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Abstract: This paper is devoted to the existence of a periodic solution for ¢-Laplacian neutral differential
equation as follows

(p(x(0) - ex(t — 1)) = f(t, x(8), X' (6)).
By applications of an extension of Mawhin’s continuous theorem due to Ge and Ren, we obtain that given
equation has at least one periodic solution. Meanwhile, the approaches to estimate a priori bounds of periodic
solutions are different from the corresponding ones of the known literature.
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1 Introduction

In this paper, we consider a kind of second order ¢-Laplacian neutral differential equation as follows
(Pp(x(t) - cx(t - 1)) = f(t, x(t), X' (D)), (11

where f : R®> — R is continuous function with f(t + T,-,+) = f(t,-,*); ¢, T are constants. ¢ : R — Ris a
continuous function and ¢(0) = 0 which satisfies

(A1) (P(x1) - px2))(x1 - x2) > Ofor vV x1 # x2, x1, X2 €R;

(A;) There exists a function a : [0, +oo] — [0, +oc], a(s) — +ooas s — +oo, such that ¢(x) - x = a(|x|)|x|
forvx eR.

It is easy to see that ¢ represents a large class of nonlinear operator, including ¢, : R — R is a p-
Laplacian, i.e., ¢p(x) = |x|P~2x for x € R.

The study of p-Laplacian neutral differential equations began with the paper of Zhu and Lu. In 2007, Zhu
and Lu [1] discussed the existence of a periodic solution for a kind of p-Laplacian neutral differential equation
as follows

(Pp(x(t) - cx(t - 1)) + g(t, x(t - 6(1)) = p(D),
where c is a constant and |c| # 1. Since (¢pp(x'(t)))’ is nonlinear (i.e. quasilinear), Mawhin’s continuous
theorem [2] can not be apply directly. In order to get around this difficulty, Zhu and Lu translated the p-
Laplacian neutral differential equation into a two-dimensional system

{ O () = cxa (t = 1)) (£) = Pg(xa2(D) = [x2(6)|92x,(t)
x5 (t) = —g(t, x1(t - 8())) + p(0),
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where 1% + é = 1, for which Mawhin’s continuation theorem can be applied. Zhu and Lu’s work attracted
the attention of many scholars in neutral differential equation and they have contributed to the research of
p-Laplacian neutral differential equation (see [3]-[12]). Besides, a good deal of work has been performed on
the existence of periodic solutions to ¢p-Laplacian differential equation. Manasevich and Mawhin [13] in 1998
investigated ¢-Laplacian differential equation

(PO(®)))" = f(t, x(O, X'(8)).

Applying Leray-Schauder degree theory, the authors proved that the above equation has at least one periodic
solution.

All the aforementioned results are related to p-Laplacian neutral equations [1], [3]-[12] or ¢-Lpalacian
differential equation [13]. Naturally, a new question arises: how neutral differential equation works on ¢-
Laplacian operator? Besides practical interests, the topic has obvious intrinsic theoretical significance. To
answer this question, in this paper, we try to fill the gap and establish the existence of periodic solutions of
(1.1) by employing the extension of Mawhin’s continuation theorem due to Ge and Ren. The obvious difficulty
lies in the following two aspects. The first is that since the leading term contains a ¢-Laplacian neutral
operator, the operator is much more than the corresponding p-Laplacian neutral operator; the second is
that a priori bounds of periodic solutions are not easy to estimate. For example, the key step for ¢, to get
the priori bounds of periodic solution, fOT(qb;, x(®))' x(O)dt = - fOT |x'(t)[P dt, is no longer available for general
¢-Laplacian. So we need to find a new method to solve that problem.

The remaining part of the paper is organized as follows. In section 2, we give some preliminary lemmas.
In Section 3, by employing the extension of Mawhin’s continuation theorem, we state and prove the existence
of periodic solution for (1.1) in |c| # 1 and |c| = 1 (critical) cases. In Section 4, we investigate the existence of
the result for a kind of ¢p-Laplacian neutral Liénard equation in |c| # 1 case by applications of the Theorem
3.1. In Section 5, we consider the existence of periodic solution for a kind of p-Laplacian neutral Liénard
equationin |c| # 1 and |c| = 1 cases by applications of the Theorem 3.1. In Section 6, two numerical examples
demonstrate the validity of the method.

Throughout this paper, we will denote by Z the set of integers, Z; the set of odd integers, Z, the set of
even integers, N the set of positive integers, N; the set of odd positive integers and N, the set of even positive
integers. Let Cr := {x|x € C(R,R), x(t + T) - x(t) = 0, ¥Vt € R}, C} := {x|x € C(R,R), x(t + T) - x(t) =
0,VteRWLI, :={x: x(t+21)-x(t) =0, t € Rand fOZ" |x(s)|?ds < +oo}, under the norm |@|, =

1
(( 02" |<p(t)|2dt) Y, L3 ={x:xeL3,, x(t+m)+x(t)=0}and L3} = {x : x € L3, x(t + m) - x(t) = 0} with

the norm | - |,. Clearly, L3, L2, and L3} are all Banach spaces.

2 Preliminaries

In order to use the extension of Mawhin’s continuous theorem [14] due to Ge and Ren, we first recall it.

Let X and Z be Banach spaces with norms || - ||x and || - ||y, respectively. A continuous operator M :
X(domM — Z is said to be quasi - linear if

(@) ImM := M(X (" domM) is a closed subset of Z;

(b) kerM := {x € X(domM : Mx = 0} is a subspace of X with dim ker M < +eo.

Let X; =ker M and X, be the complement space of X; in X, then X = X; ® X,. On the other hand, Z; is a
subspace of Z and Z; is the complement space of Z; in Z, so that Z = Z; ¢ Z,. Suppose that P : X — X; and
Q: Z — Z, two projects and Q C X is an open and bounded set with the origin 6 € Q.

Let Ny : Q — Z, A € [0, 1] be a continuous operator. Denote N; by N, and let da=1x¢€ Q : Mx = Nyx}.
N, is said to be M — compact in Q if

(c) there is a vector subspace Z; of Z with dimZ; =dimX; and an operator R : Q x [0, 1] — X, being
continuous and compact such that for A € [0, 1],

(I-QN(Q) cImM c (I-Q)Z, (2.1)
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QNx=0, A€ (0,1) & QNx =0, 2.2)
R(-, 0) is the zero operator and R(-, M'EA =(I- PNE,\’ 2.3)

and
MI[P + R(-, )] = (I - Q)N;,. (2.4)

LetJ : Z; — X, be a homeomorphism with J(6) = 6.

Lemma 2.1. ([14]) Let X and Z be Banach spaces with norm | - ||y and || - ||y, respectively, and Q C X be an
open and bounded set with origin 8 € Q. Suppose that M : X ndomM — Zis a quasi - linear operator and

Ny :Q—-Z,1€(0,1)

is an M-compact mapping. In addition, if

(i) Mx # N3x, A€ (0,1), x € 00,

(ii) deg{JQN, Q nkerM, 0} # O,

where N = N;, then the abstract equation Mx = Nx has at least one solution in Q.

Lemma 2.2. (see [15]) If |c| # 1, then the operator (Ax)(t) := x(t) - cx(t - T) has a continuous inverse A! on
the space Cr, and satisfying
_ 1
JATH] <
11 =]c]|

Lemma 2.3. (see [16, 17]) The follow propositions are true:

(Py) Suppose ¢ = -1, |1| = (m/n)m, where m, n are coprime positive integers with m even, then A :
L3, — L3, hasaunique inverse A™! : L3 — L3_satisfying

_ 1
JA7Y) < =,
01

. 1
where 0, := I:ng 11— ce 7| = [2(1 + coskT)|? > 0.
€

inf
keN
(P;) Suppose ¢ = -1, |7| = (m/n)m, where m, n are coprime odd positive integers, then A : L%,*, — L%;,
has a unique inverse A™! : L3} — L3} satisfying
1 1
la7t <
2
. 1
where 0; := inf |1- ce“kT| = inf [2(1 + Cos k‘r)] 250,
keN keNy
(P3) Suppose ¢ = -1, |7| = (m/n)m, where m, n are coprime positive integers with m odd and n even,
then A : L3, — L%, has a unique inverse A™! : L3, — L3 satisfying

A < =,
03

. 1
where 03 := inf |1-ce ™*"| = inf [2(1+coskT)]? > 0.
kEN, kEN,

(P4) Suppose ¢ = 1, |t| = (m/n)m, where m, n are coprime positive integers with m odd, then A4 : L3, —
L3, has a unique inverse A™! : L3, — L, satisfying

Ay« L,
Oy

. 1
where g, := inf |1 - ce 7| = inf [2(1 + coskT)]? > 0.
keN, keN;
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(Ps) Suppose c = 1, |1| =m,thenA : L3, — L3, hasa unique inverse A™! : L. — L3 satisfying

A e =,
05

. 1
where 05 := inf |1-ce 7| = inf [2(1+coskr)]? =2> 0.
keN, keN;

3 Periodic solution for (1.1)

In this section, we will prove the existence of a periodic solution for ¢-Laplacian neutral operator with |c| # 1
and |c| = 1 by using Lemma 2.1.

Theorem 3.1. Assume that condition (4;), (4,) and |c| # 1, Q is an open bounded set in C 1T Suppose the
following conditions hold:
(Cy) For each A € (0, 1) the equation

(p(AX) () = Af(t, x(8), X' (1)) (3.1
has no solution on 00Q;
(C,) The equation
T
Fa) = X / £, x(6), X' (©)dt = 0,
0

has no solution on 0Q NR;
(C3) The Brouwer degree
deg{F, QNR,0} #0.

Then (1.1) has at least one periodic solution on Q.

Proof. In order to use Lemma 2.1 studying the existence of a periodic solution to (3.1), we set X := {x €
C[0, T] : x(0) = x(T)} and Z := CI0, T],

M: XndomM — Z, (Mx)(t) = (p(4x)'(1)), (3.2)
where dom M := {u € X : ¢(Au)’ € C*(R, R)}. Then ker M = R. In fact

ker M ={x € X : (p(Ax)'(¢)) =0}
={xeX: p(Ax) =c}
={xeX:(Ax) = (;b_l(c) i=cC1}
={xeX:(Ax)(t) = cit+ 3},
where ¢, c1, ¢; are constant in R. Since (Ax)(0) = (Ax)(T), then, we getkerM = {x € X : (Ax)(t) = c3}.In
addition,

T T
Im M ={y € Z, forx € X ndom M, ($(<))(©) = y(0), / y(O)dt - / (GO (Dt = 0}
0 0

So M is quasi-linear. Let

Xy =kerM, X;={xeX: x(0)=x(T)=0}.
Zl =R, Zz =Im M.
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Clearly,dim X; =dim Z; = 1,and X = X; ® X5, P: X — X1, Q : Z — Z;, are defined by
T

Px=x(0), Qy-= %/y(s)ds.
0

ForV Q c XdefineN, : Q@ — Zhy
(NA)(8) = Af(t, x, x').

We claim (I - Q)N (Q) c ImM = (I - Q)Z holds. In fact, for x € Q, we have

T T
/ (I - QNx(O)dt = / (I - QAF(E, x(0), X' () dt
0 0

T T T
A
= [ Af(t, x(8), X' (¢))dt - = f(s, x(s), X'(s))dsdt
T

=0.
Hence, we have (I - Q)N,(Q) c Im M.

Moreover, for any x € Z, we have

T T T T
/ I - Qx(H)dt - / (x(t)—;, / / x(t)dt) dt
0 0 00

=0.

So, we have (I - Q)Z c ImM. On the other hand, x € ImM and fOT x(t)dt = 0, then we have x(t) = x(t) -
fOT x(t)dt. Hence, we can get x(t) € (I - Q)Z. Therefore, ImM = (I - Q)Z.

From QN;x = 0, we can get % fOTf(t, x(8),x'(t))dt = 0. Since A € (0,1), then we have
% fOT f(t, x(t), X' (t))dt = 0. Therefore, we can get QNx = 0, then, (2.4) also holds.

Let] : Z; — X1,J(x) = x, then J(0) = 0. Define R : Q x [0, 1] — X,, by Lemma 2.2, we know that there
exists a continuous inverse operator A™! of neutral operator A such that

t S T
RO () = / Al (¢-1 (a+ / /\f(u,x(u),x’(u))) du - ATS / f(u,x(u),x’(u))du) ds,  (33)
0 0 0

where a € R is a constant such that
T

s T
RO, A)(T) = / Al (qb-l (a s / )lf(u,x(u),x’(u))) du - "TS / f(u,x(u),x’(u))du) I
0 0 )

0
=0.

From Lemma 2.3 of [13], we know that a is uniquely defined by
a=alx,A),

where a(x, A) is continuous on Q x [0, 1] and bounded sets of Q x [0, 1] into bounded sets of R.
From (3), we can find that
R:0x[0,1] = X,.
Now, forany x € 3, = {x € Q : Mx = Nyxx} = {x € Q : (p(Ax)' (1)) = Af(t, x(t), X'())}, we have
fOT f(t, x(t), X'(t))dt = 0, together with (3) gives
¢

ROx, D)0 = / A (¢-1 (a+ / Af(u,x(u),x/(u))du)> ds
0

0
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t S
_ / At (qbl (a . / (¢(Ax)'(u))’du)> ds
0 0
tn
_ / A7 (@7 (a+ $AN'(5) - $(AX) (0)) ) ds.
0

Take a = ¢p(Ax)’'(0), from (Ax)'(t) = (Ax)(t), then we can get

T
RO, A(T) = / AN M (p(Ax) (5))ds
0
=x(T) - x(0)
=0,

where a is unique, we see that
a=alx,A) = ¢p(4x)'(0), vAelo,1].

So, we have

t

R(x, A)(t)|XEZA =/A’1 (d)l ((;b(Ax)’(O) +//If(t,u,x(u),x'(u))du)) ds
0

0
t

_ / Al (qb’l(qb(Ax)’(s))) ds
0

=x(t) - x(0)

=(I - P)x(t),

which yields the second part of (2.4). Meanwhile, if A = 0, the
Sa={x€Q:Mx=Nyx}={xeQ:(pAx) 1) = Af(t, x(8), X' ()} = c3,

— 177

where c3 € R is a constant, so by the continuity of a(x, A) with respect to (x, A), a = a(x, 0) = ¢(Ac)'(0) = 6.

So,

t
R(x, 0)(6) = / Al¢ @)ds =0, Vxed,
0

which yields the first part of (2.4). Furthermore, we consider the following equation
M(P+R) = (- Q)N,.

In fact,
2 p(ap+RY = U~ QM.

Integrating both sides of (3.5) over [0, s], we have
S S
/ %g{)(A(P +R))ds - / (I- Q)Nyds.
0 0

Therefore, we have

s S T
SAP + R)(s) - a A / FQu, x(u), ' () du - / % / Fu, x(u), ' (w)dudt
0 0 0

(3.5)
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s T
- [ xte, X pdu = 57 [ Fla, xC, ¥ ),
0 0

where a := ¢(A(P + R))'(0). Then, we can get

S T
AP +R)(s) = ¢~ (a A / FQu, x(u), %' (u))du - ’LTS / Fu, x(w), x’(u))du) .
0 0

Then, we have

S T
(P+R)(s)= A" (qb-l (a ‘A / Fu, x(), X' (w))du - ATS / Fu, x(w), x’(u))du) ) ,
0 0

since (A(P + R))'(s) = A(P + R)'(s). Hence, we have
t

s T
R(x, A)(t) - R(x, A)(0) = /A"1 ((jfl <a+/1/f(u,x(u),x’(u))du— @?/f(u,x(u),x’(u))du)) ds,
0 0

0
since R(x, A)(0) = 0. So, we can get

t

s T
R(x, A)(t) = /A"1 ((p"l (a+)l /f(u,x(u),x’(u))du— ATS /f(u,x(u),x’(u))du)) ds.
{ 0 0

0

Thus, N, is M-compact on Q. Obviously, the equation

(@A) (1) = Af(t, x(8), X' (6))

can be converted to
Mx=Nyx, Ae(0,1),

where M and N, are defined by (3.2) and (3), respectively. As proved above,
N :Q—2Z, Ae€(0,1)
is an M-compact mapping. From assumption (C1), one find
Mx # Nyx, Ae(0,1), x € 0Q,
and assumptions (C;) and (C3) imply that deg{JQN, Q N kerM, 6} is valid and
deg{JQN, Q NnkerM, 0} # 0.
So by applications of Lemma 2.1, we see that (3.1) has a T-periodic solution. O
In the following, applying Lemma 2.3 and Theorem 3.1, we consider the existence of a periodic solution to

(1.1) in the case that |c| = 1.

Theorem 3.2. Assume that conditions (41), (4;) (C1), (C) and (C3) hold, Q is an open bounded set in C3 ..
Furthermore, suppose one of the following conditions holds:

(i) c = -1 and |7| = (m/n)&t, with m, n are coprime positive integers with m even;

(ii) c = -1 and |7| = (m/n)mt, with m, n are coprime odd positive integers;

(iii) ¢ = -1 and |7| = (m/n)m, with m, n are coprime positive integers with m odd and n even;

(iv) ¢ = 1 and |7| = (m/n)&, with m, n are coprime positive integers with m odd;

(v)c=1and || =7
Then (1.1) has at least one periodic solution on Q.
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Proof. We follow the same strategy and notation as in the proof of Theorem 3.1. Next, we consider R(x, A)(t).
Case (i) c = -1 and |7| = (m/n)mt, with m, n are coprime positive integers with m even. Take T = 27, from
(3.3) and (3.4), applying Lemma 2.3, we know that there exist a continuous inverse operator A~! of neutral
operator A in the case that ¢ = -1 such that
t

s 2n
R(x, )(t) = /A_1 (4)_1 <a+//lf(u,x(u),x’(u))> du - ;}S_[/f(u,x(u),x’(u))du) ds,
0

0 0

where a € R is a constant such that

2n s 2
RO, )(2m) = [ A™! <¢1 (a + /\f(u,x(u),x’(u))) du - As f(u,x(u),x’(u))du) ds
/ / |
=0.

Similarly, we can get Case (ii)-Case (v). This proves the claim and the rest of the proof of the theorem is
identical to that of Theorem 3.1.
O

4 Application of Theorem 3.1: ¢b-Laplacian operator

As an application, we consider the following ¢-Laplacian neutral Liénard equation
(P(AX) (D) + FX(O)X' () + g(t, x(8)) = e(t), (4.1)

where g is a continuous function defined on R? and periodic in ¢ with g(t,+) = g(t + T, ), f € C(R, R), eisa
continuous periodic function defined on R with period T and |, OT e(t) dt = 0. Next, by applications of Theorem
3.1, we investigate the existence of a periodic solution for (4.1) in the case that |c| # 1.

Theorem 4.1. Suppose |c| # 1, (A1) and (A;) hold. Assume that the following conditions hold:
(H1) There exists a constant D > 0 such that

xg(t,x) >0, v (t,x) € [0, T] xR, with |x| > D.

(H,) There exist two positive constants g+, ¢ such that o« < |[f(x(t))| < 0", Vt € R.
(H3) There exist positive constants a, b, B such that

lg(t, x()] < a|x(t)| + b, for |x(t)] >Bandt € R.

Then (4.1) has at least one solution with period T if o — (o*|c\ + @(1 +]c)a T) > 0.

Proof. Consider the homotopic equation
(p(AX) () + Af(x())X'(t) + Ag(t, x(t)) = Ae(t). (4.2)

Firstly, we will claim that the set of all T-periodic solutions of (4.2) is bounded. Let x(t) € C} be an arbitrary
T-periodic solution of (4.2). As (Ax)(0) = (Ax)(T), there exists a point t, € (0, T) such that (Ax)'(ty) = O,
while ¢(0) = 0, and we see

p(Ax)' (1)) =

t
/ ($(Ax)'(5)) ds
to

4.3)
T T T

=A [ [fO)|X'©)dt + A [ |gt, x(O)|dt + A [ |e(D)]d.
/ / /
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Integrating both sides of (4.2) over [0, T], we have
T
/ g(t, x(¥))dt = 0. (4.4)
0

From the mean value theorem, there is a constant ¢ € (0, T) such that

g(§,x(&) = 0.

In view of (H;), we obtain

1x(§)] < D.
Then, we have
lIxIl = max Ix(8)] = Jhax [x(®)]
telo, €[¢,4+T]
1
=32, [H < (|X(f)| +|x(t - T)|)
T ¢
1 hax (x(§)+/x’(s)ds + |x(&) - x'(s)ds)
2 te[£,£+7)
¢ T (4.5)

t
<D+— (/ x(s)\ds+ |x (s)ds)

£ T
T

/ x'(s)|ds.

0

Multiplying both sides of (4.2) by (Ax)’(t) and integrating over the interval [0, T], we get

N\»—\

T T T T
/ (B(Ax) () (Ax) (Ddt + A / FOAO)X (O(AX) (Dt + A / g(t, x(0)(Ax) ()t = A / e(DAx) (Odt.  (4.6)
0 0 0 0

Substituting
@A) () (Ax) (Odt = 0, [ FO)X (OAX) (Bdt = [T FO)K ()2t - ¢ [ F(E)x (X' (¢ - D)d into
(4.6), we have

T T T T
/ FO) X () dt =c / OO (OX (¢ - D)t - / gt x(O)(Ax) (O)dt + / e(t)(Ax) ()dt.
0 0 0 0

Therefore, we have

T

T T
c | Fx@O)X'(OX' (¢t -1)dt - [ gt, x(O))Ax)' (Odt + | e()(Ax) (H)dt]|.
/ / /

T
/ FOe) | (02 dt
0

From (H;), we have

T T
- / FOO)IX D2 de = o / X (0.
0 0

So, we have

T T T T
oo [ X ©OFdeslc| [ IFO)X O (¢~ Dlde+ [ g, xO)IX©Olde + |c| [ gt x@O)]x' (¢ - D)ldt
[ronasel | / /
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T T
+ [ le®)||x'®|dt +|c| | |e(®)]x'(t - 1)|at.
/ /

Define
Ey:={t [0, TI| [x(0)] < B}, E;:={te[0,T]|x(0) > B}.

From (H;) and the Holder inequality, we have

T T
0*/|x’(t)\2dt s|c|0*/|x’(t)\|x'(t—‘r)\dt+ / lg(t, x()||x'(B)|dt + |c| / lg(t, x(8)||x(t - T)|dt
0 0 '

Ei+E, Ei+E;

T T
+lel / X (O)de + |l e] / Xt - 7)|dt
0 0

1

T % T 2
<lelo” ( / x’(t)|2dt> ( / |x’(t—r)|2dt> + / gt X(O)] X' (O] dt + / g6, X(O)] X' (0)de
0 0 E; E;

+|c|/|g(t,x(t))|\x'(t—r)\dt+|c|/|g(t,x(t))\|x’(t—r)|dt

E1 EZ

T T
+Ilell/lx'(t)ldH\CHIGH/IX’(t—T)Idt
0 0
(4.7)

where || := max le(t)|. Substituting fOT IX'(t-1)|dt = fOT |x'(t)|dtinto (4.7), and by applications of condition

(H3), we have

T T T
oo [ X(©OPdeslclo” [ O de+ @+ [cDlgall [ X©Olde+ | g x@)]IX'(O]de
Jrrac | Jao|

T
+lel / gt X)X (6 - D)|de+ (1 + [cD]le] / X (0)|de
E, 0

T T B T T
s|c|a*/\x’(t)|2dt+(1+|c|)||gB|\T% (/ x'(t)|dt) +a/\x(t)\|x'(t)|dt+b/|x/(t)\dt
0

0 0 0

T T T 2
+alc] / X(O)[1X(t - T)|dt + || / W (t- Dt + (1 + [c)]le| T ( / x’(t)|dt)
0 0

0
T T I T T 7
<clo” [ X' (B)*dt +a ( |x(t)dt) ( x’(t)|dt) +alc| ( |x(t)|dt)
/ [row) (] /
T 3 T 3
: ( / |x'(t—r)dt) (14 [cDligsl T ( / x’(mdt)
0 0

T % T
+(1+[c)bT? ( / |x’(t)|dt) +(@+]c)lle| T ( / |x’(t)dt)
0 0

2

1
2
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T T % T % T %
:\c\a*/ W(O2dt +(1+ |c)a (/ |x(t)|dt) (/ x'(t)|dt) N, (/ x/(t)|dt)
(0] 0 0

0

T T 2 T %
<lc|o” |x’(t)|2dt+(1+c)aT%||x|%( x’(t)|dt) +N1< |x’(t)dt) (4.8)
/ / /

0

where ||gg|| := ‘I?ﬂx |g(t, x(t))] and Ny := (1 + |c|)(|gg| + b + ||e||)T%. Substituting (4.5) into (4.8), we have
x(t)|<B

T T T ST 3
0*/|x’(t)|2dt s|c|0*/|x’(t)|2dt+(1+|c|)aT% (D+;/|x’(t)|dt) (/ |X/(f)|dt)
0 0 0 0
T 3
AN, |x’(t)|dt>
/

T T T
s|c|U*/|x’(t)|2dt+?(1+ \c|)aT/|x’(t)|2dt+ ((1+ \c])a(TD)? +N1) (/ |x’(t)|dt)
0 0 0

(4.9)

1
2

since (a + b)X < a* + b¥, 0 < k < 1. From (4.9), we can get

2

T T T
0*/|x’(t)\2dt < (|c|0* + ?(1 + |c|)aT) /|x'(t)|zdt+ ((1 + \c|)a(TD)% +N1) (/ |x'(t)|dt)
0 0 0

Since 0« - (0*\(:\ + ?(1 +]ca T) > 0, it is easy to see that there exists a constant M} > O (independent of 1)
such that

T
/ X (0)2dt < M, (4.10)

0

From (4.5) and the Ho6lder inequality, we have

T T 3
1 / 1.1 7 2 1.1 / %
llx]] sD+§ |x (s)|dssD+§T2 |x'(s)|“ds sD+§T2 (M1)? = M;. (4.11)
0 0

From (4.3), (4.10) and (4.11), we see that

t

/ ($(Ax)'(5)) ds

to

|p(AX)'(6)] =

T T T
A [ IfF(®)| X ()| dt + A | g(t, x(2)|dt + A [ |e(t)|dt
/ [stesonacn]

2

T
< | 1w IT2 (/le(f)lzdf> + Tllgm, || + Tlle|l
0

1 1
<||fw, T2 (M1)* + Tligm, || + Tllel| := M,

where |[fy, || := max |f(x(6)].
[x(0)]<M1
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We claim that there exists a positive constant M, > M} + 1 such that, for all t € R, we have
1(A%)|| < M5. (4.12)

In fact, if (Ax)’(¢) is not bounded, then from the definition of a, there exists a positive constant M5 such that
a(|(Ax)'|) > MY for all (Ax)" € R. However, from (A4,), we have

a(|(Ax)DIAX)'| < P((Ax))(AxX) < |p(Ax)'||(Ax)'| < M5|(Ax)'|.

Then, we can get
a(|(Ax)')) < M5, forall (Ax)' € R,

which is a contradiction. So, (4.12) holds.
By Lemma 2.2 and (4.12), we have

IX[| = [ AT AX'|| =|A™H(AX)'|

A’
“[1= 1l (4.13)

M,
S—F— = Mz.
11~ cll

Set M = /M? + M3 + 1, we have

Q={xec CrR,R)||Ix|| < M+1, || < M+1},

and we know that (4.1) has no solution on 0Q as A € (0, 1) and when x(t) € 0QNR, x(t) = M+ 1or
x(t) = =M - 1, from (4.5) we know that M + 1 > D. So, from (H;), we see that

T
%/g(t,M+ 1)dt <0,
0
T
%/g(t, -M - 1)dt > 0,
0

since fOT e(t)dt = 0. So condition (C,) of Theorem 3.1 is also satisfied. Set

T
H(x,p)=pux+(Q1 —y)% /g(t, x))dt, x € 0QNR, uel0,1]
0

Obviously, from (H;), we can get xH(x, u) > 0 and thus H(x, u) is a homotopic transformation and

T
deg{F,QNR,0} = deg{% /g(t, x)dt, QNR, 0}
0
=deg{x, 2NR,0} #0.

So condition (C3) of Theorem 3.1 is satisfied. In view of the Theorem 3.1, there exists a solution with period T.
O

Remark 4.1. When |c| = 1, from Theorem 4.1, we know that o« — (6" +v/2aT) > 0 does not hold. Therefore,
by applications of the above method, we do not obtain the existence of periodic solution for (4.1) in critical
case (|c| = 1).
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5 Application of Theorem 3.1: p-Laplacian operator

When (¢p(Ax)' () = (¢pp(Ax)' (1)), then (4.1) is rewritten
(Pp(Ax) () + FO()X(6) + g(t, x(2)) = e(t). (5.1)

Firstly, we consider the existence of a periodic solution for (5.1) in the case that |c| # 1 by applications of
Theorem 3.1.

Theorem 5.1. Suppose |c| # 1 and condition (H;) hold. Assume that the following conditions hold:
(H,4) There exist positive constants a, f such that [f(x(t))| < a|x()[P™2 + B, Vt € R.
(Hs) There exist positive constants v, 1, B” such that

1g(t, x(O)] < y|x(@OP 1 +n, for|x(t) >B andt € R.

1- 4
sarlcla+ 25 (1 + |c)yT < =lell”,

Ta

Then (5.1) has at least one solution with period T if

Proof. Consider the homotopic equation
(Pp(Ax)' (1)) + Af (x(t)x'(£) + Ag(t, x(8)) = Ae(t). (5.2)

We follow the same strategy and notation as in the proof of Theorem 4.1. From (H;), we know that there exists

a constant D > O such that .

Ix(t)| < D + % / X' (t)|dt. (5.3)

0

Multiplying both sides of (5.2) by (Ax)(t) and integrating over the interval [0, T], we get
T T T T
/ (¢ (A0 () (Ax)(D)dlt + A / FOO)X (DA O dE + A / o(t, x(0)(Ax)(O)dt = A / e(t)dt.  (5.4)
0 0 (0] 0
Substituting [ (p(4X)' (1)) (Ax)(O)dt = - [ |(Ax) (t)Pdt and [ Fx()x(Ox(£)dt = O into (5.4), we have

T T T T
/ (Ax) (O dt = ~Ac / FOOX (Ox(t - Tt + A / g(t, X)) - ex(t - D)t - A / e(O(x(0) - x(t - D)dt.
0 0 0 0

Then, we can get

T T T T
/ AxY (D[P dt < |c]|x] / FOE)IX O]t + (1 + [c])|x] / gt x(O)]dt + (1 + [c]) / le(0)/dt.
0 0 0 0

Define
E;:={te[0, T]| |x(t)| < B"}, E4:={telo0, Tl |x(t)>B"}.
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From (H3) and (H,), we have
T T T
/ A O dt <|clalx| / XOP2 X Odt + [cIBllx] / W (0)de
(0] 0 (0]

+ (L +JeDlix] / |g(t, x(6)|dt + (1 + [c]l|x|[||e[|T

Es+E,

T T
<lclalx| / X(OP 21 (©)|de + [clBllx]| / X (0)dt
0 ° (5.5)

+ (1 + |eDlxlgs, 1T + (1 + e / x(OPdt
+ (1 + e Tlx] + @ + [cDllxllel T
T T
<lclalxP! / X (Olde + [c|Blx| / X (0)lde
0 0
(L + [ TIP + (1 + [eDTAIgs, | + 1 + [elDx].

where ||gg, || := r(nallx |g(t, x(t))|. Substituting (5.3) into (5.5), we have

T T

T T p-1 T
/|(Ax)’(t)|pdts\c|a <D+;/|x’(t)dt) /|x'(t)|dt+|c|/3 (D+ ;/x’(t)|dt) /|x’(t)\dt
0 0 0 0 0
T p T
+(1+[cnT (D+;/|X/(t)dt) + (1 +1eDTgs, | + 1+ lel) <D+;/X/(t)|dt)
0 0
- p-1 ) T p ) T T
- . — '(£)|dt D+= '(6)|dt '(£)|dt
cla (f0T|x’(t)|dt+ ) T (/IX()I ) +ICIB( +20/|X()| )O/IX()I
2D
1 T b)|dt
F (el (fol'(tldt ) (/Ix() )

# (1 +1cDT(Ig, || + 1 + ) (D ‘3 / x’(t)|dr)

T

<|cla <1 f |x’(t)\dt 2P T (/ x(t)|dt) +]c|B (D+/|x (t)|dt> /|x (t)|dt
0

0
+(1+|c)yT (1 fiDl(I”(:)l;t) zip (/ |X’(t)|dt>
0

T
+(1+1cDT(Igs, || + 1 + el (D 3/ x’(r)|dt) ,

0
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since (1 + x)? < 1+ (1 + p)x for x € [0, 8], here § is a given positive constant, which is only dependent on
k > 0. Therefore, we have

T T p T p-1
/|(Ax)’(t)‘pdtS2p{1 [cla (/ |X’(t)|dt> + zp—{z|c|aDp (/ |X’(t)|dt>
0

0 0

T -1

p T p
; 2ip(1 + e T (/ |x’(t)dt) . %(1 +1e)yTD(p + 1) (/ |x’(t)dt>

0 0
2

T T
+%|c|ﬁ (/ |x’(t)dt> +N3/|x’(t)|dt+N4
0 0
T p
- (zpli_lma + zip(l + |C|)’yT) (/ |x’(t)|dt>
0

T p-1
+ <2T{2|c|aDp + %(1 +|c[)mTD(p + 1)) (/ |X,(t)|dt>
0

T 2 T
1
+=|c|p ( |x'(t)dt> +N3 [ |X'(6)|dt + Ny.
|/ /

where N3 = [c|BD + 3(1 + [c)T(n + ||g, || + |le]]), N4 = (1 +|c[)TD(n + |8, || + |le])). By application of Lemma
2.2, we have

(5.6)

T T

/ W (0)|dt = / (A AX)(0)|dt

0 0
_Jy Ay (0)dt (57)
1=l

T4 ( I \(Ax)’(t)|pdt) ’
B 11— c|| '

since (Ax")(t) = (Ax)'(t) and % + % = 1. Applying the inequality
(a+b)ksak+bk, fora, b>0, 0<k<1.

Substituting (5.6) into (5.7), we have

T 1 1 T
/ X' (t)|dt < T4 (grlcla+ 551 +[c)yT)” fo [X'(Oldt
0

11— |c]|
1 1 T p,%l
Ti (5 |claDp + 51 (1 + ey TD(p + 1)) (fo \x’(t)|dt)
+
L= el
1/ (T Pk T 5od
T ((j\cw)p (fo |x’(t)|dt) +NJ (fo |x’(t)|dt) +N;;)
+ .
1= |cl|
Since zp—1,1|c|a +55(1+|cnT < ‘1171;”17, it is easy to see that there exists a positive constant M} such that
T
/ X (O)|dt < M. (5.8)

0
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From (5.3) and (5.8), we have

w
[Ix]| sD+%/|x’(t)\dtsD+ %M’l = M;. (5.9)
0

As (Ax)(0) = (Ax)(T), there exists t; < [0, T] such that (Ax)'(t1) = 0, while ¢,(0) = 0, we have

t

|6p((A%)' ()] = / (pp((Ax)'(5)))'ds

ty

(5.10)
T T T
A / )X (O]de + A / (6, x(0)|dt + A / e()dt,
0 0 0
where t € [t1, t; + T]. In view of (Hs), (5.8), (5.9) and (5.10), we have
|@p(Ax)'|| = max {||¢pp((Ax)' ()]}
te[0,T]
t
_ max / (bp((AX) () dis
tefty,t1+T]
t (5.11)
T T T
A / FOO)||X (0)]de + / 1g(t, x(6)|dt + / le(6)|dt
0 0 0
<|[fur, [IM1 + yME™" + T + Tle|| := AM),
where ||fy, || := lrxr‘ljiﬁ IfF(x(@)].
We claim that there exists a positive constant M, > M} + 1 such that, forall t € R
IX'|| < M. (5.12)

In fact, if x” is not bounded, there exists a positive constant M5 such that ||x|| > M4 forsome x’ € R. Therefore,
we have
1pp(AxY'|| = [|pp(AX)|| = AX' [P~ = (1 + [P THIX P~ 2 (1 + [cP MG = M.

Then, it is a contradiction. So, (5.12) holds.
This proves the claim and the rest of the proof of the theorem is identical to that of Theorem 4.1. O

Remark 5.1. Obviously, the conditions (H,;) and (Hs) are weaken than the conditions (H>) and (H3). More-
over, by using the method of Theorem 5.1, we can investigate (5.1) in critical case |c| = 1.

Next, we discuss the existence of periodic solution for (5.1) in critical case |c| = 1 by using Theorem 3.1.

Theorem 5.2. Suppose conditions (H;), (Hs), (Hs) and |c| = 1 hold. Then (5.1) has at least one solution with
period T, if one of the following conditions holds: )
1 01
A

(i) ¢ = -1 and |7| = (m/n)mt, with m, n are coprime positive integers with m even, and 5 (a +~T) < b ;
q

D
(ii) c = -1 and |7| = (m/n)m, with m, n are coprime odd positive integers, and %(a +~T) < ;—,21;
q
(iii) c = -1 and |1| = (m/n)m, with m, n are coprime positive integers with m odd and n even, and

D
(a+~T) < 5
Ta

1
2

P
(iv) ¢ = 1 and |7| = (m/n)mt, with m, n are coprime positive integers with m odd, and %(a +4T) < ;—%;

P
(v) c=1and |7 = 7, and 5~ (a +~T) < ;’—g
q
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Proof. We follow the same strategy and notation as in the proof of Theorem 5.1. Next, we consider that there

exists a positive constant M} such that
T

/|x’(t)|dt < Mj.
0

Case (i). If c = -1 and |t| = (m/n)m, with m, n are coprime positive integers with m even. From (5.7) and
Lemma 2.3, we have

T T
/ X (0)|dt - / (A7 AX)(D)|dt
0 0

_Jo |(Ax) (0)1dt (5.13)
01

Té (J I oPar)
01 ’

<

Substituting (5.6) into (5.13), we have

p-1
P

T 1 1 1 1 1 1 T, s
e T D) fo W Olde Tt (=alp + 371D+ D)7 (Jo W @lde)
h 01 01
0

T4 ((%ﬁ)% (T econde)” + Ng (ST et + N6)
+ ’
01

p-1_.p
2" oy

where N5 = 8D + T(n + ||gum, || + |le]]), Ng = 2TD(n + ||gu, || + |le]]). Since a + T < =1, it is easy to see that
T4a

there exists a positive constant M such that
T
/ [x'(t)|dt < Mj.
0

Similarly, we can get Case (ii)-Case (v). This proves the claim and the rest of the proof of the theorem is
identical to that of Theorem 5.1. O

6 Examples
Example 6.1. Consider the following ¢-Laplacian Liénard equation:

(OB - %x(t ~ 1)) + (cosx + 3)X(6) + %(cos 2+ D)x(¢ - 0) = sin 2, ©6.1)

_u
_(lu1)?
ye(#)
constantsandO <7, o< T.

Comparing (6.1) to (4.1), it is easy to see that f(x) = cosx + 3, g(¢t, x) = %(cos 2t +2)x, e(t) =sin2t, T =
7, ¢ = {5. Obviously, we get

where relativistic operator ¢(u) = , here ¢” is the speed of light in the vacuum and ¢* > 0, 7, o are
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and
|u|?

—
1- (&)
c
So, the conditions (A7) and (A;) hold. Moreover, it is easy to see that there exists a constant D = 1 such

that (H1) holds. 2 < |[f(x)| = |cosx + 3| < 4, here 0+ = 2, ¢ = 4, condition (H,) holds. Consider |g(t, x)| =
| f5(cos 2t+2)x| < 2 |x|+1, herea = &5, b = 1. So, condition (H3) is satisfied. Next, we consider the condition

V2 _ 1 V2 1 3
o« —(|c|lo +T(1+\c\)aT)—2— 1—0><4+7 1+E 15 X7

(20207 6

¢(u).u =

5" 7200
Therefore, by Theorem 4.1, we know that (6.1) has at least one positive 7-periodic solution.
Example 6.2. Consider the p-Laplacian neutral Liénard equation:
(pp(x(t) - 11x(t = T))') + (x* + 3)X(t) + (5 + sin )x>(t - 0) = cost, (6.2)

wherep = 6, T, ocareconstantsand O <7, 0 < T.

It is clear that T = 27, g(t,x) = (5 + sin )x°(t — 0), f(x) = x* + 3, e(t) = cost. It is obvious that there

exists a constant D = 1 such that (H;) holds. |f(x)| = [x* + 3| < |x|* + 5, here « = 1, B = 5, condition (Hj)

holds. Consider |g(t, x)| = |(5 + sin£)x°| < 6|x|°> + 1, here v = 6, 1 = 1. So, condition (H3) is satisfied. Next,
we consider the condition

T4 (sEclcla+ 2 (L +[chyT)  (27)° (35 x 11+ 55 x (1 +11) x 6 x 271)
[T~ TelP ) 10°
72343
~1000000

<1.
Therefore, by applications of Theorem 5.1, we know that (6.2) has at least one positive periodic solution.
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