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Abstract: Let K be an imaginary quadratic field, and let § be a nontrivial integral ideal of K. Hasse and
Ramachandra asked whether the ray class field of K modulo f can be generated by a single value of the Weber
function. We completely resolve this question when § = (N) for any positive integer N excluding 2,3,4 and 6.
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1 Introduction

Let K be an imaginary quadratic field with ring of integers Ok, and let E be an elliptic curve with complex
multiplication by Og. When E is given by the affine model

y? =4x’ - gx- g3 withg, = 8,(0g) and g5 = g3(0x),
the Weber function h : C/Og — P(C) is defined by

(83/M)p(2)* ifK = Q(V-1),
h(z) =} (g3/0)p(z)® ifK =Q(/-3), o))
(8283/M)p(2) otherwise,

where A = g3 - 27g% and p(2) = p(z; O). This map gives rise to an isomorphism of E/Aut(E) onto P1(C) ([8,
Theorem 7 in Chapter 1]).

Let § be a proper nontrivial ideal of Og. We denote by H the Hilbert class field of K, and by K; the ray class
field of K modulo f. As a consequence of the main theorem of the theory of complex multiplication, Hasse
proved in [4] that

3
H = K(j) withj = 1728 % and K; = H (h(zo)) for some z € 1. )

See also [8, Chapter 10]. In his letter to Hecke, Hasse further asked whether K; can be generated by a single
value of h without the j-invariant ([3, p. 91]), and Ramachandra also mentioned this problem later in [10]. It
was Sugawara who first gave a partial answer to this question ([12] and [13]), however, it still remains an open
question.

In this paper, through careful understanding about the characters on class groups and the second
Kronecker limit formula, we shall eventually resolve Hasse-Ramachandra’s problem for { = (N) with any
positive integer N excluding 2,3,4 and 6 (Theorem 5.1).
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2 The second Kronecker limit formula

Forv = {:1} € (Q\ 2)?, we define the (first) Fricke function fy() on the upper half-plane H by
2

fv(T) — 52 (T)g3 (T)

A0 p(rit+713), 3)

where g, (1) = g>([1, 1]), g3(1) = g3([7, 1]), A(1) = A([1, 1]) and @(z) = @(z; [1, 1]). This function depends
only on +v (mod Z?), and is holomorphic on H ([8, Chapters 3 and 6]). Furthermore, we define the Siegel
function gy(1) on H by the following infinite product

gv(T) _ _enirz(rl—l)q(l/Z)(r%—r1+1/6)(1 _ qu eZnirz) H(l _ qn+rl eZnirz)(l _ qn—rl e—Znirz),
n=1
where g = e?™7. If N is a positive integer so that Nv € Z?2, then gy(1)'*" depends only on +v (mod Z?), and
has neither zeros nor poles on H ([6, §2.1]).

Lemma2.1. Letu, v € (Q )\ Z)? such that u = +v (mod Z?). Then we have the relation

6 J(D2(j(1) - 1728)? gurv(1)guv(1)®
(fu(m) - fo(D))” = 230324 ;u‘(IT)Ith(z)IZ :
Proof. See [8, Theorem 2 in Chapter 18] and [6, p. 29 and p. 51]. O

Let K be an imaginary quadratic field, let f be a proper nontrivial ideal of Og and let N (> 1) be the smallest
positive integer in . We denote by CI(f) the ray class group of K modulo §. Then Gal(K;/K) is isomorphic to
CI(f) via the Artin map o = o5 : CI(f) — Gal(K;/K). Let C e CI(f). Take any integral ideal ¢ in the class C and
express

fc_l = w1, w,] forsome wq, w, € Csuch thatw = % c H,

2
1=riw; +r,w, forsomers, r, € (1/N)Z.
We define the Fricke invariant f;(C) and the Siegel-Ramachandra invariant g;(C) by

f;(0) =f[;1](w) and g;(C) = g[;l](w)lm, (4)

2

respectively. These values depend only on the class C, not on the choices of ¢, w; and w> ([8, §6.2 and §6.3]
and [6, §2.1 and 11.1]).

Proposition 2.2. The invariants f;(C) and g;(C) belong to K;. Furthermore, they satisfy
£0°C) = fi(cC) and g;(0)) = gi(cC) forall C' e CI(f).

Proof. See [6, Theorem 1.1 in Chapter 11]. O

Let x be a nonprincipal character of CI(f). We define the Stickelberger element S(x) = S;(x) by

Se = > x(©)nlg(C), (5)
cecl(f)
and the L-function Li(s, x) by
_ x([a])
Lf(s, X) = a W (s,

where a runs over all nontrivial ideals of O prime to f and [a] stands for the class in CI(f) containing the ideal
a. We shall denote by f; the conductor of the character x.
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Proposition 2.3. Let xo be the primitive character of x on Cl(fy). If fy # O, then we obtain the relation

(1 -Xo(pD) | Ly, (1, x0) = - mxo([yokfx)) %),
p:p’imel‘;{“ISOf Ok o G 3N(y)v/ldx|w (i) T (o) (X

suchthat p | f, ptfy

where 0 is the different ideal of the extension K/Q, -y is an element of K so that v0fy is a nontrivial ideal of Og
prime to fy, N(fy) is the least positive integer in fy, w(f,) = |{a € O | @ = 1 (mod fy)}| and

T,000) = Y.  XollaOge? el
a+fy€(Ok /)"

Proof. See [11, Theorem 9 in Chapter II] or [6, Theorem 2.1 in Chapter 11]. O

Remark 2.4. Since o is a nonprincipal character of Cl(f,) by the assumption jy # O, we have L;, (1, xo) # 0
([5, Theorem 10.2 in Chapter V]). Thus, if every prime ideal factor of § divides fy, then we derive by Proposition
2.3 that S(¥) # O.

3 Differences of Weber functions

For an imaginary quadratic field K, fix an element 7 of H so that Ok = [tg, 1]. From now on, we assume that
K is different from Q(v/-1) and Q(+/-3), and let N > 1. We then have j(1g) # 0, 1728 ([1, p. 261]) and

r
h(ritg +172) =f[,1](TK) for all { 1} € (Q\7)?
T T
by the definitions (1) and (3).
Let Hy be the ring class field of the order of conductor N in K. Then we have a tower of fields
K CHCHyCKy,

([1, §7]). For an integer ¢ prime to N, by C; = Cy, ; we mean the class in the ray class group CI(N) of K modulo
(N) containing the ideal (t). Note that C; is the identity element of CI(N).

Lemma 3.1. Iftis an integer prime to N, then we get

fan(Co =f{t/0N] (tx) and gu)(Ce) = g[t/oN] ()",

Proof. Since
(NOK)(t0g)™ = (N/t)Ok = [NTg/t, N/t] and 1 =O0(Nt/t)+ (t/N)(N/1),

we deduce the lemma by the definition (4). O

For an intermediate field F of the extension Ky,/K, we shall denote by CI(K(y,/F) the subgroup of CI(N)
corresponding to Gal(K(N) /F).

Lemma 3.2. We have
Cl(Ky/Hn) = {C¢ | t € (Z/NZ)"[{£1}} =~ (Z/NZ)[{+1}.

Proof. See [2, Proposition 3.8]. O
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Let t be an integer such that
gcd(N, t)=1 and ¢ = +1 (mod N).

Note that such an integer t always exists except for the four cases N = 2, 3, 4, 6. Express (t + 1)/N and
(t-1)/N as
t+1=£ and t—1=£
N N, N N_~
where n., N, n-, N_ are integers such that N, N- > 0 and gcd(n+, N+) = gcd(n-, N-) = 1. Observe that the
condition t # +1 (mod N) is equivalent to saying that neither N, nor N_ is equal to 1.

Now, we define

12N

12N
& = (h(t/N) - h(1/N)) ™" = (f[t/oN](TK)—f[l;)N](TK)> . (6)
Furthermore, for a character y of CI(N) we denote by

S &)= > x(Om

CECI(N)

C
5.

Lemma 3.3. Ifx is nontrivial on CI(Ky,/H), then we obtain

S &) =/ND ST xBIIn g Cr )Y kA

B.€CI(N) A, €Cl(Kw)/Kiy,))
(IIlOd CI(K(N)/K(N+)))

AN Y XB)Infgao € ) Y XA

B_cCI(N) A_eCl(K /Koy
(Il’lOd CI(K(N) /K(N,)))

-2(x(Co) + 1)S(p).

Proof. We derive that

SO, &)= Y x(Oln

<j(TI()4N(j(TK) — 1728)6N) a(C)

260N348N

CECIN)
+ Z 7(C)1 12N o0 —, 1 12N o)

X(C)In g{ 0 ](TK) + ) X(©h g[ 0 ](TK)
cealv) n/N. ceclN) n/N

a(C) a(C)

- Y X0 (g{ 0 ](TK)ZAN) - > x(On (g{ 0 ](TK)MN)
cealv) t/N ceai) /N

by the definition (6) and Lemma 2.1
- S x@B)n (J'(TK)‘*N(J'(TK) - 1728)° ) T

260N 348N
BeCl(N)  AeCl(Ky)/H)
(mod Cl(Ky,/H))

WWiNy Y > XABIn|gu(Cy, 0 )N

B.€CI(N) A, €CUK ) /Kin, )
(mod CI(K(N) /K(N+)))

+(N/N-) > > XA-B)ln ‘g(N,)(CN,, n,)U(A'B‘)‘

B_€CI(N) A_eCl(Ky /Koy
(mod CI(K(N) /K(N,) ))

-2 Z )?(C)ln‘g(N)(Ct)U(C))—Z Z )?(C)ln’g(N)(Cl)”(C)‘ by Lemma 3.1
CeCIN) CECI(N)

(j(TK)4N(j(TK) -1728)°%V ) o(B)

260N348N

= Z)?(B) In
B

> x4
A
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HNIND 3 X(B.)In g0 (... )

+N/N- )Zx(B n [gor)(Co,n )| Zx(A )
-2x(Cy) Z X(C:C)In|gu)(C:O)| -2 x(C)In |guy(C)] by (2) and Proposition 2.2

C C
= (N/N2) Y X(B)In g (Cn., )| - X(A2)

B, A,

+(N/N-) Y X(B)In g y(Cn, )" - x(AD)
B_ A

=2(x(Co) + 1)S(Y)
by the assumption that x is nontrivial on CI(Ky,/H) and the definition (5).
O
4 Lemmas on characters of class groups
If we set
F=K (h(1/N) =K (f 0 (TK)) ,
[1/n]

then we obtain by (2) that

In this section, we shall prove the existence of certain characters of class groups under the assumption that
F is properly contained in Ky.

Lemma 4.1. Assume that
ged(72, N) € {1, 8, 9, 72}.
Then, there is a character y of CI(N) satisfying the following properties:

(A1) Itis trivial on CI(K y)/Hy).
(A2) x(C) # 1 for any chosen C € Cl(K(N)/H) \ CI(K(N)/HN).
(A3) Every prime ideal factor of (N) divides the conductor (N)y.

Proof. See [7, Lemma 3.4 and Remark 4.5]. O
Lemma 4.2. Suppose that F is properly contained in K ). Then, there is a character p of CI(N) satisfying the

following properties:

- Itis trivial on CI(Ky,/H), and so (N), = Ok.
- Itis nontrivial on CI(Ky,/F).

Here, (N), stands for the conductor of the character p.
Proof. Since |CI(K(y)/F)| = 2 and Cl(K(y)/H) N CI(K(y/F) = {C1} by (7), one can take a class C € Cl(Ky)/F) \
CI(K(y)/H). Thus, if we let u : CI(N) — CI(N)/CI(Ky,/H) be the canonical homomorphism, then there is a

character i of CI(N)/CI(Ky,/H) such that (u(C)) # 1.
Now, defining a character p of CI(N) by p = 1 o u, we see that it is trivial on CI(Ky,/H). Since

CUN)/CU(Ky/H) =~ CI(H/K) = CL(O),

we get (N), = Og. Moreover, p(C) = Y(u(C)) # 1 implies that p is nontrivial on CI(Ky,/F). O
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Proposition 4.3. Assume that
gcd(72, N) € {1, 8, 9, 72} and F is properly contained in K yy. (8)
Then, there is a character y of CI(N) and an integer t which satisfy the following properties:

(B1) y is nontrivial on CI(Ky,/F).
(B2) gcd(N, t) =1 andt # +1 (mod N).
(B3) S(x, &) # 0.

Proof. We divide the proof into three cases in accordance with gcd(72, N).

Case 1. First, consider the case where gcd(72, N) € {8, 72}. Let C be the class in CI(N) containing the ideal
((N/2)Tg + 1). We observe by Lemma 3.2 that

Ce Gal(K(N)/I((N/z)) \ Gal(K(N)/HN). (9)

Then, by Lemma 4.1 there is a character y of CI(N) satisfying (A1)-(A3). If y is trivial on Cl(K(y,/F), then
we replace y by xp, where p is a character of CI(N) given in Lemma 4.2. The new character y is nontrivial
on CI(K(y,/F) and preserves the properties (A1)-(A3). Take any integer ¢ such that gcd(N, ) = 1 and
t # +1 (mod N). Since N, t + 1 and t - 1 are all even, we see that N, and N- divide N/2, from which it

follows that
We then achieve that
SO g = (/N Y xBInfg @)l Y XAl
B, €CI(N) A, €ClKy) /Koy,

(HlOd CI(K(N)/K(N+)))

HNIN) ST xEI)nfgen, ) Y X

B_cCI(N) A_eCl(Kw)/K_))
(mod CI(Kqy)/Ky_)))

-2(y(Cy) +1)S(Y) by Lemma 3.3
= -2(x(Ce) + 1)S(x) since y is nontrivial on CI(Ky,/Ky,)) and CI(Ky)/K(y ))
by (9), (10) and (A2)
= -4S(y) by (A1) and Lemma 3.2
# 0 by Proposition 2.3 and Remark 2.4.

Case 2. Second, consider the case where gcd(72, N) = 9. If we let C be the class in CI(N) containing the ideal
((N/3)Tg + 1), then we see that

by Lemma 3.2. By Lemma 4.1, there exists a character y of CI(N) satisfying (A1)-(A3). In a similar way
to the above Case 1, we may assume that y is nontrivial on Cl(K( N) /F). Take t = 2, and then we get

ny=1, N+=g and n-=1, N-=N.

So, we derive that

S(x, é) =3 Z X(B+)1In |gn/3)(Cy/3), 1)G(B+)| Z X(A4+)

B, €CI(N) A, €CUK [ K3)
(mod CI(K(N)/K(N/3) ))

+S(Y) - 2(x(C) + 1)S(y) by Lemma 3.3
= —(2x(C¢) + 1)S(y) since y is nontrivial on CI(K(N)/K(N/3)) by (11) and (A2)
=-35(y) by (A1) and Lemma 3.2
# 0 by Proposition 2.3 and Remark 2.4.



DE GRUYTER On a problem of Hasse and Ramachandra = 137

Case 3. Lastly, consider the case where gcd(72, N) = 1. By Lemma 4.1, there is a character y of CI(N) satisfying
(A1)-(A3) for any chosen C € Cl(Ky,/H) \ CI(Ky,/Hy). In like manner as above, we may assume that
X is nontrivial on CI(K(y,/F). Take t = 2, then it follows that

ny,=3, Ny=N and n-=1, N-=N.
Therefore, we obtain

SO &) = x(Cn)SCO + () - 2(x(Ce) + 1)S(X) by Lemma 3.3
=-25(y) by (A1) and Lemma 3.2
# 0 by Proposition 2.3 and Remark 2.4.

This proves the lemma.

Lemma 4.4. Assume that
gcd(72, N) € {2,3,4,6,12, 18, 24,36} and N #2, 3, 4, 6. (12)

Then, there exists an integer t satisfying the following properties:

(C1) gcd(N, t) =1 andt # =1 (mod N).
(C2) There are prime factors p+, p- of N (not necessarily distinct) such that gcd(p., N.) = 1 (Note that N.
depends on the choice of t).

Proof. Let ¢ be an integer such that ¢ > 1 and gcd(6, ¢) = 1. One can take ¢ as listed in Table 1.

Table 1: An integer t satisfying (C1) and (C2)

N t N N_ P+ p-
12 5 2 3 3 2
18 5 3 9 2 2
24 7 3 4 2 3
36 17 2 9 3 2
20 £+2 y4 l 2 2
4¢ 20+1 4 2 2 | aprime factor of ¢
530 with a solution of
{ x =1 (mod 29¢), | adivisorof 2%¢ | adivisorof3? | 3 | aprime factor of ¢
az=0,bz=1 B b
=-1(mod 3”)

Let (N) = Hp p™ be the prime ideal factorization of (N). Then we get

K : H] = (u(zN) H (Ngjo() — 1) Ngjo(p)™ 7,
p @)

where w(N) is the number of roots of unity in K which are congruent to 1 modulo (N) ([9, Theorem 1in Chapter
VI]). One can then readily deduce that

Ky = K for a proper divisor Mof N <= 2| N and 2 splits in K.

In this case, we have
K(N) = I<(N/2)' (13)
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Furthermore, it is well known that

[HN:H]=NH(1—(%) %) (14)

PIN

where (dg/p) is the Legendre symbol for an odd prime p, and (dg/2) is the Kronecker symbol ([1, Theorem
7.24)).

Lemma 4.5. Assume that if 2 || N, then 2 does not split in K. Let p be a prime factor of N with p® || N. Then,
there is a nontrivial character y, of CI(N) satisfying the following properties:

— Itis trivial on CI(K(y)/Hpe), and so (N)y, divides (p®).
— (N)y, is divisible by every prime ideal factor of (p).

Proof. Note that the assumption implies [Hye : H] = 2 by (14). Therefore, the lemma is an immediate
consequence of [7, Lemma 3.3]. O

Proposition 4.6. Assume that
N satisfies (12) and F is properly contained in Ky).
Under this assumption instead of (8), Proposition 4.3 also holds.

Proof. Let

x =11 xe

PIN

where yp is a character of CI(N) given in Lemma 4.5 for each prime factor p of N. If y is trivial on CI(Ky,/F),
then we replace y by xp where p is a character of CI(N) given in Lemma 4.2. Then, y satisfies the following
properties:
(i) Itis trivial on CI(K(y)/Hy).
(ii) Itis nontrivial on CI(Ky,/F).
(iii) (N\)y is divisible by every prime ideal factor of (N).

Now, take an integer ¢ satisfying (C1) and (C2) in Lemma 4.4. We then derive that

S &) =W/ND ST xBIIngCn )Y kA

B.€CI(N) A €CUKpy/Key,))
(IIlOd CI(K(N)/K(N+)))

WNIND Y XB)Infgao €)Y XA

B_cCI(N) A_eCl(K /Koy
(mod CI(K(N) /K(N,)))

-2(x(Cy) + 1)S(Y) by Lemma 3.3
= -4S(x) because y is nontrivial on CI(Ky,/Ky,)) and CI(Ky) /Ky ))
by (iii) and (C2) and y(C;) = 1 by (i) and Lemma 3.2
# 0 by Proposition 2.3, Remark 2.4 and (iii).

5 Main theorem

Now, we are ready to prove our main theorem. Note by (2) that the problem of Hasse and Ramachandra is
trivial if the class number of K is one.
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Theorem 5.1. Let K be an imaginary quadratic field other than Q(v/-1) and Q(v/-3), and let N > 1 be an
integer such that N # 2, 3, 4, 6. Then we have

Koo = K(h(1/N)) if 2 )t N or 2 does not split in K,
) K(h(2/N)) otherwise.

Proof. First, consider the case where 2 }t N or 2 does not split in K. Suppose on the contrary that F =
K (h(l/ N )) is properly contained in K(y,. Then, by Propositions 4.3 and 4.6, there exist a character x of CI(N)
and an integer t such that

(B1) x is nontrivial on CI(Ky,/F),
(B2) gcd(N, t) =1 and t # +1 (mod N),
(B3) S(x, &) #0.

On the other hand, since F is a Galois extension of K, it contains the Galois conjugate h(1 /N)?C) of h(1/N).
We then see by Proposition 2.2 and Lemma 3.1 that

h(l/N)G(Cz) =f[ 1?N] (TK)O(Ct) :f(N)(Cl)U(C[) :f(N)(C[) =f{ t/oN] (TK) = h(t/N)

Thus F contains the element & = (h(t/N) - h(1/N)) 12N Now, we derive that

@ §0= Y X©On|g|

CeCI(N)

> > X(AB)n

BECIN)  AeClKyy/F)
(mod CI(K(N)/F))

= > XB)n é’f(B)‘ > X(A) becauseé € F

BeCI(N) AeCUKqy)/F)
(mod CI(K(N) /F))

=0 by (B,

54|

which contradicts (B3). Hence, we have Ky, = K (h(1/N)) as desired.
Second, consider the case where 2 || N and 2 splits in K. Then we have

Ky = K/ asmentioned in (13)
= K(h(2/N)) by the first case of the theorem.

This completes the proof. O
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