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Abstract: In order to begin an approach to the structure of arbitrary Lie color triple systems, (with no
restrictions neither on the dimension nor on the base field), we introduce the class of split Lie color triple
systems as the natural generalization of split Lie triple systems. By developing techniques of connections of
roots for this kind of triple systems, we show that any of such Lie color triple systems T with a symmetric root
system is of the form T = U + 3,11, Ijq With U a subspace of Ty and any I}, a well described (graded)
ideal of T, satisfying {Ij4, T, Ijg} = O if [a] # [B]. Under certain conditions, in the case of T being of maximal
length, the simplicity of the triple system is characterized.
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1 Introduction

The concept of Lie triple systems was introduced by Nathan Jacobson in 1949 to study subspaces of
associative algebras closed under triple commutators [[u, v], w]. The role played by Lie triple systems in the
theory of symmetric spaces is parallel to that of Lie algebras in the theory of Lie groups: the tangent space
at every point of a symmetric space has the structure of a Lie triple system. Because of close relation to Lie
algebras and theoretical physics, Lie triple systems have recently been widely studied [1-4]. The notion of
Lie color algebras was introduced as generalized Lie algebras in 1960 by Ree [5]. So far, many results of this
kind of algebras have been considered in the frameworks of enveloping algebras, representations and related
problems [6-8]. Lie color triple systems were introduced as generalized Lie triple systems by Zhang in his
doctoral thesis in 2007. Furthermore, Lie color triple systems are related to Lie color algebras in the same way
that Lie triple systems related to Lie algebras. So it is natural to prove analogs of results from the theory of Lie
triple systems to Lie color triple systems.

In the framework of infinite dimensional Lie algebras, Neeb, Stumme and other authors have successfully
developed over the recent years a theory of split and locally finite Lie algebras [9, 10]. Calderén introduced the
concept of split Lie triple systems of arbitrary dimension [11-13]. In [14], Calder6n introduced techniques of
connections of roots in the field of split Lie color algebras. Recently, the structure of different classes of split
algebras have been studied by using techniques of connections of roots (see for instance [15-18]). Our work
is based on [13, 14] and our aim is to consider the structure of split Lie color triple systems by the techniques
of connections of roots.

Throughout this paper, Lie color triple systems T are considered of arbitrary dimension and over an
arbitrary base field K. This paper proceeds as follows. In section 2, we establish the preliminaries on split
Lie color triple systems theory. In section 3, we show that such an arbitrary split Lie color triple system with
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a symmetric root system is of the form T = U + 3,21/ I 1o With U a subspace of To and any Ij, a well
described (graded) ideal of T, satisfying {Ijy, T, ], B} =0 if [a] # [B]. In section 4, we show that under certain
conditions, in the case of T being of maximal length, the simplicity of the triple system is characterized.

2 Preliminaries

First we recall the definitions of Lie color algebras and Lie triple systems.

Definition 2.1. [14] Let I" be an abelian group. A bi-characteronT'isamap € : I' xI' — K\ {0} satisfying
(1) S(a’ ﬁ)g(ﬁa (X) = 1;
(2) ela, B +7) = ela, Ble(a, ),
(3) ela + B, v) = ela, v)e(B, )

foralla,B,~ e I.

It is clear that £(a, 0) = £(0, a) = 1 for any a € I', where 0 denotes the identity element of I'.

Definition 2.2. [14] Let L = ®&gcrLg be a I'-graded K-vector space. For a nonzero homogeneous element v € L,
denote by v the unique group element in I" such that v € Ly, which will be called the homogeneous degree of v.
We shall say that L is a Lie color algebra if it is endowed with a K-bilinear map [-, -] : L x L — L satisfying
(1) [v, w] = —&(v, w)[w, v], (Skew- symmetry)
) [v, [w, t]] = [[v, w], t] + e(v, W)[w, [v, t]] Jacobi identity)
for all homogeneous elements v, w, t € L.

Lie superalgebras are examples of Lie color algebras with I' = Z, and £(i, j) = (-1)7, forany i, j € Z,. We also
note that Ly is a Lie algebra.

Definition 2.3. [13] A Lie triple system is a vector space T endowed with a trilinearmap {-, -, -} : TxTxT — T
satisfying

D {x,y, 2t =-{y,x, 2},

@) {x,y, 2z +{y,z,x} +{z,x,y} =0,

() {x,y.,{a, b, c}} = {{x,y,a}, b, c} +{a, {x,y, b}, c} +{a, b, {x,y, c}}
forx,y,z,a,b,ceT.

Definition 2.4. Let T = @,crTg be a I'-graded K-vector space. For a nonzero homogeneous element v € T,
denote by v the unique group element in I such that v € Ty, which will be called the homogeneous degree of v.
We shall say that T is a Lie color triple system if it is endowed with a K-trilinear map

(1) {X’ Vs Z} = —g()'(, )_/){y’ X, Z},

(2) ez, D{x,y, 2} + &, Y. 2. X} + £, Dz, x, ¥} = 0,,

(3) (%, {a, b, c}} = {x,y,a}, b, c} + (% +¥,@){a, {x,y, b}, c}
+e(x+y,a+b){a,b,{x,y,c}}
for all homogeneous elements x,y,z,a, b, c € T.

Example 2.5. Lie triple systems are examples of Lie color triple systems with I = {0} and £(0, 0) = 1.

Example 2.6. Lie triple supersystems are examples of Lie color triple systems with I' = {Z,} = {0, 1} and
8(6_[, B) = (_1)aﬁ:for any a’B € ZZ'

Example 2.7. If L is a Lie color algebra with product [-, -], then L becomes a Lie color triple system by putting
{x,y,z} = llx, yl, z].
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Definition 2.8. LetI = ®,crlg be agraded subspace of a Lie color triple system T. Then I is called a subsystem
of T,if {I, 1,1} C I; Iis called anideal of T, if {I, T, T} C I.

Definition 2.9. The standard embedding of a Lie color triple system T is the Z,-graded Lie color algebra
L=L°@ L%, L° being the K-span of {L(x, y) : x,y € T}, where L(x, y) denotes the left multiplication operator
in T, L(x, y)(z) := {x,y, z}; L := T and where the product is given by

[(L(x, y), 2), (L(u, v), w)] :
= (L{x,y,u},v)+ex+y, W)L(u, {x,y,v}) + L(z, w), {x,y, w} - &(z, u + V){u, v, z}).

Let us observe that L° with the product induced by the one in L = L° ¢ L becomes a Lie color algebra.
Let us recall the concept of split Lie color algebra. Denote by H = @&¢crHg a maximal abelian (graded)
subalgebra, (MAGSA), of a Lie color algebra L. For a linear functional

a:Hy — K,
we define the root space of L (with respect to H) associated to a as the subspace
La ={va € L : [hg, va] = a(hg)va for any hg € Hyp}.

The elements a : Hy — K satisfying Lo # O are called roots of L with respect to H. We denote A := {a €
Hg \ {0} : La # 0}. We say that L is a split Lie color algebra, with respect to H, if L = H @ (©qeLqa). We also
say that A is the root system of L.

Definition 2.10. Let T be a Lie color triple system, L = L° @ L be its standard embedding, and H° = ®gcrHg
be a maximal abelian (graded) subalgebra (MAGSA) of L°. For a linear functional a € (H3)", we define the
root space of T (with respect to H®) associated to « as the subspace Tq := {ta € T : [h, ta] = a(h)t, for any
h € HJ}. The elements a € (H)) satisfying To # O are called roots of T with respect to H® and we denote
Al = {a e (H)"\ {0} : Ta #0}.

Let us observe that Tg := {to € T : [h, to] =0 forany h € H8 }. In the following, we shall denote by AP the set
of all nonzero a € (HJ)" such that LY := {v§ e L° : [, V3] = a(h)v§ for any h € H3} # 0.

Lemma 2.11. Let T be a Lie color triple system, L = L° @ L* be its standard embedding, and H° be a MAGSA
of L°. Fora, B,y € A*U {0} and &, q € A° U {0}, the following assertions hold.

(1) If [Ta, Tgl # O, then a + § € A° U{0} and [T, Tgl C LG, 5.

(2 If[LY, Ta] # 0, then & + @ € A* U {0} and [Lg, Tal C Terq.

3 IFILY, L] # 0, then & + q € A° U {0} and [LY, L] C L, .
(4)If {Ta, Tg, T4} # O, thena + B+~ € A' U{0} and {Ta, T, Ty} C Tpipir-

Proof. (1) Forany x € Ta,y € Tpand h € HJ, by Definition 2.2 (2), one has [h, [x, y]] = (0, X)[x, [h, y]] +
[[h, x], y] = [x, Byl + [a(h)x, y] = (a + B)(W)[x, .

(2) For any x € Lg, y € Tqand h € HY, by Definition 2.2 (2), one has [h, [x, y]| = [x, [h, y]] + [k, x],y] =
(0, X)[x, a(h)y] + [£(h)x, y] = (& + a)(h)[x, y].

(3) For any x ¢ Lg, y € LY and h € HY, by Definition 2.2 (2), one has [h, [x, ]l = £(0, X)[x, [h, y]] +
[[h, x1, y] = [x, q(h)y] + [&(h)x, y] = (& + @)(h)[x, y].

(4) It is a consequence of Lemma 2.11 (1) and (2). O

Definition 2.12. Let T be a Lie color triple system, L = L°® L' be its standard embedding, and H° = &g rHg be
aMAGSA of L°. We shall call that T is a split Lie color triple system (with respect to H®) if T = To @ (@ p1 Ta)-
We say that A is the root system of T.

We observe that it is straightforward to prove that if T is a split Lie color triple system with respect to H® and
we let L = L° @ L be its standard embedding algebra, then L is a split Lie color algebra with respect to the
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splitting Cartan subalgebra H®, with set of nonzero roots A°. We also note that the facts H> ¢ L° = [T, T] and
T =To ® (®gep Ta) imply
H® =[To, Tol + Y _ [Ta, T-al. @1
acAt

Lemma 2.13. Let T = ®gcrTg be a split Lie color triple system with corresponding root space decomposition
T = To ® (®aear Ta). If we denote by Ta,g = Ta N Tg, the following assertions hold.

(1) Ta = ®gerTag forany a € A* U {0}.

Q) Hg =3¢ g0 gerlTog Togl + 30 wen [Tags T-agl.

81+82=8.81,82 €T
(3) To is a split Lie triple system, with respect to H, with root space decomposition T = To,o® (Daecar Ta,0)-

Proof. (1) By the I'-grading of T we may express any va € Ta, @ € A U{0}, in the form vq = va g, ++ -+ Va,g,
with va,g, € Tg, for distinct g1, -+ ,gn € I'. If hg € HY then [ho, Va,g,] = a(ho)Va,g fori = 1,---, n. Hence
Ta = ®ger(Ta N Tg) and we can write Ty = ®gerTa,g for any a € A* U {0}.

(2) Consequence of Eq. (2.1) and Lemma 2.13 (1).

(3) By considering g = 0 we get To = To,0 ® (©4cn1 Ta,0). Hence, the direct character of the sum and the
fact that a # O for any a € A! give us that H) is a maximal abelian subalgebra of the Lie algebra L. Hence
Ty is a split Lie triple system respect to H8. O

Definition 2.14. A root system A of a split Lie color triple system T is called symmetric if it satisfies that
a € A implies —a € A,
A similar concept applies to the set A° of nonzero roots of L°.

In the following, T denotes a split Lie color triple system with a symmetric root system A!, and T =
To @ (®4ep1 Ta) the corresponding root decomposition. We begin the study of split Lie color triple system
by developing the concept of connections of roots.

Definition 2.15. Let a and B be two nonzero roots, we shall say that « and 8 are connected if there exists a
family {ay, @z, +++ , Ao, Apns1} C AT U {0} of roots of T such that

(D) {ag, a1+ + a3, a1 + Ay + A3+ Q4 + As, -+ , @1 + -+ + 0o + Qo1 } C AL

@ {a1+az, a1 +ay + A3+ s, @+ + 0y}t C A%

Bay=aand ay + -+ + Az + Aapsy € P

We shall also say that {ay, az, -+ , &2, A2n+1} IS @ connection from a to f.

We denote by
A} := {B € A' : aand B are connected},

we can easily get that {a} is a connection from a to itself and to —a. Therefore a € AL.

Definition 2.16. A subset Q' of a root system A', associated to a split Lie color triple system T, is called a
root subsystem if it is symmetric, and for a, B,~ € Q' U {0} suchthat a + B € A° and a + B+~ € A then
a+B+~yel

Let Q! be a root subsystem of A'. We define
Toq = spang{{Ta, Tg, T} : a+ B+~ =0; a,f,v€ Q' U{0}} C To

and Vg1 := ®4c o1 Ta. Taking into account the fact that {To, To, To} = O, it is straightforward to verify that
Tg1 :=Ty g1 @ Ve is a subsystem of T. We will say that T, is a subsystem associated to the root subsystem
QL

Proposition 2.17. If A° is symmetric, then the relation ~ in A1, defined by a ~ B if and only if B € A}, is of
equivalence.
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Proof. {a} is a connection from a to itself and therefore a ~ a.
Ifa ~Band {aj,az, -+, &, A2p+1} i @ connection from a to B, then

{a1 + -+ + Aone1, —Aone1, —QAon, *++ , —A2}
is a connection from 8 to a in the case a1 + -+ + + &2, + 2441 = 8, and
{-ay -+ = i1, Aons1, Aon,* o+, A2}

in the case a; + « + - + a2 + A2p+1 = —B. Therefore f ~ a.

Finally, suppose a ~ B and B ~ 7, {ai,as, -+, &, A2ps1} iS @ connection from a to § and
{B1,**  Bam+1} is a connection from f to . If m # 0, then
{ag,---, a2n+1,ﬁ2, ce ,B2m+1}

is a connection from a to  in the case a; + -« + + a2, + A2n+1 = 8, and

{0(1, s, A+l _ﬁZ’ trt _ﬁ2m+1}

inthe case aj + -+ + ayp + daps1 = —B. lf m = 0, then v € B and so

{a1, a2, , Aan, Aons1}

is a connection from a to . Therefore a ~ v and ~ is of equivalence. O
Proposition 2.18. Let a be a nonzero root and suppose A° is symmetric. Then A} is a root subsystem.

Proof. If B € A} then there exists a connection {ay, a2, , &2, A2ns1} from a to B. It is clear that
{ay, a2, , A2n, A2n+1}+ also connects a to —f and therefore - € A}. Let B1,B2,B5 € A} U {0} be such
that B + B, € A®and By + B, + B3 € AL If B; = 0, as B1 + B> € A° then B, # 0 and there exists a connection
{a1, a2, , A2p, A2ps1} from a to B,. We have {ay, ay, -+, @244+1, 0, B3} is a connection from a to 8, + B3
incase ay + -+ + Ay + Aops1 = Brand {ay, az, -+, Aop41,0, -3} incase ag + «++ + Az + Azpr1 = —P2. S0
Bi+B2+B3=B2+B5 € A}. Suppose B1 # 0, then there exists a connection {ay, az, -+ , @2n, @2p+1 } from a to
B1.Hence, {a1, a2, -, Azn+1, B2, B3} is a connection from a to f1 + B, + B3 incase a1 ++ -+ &an + A2ps1 = P1
and {ay, az, -+, ®ans1, B2, —B3}incase a; + -+ + a2y + A2ny1 = —B1. Therefore B1 + B2 + B3 € Al O

3 Decompositions

In this section, we will state a series of previous results in order to show that for a fixed ay € A, the
subsystem T,: associated to the root subsystem A}, is an ideal of T.
ag

Lemma 3.1. The following assertions hold.

(D) Ifa, B € A* with [T, Tﬁ] # 0, then a is connected with B.

(2 Ifa, e A, ac A and[L3, Tyl # O, then a is connected with p.

3)Ifa,peAl,a,p e A®and (LY, Lg] # 0, then a is connected with f.

(4) If a, B € A such that a is not connected with f, then [Tq, TE] =0, [LY, TE] =0and [T+ LY = 0if
furthermore a € A°. If a, B € A' such that a is not connected with B, then [L2, L%] = 0 if furthermore a, B € A°.
Proof. (1) Suppose [Tq, Tﬁ] # 0, by Lemma 2.1 (1), one gets a + B € A° U {0}. If a + B = 0, then f = —a and so
a is connected with . Suppose a + 8 # 0. Since a + § € A°, one gets {a, 8, —a} is a connection from a to f.

(2) Suppose [LY, Tg] # 0, by Lemma 2.11 (2), one gets a + 8 € Atu{0}.Ifa+pB =0,then f = —~aand so a
is connected with . Suppose a + 8 # 0. Since a + § € A, we obtain {a, 0, —a — 8} is a connection from a to .

(3) Suppose [L?, Lg] # 0, by Lemma 2.11 (3), one has @ + § € A° U {0}.Ifa + B = 0, then 8 = ~a and so a
is connected with f. Suppose a + 8 # 0. Since a + 8 € A°, one gets {a, 8, —a} is a connection from a to .

(4) It is a consequence of Lemma 3.1 (1), (2) and (3). O
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Lemma3.2. Ifa, B € A! are not connected, then {Ta, T-q, Tz} = 0.

Proof. 1f [Ta, T-a] = 0, it is clear. One may suppose that [Ta, T-4] # 0 and {T«, T-q, TE} # 0. By the definition
of Lie color triple systems, one has {T-q, TZ;’ Tqa} # Oor {T 5 Ta, T-a} # 0, contradicting Lemma 3.1 (4).
Hence, {Ta, T—a, TB} = 0. D

Lemma 3.3. Fix ap € A' and suppose A° is symmetric. For a € A}, and B,y € A' U {0}, then the following
assertions hold.

() If{Ta, Tg, Ty} # O, then B, v, a + B+ v € Ag, U{0}.

() If {T+, Ta, Tg} # O, then, B, +a + B € AL, U {0}.

(3)If{Tg, T, Ta} # O, then B, ~, B+~ + a € Ag, U {0}.

Proof. (1) It is easy to see that [Ta, Tg] # O, for a € A}, and B € A U{0}. By Lemma 3.1 (1), one gets a ~ 8 in
the case 8 # 0. From here, 8 € A}, U{0}. In order to complete the proof, we will show ~, a + B+~ € A}, U{0}.
We distinguish two cases.

Case 1. Suppose a +  +~ = 0. It is clear that a + B+~ € A}, U {0}. The fact that {To, To, To} = 0 and
{Ta, T-a, To} = O for a € A! gives us v # 0. By Lemma 2.11 (1), one gets a + § € A°. Asa + B = —, {a, B, 0}
would be a connection from a to v and we conclude v € A}, U {0}.

Case 2. Suppose a + f + v # 0. We treat separately two cases.

Suppose a + f§ # 0. By Lemma 2.11 (1), one gets a + § € A° and so {a, ,~} is a connection from a to
a+B+~.Hence a + B+~ € A}, U {0}. In the case y # 0, {a, B, —a - B — ~} is a connection from a to ~. So
v € Ak,.Hencey € A}, U {0}.

Suppose a + = 0. Then necessarily v € A}lo U {0}. Indeed, if v # 0 and a is not connected with v, by
Lemma 3.2, {Ta, Tg, Ty} = {Ta, T-a, Ty} = 0, a contradiction. We also have a + B +y =~ € A, U{0}.

(2) The fact that [T, Ta] # O implies by Lemma 3.1 (1) that @ ~ ~ in the case v # 0. From here, v €
A}, U {0}. In order to complete the proof, we will show B, v + a + € A}, U {0}. We distinguish two cases.

Case 1. Suppose v + a + 8 = 0. It is clear that v + a + B € A}, U {0}. The fact that {To, To, To} = 0 and
{Ta, T-a, To} =0fora e Al gives us B # 0. By Lemma 2.11 (1), one has v + a € A% Asvy+a-= -B, {a,v,0}
would be a connection from a to § and we conclude 8 € A}, U {0}.

Case 2. Suppose v + a + 8 # 0. We treat separately two cases.

Suppose v + a # 0. By Lemma 2.11 (1), one gets v + « € A° and so {a, ~, 8} is a connection from a to
v+a+B.Hencey+a+f € A}, U{0}.In the case § # 0, we have {a, v, —a — v - B} is a connection from & to
B.Sop € AL,.Hence € A}, U {0}.

Suppose v + a = 0. Then necessarily € A}, U {0}. Indeed, if 8 # 0 and a is not connected with §, by
Lemma 3.2, {Ty, Ta, Tp} = {T-a, Ta, Tg} = 0, a contradiction. We also have y + a + B = B € A%, U {0}

(3) By the definition of Lie color triple systems, one has

(@, P){Tp, T, Ta} C €3, @{Ta, Tp, Ty} + €(B, {T+, Ta, Tg}.

So either {Tq, Tg, T} # O or {T+, Ta, Tg} # 0. By Lemma 3.3 (1) and (2), one gets 8,y € A%,O U {0}. Next we
will show that B+~ + a € A}, U {0}. We treat separately three cases.

Case 1. Suppose 8 # 0, then 8 € A}, . By Lemma 3.3 (1), one has f + v + a € A}, U {0}.

Case 2. Suppose = 0 and ~ # 0, then v € Aj,. By Lemma 3.3 (2), one has B + v + & € A3, U {0}.

Case 3. Suppose f = 0and y = 0, then B + v+ a = a € A}, we also have f + v + a € A}, U {0}. O
Lemma 3.4. Fix ag € A and suppose A° is symmetric. For a, B,~ € AL, U {0} witha + B+~ = 0and
7, € € At U {0}, the following assertions hold.

(D) If{{Ta, Tp, T4}, Tr, Te} # 0, then T, €, T + € € Ay, U {0}.

(2 If{Te, {Ta, Tg, T, }, T} # 0, then T, €, € + T € Ag, U {0}.

G)If{Tr, Te, {Ta, Tg, T, }} # 0, then 7, €, T + € € Ay, U {0}.
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Proof. (1) From the fact that a + B+ = 0, {To, To, To} = O and {Ta, T-a, To} = O whenever a € Al,
one may suppose that at least two distinct elements in {a, 8, v} are nonzero and one may consider the case
{Ta, Tg, Ty} # 0, a + B # 0 and v # 0. Since

0 # {{Ta, Tﬁ’ T’Y}’ TT’ TE‘}
C {Ta, Tg, {Ty, Tr, Te}} - &(@ + B, { T+, {Ta, Tp, Tr}, Te}
—e(@+pB, 5+ ){Ty, Tr, {Ta, Tg, Te}},

any of the above three summands is nonzero. In order to complete the proof, we first will show 7, € € A}, U{0}.
We distinguish three cases.

Case 1. Suppose {Ta, T, {T, Tr, Te}} # 0. As v # 0 and {T+, Tr, T} # O, Lemma 3.3 (1) shows that 7, €
are connected with v in the case of being nonzero roots and so 7, € € A}, U {0}.

Case 2. Suppose {T, {Ta, Tg, Tr}, Te} # 0. As a + B # 0and v # 0. So either a # 0 or 8 # 0. By Lemma
3.3(1) and (2), one has 7, € € A}, U {0}.

Case 3. Suppose {T, Tr, {Ta, Tg, Te}} #0.Asa+f # 0and v # 0. So either a # 0 or § # 0. By Lemma
3.3(1)and (2), one has 7, € € A}, U {0}.

Finally, we will show 7 + € € A}, U {0}. From the fact that « + B + v = 0, {To, To, To} = O and
{{Ta, Tﬁ, T,}, Tr, Te} # O, let us suppose that at least one element in {7, €} is nonzero. So either 7 € A}(O or
€ € Ag,. Then {{Ta, Tg, Ty}, Tr, Te} C {To, Tr, Te}. By Lemma 3.3 (2) and (3), one has 7 + € € Ag, U{0}.

(2) From the fact that a +  + v = 0, {To, To, To} = O and {Ta, T-a, To} = O whenever a € A, one
may suppose that at least two distinct elements in {a, 8, v} are nonzero and one may consider the case
{Ta, Tg, T,} # 0, a + B # 0and v # 0. Since

0 # 8(& +B1 é){Té" {Ta, Tﬁ’ T’Y}’ TT}
C {Ta, T, {Te, T, Te}} — e(@ + B, &+ 3){Te, Ty, {Ta, Tp, Tr}}
- {{Ta, Tﬁ; Te}, TV; TT},

any of the above three summands is nonzero. In order to complete the proof, we firstly will show 7, € €
AL, U {0}. We distinguish three cases.

Case 1. Suppose {Ta, Tg, {Te, T+, Tr}} # 0. Asy # O and {Te, T+, Tr} # O, Lemma 3.3 (2) shows thate, T
are connected with ~ in the case of being nonzero rootsand so €, 7 Aéo U {0}.

Case 2. Suppose {Te, Ty, {Ta, Tp, Tr}} # 0. Asa + B # 0 and v # 0. So either a # 0 or B # 0. By Lemma
3.3(1)and (2), one has €, T € A}, U {0}.

Case 3. Suppose {{Ta, Tg, Te}, T+, Tr} # 0. As a + B # 0and « # 0. So either « # 0 or § # 0. By Lemma
3.3(1) and (2), one has €, T € A}, U {0}.

Finally, we will show € + T € A}, U {0}. From the fact that a + B + v = 0, {To, To, To} = O and
{Te, {Ta, Tﬁ, T}, T+} # 0, let us suppose that at least one element in {€, 7} is nonzero. So either € € A,%,O or
T € Ag,. Then {Te, {Ta, T, T}, Tr} C {Te, To, Tr}. By Lemma 3.3 (1) and (3), one has € + T € Ag, U {0}.

(3) By the definition of Lie color triple systems, one has

0 # {Tr, Te, {Ta, Tg, Ty }} C {{Ta, Tg, Ty}, Tr, Te} = (T, €){Te, {Ta, T, Ty}, Tr}.

Suppose {{Ta, Tg, T+}, Tz, Te} # O, by Lemma 3.4 (1), one has 1, ¢, T + € € A}XO U {0}. Suppose
{Te, {Ta, Tﬁ, T,}, Tr} # 0, by Lemma 3.4 (2), onehas 7, €, e + T € Aéo U {0}. Therefore, in these two cases,
wegett, e, T+e€¢€ Ay, U{O}. O

Lemma 3.5. Fix ay € A'and suppose A° is symmetric. If a1, a2, a3 € Aéo U {0} with a; + a; + a3 = 0 and
eeAl \A}xo, then the following assertions hold.

(D [{Tays Tays Tay }, Te] = 0.

(2) Incase€ € A°, then [{Ta,, Tay, Tas }, L2 = 0.

(3) [[{Tay» Tay, Tas }» Tol, Te) = 0.
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Proof. (1) From the fact a; + @y + a3 = 0, {To, To, To} =0and {Ta, T-a, To} =0 fora € A1, it is clear that if
as = 0 one gets [{Tq,, Ta,, Tas }, T) = 0. Let us consider the case a3 # 0. By the definition of Lie color triple
systems, we have

[{Tal, Tay Tas}s TE] C [[Ta1, Taz]’ [Ta3, TE]]_S(‘X_l +d>, 0(_3)[Ta3, [[Tal, Taz], TE]]- (3.2)

Let us consider the first summand in Eq. (3.2). As a3 # 0, one has a3 ¢ A,}(O. Fore € A! \A‘%(0 and Lemma 3.1
(4), one easily gets [Tq;, Tz] = 0. Therefore [[Tq,, Ta,], [Tas, T<ll = O.
Let us now consider the second summand in Eq. (3.2), it is sufficient to verify that

[Tﬂ3’ [[T(Xl’ Taz]y TE]] = O'
To do so, we first assert that [[Tq,, Ta,], Tl = 0. Indeed, by the definition of Lie color algebras, we have
[[szl, Taz]’ TE] C [Tlxl ) [Tlea TE]] - S(a_l) a_z)[Tlm’ [Tlha TE]]: (33)

where a1, a; € A}, U {0}, € € A* \ A},. In the following, we distinguish three cases.

Casel.a; # Oand a, # 0. Asa; € Ay, and € € A'\ A, by Lemma 3.1 (1), one gets [Tq,, Tz] = 0. As
ay € Ay, and € € A'\ A}, by Lemma 3.1 (1), one gets [Ta,, T¢] = 0. Therefore by Eq. (3.3), one can show that
([T, Tayl, T2l = 0.

Case2. a; # 0and @, = 0. Asa; € A}, and € € A1\ A}, by Lemma 3.1 (1), one gets [T, , T¢] = 0. That
is [Tay, [Tay, Tell = 0. As ay = 0, [Ta,, Ts] = [To, Te] C Lg. By Lemma 3.1 (4), one gets [Tq,, [Ta,, T¢ll = O.
Therefore by Eq. (3.3), one can show that [[Tq,, Ta,], T¢] = 0.

Case3.a; =0and a; # 0. As a; € Ay, and € € A'\ A}, by Lemma 3.1 (1), one gets [T, , T¢] = 0. That
is [Tay, [Tay, Tell = 0. As @y = 0, [Tq,, T2l = [To, T<] C Lg. By Lemma 3.1 (5), we get [Tq,, [Ta,, T<ll = O.
Therefore by (3.3), one can show that [[Tq,, Ta,], T¢] = O.

S0 [Tas, [[Tay, Ta,], Tel]=0 is a consequence of [[Ta,,Ta,],Ts] = 0. By (3.2), one gets
[{Ta;, Tays Tas }» Te] = 0. The proof is complete.

(2) From the fact a; + a, + a3 = 0, {To, To, To} = 0 and {Ta, T-4, To} = O for & € A, one getsif az = 0
then it is clear that [{Ta,, Tay, Tas }» Lg] = 0. Let us consider the case a3 # 0. Note that

[{Tas, Tars Tas }5 L2 C [[Tays Taol, [Tas, L1 - e(dy + 2, @3)[Tas, [ Tays T )s L2 (3.4)

Let us consider the first summand in Eq. (3.4). As a3 # 0, one gets [[Tq,, Ta,], [Tas» Lg]] = 0 by Lemma 3.1 (4).
Let us now consider the second summand in Eq. (3.4). As either a; # 0 or a, # 0, the definition of Lie color
algebras, the fact [Ty, Lg] C T¢and Lemma 3.1 (4), we obtain that [Ta;, [Ta;, Tas,], Lg]] = 0. So, the second
summand in Eq. (3.4) is also zero and then [{Tq,, Ta,> Tas }» Lg] =0.

(3) It is a consequence of Lemma 3.5 (1), (2) and

[[{Tal, T(Xz’ TlX;}: TO]) TE] C [[TO’ TE]; {T(h’ TIXZ’ TIX3 }] + [[TEy {Tal, Tley Ta3 }]’ TO]-
O

Definition 3.6. A Lie color triple system T is said to be simple, if {T, T, T} # 0 and its only ideals are {0} and
T.

Theorem 3.7. Suppose A° is symmetric, the following assertions hold.
(1) For any ay € A, the subsystem
Tpo =Togp Vg
ag “lag ag

of T associated to the root subsystem A} is an ideal of T.
(2) If T is simple, then there exists a connection from a to 8 for any a, B € A*.

Proof. (1) Recall that

To,ny, +=spang{{Ta, Tp, Ty} s @+ f+7=0; &, B, 7 € Ag, U{0}} C To
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and V/léo = Oreny, T,. In order to complete the proof, it is sufficient to show that
{TAéo’ T, T} C TA}ID'
We first check that {TA}I0 , T, T} C TA}(O . It is easy to see that
{Tay T T} = {Toay @ Vay , T, T} = {Tony » T, T} + {Vay , T, T}
Next, we will show that {T AL T, T} C TAéO . Note that
{To,az » T T} ={To,az_» To & (@aenr Ta), To & (@aenr Ta)}

={To.az,» To, To} + {To,a3 > To, Baenr Ta}

+{T0,A}10 » @aent Ta, To} + {TO,A,}‘O’ Daear Ta, Bpepi Tp}-

Here, it is clear that {T, AL, To, To} C {To, To, To} = 0. Taking into account {T, A To, Ta}, for a € AL,
Lemma 3.4 (1) and the fact that either a ¢ A ora ¢ A,XO, give us that {7, AL, , To, Ta} C VA1 or
{T,, s, s To, Ta} = 0. Similarly, one gets that {TO a3, s Ta, To} C VA1 or {Ty, Ay, s Ta, TO} = 0. Next, we will
con51der {Ty, A Ta, Tg}, where a, B € A, We treat ﬁve cases.

Casel.Ifa € A}, B € A%, and a + B = 0. One has

{To.ay, > Tas Tg} C To,ny -
Case2.Ifa € A}, B € A}, and a + B # 0. By A, is a root subsystem, one gets
{TO,A;O’ Ta, Tp} C VA,}(O'
Case3.Ifa € A}, and B ¢ A},. By Lemma 3.4 (1), one has
{Toy,» Tes Tg} = 0.
Case 4.1fB € A,}(O and a ¢ Aéo. By Lemma 3.4 (1), one has
{Tons, » Tas Tg} = 0.
Case5.If B ¢ AL, and a ¢ A},. By Lemma 3.4 (1), one has
{To,3,» Ta Tg} = O

Therefore, {T,, A , T, T} C TA1 .
Next, we will show that {VAl , T, T} C TA1 It is obvious that

{VA;O» T, T}= {@ve/l;o Ty, To ® (®genr Ta), To © (Baear Ta)}
= {69’76/1‘1(0 T’y, TO, TO} + {@’YGAéO T’Yy TOa EB(XE/ll Ta}

+ {@—yeA,ﬁo Ty, ®genr Ta, To} + {@yeA,}(o Ty, ®acnr Ta, ©genr Tp}-

Here, itis clear that {T,, To, To} C V1 ,fory € A,%, Next, we will consider {T,, To, Ta}, forv € Aao, ac Al
ag
We treat three cases.
Case1.Ify € AL, a ¢ A},. By Lemma 3.3 (1), one has

{T~, Ty, Ta} = 0.
Case2.Ify € A}, a € A}, and v + a # 0. By A}, is a root subsystem, one has

{T+, To, Ta} C Vpy .
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Case3.Ify € A}, a € A}, and v + a = 0. It is clear that
{T+, To, Ta} C Tony, -

Hence, {T~, To, Ta} C TA1 ,fory e Aao, ae Al Similarly, it is easy to get {T-, Ta, To} C TA1 ,forv e Aao,
a € AL, At last, we will consider {&rens, Ty Saem Tas Dpen Tg}, fory € A}, a € A'and B € AL, We treat
five cases.

Case1.Ify € A}, a € A}, B € A}, and v + a + B = 0, one gets

{Tys Ta, Tg} C Tou, -
Case2. Ify € Aao, ac Aao,ﬁ € A,}(O and v+ a + f§ # 0, one gets
{@’YEA(IXO Ty, Saeni Ta, ®genr Tp} C VA}ro .
Case3.Ify € A}, a € A}, and B ¢ A},. By Lemma 3.3 (1) and (2), one gets
(T, Ta, Tg} = 0.
Case 4.1fy € A}, a ¢ A}, and B € A},. By Lemma 3.3 (1) and (3), one gets
(T, Ta, Tg} = 0.
Case5.1fy € A}, a ¢ AL, and B ¢ A%,. By Lemma 3.3 (1), one gets
(T, Ta, Tg} = 0.

So, {VA1 ,T,T} C Ty . Therefore {Ty, ,T,T} C TA1 is a consequence of {T, A, ,IT,T} C TA1 and
%0 0
{VA1 ,T T} C TA1 Consequently, this proves that T 2, i$ an ideal of T.

(2) The 51mp11c1ty of T implies TAéO = T.Hence A}, = AL, O

Theorem 3.8. Suppose A° is symmetric. Then for a vector space complement U of spang {{ Ta, Tg, Ty} :a+
B+~ =0,wherea, B,y € A* U{0}} in Ty, we have

T=U+ Y Iy

[aleAl/~

where any I, is one of the ideals T 1 of T described in Theorem 3.7. Moreover
a
> T, I gy} = 0 if [a] # [Bl.

Proof. Letus denote &y :=spang {{Ta, Tg, Ty} : a+ B+~ =0, wherea, B,y € A'U{0}}in Ty. By Proposition
2.17, we can consider the quotient set A/ ~:= {[a] : @ € A'}. By denoting Ijs) := Ty, Tg o := To a1 and
Vig = V1, one gets Ijg) := T () & Vig). From

T = TO ©® (69116/11 TIX) = (U + €O) ©® (®QGA1 Ta),

it follows

Daent Ta = Pajear/ Vi 0= > Toa»
[aleAt/~

which implies

T=U+4® @eenT) =U+ > Iy,
[a]leAt/~

where each I, is an ideal of T by Theorem 3.7.
Next, it is sufficient to show that {Ij), T, Ij} = 0 if [a] # [B]. Note that,

Uiap> To Iigy} ={T0,1a1 @ Vigs To © (@21 T4, To 1) @ Vigy}
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={To,ia1> To> To, g1} + {To,1a1> Tos Vig} + {To, (a1 Dyenr Tvs To, a1}
+{To,1a> Syenr Tvs Vigih + {Viag> To, To, g1} + {Via)> To, Vi)
H{Viaps ®yenr T, To, i1} + {Via) Brenr Ty Vigrhe
Here, it is clear that {T 4, To, Tomt € {To,To, To} = O. If [a] # [B], by Lemmas 3.3 and 3.4, it is

easy to see {TO,[(X]’ To, V[ﬂ]} = 0, {TO,[a]’ @,yeAl Try, V[ﬁ]} = 0, {V[D(]’ To, TO,[ﬂ]} = 0, {V[a], To, V[ﬂ]} = 0,
{Vias @yenr Ty, To g1} = 0, {Vigps ®1cn1 Ty Vig} = 0.

Next, we will show {To,[a)> ©renr Ty, Toy[ﬁ]} = 0. Indeed, for {Ta,, Ta,, Tay} € Ty [a] with aq, az, a3 €
Acll @] {0}, a1 +ay + a3 = 0, and for {Tﬁl’ Tﬁz’ TﬁB} € TO,[ﬁ] with ﬁl,ﬂz,ﬁ3 S A/13 @] {0}, ﬁl +ﬁ2 +B3 =0, by the
definition of Lie color triple systems, one gets

({Tass Tays Tay b @i Ty {Tp,s T, Tp, )}
ce(y1, B1 + B){Tp,» Tpys {{Tars Tas Tas }s @i Tos Tpy 3}
+H{{{Tar Tay, Tas }, ®yeni Tys Tp, 3, T, s T,

+e(71, BOATg,» {{Tars Tars Tas }» @y Ty Tp, 3 Tp, )

By Lemma 3.4, it is easy to see that
{Tﬁly Tﬁ29 {{Tal, Tﬂz’ TU(3}’ @’YEAl T’y, Tﬁ;}} = O,

{{Tars Taos Tas } et Ty Tp, 35 Tp,, Tp, b = O,

{Tﬁl’ {{Tal! Tq,, Tag}, @"/EAl T»y, Tﬁz}’ Tﬁs} =0.
foray, az, a3 € A%(U{O}, aj+a,+a3=0,B1,B82,B83 € A};U{O},ﬂ1 +B2+B5=0,[a] #[B].So {I[a]: T, I[ﬁ]} =0
if [a] # [B]. -
Definition 3.9. The annihilator of a Lie color triple system T is the set Ann(T) = {x € T : {x, T, T} = 0}.

Corollary 3.10. Suppose A is symmetric. If Ann(T) = O, and {T, T, T} = T, then T is the direct sum of the
ideals given in Theorem 3.8,

T = ®gent/~Aia)-

Proof. From {T, T, T} = T and Theorem 3.8, we have

{U+ Z I[a],U+ Z I[a],U+ Z I[a]}=U+ Z I[a]'

[aleAr/~ [aleat/~ [aleAt/~ [aleAt/~

Taking into account U C Ty, Lemma 3.3 and the fact that {I;, T, I B} =0 if [a] # [B] (see Theorem 3.8) give
us that U = 0. That is,
T= > g

l[aleAt/~
To finish, it is sufficient to show the direct character of the sum. For x € Ij N>~ peat/~ Ijp), using again
Br~a

the equation {Ijy, T, Iz} = O for [a] # [B], we obtain

(6T I} = 6T, > Iig}=0.

[Bleal/~
Bra

So {X, T, T} = {X, T, I[a]+2[ﬂ]eA1/~ I[ﬂ]} = {X, T, I[a]}'i-{X, T, Z[ﬂ]eAl/~ I[ﬂ]} =0+0=0. Thatis,x S AHH(T) =
B~ta B~a
0. Thus x = 0, as desired. O
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4 The simple components

In this section we study if any of the components in the decomposition given in Corollary 3.10 is simple.
Under certain conditions we give an affirmative answer. From now on char(K) = 0.

Lemma4.1. Let T = T & (D4ca1 Ta) be a split Lie color triple system. If I is an ideal of T then I = (I N Tp) &
(®gear(IN Ta)).

Proof. We can see that T = Ty © (@441 Ta) as a weight module with respect to the split Lie color algebra L°
with MAGSA HP. The character of the ideal of I and the fact L° = [T, T] give us that I is a submodule of T. It is
well-known that a submodule of a weight module is again a weight module. From here, I is a weight module
with respect to L° (and H®) and so I = (IN To) @ (S a1 (I N Ta)). O

Taking into account the above lemma, observe that the grading of I and Lemma 2.13 (1) let us write
I=®gcrlg = ®ger(Ig N To,g) ® (Dgepr1(Ig N Tayg)). (4.5)
Let us introduce the concepts of root-multiplicativity and maximal length in the frame work of split Lie

color triple systems. For each g € I', we denote by A} := {a € A!, Ta,g # 0} and AQ := {a € A°, LY ; # O}.

Definition 4.2. We say that a split Lie color triple system T is root-multiplicative if given a < Ali, B e Aé}.
and y € Ag,, with g;, gj, 8x € T, such that a + B € A°, and a + B+~ € A', then {Ta g, Tggs Tr.g} # 0.

Definition 4.3. We say that a split Lie color triple system T is of maximal length if for any a € A é, gerl,we
have dimTxa,xg = 1 for x € {£1}.

Observe that if T is of maximal length, then Eq. (4.5) enables us assert that given any nonzero ideal I of T then
I=®gerlg = ®ger((Ig N Tog) @ (®aeA§'1 Ta,g)). (4.6)

where Ay := {a € A' : IgN Ta,g # 0} foreach g € I

Lemma 4.4. Let T be a root-multiplicative split Lie color triple system with Ann(T) = 0. If for any a € A, we
have dimL? = 1. Then there is not any nonzero ideal of T contained in T.

Proof. Suppose there exists a nonzero ideal I of T such that I ¢ To. Given a € A', as {I, To, Ta} C Ta N T
and {I, Ta, To} C Ta N To, {I, To, Ta} = {I, Ta, To} = 0. Given also 8 € A with a +B8 #0,{I, Ta, T/;} -
Tap N To = 0. As Ann(T) = 0, {I, Ta, T-¢} # O for some a € Al. Thus, there exist t.q € Tsq and to € I
such that {to, ta, t-a} # 0. Hence 0 # [to, ta] € L9. As dimLY = 1, the root-multiplicativity of T (consider
the roots 0, @, 0 € At U {0}), and the fact that dimL?, = 1 give us the existence of 0 # té, € Top such that
0 # {to, ta, té)} € Tq. As tg € I, we conclude O # t; = {to, ta, té)} ¢ I C Ty, a contradiction. Hence, I is not
contained in Tg. O

Theorem 4.5. Let T be a split Lie color triple system of maximal length, root-multiplicative, with Ann(T) = O
and satisfying T = {T, T, T}. If A° is symmetric and for any a € A*, we have dimL} < 1. Then T is simple if and
only if it has all its nonzero roots connected.

Proof. The first implication is Theorem 3.7 (2). To prove converse, consider I a nonzero ideal of T, by Lemma
4.4 and Eq. (4.6) we can write
I'=®gerlg = @ger((lg N To,g) ® (GaaeA;," Tag)).

with Az’ ¢ A} forany g € I and some Az’ # 0. Hence by the maximal length of T, we may choose ag € Az
such that

0+ Tayg C 1. (4.7)
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Given any B, € A! with By ¢ {a@o,-ao}, the fact that ag and S, are connected gives us a connection
{a1,-+ , Qans1} from ag to Bo such that ay = ag, @1 +@2 +@3,+++ , Ay +++@op+Qops1 € AL, @y +02, -+ , a1+
vt ayy € A%and ag + - -+ + Ao + Aonst € {Bo, —Po’}. Consider ay = ap, ay, as and a; +a; +a3. Since a, € Al
there exists g; € I' such that Ta,,g, # 0. Since a3 € A! there exists g, € I such that Ty,,g, # 0. From here,
the root-multiplicativity and maximal length of T shows 0 # {Tay,g> Tas,g15 Tas,g:} = Tar+ar+as,g+gi+g,» and
by Eq. (4.7)

0 # Tay+ay+as,grgi+g, C 1.

We can argue in a similar way from a; + a, + a3, a4, as and a1 + a> + a3 + a4 + as to get
0+# Ta1+az+a3+a4+a5,g3 clI.
for some g5 € I'. Following this process with the connection {ay, - -+ , ®2,+1} we obtain that
0# Tﬂ1+f12+"'+ﬂzn+1,ga cl

and so either Tﬁo,g4 clorT c I for some g4 € I'. That is,

~Bo,84
0 # Tepogn €1 (4.8)

for some € € {+1}, some g, € I and for any 8, € A with By ¢ {ao, —ao}.
Taking into  account H° = [To, Tol + > 4cailTa, T-al, the  grading

. 0 _ .
of Tgivesus Hg = >, 0 oo orerlTogs Togl + 30 em . [Ta,g,> T-a,g,]. We can suppose that either
81%82=8:81:82€

H =Y gcrlTos To, gl ot HY = 3" e pt gerlTags T-a,~¢l. We treat two cases.
In the first case, by Eq. (4.8), there exists g5 € I such that

[[To,g5» To,-gs 1 Tepo,g.] # 0- (4.9)
By the Jacobi identity of the Lie color algebras, either [Tog,, Tep,,g,] # O OF [To,—g5> Tep, q,] # O and so
0 0 .
Leﬁo,g4+g5 #0or LEﬁo,g4—g5 # 0. That is
0 # Lo, xgsrg, © 1 (4.10)

for some x € {+1}. Since ef3p € AéA, we have by the maximal length of T such that -€f, € Alga. By Eq. (4.10),
and the root-multiplicativity and maximal length of T, we obtain

0 # (L, xgs gy T-cor-ga) = Toxgs C I (4.11)
Taking into account Eq. (4.11) and that Eq. (4.9) gives us
Bo([To,g,, To,—g; 1) # 0O,
we have that for any g € I' such that T o, # O necessarily
0 # [[To,gs» To,~gs > Tepo,ge) = Tepougs I
and so
Tep, C 1, (4.12)

for any B € A with By ¢ {@o, -ao}, and some € € {+1}.
In the second case, by Eq. (4.8), there exists g; € I' such that

([Tag;> T-a,-g: 1, Tepy,g.] # O- (4.13)

By the Jacobi identity of the Lie color algebras, either

[Ta,g7a T€Bo,g4] 7é Oy
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or
[Tfa,—gyy Teﬁo,gl,] 7£ O,

and so LY #0orL° # 0. That is

a+ePo.gu+87 -a+€fo,84-87
0
0+# me+eﬁo,xg7+g4 cl, (4.14)

for some k € {+1}. Since €f, € Az,, we have by the maximal length of T such that -€fo € A, . By Eq. (4.14),
and the root-multiplicativity and maximal length of T we obtain

0 # [L2a+eﬁ0,xg7+g4y T—eﬁo,—gA] = TKD(,Kg7 clL (4'15)
Taking into account Eq. (4.15) and that Eq. (4.13) gives us

ﬁo([Ta,gy, T—R,—g7]) 7é 0:

we have that for any gg € I" such that T, # 0 necessarily

Bogs
0#[[Ta,g;s T-a,-g:1 Teﬁo,gg] = TEﬁo,gs cr

and so

Tep, C 1, (4.16)

for any B € A' with By ¢ {@o, -ao}, and some € € {+1}.
Observe that as a consequence of T = {T, T, T}, we have

To= Y {Ta T Ty} (4.17)
whvemoto)

Let us study the products {Ta, Tg, Ty} of Eq. (4.17) in order to show Tp C I. Taking into account
{To, To, To} = O, and the fact a + § + v = 0 with a, 8,y € A' U {0}, we can suppose v # O and either
a# 0orf # 0.Suppose a # 0Oand 8 = O (resp. a = 0 and B # 0), then a = —~ (resp. B = —v) and by Eqgs.
(4.12) and (4.16), {Ta, Tg, Ty} = {T-, To, Ty} C I, (resp. {Ta, Tg, Ty} = {To, T, Ty} C I). If the three
elements in {a, 8, v} are nonzero, in case some Te C I, € € {a, 8, v}, then clearly {Tq, Tﬁ, T,} c I. Finally,
consider the case in which any of the Te does not belong to I. If {Tq, Tﬂ, T,} = 0 then {Tq, Tﬁ, Ty} C I
If {Ta, Tg, Ty} # O, necessarilya + B # Oandsoa + B € A°. From here, we have by root-multiplicativity
{Ta, Tp, T_p} = Ta. Egs. (4.12) and (4.16) give us T_g C I, then T C I and so {Ta, Tg, T4} C I. Therefore Eq.
(4.17) implies

To C I. (4.18)

Fix now any ag € A'. By Egs. (4.12) and (4.16), either Ts, C I or T-q, C I. Write Tpa, C I with p € 1,
then we can show T—pq, C I. Indeed, since aq # 0, there exists hg € H8 such that ag(hg) # 0 and so we have

t‘PlXO = _paO (ho)_l [hO, t—plX()]s (4.19)

forany t_pa, € T-pa,.
As

H8 = Z[To,g, TO,—g] + Z [Ta,g, T—a,—g],
ger acAl,gel

we can suppose that either hy = [to,q, té)’,g] with tog € To,g, tb,g € To,gorhy = [t, R _g,] with £, g €
T, ¢ t_, S T, _ g From here, in order to prove that T:q, C I for any ag € Al. we treat two cases.

In the first case, we have by Eqgs (4.18) and (4.19), that

t’PaO = _paO(hO)il[[tO,g’ tz),g], t*pao] € I’ (4.20)
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forany t_pa, € T-pa,-
In the second case, we have by Eqgs (4.18) and (4.19), that

tpa, = —Pao(ho)_l[[ta,g, tfa,fg], tfpao] el, (4.21)

forany t—pa, € T-pa,-
Since dimT—pq, = 1, we conclude T—pq, C I and so Tsq4, C I for any ag € A, From here, and taking into
account Eqs (4.16) and (4.18), we conclude I = T and so T is simple. O
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