, ababal’ .

Then we search inside this centralizer for an involution of class 2B to find an elementary abelian group
of order 4. This involution is given by ¢ = a%s. Now we have the required 2B? generated by a and ¢ where
c=at.

Step2

In this step we will calculate the normalizer of 2B? inside Co;. The normalizer can be found by using the
technique given in [10] i.e. we construct the partial normalizer of 2 B? inside different subgroups of Co;. Then
we combine these partial normalizer to get the required normalizer. We also give some elements of Co; which

are used in computations:

by =ab, b, = aba, b3 = abab, b, = ababa
bs = ababb, bg = ababba, b; = babba, bg = babbab,
di> = (b1byb3b7b7b2)®,  dis = (b1bybsbrbib?)".

Consider the group generated by a, ¢ and dy, say H; =< a,c,d;> >, then compute the normalizer of
2B? inside H;. Before computing the partial normalizer we will some words of H; which will facilitates our
computations. These words are given below:

e1 =adya, e, =cdq>, e3 =cdrpa, e4 = cdypac.

Next we use the "TKnormalizertest" [11] to compute the words for the partial normalizer of 2B? inside
Co1. These words are given below:
ki = aelaelaelaelae%z, ko = ae1ae1ae1ae%ael, k3 = aezaezae%laegae%3

ks = ae,ae3aeSaejaes, ks = ae,aezaeSaesae,

Again consider the group generated by a, c and d13 say H, =< a, ¢, d13 >. Here we compute the partial
normalizer of 2B? inside H, by giving similar arguments to those mentioned above. We give some words for
H; which are used in further computations:

e13 = adss, el = cd3, e1s = adsc, e1s = adizca,
The words for the partial normalizer are given by:
kg = ? Kao = 6 7
9 = dejzaejszde;sae;sae;s, 10 = dejzaejzaejzaejzaers.

Now combining the above partial normalizers gives us the words for the required maximal subgroup.
These words are given by k4, ks and k1.

3.6 Construction of (22*12)Ag x S; inside Co,

From the information given in Atlas [5] the required maximal subgroup is the normalizer of 242 (a four group
whose involutions are in class 2A). The construction of this subgroup consist of two steps.
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Stepl

In this step we find 2A2. First we find an involution of class 2A. This involution is given by ¢ = (ab)?°, then
we find the centralizer of c inside Co;. This can be done by using the technique in[13]. The generators of the
centralizer of c inside Co, are given below:

a; = alay, al?, as = blay, b)%, a, = abalay, abal®,
as = bablay, bab)?, ag = babalay, babal, a; = bababla,, babab]?.

Then searching inside this centralizer for an involution of class 2A, which combines with c, gives an
elementary abelian group of order 4. This involution is given by d = (a,a)*. Now we have the required 242
generated by c and d.

Step2

In this step we will calculate the normalizer of 242 inside Co,. The normalizer can be found by using the
technique given in [10] i.e. we construct the partial normalizer of 242 inside different subgroups of of Co;.
Then we combine these partial normalizer to get the required normalizer. We also give some elements of Co,
which are used in computations:

by =ab, b, = aba, b3 = abab, b, = ababa,

bs = ababb, bg = ababba, b; = babba, bg = babbab,

dy = (b1babsbsbyb3)',  dy = (b1bybsb7byb3)’,  ds = (bibabsbrbsb3)®,

dy = (b1bab3b;b2b3)®,  diy = (b1babsb3bibs) .

Consider the group generated by ¢, d and d; say H; =< c,d,d; >, then compute the normalizer of

2A? inside H;. Before computing the partial normalizer we give some words of H; which will facilitate our
computations:

e, =cdq, e, =cdqd, e3 = cdydc, e, = cdidcdd,.

Next we use the "TKnormalizertest" [11] to compute the words for the partial normalizer of 2B? inside
Co;. These words are given by:

ki = celcelcelce%cel, k) = delde%de%deidel{, ks = delde%de[{de%de%,
k= detde,de}de de?, ks = detde de}deldes, ke = detde de}de’de?,
k; = desdesde3de3des, ks = desde,desde,de3.

Again consider the group generated by c, d and d,, say H, =< ¢, d, d, >. Here we compute the partial
normalizer of 2A? inside H, by giving similar arguments to those mentioned above. We give some words for
H, which are used in further computations:

eq1 = cdy, e =ddy, ez =dd,c, ey, = ddycd.
The words for the partial normalizer are given by:
ko = dendeude%ldeudeu, kio = d€11d€11d€%1d€11de?1,
ki1 = deyideryde] del def;, ki = deyidei det deqides;.

Now consider the group generated by ¢, d and d;, say H; =< ¢, d, d1, >. Here we compute the partial
normalizer of 2A? inside Hs by by giving similar arguments to those mentioned above. We give some words
for H3 which are used in further computations:

ey = cdq, ey3 = ddy2, ey = ddiac, eys = ddyacd.
The words for the partial normalizer are given below:
1 20 2020 6 7 5 6 7 .5
kis = cezyhcer;cescerscess, kis = cezscesscerscerscess,
4 gk 58 42
ki7 = dexzdeyzdeysdeysders.

Now combining the above partial normalizers gives the words for the required maximal subgroup. These
words are given by kg, k16 and k7.
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3.7 Construction of 3% : 2.M;, inside Co;

From the information given in Atlas [5] the required maximal subgroup is the normalizer of 3¢ (elementary
abelian group of order 729). The construction of this subgroup consist of two steps given below.

Stepl

Here we will construct 3°. To construct 3° we adopt the following strategy.

i) Find an arbitrary element of order 3. This element is given by b.

ii) Find centralizer of b inside Co. Before calculating the centralizer we give some elements of Co, as follows:

by =ab, b, = aba, bs = abab, by = ababa,
bs = ababb, bg = ababba, b; = babba, bg = babbab,
c1 = (b1bab3bsb,b3), c2 = (b1bybsbsbyb3)?,

c3 = (b1b2bsb7bsb3)°, ¢4 = (b1babsb;b;b3)°.

The centralizer of b can be found by using the technique given in [10] i.e. we start by constructing the
partial centralizer of 3° inside different subgroups of of Co. Next we combine these partial centralizer to get
the required centralizer of b inside Co;. We also give some elements of Co; which are used in computations.
Consider the group generated by b, c; say H; =< ¢, c; >. Compute the centralizer of b inside H;. Before
computing the partial centralizer we give some random elements of H; which are used in computations.
These elements are given by:

e1 = bcy, e, =bcyb, es = bcibcy, es = bcibcyb.
The generators of centralizer of b inside Co, are given below:
ki = beibeibel>bellbel?, k> = be1beSbel’besbel?, ks = beibel>beibedbet,
ks = belbel'belbeilbe?, ks = betbelbelbellbes, ke = betbelbelbe bes.

Again consider the group generated by b and ¢4 say H, =< b,c; >. Here we compute the partial
normalizer of b inside H,. We give some random elements of H, which are used in further computations:

e9 = bcy, eio = bcyb, e11 = bcybey.
The generators of centralizer of b inside H; are given below:

k; = beghegbed’ bes' bed?, ks = begbelbedbedbes,

ko = begbed>bedbegbed, kio = begbed’beabegbes.

Now combining the above partial normalizers gives us the generators for 3°. These generators are given
by k1,kz,k3,ks,ks,ke,k7,ks, ko and kqo.
Then we can easily find 3° inside the above centralizer. The generators for 3° are given by:

fi=kq, fr =k, fs =13,
fu = ki, f5 = (kak7)?, fo = (kakio)*.
Step2

In this step we will find the normalizer of 3° inside Co; which is the required maximal subgroup. The words
for the normalizer of 3° are given below:

212 213 214
zZ1 = b1b2b3b4b s Z) = b1b2b3b4b5, X1 =f2k7,
2e 6 A5¢ 6p 2 3p 124 6g 124 3
z3 = f3xif3x1f3x1° f3x1f3x1, z4 = f3xifsx1" f3xifsx1"f3x1,
43305 42 515
z5 = (f3x7)°x1(f3x7)7, X2 = fez2f5f622, zg = (fsx3)°.

The words for 3¢ : 2.M;, are wy = 2324 and Wy = Z52¢.
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3.8 Construction of 32.U,(2).Dsg inside Co,

From the information given in Atlas [5] the required maximal subgroup is the normalizer of 32 (elementary
abelian group of order 9). Similarly as in the previous cases we will construct this group into two steps given
below.

Stepl
In this step we will find 32. This can be done by taking 3¢ which we constructed in section 3.7, then searching
inside these 3° we can easily find the required 32 given by f, and fs.
Step2
In this step we will find the normalizer of H; =< f, f5 > inside Co;. The normalizer can be found by using
the technique given in [10] i.e., we construct the partial normalizer of H; inside different subgroups of of Co; .
Then we combine these partial normalizer to get the required normalizer. The computations of these partial
normalizers are given below.
Before computing the partial normalizer we give some words of Co;, which will facilitate our computations.
These words are given below:

I, = bgb2b3b,b3, I, = bgb3b3bib3, I3 = bgb3b3bSh3,
l4 = bgb?b3b; b3, Is = bgb7b3bybs, l = bgb3b3b;bs,
I = beb$b3bsbs, ls = bgb7b3b5b3, ly = bgh7bsbibs,
lio = bib3b3b,b3, li1 = b2b3b3b; b3, li, = bib3b3b5h3,
li3 = b}bibsbi b2, li4 = bib2b3bybs, lis = b}b3b3b;bs,
l1g = bgb$b3bjbs, li7 = bgb7b3b3b3, l1g = bgb7b3b}b3,
g1=fsl, g2 = fel1, g3 = felifs,

84 = felifsl, g5 = felifslife, 8¢ = fslifslife.

the words for the words for the partial normalizer of H, are:
ki1 = fsgifsgafsgufs8afsga, k1> = fsgafs85fsgufs8ofs8hs
ki3 = fsg1fs81fs81fs81f581.

We find an involution inside the above calculated normalizer and then calculate its centralizer. This
involution is given by g5 = k% 5, generators of the centralizer of g15 inside Co; are:

hy = [g15, al?, h, = blgis, b], h3 =[g1s, ab)’
hy = [g15, abal’, hs = [g15, abab]?.

Now we will find the partial normalizer of H; inside Co,. The words for the centralizer are given below:

g16 = hah3, g17 = hahy, 818 = hahs,

g19 = hihyhs, 20 = hihshshy, 821 = hihyhshyhs,

822 = hihshshyhshy, 823 = hihshshyhshyhs, 824 = hihghshyhshyhshy,
825 = hihyhshyhshyhshs, 826 = hihshshohshyhshy, 827 = hihshshohshyhshyhy,

828 = hihyhshyhs.
The words for the partial normalizer of H; inside Co; are given by:

ki7 = hig16h1816h1816h1816M18%6, kis = h1g16h1816h1856h1816h18%6,
kis = h1816h1816h18160h1816h1856, kao = h2827h2837h2837 0285702837,
k31 = fs83sfs8afs8asfs85sf583s-

The words for the required maximal subgroup 32.U,4(2).Ds are k171 and kioks1.
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3.9 Construction of 33** : 2.(S, x S,) inside Co,

Following [5], we see that the required subgroup is the normalizer of 33. We can easily find 3> from 3°
calculated above in 3.7, then the normalizer of it gives us the required subgroup. The generators of 3> are
fu, f5s and fg. Before computing the normalizer we give some elements:

I = beb7b3b,b2, g1 =fuly, 87 = fulifslifs,
8s = fufsfelifala, z13 = fugsfugafsgsfigsfigs, g9 = 213,
hy = [go, al’, hy = blgo, bl, h3 = ablgo, abl’,
h, = g9, abal®, hs = abablgy, abab)?, g10 = hahs,
811 = hihyhs, 812 = hihshy, 813 = 811812

The generators for the normalizer of 3> are given below:

3 7N3 g A 3N2f 2f 8
z11 = f681(f681) f681, z12 = f687(f687) f687f687,
4 332y A 6 2 13 8
z14 = h1870(h1810)"h1810h1870> z15 = h1g13h1g13h1g13h1813h1873,
4.2 7 2 7 5 2
z16 = (214215)" 215214215, z17 = (214215) 214215 214215214215

The words for 334 : 2.(S, x S,) are given by ws = 214217 and wg = z1,.

3.10 Construction of 24*12,(S5 x 3S,) inside Co;

From [5], the required subgroup is the normalizer of 2A* (inside Co;) and can be constructed by taking an
involution of class 24, then searching inside its centralizer. We have already constructed N¢,, (2A?) in section
3.6, and now we will search 24* inside NCOl(ZAZ). Now 2A4* = (k1, k3, 81, 82), where ki, k3 are same as in
section 3.6 and g1 = (k2kg)?, g2 = (kako)?. The words for kg and kg are given in section 3.6.

hi = kq, hy = ks, hs =a[h1,a]2,
h; = balhy, bal?, hg = [y, ab)?, ho = [ha, bal’, hio = abalh,, abal®,
Iy = hgho, I, = hghyo.

The generator for the normalizer of 24* are given below.

k1o = hshyhshshsh3hshyhshy, ki1 = hshyhshihsh3hshhshS,

ki = WL LIS AL LLE.

The words for 24712 (S3 x 3S) are found to be k11 and k13 = k12kqo.

3.11 Construction of 53 : (4 x A;).2 inside Co,

From [5], 53 : (4 x As).2 is the normalizer of 53 inside Co;. We give some random elements of Co; below.

by = (ab)’ba, bs = ab, be = (ab)’b,
b1o = (ab)*(ba)’b, by = bab(ba)*, b1s = babb(ab)’ba,
5¢ = (b13bis)?, e1 = (ab)®, e> = (ab)®,
es=b3, c1 = (ababa’b)*, d; = bipe1(b1d),

d, = 5cdy, ky = (d1d3)*(d1d3)*d. d],
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ky = didsd,d5d d5d1d3°dyds, kio = (e1e2e3a’b’e})",

de = 5¢ckio, dg = 5¢cki05¢ki0, ¢ = (k2)?,
ke = cadgcrdicadgcrdicrds, k7 = cadzcadicadgerdicads,

ks = codacadacrdacadéc, ds, ko = 5ckz5¢ck}5cki5cki5cks,
k12 = 5ckg5ckg5ckg5ckg5cks, ¢ = ki,

f> = (kio5¢ckio)lc3, k1o5¢ki0] ™, f5 = lc3, k1o5¢kio5¢) 2,
dss = fof3, duo = f3f2f3f3f2/215-

kiy = d33d§odssdiodssdiodssdiodssdio,

g0 = k3, g1 = kaokqa, 84 = kok12,
g5 = kizki4, kis = (8081)° 8081,
k22 = (8084)" 808, k23 = (8085)" 8083

The generators of 53 are hy = kqg,h, = k2, and h3 = k3.

hy = K2, hs = [hy, al’, hg = [ha, b]*°,

hy = [hy, ba]®, e7 = hshy,

zZ1 = h6€;h6€%h6€7h6€?h6€;, zZ) = h6e§h6e?h6e?h66§‘h6e%, €13 = (21)6,

e = [e1s, 0]7, e1s = [eq3, b]15, e = [e13, abb]ls,
€22 = €14€15€16€15, €24 = €14€15€16€15€16€14,

9 2 4 7 5 6 6 8 4
Z3 = €15€27€15€22€15€22€15€22€15€2),  Z4 = €24€)2€24€32€24€32€24€22€24€7).

The generators of the normalizer of 53 are hy, z1, z3 and z,. The words for 53 : (4 x As).2 are zs = hyz; and
Z¢ = Z3Z423.

3.12 Construction of 72 : (3 x 2.S,) inside Co,

Following [5], the required subgroup is the normalizer of 72. It is constructed by taking an element of class
7B and by searching inside its centralizer we find 7 B?. Before computations we give some random elements
of Coq:

by = (ab)*ba, b, = aba, bs = ab, b, = (ab)?,
bs = (ab)’a, be = (ab)’b, b; = (ab)*bab, bg = (ab)*(ba)?,
by = (ab)?(ba)*b, bio = bab(ba)’b?a.

The elements of 7B are given by a, = b?o. The generators of 7B? are given below:
3 7. 7 28 6
fi = me1ae1are1aze1a5e1, fr» = ;ei1azeiazeiazeaszey.
Now we find the normalizer of 7B2.

2 7 7 10 2 8 6 61.41,2\8

ki = a;e1azeiazeiazeiazer, ky = azeiazeiazeiazeiazer, 82 = (b7bgbgbybg)°,
2 2
e =4az8n, € =az82a8>4as,

2N2 9 8
ks = (eseseze3) ezeze3.

The words for 7% : (3 x 2.S,) are k3 and k; = ki ks.
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3.13 Construction of 52 : 2A; inside Co,

The required subgroup is the normalizer of 5C?[5] and it can be constructed by taking an element of order 5
and then search inside its centralizer. We can easily find 5C2.

b1 = ababb,

b, = babbabababba,
ey = (ab)®,

dy =5cdy,

k, = didjdidydidjdd3dqd},
ky = (e1ere3a’b’e?)",

2 =3,

ke = codacadacyd;cadacyds,

kg = 5cka5cki5ckisckaseks,

ko = 5¢cds5cd25cdi5cd25eds,
f3 =lcs, k45€k45c]12,
k1o = dedSded)dedSdsdided?,

b, = ababbababa,

5¢ = (b3h,)?,

es = bg,

ki = d1drd1d3dyd3dyd3dqd3,
ky = did5d1djd d3d1dy0dyds,
ds = 5cky,

bs = babbabababa,
e1 = (ab)*®,

dy = bye1(b3h),

d4 = 5Ck45Ck4,
ks = codicydicydicydicady,

3 3 9 6 9
k7 = C2d4C2d4C2d4C2d4C2d4,

ds = keky,
c3 = k3, fo = ky5¢ckylcs, ka5ckq]™,
dg = f2f3, d7 = 32f313f3,
zZ1 = kzklo.

The generators of 5C? are given by 5¢ and z;.

g1 = kakskio,
kiz = (koh1)*hikoh}®,
jz = a[j17 a]63

Ly = j2j3ja,

ki1 = (z181)°81, h1 = kyko,
j1 =k,
j3 :b[jl’b]73 j4:[j17ab]155

ki3 = 23231122 1o 13,

The words for 52 : 245 are ky; and kq3.

3.14 Construction of (A; x L,(7)) : 2 inside Co,

The whole strategy for locating (A; x L,(7)) : 2 is given in [3]. First we take an As of the type (2B, 34, 5A)
which is in the unique class of Co; with normalizer N(As) = (45 x J,).2 [5], then find A, inside As. Then we
find an element of class 3A which commutes with A, but not with As. This 3A element with A5 extends As
to our required A;. Finally we found that N(As) = (A7 x L,(7)) : 2. We give some random elements of Co; to
facilitate computations.

by = (ab)’ba,

b, = (ab)?,

b; = (ab)?*bab,
bio = (ab)*(ba)’,
bis = bab*(ab)’ba,

b, = aba,

bs = (ab)’a,

bs = (ab)*(ba)?,
bi3 = bab(ba)*,
2b = by,

b3 = ab,
be = (ab)’b,
bg = (ab)?(ba)’b,
3a= b}é,
The generators for As are:
c1=02h)"", ¢ =Ba)’s, ¢; =2p)" Ba)’s.

The generators of A, are given by d; = ¢1, and d> = (¢ c3)%cs czc§c1 C2C3C5.
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e1 =[dy, abP®, e, = [dy, bal®, es = [dy, babal®,

2
€e = €2€3, €7 = e1e€3, fi1 =eiegeresereqereqe;eg.

Here f5 = f{ commutes with A, but not with 45, so the generators of A; are 1, ¢;, c3 and fs.

54 11, 6
eg = eeq, eg = ejey, ki = ejegeiezeiegerez eseg,
5 2. 9 3 7 2 10
ks = eyegeregerezeregeseg, g1 = (c3fscac103)7, g2 =I[g1,bl",
5 510, 5. 3 11
83 = ablgy, ab]’, 85 = 8283, ke = 82838285 828582858285 -

The words for (A; x L,(7)) : 2 are ky and k7 = k,kg.

3.15 Construction of (A¢ x U3(3)) : 2 inside Co,

The required group is the normalizer of A4 which lies in the suzuki chain[3]. We easily find A4 inside 3.14. The
generators of A¢ are given by g1 = ¢y and g5 = (fs¢3)?c102(c3¢2)*fsc3f5¢10205C,. Next we find the normalizer
of Ag.

hy = (b7bghs'b3b3)’, eg = g2hy, k; = g1e3g1es81€381€881 €5,
ky = g1€381€381€381€381 €3, lg = ababalg:, ababa)’, lg = l4le,

k7 = 141314181, 151,131,415,

The words for (Ag x U3(3)) : 2 are kg = k7 k4 and ko = ko k, k7.

3.16 Construction of (A; x J,) : 2 inside Co,

The required group is the normalizer of A5 [5] which we already constructed in 3.14. It can also be constructed
by taking an involution of class 2B, an element of class 34 and product of these two elements belongs to class
5A [5], then N(ZB, 3A, SA) = (A5 X]2).2.

by = (ab)?a, by = bab*(ab)?, b; = bab*(ab)’ba,
3a= b%", 2b=a.

The generators of the required group whose normalizer is to be computed are given below:
a1 =Ga)"”, c; =@2b)", 3=Ga)"" 2b)P: .

Before computing the normalizer we give some elements:

dy = alc,, a], d, = [ca, b]*?, ds = abalc,, abal’,
dy = d1ds, ki = dydydrdydodidrdidad;,  er = ki,
ky = (d2d4)3d2(d2d2)2, es = [ey, b]Z, e = [eq, ab]3,
es = abale,, abal?, eq = e,es, ks = 639%6362939263626362.

The words for (A5 x J,) : 2 are k, and k3.
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The orders and orbit-shapes of above computed maximal subgroups are mentioned in table given below.

Group Order Orbit - shape
(A9 x S3) 1088640 36013240%2016025920145360!
(D10 x (A5 x As).2).2 144000 60160017201150013000°
12000'144001180002240001
5142GL,(5) 60000 511501125011500%1875%25007
3000%7500%15000°30000!
3144 :2.5,(3).2 25194240 2713240'9720'32805152488!
(22*12)Ag x S5 1981808640 360'5760192160!
3%:2.M;, 138568320 594117496'32076'48114!
32.U,(3).Dg 235146240 75613628861236!
334 . 2.(S4 x S4) 2519424 10811944187481349921524881
2412 (S5 x 35¢) 849346560 7211440'23040'73728"
53 : (4xAs5).2 60000 30'15016001750°1500%3000136000°
72 :(3x2.5,) 3528 84158838822117671764°3528%2
52 : 4A5 3000 30'150!300'600°750150023000%0
(A7 xLy(7)): 2 846720 2520'35280'60480!
(A xU3(3)): 2 4353560 7560190720!
(A x Go(4)) : 2 6038323200 982801
(A5xJ2):2 72576000 37800%60480"
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