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Abstract: Based on the relationship between probability operators and curve/surface modeling, a new kind
of surface modeling method is introduced in this paper. According to a kind of bivariate Meyer-Konig-Zeller
operator, we study the corresponding basis functions called triangular Meyer-Konig-Zeller basis functions
which are defined over a triangular domain. The main properties of the basis functions are studied, which
guarantee that the basis functions are suitable for surface modeling. Then, the corresponding triangular
surface patch called a triangular Meyer-Konig-Zeller surface patch is constructed. We prove that the new
surface patch has the important properties of surface modeling, such as affine invariance, convex hull
property and so on. Finally, based on given control vertices, whose number is finite, a truncated triangular
Meyer-Konig-Zeller surface and a redistributed triangular Meyer-Konig-Zeller surface are constructed and
studied.

Keywords: Surface modeling, Meyer-Konig-Zeller operator, basis function, triangular surface

1 Introduction

In computer aided geometric design (CAGD), representing a parametric curve or surface with shape preserv-
ing is important. Essentially, the shape preserving is guaranteed by the partition of unity and non-negativity
of the basis functions which are used to construct the parametric curve or surface. As we all know, shape
preserving is the main property of probability operators. Thus, the shape preserving construction methods of
parametric curves or surfaces have certain correlations with some probability operators. It is easy to realize
that the classical Bézier curve [1] constructed by Bernstein basis functions is related to the Bernstein operator
By (2] defined for any function f € C[0, 1],

n

Ba(f;0) =) (Z) X1 - X)”"‘f(g), x eo, 1]. ®

k=0

In recent years, based on the Phillips g-Bernstein operator [3], which is a generalization of the Bernstein
operator, generalized Bézier curves and surfaces have been introduced in [4-6]. In [4], Oruc and Phillips
constructed g-Bézier curves by the basis functions of Phillips g-Bernstein operator. Disibiiyiik and Orug [5,
6] defined the g-generalization of rational Bernstein-Bézier curves and tensor product g-Bernstein-Bézier
surfaces. Moreover, Simeonov et al. [7] introduced a new variant of the blossom, the g-blossom, which is
specifically adapted to developing identities and algorithms for g-Bernstein bases and g-Bézier curves. In
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2014, Han et al. [8] constructed a new generalization of Bézier curves and its corresponding tensor product
surfaces based on Lupas g-analogue of the Bernstein operator [9].

We realized directly the relationship between several probability operators and some curve modeling
methods. For example, the rational Bézier curve of negative degree [10] constructed by Bernstein basis
functions of negative degree is related to Baskakov operators B, [11] defined for any function f € C[0, oo)

Balf; 0= <” e 1) ket 6, xe o, ). @

k=0

The Poisson curve [12] constructed by Poisson basis functions is related to Szasz-Mirakyan operators M, [13]
defined for any function f € C[0, oo)

Maf, x)-Z(”") ™, x€0, o). 6)

Goldman introduced the connection between probability theory and computer-aided geometric design in
[14-16]. Fan and Zeng [17] presented a class of discrete distributions called S-A distributions and constructed
the corresponding S-A basis functions from these distributions. Zhou et al. [18] extended the work of Fan and
Zeng to surface modeling and constructed the tensor product S-A basis functions and triangular S-A basis
function.

Therefore, we can construct a new modeling method based on the connection between probability
operators and computer-aided geometric design. In 1960, Meyer Konig and Zeller [19] presented a univariate
operator

f(1) x=1;
MnlF3) =4 S maf R ), 0 <1 “)
k=0

where my, ;(x) = (";k)x"(l - x)™1, f e [0, 1], called Meyer-Konig-Zeller operator. Xiong and Yang [20]
introduced a kind of bivariate Meyer-Konig-Zeller operator which is defined over a triangular domain. For
any function f € C[A], A = {(x,y)|0 <y < x < 1},

f, Y) x=1;
Mxu(f;x,y) = (5)
%%Pnkz(x y)f(n+k n+k) X #1;

where, (x,y) € A, Py i(x,y) = ("”‘)( )@ - x)"™y!(x - y)¥"!. In this paper, we introduce a new surface
modeling method by the bivariate Meyer-Konig-Zeller operator.

The remainder of this paper is organized as follows. In Section 2, we present triangular Meyer-Konig-
Zeller basis functions by the bivariate Meyer-Kénig-Zeller operator defined over a triangular domain (5), and
study their main properties. In Section 3, we construct a triangular Meyer-Konig-Zeller surface patch by the
triangular Meyer-Konig-Zeller basis functions, and prove that the new surface has the main surface modeling
properties. For given control vertices, whose number is finite, we introduce a truncated triangular Meyer-
Konig-Zeller surface and a redistributed triangular Meyer-Konig-Zeller surface in Section 4.

2 Triangular Meyer-Konig-Zeller basis functions

In this section, the definition and several main properties of bivariate Meyer-Konig-Zeller basis functions over
a triangular domain will be given.
Firstly, we given the barycentric coordinates p = (u1, u2, p3), 4; 20(i =1, 2, 3)and pq + yp + u3 = 1.
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Definition 2.1. Bivariate Meyer-Konig-Zeller basis functions over a triangle called triangular Meyer-Konig-
Zeller basis functions are defined by

n+k k _
Prjea) = 7 5 i pans 6)

wherepu € D = {uy >0, pup 20, u3 2 0, uy + U + U3 = 1} and k, 1 are natural numbers.

Several illustrations of bivariate Meyer-Konig-Zeller basis functions with n = 0, 2, 3 and k = 3 are
shown in Figure 1. Triangular Meyer-Konig-Zeller basis functions have the properties which are similar to

SLITT]
SEALTFAHTA
S LTI

S,
—

(c3)

Figure 1: Triangular Meyer-Kénig-Zeller basis functions withn = 0, 2, 3 and k = 3 which are Pg 3,0(p) (@1), Po,3,1(u) (@2),
Po,3,2(u) (a3), Po,3,3() (@4), P2,3,0(u) (b1), P2,3,1(u) (b2), P2,3,2(p) (b3), P2,3,3(u) (b4), P33,0(u) (c1), P33,1(u) (c2), P3,3,2(u)
(c3), P3,3,3(p) (c4).

the bivariate Bernstein basis functions over a triangle.
It is obvious from the definition of P, ; ;(u), that it has non-negative properties.

Proposition 2.1 (Non-negative).
Pn,k,l(}‘) 2 0. (7)

Proposition 2.2 (Partition of Unity).

o k
Zzpn’k’l(}l) =1. (8)
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- Z <" ; k>”;11+1(1 - u)*

k=0
Lety1=%+t, t € [0, o), then
— (n+k n+1 k _ — [n+k -n-k-1 4k
;( K )Ml (1 -p1) —kz_;( K )(1+t) t

S (‘”k‘ 1) @+ Kok
k=0

=(1+t-t"™t =1,
-n-1

where (7} ) = (-1)k (";k). Thus, the sum of all triangular Meyer-Konig-Zeller basis functions equals to 1. O

Proposition 2.3 (Interpolation).
Py x.1(1,0,0) = 8o 6 1. 9)

where §; ; = { L 1 - ] ’ is the Kronecker delta.

0i#j,
Pp1.1(1,0,0) = <” Z k) (Il() 1710l

whenl=0andk=1=0, Ppo,(1,0,0) = 1.Itis obvious that P, s ;,(1, 0, 0) = 0 in other cases. O

Proof. Since

Proposition 2.4 (Linear independence).
o k
D> caPra®) = 0 <= ¢y = 0. (10)
k=0 1=0

Proof. Since O < py <1 and

) k oo k
n+k k _
> > P () =D ( K )H?HE Ck,l<l>111211’3( L
=0

k=0 1=0 k=0

we get

k 5
Z Z Ci, 1P,k (W) = 0 <= Z Cri <l>y12y13< I_o,

k=0 1=0 =0

by fixing the value of y;. As we know, (’l‘) ub y’;‘l is a univariate Bernstein polynomial over [0, 1 — y]. Thus,

Lok
> ek (l)lllzllg_l =0+ cx1=0.
10

O

Proposition 2.5 (Boundary). When u, = 0 or u3 = 0, triangular Meyer-Konig-Zeller basis functions transform
to corresponding univariate Bernstein basis functions of negative degree [10].

n+k k n+k
Pn,k,o(ul,O,u3)=( X )<O>u’f”#'§=( X )u'f”(l—ul)k.

Proof. When u, =0,
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Let’ll = %, te (_oo, O], then

k -
Py k,0(p1,0, u3) = ("z )(1—t) n-1-k(_pk

_ (‘nk_ 1) (1 t) n-1- ktk B n- 1(t)

where, B;""(¢) is a univariate Bernstein basis function of negative degree [10]. Similarly, P, j (41, 42, 0) is
also a univariate Bernstein basis function of negative degree. O

Proposition 2.6 (Symmetry).
Pr (M1, M2, B3) = Pr (1, M3, H2)-

n+k\ [k _

Pp () = < X )(l)ll'f+1112#]3(1
n+k k 1 ke(k—
=< " )(k_l>u’1’”u§ b0

= Py s k-1(M1, M35 Y2).

Proof. Since (’l‘) = (k’f s

O
Proposition 2.7 (Degree Reduction).
P i) = 1Py i1 (W) + M2 P g1, 121 (W) + U3 P 1,1 (W), (11)
where P, ;. (n) = O, if one of n, k, l is negative or k < l.
Proof. We observe that
n+k)(k\ m+k! Kk _ (n+ )
k 1] nlk! Uk-D!' n'l'(k-D!"
By the definition of triangular Meyer-Konig-Zeller basis functions,
C(n+k-Dn+1+k-D pi1 1 k-
Pn,k,l(”) - n! l'(k l)' M1 ]12}13
_ (n-1+k)! (n+k-D! 11kt (n+k-1! 10 k14
=Ml (n 1)| I (k l),.u1}12113 + U2 n! (l 1)| (k l)|}‘l1 My M3+ U3 ' (k ~1- l),H ”2.“3
= U1Pr 11,0 + M2 P 1,11 (W) + U3 P 1,1 ().
O
Proposition 2.8 (Degree Elevation).
n+1 +1 1+1
Pn,k,l(}‘) " nik+l Pk, () + mpn k+1, () + mpn,kﬂ,l(}‘) (12)

Proof. Since yqy +uy +us =1,

n+k\ [k _
Poia(p) = ( v ) (,)u?“uzu’z‘ up + pa + p3)

n+k\(k
- ( X )(,) (W2 op o s i)
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. n+1 n+1+k\[(k\ ni2 1 xa l+1 n+k+1\ [ k+1\ ni1 1. ket

_n+k+1( k )(l)yl a5 kv 1\ ket 1+1 |JH1 K2 I8
k+1-1({n+k+1\[k+1\ ni1 1 k+1-1

+n+k+1< k+1 >< 1 )H1 Hals

n+1 I+1 k+1-1

= mpnu,k,l(l‘) + mpn,ku,m(}‘) + mpn,kﬂ,l(}l)'

Proposition 2.9 (Integration).

n+1
// Py i i(u)do = n+k+1)n+k+2)(n+k+3) w
D

Proof. The integral area D can be described as {(u1, 42)|0 < u1 1,0 < py <1 - g}, thus

1 1-uy
K\ k _
//Pn,k,l(y)d0=/<n}: >u'1’ Ydu, / <1>H12(1—H1—}12)k Ly,
D 0 0

Lett= —#2_ then
1-

1-u 1

/ (ll<> U1 -y — ) dps = (1 - ) / (’;) A - pkdr.

0 0

Moreover, from the integration of a univariate Bernstein polynomial, we get

1
QA PN S ¢
/(l)t(l olae= Lo
0

Therefore,

1
y 1 k + +
// Py (wdo = T 1 / <n; )HT Y1 - ) g
D 0

1

_ n+1 n+k+2

T mt+k+Dn+k+2) k+1
0

>H;i1+1(1 _ }ll)k+1d]11

_ n+1
n+k+1Dn+k+2)(n+k+3)°

Proposition 2.10 (Differentiation).

s P = O p (14)

0
S Pp (1) = (n+ )Py jq,1-1(1); (15)
U2

0
7N Pp () = (n + )Py 1,1 (). (16)
U3

Proof.

9 _ n+k (k) o1 ki
aylpn,k,l(u)_(n"’l) k (1>}11H2}13
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n+1)(n+k)(n-1+k)\ [k _

B (n+1)(n+k)P
-

n—l,k,l(”)-

Similarly,

0 n+k-1\ (k-1 1. k-
alePn,k,l(ll) = (n+k)< K1 ) (l— 1)]1'1”1;112 Tk

= (n+K)Pp 1,1-1(W0);

0 _ n+k-1\(k-1\ ni1 1 k11
%Pn,k,l(ﬂ)—(n‘Fk)( k-1 >( I )H1 Ha2H3

=(n+ k)Pn,k—l,l(l'l)'

3 Triangular Meyer-Konig-Zeller Surface

In this section, we will introduce a method that constructs a kind of surface called a triangular Meyer-Konig-
Zeller surface by triangular Meyer-Kénig-Zeller basis functions Py, ; ; ().

Definition 3.1. For given control vertices {Vy; € R’}, k>0,0 <1 < k, we construct a surface denoted by

oo k
SE=>> PuiiWVi;,  HED, (17)

k=0 [=0

which is called a triangular Meyer-Konig-Zeller surface. The mesh constituted by the line segments of
VietVis1, 1o VitVie1,1015 Vier1,1Vie1,141 IS called a control mesh.

Theorem 3.1. From the properties of triangular Meyer-Kénig-Zeller basis functions, we can derive the geometric
properties of a triangular Meyer-Kénig-Zeller surface as follows:

(1) Affine Invariance

(2) Convex Hull Property

(3) Interpolative control vertex V

(4) Non-Degenerate

(5) The boundary curves are rational Bézier curves in terms of the Bernstein basis functions of negative
degree

Proof. (1) The affine invariance is one of the most important geometric properties for curves and surfaces
modeling in Computer-aided Geometric Design. For a given triangular Meyer-Konig-Zeller surface S(u), an
affine transformation operator A is acting on it, i.e.

ok
A(S() = A (Z ZPn,k,l(l‘)Vk,l) .

k=0 [=0

Since the properties of non-negativity and partition of unity of triangular Meyer-Koénig-Zeller basis functions
hold, we have,

o k
ASHE) =D Po i WAV (18)

k=0 1=0
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Thus, the triangular Meyer-Konig-Zeller surface is affine invariant.

(2) The properties of non-negativity and partition of unity of triangular Meyer-Kénig-Zeller basis functions
further guarantee that the triangular Meyer-Konig-Zeller surface is included within the convex hull of the
control mesh which is constituted by {V ;}.

(3) By the property of interpolation of triangular Meyer-Kénig-Zeller basis functions, it is obvious that
S(1,0,0) = Vp,0, i.e. the triangular Meyer-Konig-Zeller surface interpolates the corner control vertex.

(4) Suppose that S(u) collapses to a vertex Q € R3, then

ok
0=S(u)-Q-= Z ZPn,k,l(ll)(Vk,z -Q).

k=0 [=0

Foranyv e R3, we have

o k
Z ZPn,k,l(ﬂ)(Vk,z -Q)ev=0,

k=0 1=0
where ¢ means the inner product. Since the triangular Meyer-Konig-Zeller basis functions are linearly inde-
pendent,
(Vk1-Qev=0.

According to the arbitrariness of v, V; ; = Q. Hence, the triangular Meyer-Konig-Zeller surface is non-
degenerate, only if all control vertices were the same vertex.

(5) The boundary curves of a triangular Meyer-Konig-Zeller surface are S(u1, 0, u3) and S(u1, U2, 0). By
the boundary property of triangular Meyer-Konig-Zeller basis functions, we get

S(Fl, 0, }13) = Z Pn,k,o(lll, 0, y3)Vk,0’
k=0
which is a rational Bézier curve in terms of the Bernstein basis functions of negative degree with control
vertices {Vy o }. Similarly,

S(u1,u2,0) = ZPn,k,o(}ll, M2, 0)Vy
k=0

alsois a rational Bézier curve in terms of the Bernstein basis functions of negative degree with control vertices
{Vix} O

4 Implementation

In this section, based on given control vertices some practical examples of triangular Meyer-Konig-Zeller
surfaces will be shown.

Given control vertices {Vy ;},0 < k < m, 0 <[ < k, where k, l and m are natural numbers. m is the number
of layers of the triangular control mesh. k and [ are the indices of the control vertices. In Figure 2, the topology
of the triangular control mesh with m = 3 is shown.

Now, we face a difficulty in that the number of triangular Meyer-Konig-Zeller basis functions is infinite
but the number of control vertices is finite. We solve this difficulty by discarding or redistributing redundant
basis functions.

4.1 Truncated Triangular Meyer-Konig-Zeller Surface

Definition 4.1. For the given control vertices {Vy ;},0 < k <m, 0 <1<k, we have
~ m k
S =>"> PuxiwVi, HED (19)

k=0 1=0
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Figure 2: The topology of control mesh with m = 3.

called a truncated triangular Meyer-Kénig-Zeller surface.

Figure 3: The graphs of truncated triangular Meyer-Kénig-Zeller surfaces: the green surface with m = 2, n = 1, the red surface
withm =2, n=3.

Figure 3 shows the graphs of truncated triangular Meyer-Konig-Zeller surfaces with m = 2, n = 1 (the
blue one) and m = 2, n = 3 (the red one). It is obvious that limy, 0 S(u) = 0. Therefore, we can define
S(0, uz, u3) = 0, i.e. the truncated triangular Meyer-Konig-Zeller surface interpolates the coordinate origin
point.

Remark 4.1. The truncated triangular Meyer-Konig-Zeller surface is equivalent to the triangular Meyer-Konig-
Zeller surface with Vi ; = {0, 0, O}, k>m, O<l<k,ie.

m k
S(u) = Z Z P i(WViy + Prm()V,

k=0 [=0
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Figure 4: The actual control mesh of truncated triangular Meyer-Konig-Zeller surfaces with m = 2, n = 1 (the green one) and
m =2, n =3 (the red one).

where Ppm(p) = 1 - 1 Sk Ppyi() and V = {0,0, 0}. Therefore, 3(u) is a special kind of triangular
Meyer-Kénig-Zeller surface with the control mesh as shown in Figure 4.

Figure 5: The truncated triangular Meyer-Kénig-Zeller surfaces with (m = 2, n = 1)(@), (m = 2, n = 3)(b), (m = 2, n = 6)(c),
(m =2, n=9)(d).
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Figure 7: The truncated triangular Meyer-Kénig-Zeller surfaces with (m = 4, n = 1)(@) and (m = 4, n = 3)(b).

Figure 5 shows the graphs of the truncated triangular Meyer-Konig-Zeller surfaces with (m = 2, n = 1)
Figure 5(a), (m = 2, n = 3) Figure 5(b), (m = 2, n = 6) Figure 5(c), (m = 2, n = 9) Figure 5(d). These
graphs indicate that the surfaces intuitively approximate the control mesh with increasing n. We conduct
some numerical experiments to verify this conclusion. We define the extent of the surface approximating
control mesh as

D(S(u), L(w) = |max{|[SG)[|} - max{[| LG} (20)

where L(p) is the linear interpolation of the control mesh. Table 1 shows the values of D(S(u), L(u)) with
m = 2 and different n.

Table 1: The values of D(S(u), L(u)) with m = 2 and different n.

n 1 3 6 9 30 40
D(S,L) 1.2086 1.1434 1.1076 1.0915 1.0635 1.0608

Figure 6 shows the graphs of the truncated triangular Meyer-Konig-Zeller surfaces with (m = 3, n = 1)(a)
and (m = 3, n = 3)(b). Figure 7 shows the graphs of the truncated triangular Meyer-Konig-Zeller surfaces
with (m =4, n=1)@)and (m = 4, n = 3)(b).
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4.2 Redistributed Triangular Meyer-Konig-Zeller Surface

We construct a kind of triangular Meyer-Konig-Zeller surface by redistributing redundant basis functions.

Definition 4.2. For given weight sequence {wp 1} g, Wm; 2 0 and > 'y wp, = 1, we derive a triangular
Meyer-Kénig-Zeller surface

m k m
S = "> PriiVii+ > W iPrm) Vi, . 1)

k=0 1=0 1=0

called a redistributed triangular Meyer-Konig-Zeller surface.

It is obvious that m m
ylligo S("‘) = Z wm,lylligopﬂ,mol)vm,l = Z wm,le,l'
1=0 =0
Thus, let S(O, U2, U3) = Z;’;’O Wm,1Vin,1- Figure 8 shows the graphs of the surface S(p) withm =2, n=3and
(wy; =1/3,1=0,1, 2)@), (Wro = W22 = 1/2, wy1 = 0)(b), (w20 = 0.7, w1 = 0.2, wy, = 0.1)(c),
(a)z,o = 0.1, Wy = 0.2, W)= O7)(d)

Figure 8: The graphs of redistributed triangular Meyer-Kénig-Zeller surfaces with m = 2, n = 3 and different {w; ;}.

Theorem 4.1. Redistributed triangular Meyer-Konig-Zeller surfaces retain the properties of triangular Meyer-
Konig-Zeller surfaces.

(1) Affine Invariance.

(2) Convex Hull Property.
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(3) Interpolative control vertex V .

(4) Non-Degenerate.

(5) The boundary curves are rational Bézier curves in terms of the Bernstein basis functions of negative
degree.

Proof. (1) Let A be an affine transformation operator, then

k m
ASm) = A <Z Z P (Vi + Z wm,zpn,m(}l)VmJ) .

k=0 1=0 1=0
Since
m k m B
SN T Puii @ + > Wi Prm(p) = 1, (22)
k=0 1=0 1=0
m k m B
A(S(}‘)) = (Z an,k,l(y)-AVk,l + Z wm,an,m(}l)-AVm,l) . (23)
k=0 1=0 1=0
Thus, the redistributed triangular Meyer-Kénig-Zeller surface is affine invariant.
(2) It is obvious that w,,, 1Pn,m(u) (1=0, ..., m)are non-negative. Moreover, according to equation (22),
the redistributed triangular Meyer-Konig-Zeller surface that we obtain is included within the convex hull of
the control mesh which is constituted by {Vy ;}, (k=0, ..., m;1=0, ..., k).

(3)It is obvious that 5(1, 0, 0) = Vo,0, i.e. the redistributed triangular Meyer-Konig-Zeller surface interpo-
lates the corner control vertex.
(4) Suppose that S(u) collapses to a vertex Q € R>, then

m k m
0=8mw-Q= Z ZPn,k,l(}l)(Vk,z -Q)+ Z W 1 Prom(@) (Vi1 - Q).

k=0 1=0 1=0
For any v € R?, we have
m k m
S Puii@Vi - Q e v+ > W P (V- Q) o v =0.
=0 1=0 1=0

By linear independence of triangular Meyer-Konig-Zeller basis functions, we get
(Vk’I—Q)°V=0, (k=0, R (N I=0, ey k)

Hence, a redistributed triangular Meyer-Konig-Zeller surface is non-degenerate.
(5) For boundary curves of a redistributed triangular Meyer-Kénig-Zeller surface § (u) are S (1,0, u3) and
S (1, U2, 0). By the boundary property of triangular Meyer-Konig-Zeller basis functions, we get

m m
S(u1,0,13) =Y Ppyco(u1, 0, u3)Vio + > Wi Prym(u, 0, 13) Vi
=0

k=0
m m m

= Prio(u1, 0, u3)Vio + (Z wm,le,1> (1 - Prio(u1,0, Il3)> ,
k=0

=0 k=0

(24)

which is a rational Bézier curve in terms of the Bernstein basis functions of negative degree. The control
vertices of S(u1, 0, y3) are {Violtwo-Forallk>m+1,let Vi g = > [y Wm.iVin,1- Similarly,

m m m
S(Hly M2, O) = an,k,k(yl’ M2, O)Vk,k + <Z wm,lvm,l> (1 - an,k,k(ﬂl, M2, 0)>

k=0 1=0 k=0

is a rational Bézier curve in terms of the Bernstein basis functions of negative degree with control vertices
{(Virteo -Forallk=m+1,let Vi i = Y100 Wi Vin -
O
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20 00

Figure 9: The graph of a redistributed triangular Meyer-Kdnig-Zeller surface, wherem = 2, n = 3 and w,; are the Bernstein
basis functions of degree 2 with variable p;.

Furthermore, we can let {w,, ;}[*, be a series of basis functions with variable p,. Figure 9 shows the
graph of a redistributed triangular Meyer-Konig-Zeller surface with w; ;(u,) = (%) ub(1 - py)> ! which are the
Bernstein basis functions of degree 2. It is obvious that

W 1 (M2)Pr,m (0, pa, u3) Vi

M=

S(O) HZ, HB) =

~
]

0 (25)

NE

wm,I(VZ)Vm,l

~
Il
o

is a Bézier curve.

Remark 4.2. When {w,, 1}, is a series of Bernstein basis functions, i.e. Wy, = (1) ub(1 - u2)™", it is obvious
that 50,0, 1) = Vin0, S(0,1,0) = Vin,m.

5 Conclusion

We introduced a new kind of surface called a triangular Meyer-Konig-Zeller surface, which is constructed
by triangular Meyer-Konig-Zeller basis functions. We have studied the main properties of triangular Meyer-
Konig-Zeller basis functions which guarantee that triangular Meyer-Konig-Zeller surfaces have affine invari-
ance, possess the convex hull property, are non-degenerate, have interpolative control vertex V¢ and the
boundary curves are rational Bezier curves in terms of the Bernstein functions of negative degree.
Moreover, for given control vertices, whose number is finite, we presented a truncated triangular Meyer-
Ko6nig-Zeller surface and a redistributed triangular Meyer-Konig-Zeller surface. We remarked that a truncated
triangular Meyer-Konig-Zeller surface is a special kind of triangular Meyer-Konig-Zeller surface with special
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control vertices (V;; = {0,0,0}, k > m, 0 < < k). Theorem 4.1 shows that a redistributed a triangular
Meyer-Konig-Zeller surface retained all the properties of triangular Meyer-Kénig-Zeller surface.
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