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Abstract: The concept of generalized digroup was proposed by Salazar-Diaz, Velasquez and Wills-Toro in
their paper "Generalized digroups" as a non trivial extension of groups. In this way, many concepts and
results given in the category of groups can be extended in a natural form to the category of generalized
digroups. The aim of this paper is to present the construction of the free generalized digroup and study its
properties. Although this construction is vastly different from the one given for the case of groups, we will
use this concept, the classical construction for groups and the semidirect product to construct the tensor
generalized digroup as well as the semidirect product of generalized digroups. Additionally, we give a new
structural result for generalized digroups using compatible actions of groups and an equivariant map from a
group set to the group corresponding to notions of associative dialgebras and augmented racks.

Keywords: Digroups, Free and tensor groups, semidirect product, group actions

MSC: 20A05, 20A10, 20B10, 20E06, 20E34 20N99
Communicated by: Mohamed Elhamdadi

Dedicated to Ivan Shestakov’s 70th birthday

1 Introduction

The digroup structure is introduced by M. Kinyon [2], R. Felipe [3] and K. Liu [4] as a non trivial extension of
the concept of group, with the purpose of giving an answer to the so called Coquecigrue problem which is
supposed to provide a generalization of the third Lie theorem for Leibniz algebras, see [5].

A slightly different structure studied in [1] is called generalized digroup. It doesn’t request bilateral
inverses for its elements. This concept is corresponding to what is called Digroups in [6].

For digroups with bar units that generate bilateral inverses (see [7]) several authors propose different
generalizations of the notion of digroup. For instance, in [8], ]. D. H. Smith shows that any digroup with
bilateral inverses is equivalent to what he calls a (4 + 2)-diquasigroup (Theorem 10.8). His proof uses digroups
generated by two groups that act in a commutative way over a set. This idea is similar to a work developed
in [9] which leads to express associative dialgebras in terms of bimodules over associative algebras and
equivariant maps.
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In addition, in [2], M. Kinyon proves that any digroup generates a rack and it is natural to think that it
can be extended to generalized digroups. Since any rack can be generated by a group acting over a set, with
the action commuting with the conjugation and an equivariant map, that gives another motivation to explore
what we call here augmented generalized digroups, a construction that provides another characterization of
generalized digroups.

Due to the fact that augmented racks give set theorical solutions to the quantum Yang-Baxter equation
(see [10]), and that augmented generalized digroups can be defined, it is possible to study relations between
the Yang-Baxter equations and generalized digroups that could procure solutions. These ideas are being
explored by the authors in a work in progress.

Finding free structures is a central problem in abstract algebra. For the case of dimonoids we can find
constructions in several works, for example see [6, 8, 11-13]. The free generalized digroup is exhibited in the
present work and it is done following Loday’s ideas for free dimonoids (see [5]).

The semidirect product of groups (see [15]) induces our definition of tensor generalized digroup and its
representations. The cyclic generalized digroup and generalized semidirect product result naturally from the
discussion involved.

The paper is organized as follows. In Section 2, we review the basic theory and the notions of subdigroup
and normality in the sense of [1] and we introduce the definitions of anti-homomorphisms and involutions
over generalized digroups.

We finish Section 2 with the relation of generalized digroups with associative dialgebras and racks, we
define augmented generalized digroups, and we also show that each generalized digroup can be expressed
in such a way.

Section 3 is dedicated to study the construction of the free generalized digroup and to show some
properties of this new structure.

In the last section, we introduce the notions of generalized tensor digroups and generating sets and we
finish with the concept of the semidirect product of generalized digroups.

2 Some results about Generalized Digroups

In this section we briefly recall some definitions and results about generalized digroups, for a deeper study
see [1]. We also review some properties and we introduce the notion of anti-homomorphism and involution
for this structure. Finally we introduce the notion of augmented generalized digroups.

2.1 General results

We summon up the definition, some basic properties and a way to look up generalized digroups.

Definition 1. A set D is a generalized digroup if it has two binary associative operations - and - over D, such

that they satisfy the following conditions:

1. xFyHz2)=Kxry) -z

2. x4A(yHd2)=x4@yF2andx+-y)Fz=x4dy)Fz

3. There exists (at least) an element e in D, such that forallxinD,x He=x=e F x.

4. For afixed, but otherwise arbitrary, bar-unit e, we have that for each x in D there exist x;! and xl‘e1 in D (the
right-inverse of x and the left-inverse of x, respectively) such that x - x;} = e and x[el 4x=e.

It is clear that a group (G, -) can be seen as a generalized digroup by considering F= - =-.
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The elements that satisfy condition 3. are called bar-units and the set of them, denoted by E, is called
the halo of D. For any bar-unit ¢ € E, we denote the sets of left and right inverses with respect to & by Gf and
Gf, respectively.

A generalized digroup that consists only of bar units or that is a group is called a trivial generalized
digroup, here we exhibit a non trivial generalized digroup.

Example 1. Let (D, -, ) be a generalized digroup defined by

— H X0 ‘ X1 ‘ X2 ‘ X3 I H X0 ‘ X1 ‘ X2 ‘ X3
Xo || Xo | Xo | X2 | X2 Xo || Xo | X1 | X2 | X3
X1 || X1 | X1 | X3 | X3 X1 || Xo | X1 | X2 | X3
X2 || X2 | X2 | Xo | Xo X2 || X3 | X2 | X1 | Xo
X3 || X3 | X3 | X1 | X1 X3 || X3 | X2 | X1 | Xo

For this generalized digroup we have that the halo is E = {xo, X1}
Among many basic properties that are proved in [1], we state a couple of them that are being used later.

Proposition 1. Let D be a generalized digroup and let e be a fixed bar unit.
1. Foragiven x € D, we have that

(x,;l)[e1 = (x;el)l_e1 =xFe and (x;el);e1 = (x,"el);e1 =xte.
2. For x,y in D, the inverses of the products are (x * y);' = y;' 4 x; and (x * y);} = y;! + x;!, where *

represents any of the products.

It is easy to see that the halo also corresponds to any of the following sets
E= {x{el Fx|x e D} = {x - xl"e1|x € D} = {x € D\xl"e1 =X} = e} . 1)
Since the proof of the following theorem comes from the results given in [1], we omit it.
Theorem 1. Let (D, -, -) be a generalized digroup. For any ¢ € E, (G%, ) and (Gf, ) are isomorphic groups
with unit . Moreover, it is true that for any &, { € E
L G =¢4GandG=Gir¢,
2. GG ¥G G,
3. é4D= Gfanle—§= Gf,wichimpliesG?4D= Gfanle— Gf= Gf,

As it is shown in [1] a characterization of D is given below

D=L.JG;’=OG;’

{€E ¢{cE

In order to describe another way of looking at a generalized digroup let’s recall that if D and D’ are
generalized digroups, amap ¢ : D — D’ is a generalized digroup homomorphism if for any x,y € D

d(x4y)=¢p(x) 1p(y) and Px+y) =)+ ().

In addition, if ¢ is a bijection, then ¢ is a generalized isomorphism and D is isomorphic to D’.

Theorem 2. Let D be a generalized digroup and let E be the set of bar units. For any e € E, we have that E is a
G{-set with respect to the action defined by

asé=aré-a’, VaeG, vécE.
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Moreover, G} x E is a generalized digroup with operations

(a, ) - (b,B):=(a-4b,a*;B) and (a,a) 4 (b,B) :=(a- b, a)

The second characterization of generalized digroups is an extension of the results of M. Kinyon (see [2]) and
F. Ongay (see [16]).

Theorem 3. Let D, E and Gf be as in Theorem 2, then the map ¢; : D — Gf x E, defined by ¢;(x) = (£
X, X xl‘;), provides a generalized digroup isomorphism with inverse function (p,‘1 : Gf x E — D, given by
(a, ) » a-a.

That is, a generalized digroup can be seen as a cartesian product between a G-set E and the group G, with set
of bar units {e} x E. With respect to such decomposition of a generalized digroup, next theorem describes a
generalized digroup homomorphism.

Theorem 4. Let ¥ : D — D’ be a generalized digroup homomorphism. Then, there exists an unique
homomorphism ¥’ : Gl‘f xE — Gf x E' such that the diagram

p Y, p

fﬂzl lq)z’
GQXE — Gf/ x E'

commutes, where V' = (@, u), with
1. themap ¢ : Gf — Gf , where p(a) = & 4 W(a), is a group homomorphism.
2. themapu: E — E', defined as u(a) = ¥(a) is an equivariant map, i.e.

uxea)=¥(x) e u(a) and u(a e a) = p(a) * u(a),

foralla € E,allx e Dand all a € Gf.

Now we extend the notion of anti-homomorphism and involution, known in group theory, for generalized
digroups.

Definition 2. A map y : D — D’ is called a generalized digroup anti-homomorphism if for any x, y € D,

YY) =) F PO and Pixty) = Py) 4 Po).
An anti-homomorphism x — x* from a digroup to itself is called an involution if it is its own inverse, i.e.

(") =x, forallx € D.

A similar result as Theorem 4 can be stated for generalized digroup anti-homomorphisms, we only have to
check that the corresponding function ¥’ = (¢, p) is in fact an anti-homomorphism.
Some basic properties about involution are given in the following proposition.

Proposition 2. Let D be a generalized digroup and let * be an involution over D.
1. Foranye € E, e" is a bar unit and therefore E = E".
2. Givenx € D and e € E, we have that (x;')" = (x*);:, and ()" = () L

The next example shows that we don’t always have the equality e” = e.

Example 2. Let G be the group of all the Mobius transformations of the form z — ez acting on the unit circle
S. Then the set D = G x S can be endowed as a generalized digroup by considering the products

(g,2) F (h,w) = (gh, gw)) and (g,2) - (h,w) = (gh, k"' (2)).



DE GRUYTER Digroups = 75

Now, we consider the involution* : D — D defined by (g, z)" = (g71, -z). As we can see, the halo of D is {id} xS*.
And so, forevery z € S71, (id, 2)" = (id, -z) # (id, ).

We recall the concept of a generalized subdigroup of a generalized digroup D, denoted by S < D, a subset,
such that with the products in D restricted to it, is a generalized digroup. It is proven in [1], section 3., that S
must satisfy that there are two subsets I" and A4 of it such that A is I'-invariant respect to the action defined in
Theorem 2,i.e. ' ® A = A.

It is also useful to bring back the definition of normality, where for a generalized digroup (D;, -) and a
subdigroup N, the latter is a normal generalized subdigroup of D, denoted by N < D, if x - N = N - x, for
any x € D. Moreover, we have that

Lemma 1. Let D be a generalized digroup and let N be a generalized subdigroup of D. Then N < D iff there
exist a normal subgroup I' of G and aset A C E suchthat N ¥ I'xAand G » A = A.

2.2 Augmented generalized digroups

This subsection is dedicated to the new characterizacion of generalized digroups mentioned in the introduc-
tion.

In the proposition we show that any generalized digroup is equivalent to a generalized digroup gener-
ated by compatible actions and an equivariant map. We call the structure that satisfies the hypothesis an
augmented generalized digroup and we denote it by (G, X, A, p, m).

Proposition 3. Let G be a group, with unit 1;, and let X be a G-set under the left and rigth compatible actions
Aand p, i.e. Ag commutes with py, for any g, h € G. If there is an equivariant map i : X — G with respect to
both actions such that n(X) generates G, then (X, -, -) is a generalized digroup with the operations

XFY=Ay) i=m(x) oy and x—y = py)(x) := x op 1(y).
In this case, E = {x * y|n(x) - n(y) = 15}, where * represents either - or .

Proof. The productst-and - are associative because A and p are actions. From the compatibility of the actions,
condition 1in the definition of generalized digroup follows. The equivariance of 77, with respect to the actions
A and p, implies that

(xEy) bk z=mn(ax) e y) orz= (n()n(y)) s z=nlxepn(y) orz= x4y z

and therefore (x - y) Fz=(x 4 y) -z, forall x, y, z € X.

Similarly, x 4 (y 4z) = x - (y I 2), for all x, y, z € X; and condition 2 is satisfied.

Because 71(X) generates G, there are x,y € X such that 77(x) - (y) = 15, and therefore E # (. Since
n1(&) = 15, then £ is a bar unit and we have that E is the halo of X. Indeed, if (x) - 7(y) = 15, then

xEY)Fz=(akx) o y)Fz=n(n(x)ey) e,z
=(x)-n(y)erz=1g%z=2

and
zAxry) =zAn(r(x) e, y) =z e, n(n(x)*,y)

=z (n(x)-n(y))=zep1lg=2

The proof for x 4 y is analogous.
To get the inverses, let’s assume that z is the inverse of w with respectto é = x -y, thenw 4z =xFy,
thisis, w e, 11(2) = m(x) », y and so (w ¢, 1(2)) ) 1(2) " = (1(x) 3 y) ®p m(2) 1. Thus, w = 71(x) ¢, y *, (1(2)) L.
In a similar way, we get the expressions for the inverses with respect to the bar units &, € E, with
{=xtyandn=x-y:
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z} =m0 ey op (M), zZif = (W) oy () oy,
z! =xspn(y) o (n(2))™" and zp] = (n(2)™ o) x o (y).
m

We show that any generalized digroup can be seen as in the previous proposition. Using that G} = e 4 D and
G¢ =Dt e, forall e € E (see Theorem 1), and E 4 x = x I- E, since E is a normal generalized subdigroup, we
obtain the following result.

Theorem 5. Let D be a generalized digroup. There exist a group G, two compatible actions over D, A and p, and
an equivariant map 7 : D — G such that D can be seen as an augmented generalized digroup (G, D, A, p, 7).

Proof. Given the factorization of a generalized digroup in terms of the set E and the group Gf, for an arbitrary
¢ € E, we have that G := D/E is a group isomorphic to all groups of inverses and [x] = E - x = x - E, for any
xeD.

If we define the mapsA: GxD — Dandp : DxG — Dby

A =xty and pyly)=y-+x, Vx,y €D,

we have that A and p are compatible actions from G on D by identities 1. and 2. in Definition 1.
Finally, the projection map 7 : D — G, defined by 71(x) = [x], is an equivariant map with respect to both
actions and 71(D) generates G. It’s easy to see for any x, y € D that

Xy =A(y) and x Ay =pqeX).
O

Now we are going to show some basic properties respect to augmented generalized digroups.

In Theorem 4, for any generalized digroup homomorphism ¥ : D — D’, the map ¢ : Gé — Gé,, defined
by (& 4 x) = & - Y(£ 4 x), is a group homomorphism. Since ¥(E) c E', then @(& 4 x) = & 4 ¥(x), for
all x € D, and therefore ¢ is a group homomorphism equivariant with respect to the generalized digroup
homomorphism V. In particular, if £’ = (&), then @(&) = ¥(£) and (¢ 4 x) = ¢(§) 4 ¥(x), forall x € D.

Because x - E = E 4 x and Gé = {¢ 4 x|x € D}, for all ¢ € E, we have that [x] = E - x and therefore
¢([x]) = [P(x)], for all x € D, defines a group homomorphism from G to G’.

Moreover, this digroup homomorphism satisfies

Y (A) = A/g[x](q/()’)) and ¥ (p(»)) = P/g[x](lp()/)),

for all x, y € D. From these considerations we obtain the following result.

Theorem 6. Let D, D’ be generalized digroups and ¥ : D — D’ be a generalized digroup homomorphism. If
(G,D,A,p,m) and (G', D', X', p’, ') are the augmented generalized digroups obtained in Theorem 5, for D and
D', respectively, then there is a group homomorphism ¢ : G — G’ such that forallx € D and all g € G,

1. The homomorphism YV is ¢-equivariant with respect to the left action A and to the right action p i.e.

P(ger x)=¢(g) oy P(x) and ¥(x ey g) = ¥(x) *y 5(g).

2. The homomorphism ¢ is equivariant with respect to the maps m and ', i.e. ¢(1(x)) = ' (¥(x)).

The previous result induces the following definition

Definition 3. Let (G, X, A, p, m) and (H, Y, 1, 0, II) be augmented generalized digroups. A pair (¢, V),
where ¢ : n(X) — H(Y) and ¥ : X — Y are maps, is called an augmented generalized digroup
homomorphism if

1. The map ¢ induces a group homomorphism ¢ : G — H.
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2. The map ¢ is ¥-equivariant with respect to the maps m and 11, i.e. p(n1(x)) = II(¥(x)), for all x € X.
3. The map V¥ is @-equivariant with respect to the group actions A, p, 1, p and the maps n, 11, i.e. for all
X,y € X, ¥(n(x) oy y) = ¢(n(x)) o ¥(y) and ¥(x ¢p n(y)) = ¥(x) o, ¢ (n(y)).

Lemma?2. Let (G, X, A, p, m) and (H, Y, 7, 0, II) be augmented generalized digroups. If ¥ : X — Yisa
generalized digroup homomorphism, then there is a map ¢ : n(X) — II(Y), such that (¢, ¥) is an augmented
generalized digroup homomorphism.

Proof. Let ¢ : m(X) — II(Y) be a map defined by ¢(n1(x)) := II(¥(x)), for all x € X. From the digroup
axioms and generalized digroup homomorphism characterization (see Theorem 4) it follows that (¢, ¥) is
an augmented generalized digroup homomorphism, G ¥ Gf and H ~ Gf', since the following diagram
commutes

ax) —%— ay)

dl |n

x Y. vy

wzl lfpf

GixE —— G < E
\III
O

We finish this section reviewing the characterization of digroups given by J. D. H. Smith in [8], section 10, via
diquasigroup algebras (see Proposition 10.5, Corollary 10.7 and Theorem 10.8). J. D. H. Smith uses a digroup
generated by two groups with compatible actions over a same set and a fixed element with respect to both
actions. For generalized digroups we don’t assume the existence of a fixed point.

Let (G, 15) and (H, 1) be groups, and let X be a left G-set and a rigth H-set, where the left G-action A
and the right H-action p commute. Then (G x X x H, -, I-), with binary maps - and + defined by

(81, x1, h1) (82, %2, h2) = (8182, X ®p h2, h1hy)

and
(81, x1, h1) F (82, x2, hy) = (8182, 81 *a X, h1hy),

forall g1, 8> € G, x1,x, € Xand hq, h, € H, is a generalized digroup.
The halois E = {15} x X x {1y} ¥ X, and for any (g, x, h) € G x X x H the inverses with respect to the bar
unit (14, z, 1) are:

(& x, W' =" zeph,h™") and (g, x,h);' =", g orz, ).

Therefore the groups of inverses are isomorphic to the direct product G x H.
The actions A and p induce a left action A and a right action p, from G x H on the set G x X x H by

(g1, h1) by (82, X2, h2) = (8182, 81 *A X, h1hy)

and
(81, x1, h1) *5 (82, h2) = (8182, X *p ha, hihy).

The projection map 7, given by (g, x, h) — (g, h), is equivariant with respect to the actions Aand p.

With these actions and the projection map, we have that (GxXxH, -, ) is a generalized digroup generated
by the actions Aand p, and the surjective equivariant map 7, i.e. (Gx X x H, -, ) is an augmented generalized
digroup.

J. D. H. Smith uses Kinyon’s results to prove Theorem 10.8. Now we give a simple, direct and independent
proof of this result for generalized digroup.
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Let (D, -, ) be a generalized digroup, since for any & € E, we have that for the isomorphic groups Gf
and Gf, the set D is a left Gf—set and a rigth Gf set, with commutative actions defined by Ag(x) := g - x and
pny) =y - h,forany g € G, he Gf and x, y € D, respectively, then (Gf x D x Gf) is a generalized digroup
isomorphic to D, with isomorphism given by x — (& 4 x, x, x - &).

3 The free generalized digroup

In [5] J.-L. Loday constructs the free dimonoid. Later, using a free semigroup FS[X] and the word lenght
map A. V. Zhuchok in [11] constructs another free dimonoid which is isomorphic to the one defined by J. -
L. Loday. Both dimonoids don’t extend to digroups since A. V. Zhuchok in [12], Theorem 4, p. 833, shows that
it’s impossible to adjoin a set of bar units (halo) to a Loday’s free dimonoid. In this section, we exhibit the
free generalized digroup FD(X) for any set X. The basic ideas in the construction are related to the articles
[1, 7, 9], and the book Dialgebras and related operads (see [14]).

In addition we present several properties of FD(X) and relate it with the characterization theorems and
augmented generalized digroups.

For the construction of free generalized digroup we use classical results for free structures (see [17]).

Let X be a set and F(X) the free group generated by X, that is, the set of all words in X*, see [15] for details
on this definition. The proof of the following statement is straightforward and therefore we omit it. However,
the result is central in this section.

Proposition 4. Let FD(X) := F(X) x X x F(X) with the binary maps - and + defined for all x,y € X and
u,v,a,b e F(X) by

(u,x,a) - (v,y, b) = (u, x, avyb) and (u,x,a)tr (v,y,b) = (uxav,y, b).
Then (FD(X), 4, V) is a generalized digroup with halo
EX) = {(v,y,b) |vyb = e} = {(v,y,b) | v=(yb) '} = {(v,y, b) | b = (v) '}
and inverses with respect to the bar unit (v, y, b)
(u, x, a)l’(vl,y,b) =(,y,ba'x 'u™") = (v,y, b(uxa)™)

and
W, x, a)y} = (@ x " u"v,y, b) = (uxa)™v,y, b),

where the empty word e is the unit of the free group F(X) and w™" is the inverse of w in F(X).

Remark 1. The inverses (u, x, a)l‘(vly i

) and (u, x, a);(}’y’b) coincide iff (u, x, a) € E. In this case

-1 -1
(u9 X, a)l(v,y,b) = (u, X, a)r(vyy’b) = (Vy )’, b)-

We want to show now that FD(X) is the free generalized digroup in X, i.e. it’s the free element in the
generalized digroup category. First, note that the natural immersion X — FD(X) is given by x ~ (e, x, e).

Theorem 7. (Universal property) Let D be a generalized digroup and let X be a set. For each function f :
X — D, there exists a homomorphism ¥ : FD(X) — D that extends f, that is, such that the following diagram
commutes.

X < FD(X)

N
D
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Proof. Let E be the halo of D and ¢ < E fixed. For any x € X there is a bar unit n € E such that f(x) € G,

(recall that D = |J G¥).
(€E
Since G;’ is a group, the inverse of f(x) in G;’ isf (x)l‘n1 € G?, and therefore we use the convention f(x)™! :=

f(x)l’nl. We define a function ¢ : F(X) — Gf in the following way: for any x € X, ¢(x) = & 4 f(x) € G£,

ex V) =¢4fx) ! = (f(x))l;1 € Gf, and for any w = xfllx;.’;z . -xfn" e F(X), with x;; € Xand §; = £1,

ew) = &4 f(x;)% 4 f(x;,)% 4 -+ 4 flx;,)°.

Then ¢ : F(X) — Gf is a group homomorphism.
Now, we define ¥ : FD(X) — D by ¥((u, x, a)) = ¢(u) - f(x) 4 ¢(a), for all (u, x, a) € FD(X). The map ¥
is a homomorphism. Indeed,

¥ ((u,x,a) 4 (v,y, b)) = ¥ ((u, x, avyb)) = p(u) + f(x) 4 p(avyb)

and ¥ ((u,x,a)) 4 ¥ ((v,y, b)) = (o) - f0) - @(a)) = (@(v) + f(y) 4 (b))
= o) - f0) H (@(a) 4 9(v) 4 @(y) = @(b))
= o) - f(x) 4 p(avyb).

Similarly,

Y((u, x, a) - (v,y, b)) = p(uxav) + f(y) 4 p(b)
and

Y((u, x,a)) - P((v,y, b)) = p(uaxv) - f(y) 4 @(b).

Definition 4. The generalized digroup FD(X) is called the free generalized digroup on X.
The bar units and the inverses in the free generalized digroup have the following properties

Remark 2. For FD(X) we have that
1. Ifye Xandv € F(X) then

Y (v,y,y v ) = oW - fy) oy v
=pW) ) 4 (e ™) 4 (v D)
= e F ) A FO) T (pW) ™
= (W) F W) 4 (pW) - f()) ' € E.

Similarly, ¥ (b™'y ™%, y, b)) = (F(y) 4 (b)) "' + (f(v) = (b)) € E. Therefore, ¥(E(X)) C E.
2. For(v,y,b) € E(X), we have that ¥ (v, y, b)) = ¢ € Eifff(y) € G'.
3. Foranelement (u, x, a) € FD(X),

14 ((u, X, a);(t—ly—l,y,b)) =¥(axtutblyty, b)
= (@) 4 4™ F (eb™) F o(y™) - f(y) - @(b))
= (P((u, x, a)))f1 FY((by 1y, b))
= (P((u, x, @)

Ty(-1y-1,y,b))

Similarly, ¥ ((u, X, a)l‘(;lyfl‘y,b)) = (Y((u, x, a)))-l

Lya1y-1,,1)
We want to describe the sets in Definition 6 from [1] for the generalized digroup FD(X).

Proposition 5. For any bar unit (v, y, b) € E(X), the group of left inverses va’y’ p) IS isomorphic to F (X).
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Proof. Since
6" = {v.y, bwxa)™) | (w, x, @) € FDX)}

then let’s define ¢ : Gév,y, p — F (X) by ¢((v, y, b(uxa)™)) = uxa, the map ¢ is a bijective homomorphism,
with inverse function given by w — (v, y, bw™!), which gives us the result. O

Remark 3. According to the previous result, we can see that Gév,y’ » =1y, bw™Y) | w e F(X)}. Moreover,
Theorem 1 implies that G(rv’y’b) is isomorphic to F(X), for all (v, y, b) € E(X).

We describe now some actions from the group F(X) to the free generalized digroup FD(X).
First, we define the maps

A: F(X)x FD(X) — FD(X)
(w, (u, x, a)) — we, (u,x,a):=(wu,x,a)
p : F(X) x FD(X) — FD(X)
(w, (u,x,a) — (u,x,a)e,w:=(u,x,aw™?)

and v : F(X) x FD(X) — FD(X) the conjugate composition of A and p, i.e
w (U, X, @) = (Aw 0 pyy1) (U, x, @) = (wu, x, aw™")
From these definitions it is simple to see that
Theorem 8. The free generalized digroup FD(X) is a F(X)-set with respect to the actions A, p and ~. Besides, A
and p are compatible.

After defining the action ~, we can see how it works out with the function ¥, say,

Y(yw (u, x, a)) = ¥(wu, x,aw™!) = p(wu) - f(x) 4 p(aw™?)
= () 4 o)) - f(x) 4 (p(a) 4 p(w™))
= (@) F ) - f(x) 4 (p(a) 4 (pw) ™)
= pw) F (W) - fx) 4 p(a)) 4 (w) !
= Yo (YU, x, @))

Thus, we can conclude
Lemma 3. The map V¥ is @-equivariant with respect to the actions A, p and .

Now, given a projection map II : FD(X) — F(X) defined by (u, x, a) — uxa, we have that IT is surjective and
equivariant with respect to the actions A and p. Moreover, for all (u, x, a), (v,y, b) € FD(X),

(u,x,a) - (v,y, b) = I((u, x, a)) *, (v, y, b),
(u,x,a) 4 (v,y, b) = (u,x, a) ¢, I((v,y, b))

and therefore
Theorem 9. The augmented generalized digroup (F(X), FD(X), A, p, II)is the free generalized digroup FD(X).

Going back to the units of the free generalized digroup, we classify them in two groups. For that, note that
elements of the form (e, z, z” 1) and (z 71, z, e) are bar units.

We denote by &y, the bar unit (w, z, (wz)™!) and by &, the bar unit ((zc) ™%, z, ¢). Thus & = (e, z,z71)
and &, = (271, z, e).

Definition 5. The bar units of FD(X) of the form either (e, z, z ) or (z°1, z, e) are called basic bar units of the
generalized digroup. We define the sets E := {(e, z,z™%)} and E}y := {(z"}, z, e)}, and they are called left basic
free halo and right basic free halo, respectively.
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It is simple to see that X, E5 and E}; are equipotent sets.

Remark 4. Note that

pz (e, z,e) = (e, z, z Y=~ (271, 2, €) and Aa(e,z,e) = (z1,z,e)= v (e, z, zh.

Using the characterization of the bar units, we can express the inverses in terms of it.
If we denote (u, x, a); ! := (u, x, a)l‘(1 and (u, x, a);L := (u, x, a);(i we have that

z,(w2)"1) Twz z,(w2)"1)’
Lemma4. Fora,u,w e F(X)and x, z € X,

W, x, a)j,. = yuxa(u, X, @)r,.,
and

-1 1
(u, x, a)r,, = Yuxay: W, X, @)y, -

For the halo E(X), we consider the following notation E/(X) = {(w,z, wz) )|z € Xand w € F(X)} and
E'(X)={((zc),z,¢)|z € Xand c € F(X)}.

Lemma 5. Ifin the free generalized digroup FD(X) we denote the action ~ by -, we can see that
1. F(X)-EL=E

2. F(X)-Ej=E'

3. F(X)-E(X) = E(X), i.e. E(X) is invariant under the action -.

We review involutions in free generalized digroups.

Proposition 6. Let’s consider the map * : FD(X) — FD(X), with (u, x, a) — (u,x,a)" = (a', x, u"), where
t : F(X) — F(X) is the function such that

5'11 5'12 b, l_ b, 5‘1r—1 5'11
(qu 2, " Zqr ) T2y Zqe T Equ

r

Then ” is an involution.

Proof. Itis clear that ((u, x, a)*)* = (u, x, a). Moreover, since z* = z, for any z € X*, then
(w,x,@) 4 (v,y,b)" = (v,y,b)" F (u,x,a)"

and
((u,x,a) - (v, y, b)) = (v, Y, b 4w, x, a).
O

If we consider the group action n of F(X) on FD(X), defined by w ¢y, (u, x, a) = (wu, x, aw'), we have that n; is
invariant under the involution * since

(nw (u, x, a))* = (wu, x, aw')" = ((aw"), x, (wu)")
=((whH'a', x, u'w') = (wa', x, u'w')
= nw (at, x, u") = nw ((u, x, a)").

Moreover, because IT ((u, x, a)*) = (a'xu") = (I(u, x, a))', thenITo* =101l

Remark 5. For the sets E and Ey, the map * : Ey — EY is a bijection, since (e, z,z71)" = (271, z, e), for all
zec X

As we have in subsection 2.1, every involution * defined on a generalized digroup G x E can be projected to a
group involution ¢ : G — G. In the following theorem we describe a way to extend a group involution on F(X)
to an involution on FD(X). Its proof comes directly from calculations, then we omit it.
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Theorem 10. Let 1 : F(X) — F(X) be a involution over the free group generated by a set X. The involution ( can
be extended to an involution " : FD(X) — FD(X), by (u, x, a)" := (a', x', u') if and only if x' € X, for all x € X.

4 The tensor generalized digroup

In this section we use the construction of the semidirect product of groups given in [15] in order to define
the tensor generalized digroup and the concept of generating set for a generalized digroup. It is a surprise to
prove that the same construction of the semidirect product of groups works for generalized digroups.

It is well known that if G is a group, and ¢ : G — Aut(G’) is a representation of G, with ¢z = ¢(g), then
G x G’ can be endowed with group structure as follows

(n, (', h') = (ngp(n), hE).

This product is called, in the literature, the semidirect product of G and G’ and it is denoted by G x b G'.
As we see above, G x4 G’ can also be considered as a generalized digroup by taking

(n, W)+ (', h)=(n,h) @, 1K) =(n,h)",*K).

This form of constructing generalized digroups from group structures is called the trivial form.

The following theorem gives us a non trivial form to provide the semidirect product G x4 G with
generalized digroup structure. At the end of this section we use this idea to define the tensor generalized
digroups.

Theorem 11. Let G be a group. Then, the group G x4 G is a generalized digroup with the following operations

(w1, uz2) F (vi,v2) = (wruavy, v2) )

and
(U1, u2) 4 (vq, v2) = (U1, uavivy). 3)

Since the binary operations - and - do not depend on the representation ¢, we use the notation G ® G to refer
to G x4 G as a generalized digroup in a nontrivial form and u ® v instead of (u, v).

Proof. The proof that - and - are associative binary operations is taken from direct calculations. Now, we
verify the condition given in the Definition 5 of [1]. In fact, let u; ® u», vi ® v, and w; ® w, in G ® G, then

UL QU F (Vi ®@ V2 AW QW) = U1 ®Up F Vi @ vawaw)
= UiUpV1 Q VaWiW)
=UUVI ® V2 T W1 QW
=(u1®u2|—v1®v2)—|w1®wz.

Besides,
Uy @uy 4 (v @ vy Awi @ wa) = Uy @ UpVivawiwa
= U @ U 1V1VW1 @ W3
=u;@uy 1 (V1 ®@Vva k- wi ®wa).
and
(U1 @ Uz F VI ®Va) E Wi @ W) = UjUaViVaWy @ W)
= UL QUVIVa E W1 @ W)
UL @u; vy ®vy) - wp ®@w,.

It is not hard to verify that the set of bar units of G ® G, i.e., thehaloof G® G, i E = {u; ® u; | uju, = 1}.
Foré =u®u ! e Eandu; ® u; € G® G, we have that

-1,-1 -1
U Fu,uyueu  =¢,
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and
-1,-1, -1
uu Uy up dupup =¢.
Therefore,
-1_ . -1,-1 -1 -1 -1,-1, -1
(u1®u2),€ Uy U u®u and(u1®u2)lf =uu  uyuj.
Moreover,
-1 -1 -1 -1 -1 -1
(W @u)y, =Uy QUi FuuU  =u; Qui F§
and

(uq ®u2)[€1 —ueuldutoult =EHurt @uyt.

Definition 6. The generalized digroup in the theorem is called the tensor generalized digroup of G.

Note that if in the previous theorem we define, for every u € G, the bijection ¢, : G — G, as @u(v) = uv, then
we can rewrite the equations (2) and (3) as follows

UL @uUp vy ®@vy = U1u,(v1) @ v, (4)

and
UL Q@ Uy 4v1 ® Vo = U1 @ (@u,(v1)va). 5)

Let us consider the following interesting fact. If G is obtained by the quotient of the free group F(X) by the
relations R;(X) = e,i =1, 2, ..., k, then the tensor generalized digroup G ® G can be described, in an informal
way, as the quotient of the tensor generalized digroup F(X) ® F(X) by the relations R;(X) ® Rj(X) = e® e,
i,j=1,2,...,k, like in the case of group presentations, see [15] for more details.

Consider the following definition.

Definition 7. For the free generalized digroup FD(X), we define the fiber of FD(X) at the distinguished element
y of X as the subset F(X) = F(X) x {y} x F(X) of FD(X).

Proposition 7. The subset F¥(X) is a normal generalized subdigroup of FD(X). Moreover, it is isomorphic to
F(X) @ F(X).

Proof. The proof that - and - are associative binary operations on F’(X) comes from direct calculations.
Besides, the bar units of F¥(X) must be of the form (b~ty ™%, y, b)or (v, y, y tv71),i.e. (v, y, b) such that vyb is
the empty word, and so they belong to F¥ (X). We end the proof that F¥(X) is a generalized subdigroup noting
that for every bar unit (v, y, b),

Wy, @y, =0,y baly u) e P(X)

and
(u,y, a);&y'b) =(a 'y tulv,y, b) € P(X).

The normality of F¥ (X) is taken directly from the following fact. For every (s, y, d) € F¥(X)and all (u, x, a),
(w, z, ¢) in FD(X), we have that:

(u,x,a) - (s,y,d) 4 (w, z,c) = (uxas, y, dwzc) € F/(X).

In fact, F¥(X) satisfies a stronger condition than normality.
Now, let ¢ : F¥(X) — F(X) ® F(X) be the function defined by

@ ((u,y,a) =uy®a.
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Since,
0’ ((u,y,a) - (w,y, ) = ¢¥ ((uyaw, y, c))
= uyawy ® ¢
=(wyeakrWyec
=9’ (w,y, ) F ¢*((w,y, ),
and
®’(u,y,a) 4(w,y,0) = ¢’ ((u,y, awyc))
= uy ® awyc
=(wyea4Wwy®c)
= ¢ ((u,y, @) 4 ¢¥((w,y, )
the map ¢” is a generalized digroup homomorphism.
Consider the function ¢ : F(X) ® F(X) — F'(X) given by ¢,(u ® a) = (uy™1, y, a). It is not hard to see
that this function is a generalized digroup homomorphism, and that ¢y is the inverse function of ¢”’. O

Let X be a non empty set and let X® be the set of all tensors of the form x* ® 1, withx € Xand € € {1,-1}.

Here, 1 means that there is nothing in the corresponding position, so it acts as the identity in the free group
F(X).

Letu®v e F(X) ® F(X), withu = xiel1 .. xf: andv = x]{;ll .. -x]‘.skk. From the definition of - and -,

uev= (" olr-Fx’el) 40 @14 4x* @1)
1 lep ]é Jk 5
_ € -1 k
_(xl.11®1|—---l—xi:71 ®1)I—xi:®1—|(lel®1—<---—|xjk ®1).

The previous calculation motivates the following proposition.

Proposition 8 (Generating set). Let X be a subset of a generalized digroup (D, |-, H). For X~ we mean the set
of all inverses, right and left, with respect to all bar units in D. In other words, if E denotes the halo of D, then

Xp, = U{x,‘;,x;j | x € X}.
(€E

Thus the set (X) of all elements of D of the form
(81 g Fy= (a4 hy),

where g;, hn and y are in X* = XUXl‘},for everyt=1,2,...,pandn =1, 2, ..., k, is a subdigroup of D.

Proof. In order to simplify the notation weuseu +y 4 v,withu=g; +---+gpandv="h; 4--- 4 hi to
represent the elements of (X).
Since
uryAvFWrz4v)=utryFv) @ +z4v)
=(uryrFvEuU)FzEYV
and
uryAv AW rz4v)=@ury-4v) 4@ 4z4v)
=ury-v-u 4z4V),
+and - define binary operations on (X).
Besides, due to the fact that for every bar unit £ in D, & can be represented as

£=yl—y;£1|—x,;1 4x,
for every x, y € X, the set (X) contains the halo of D.
Let& =yt yy }—xl;1 4xandletuty-ve (X),withu=g;F---+gpandv="hy +--- - hp. From
Proposition 1,
(uky- V)Zsl = vl;1 J(ur y)[{1
= vl‘; . ()’1;1 . “1;1)
R T s R |
=ybEyr bv, Ay, Ay
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Again, from Proposition 1, we have that

vl;l = (hk)l;1 oo (h1)1:,1 and ui} = (gp)l;l oo (gl)l-fl.

If there exists i, such that h; = xl;l or h; = x;gl, then from Proposition 1,

Vi = (it e A )y A A (!
= (R A A E A0 A H ()
= (gt A e A x A A (]

The same conclusion is obtained for the case u,‘{l. As a consequence, (u -y - v)l;1 belongs to <X >
In a similar way, from Proposition 1, we have that

eyt =vil -t yy!
= vig By Fur))

o S I R |
=V By Eu X X

And, we also prove that (u - y - v); ! is in (X). O

Definition 8. The subdigroup (X ) is called the generalized subdigroup generated by X. In the case that
<X > = D, we say that D is generated by X and if X has one element, then D is called a cyclic generalized

digroup.

As a consequence, X® is a generating set of F(X) ® F(X). This fact is not surprising because F(X) ® F(X) isa
subdigroup of FD(X) and FD(X) is free on X.

Now, we continue with the construction of the semidirect product of generalized digroups, but first we
consider

Definition 9. Let (D,+, ) and (D’,+', ') be two generalized digroups. We define Aut(D) as the set of all
bijective generalized digroup homomorphisms from D onto itself.
A representation of D' on D is a function ¢ : D' — Aut(D), with (') = @, such that, for every u’, v’ in
D' and every w € D,
Purrry (W) = o (@y (W) = (@ur 0 Py )(W)
and
@y (W) = @ (@ (W) = (Pur 0 @) (W)

Note that if, in the previous definition, we make 4= and D’ is a group with the operation I-, then ¢ is a group
representation in the usual sense. Another important fact is that for every u’ € D', ¢;} is also a generalized
digroup homomorphism. It is because, if a = ¢,/ (1) and b = @ (v), then

Q@b b) = il (Pu W) F ou (V) =u kv =g, (@ i ). ©)
Let ¢’ be a bar unit of D’ and let ¢ be a representation of D’ on D, then for every u’ € D we have that
Qu =Py = (p‘fl o Py and Qu = Qyyg =Py © (p{/.

Therefore,
(p{/ = idD. (7)

Proposition 9. If f € Aut(D), then f(E) C E, where E is the halo of D. Moreover, for every u € D and every
f € Aut(D),
flur)) = (F@))ryg, (8)

and

i) = Q). ©)
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Proof. Let & be a bar unit of D and f € Aut(D). Since for all u € D there exists v € D such that u = f(v), we
have that

fOru=fOFHfV)=fEFv)=f(V)=u
and
uAfE)=fMAfE=fu-4&=fv)=u,

thus, f(£) is in the halo of D.
Besides, let v = f(uy,!), then f~'(v) = u;!. Therefore, u - f~'(v) = £. So, by applying f on the two sides of
the previous equation, we have that

f v =f(&.

Since f(&) is also a bar unit of D, then v is a right inverse of f(u) with respect to f(&). In other words,
v = (F);L,-

Following a similar argument, we prove (9). O

Theorem 12. Let (D,+, ) and (D', +', ') be two generalized digroups and let ¢ be a representation from D’
into Aut(D), then D x D’ with the binary operations

(U, uy) > (uz, uy) = (U1 - @y (u2), uy ' u))

and
(uy, u) < (uz, uh) = (uy + @y (u2), uy + uh)
is a generalized digroup denoted D xy D’.

Moreover, for every bar unit &' of D', the subset D x {¢'} is a normal generalized subdigroup of D x4 D'. If
E denotes the halo of D, then E x D' is a generalized subdigroup of D xy D’.

Proof. Let (ug, u}), (uz, uy) and (u3, uj) in D xp D', then

(w1, up) v (U2, uy) > (us, us)) = (ur, u) > (o b @y (us), uh = uj)
= (1 @ Uz F @y (W3)), uy H (U ' ub))
= (w1 F (@u; (W) - @y (@ (W3))), uy H () H 1))
= (w1 F @y W2)) F @urny (u3), (uy ' uh) H uj)
= ((u1 F @y (o), uy ' uh) v (us, us)
= ((ug, u) v (U2, up)) v (us, us).

The associativity of < comes in a similar way. Now, we verify the conditions given in the Definition 5 of
[1]. In fact,

(u1, up) v (w2, u3) < (u3, u3)) = (ur, uh) > (U2 = @y (us), uy + u3)
= (u1 - @y (U2 4 @y (u3)), Uy H' (uh 4 u3))
= (u1 F (@u; (u2) 4 @ (9uy (u3))), uy H' () ' u))
= (U1 - @y (U2)) 4 @y (u3), (wh H ) ' uj)
= ((u1 F @y (), uy H' uh) < (us, uy)
= ((u1, up) > (uz, u3)) < (us, us).

We also have that,

(w1, up) < ((ua, uh) < (us, us)) = (ur, uy) < (W2 = @y (u3), uy 4 uj)
= (w1 4 @y (w2 4 @y (W3)), uy ' (U + u3))
= (w1 7 (@u; (W2) 4 @i (@ (W3))), uy ' (uy 4" uf))
= (w1 4 (@u; (W2) - @u (@ (W3))), uy + (U H uf))
= (w1 4 @y (U2 = @y (W3)), uy ' (U - ub))
= (ur, u) < (U2 - @y (u3), uh ' us)
= (u1, uy) < ((ua, u3) > (u3, u)).
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We end this part of the proof with the following,

uy), uy H oub) e (us, ub)
= (w1 F @y W) F @uriny (u3), (U H uh) H uh)

((ur, u) > (U2, uh)) > (u3, u5) = (U1 - @y (U2),
)
= (u1 = @y (2)) = Pugpry (u3), Wy ' up) ' u5)
)
)

—~ o~ o~ o~

= (w1 4 @ W) F Qs (u3), (U 4 uh) H uh)
= (1 4 @y (W2), U} + ) e (3, )
= ((u1, uy) < (ua, uy)) > (u3, u3).

From (7) and a direct calculation, the bar units on D x D’ are of the form (¢, ¢’), where & and ¢’ are bar
units in D and D', respectively.
For a bar unit & = (£, ¢’) € D xp D’ and (u, u’) € D x¢ D', we have from (8) that

(w,w)r = (9 @iy Wy )-
In fact,
(u, u) - (o3 W)y} oo W) = (uk @uley W) wio W W)r,)

=(ur bu (ot (url) &)
= (utu}, &)
=(&,¢.
Besides, since
(I)(ul)l—;/ oy = q)(ul)l—;/ oy = q)f/ = idD,
then
Pay), = Pt
Therefore,
(w,u) = (! > W)
The last equality is true because
(oot ;s )yy)  (w, w) = (it )y Py ), &)

- (Pt ) it ). €)
- (6,8,

In order to simplify the notation, we use D¢ = Dx {&'}. Let £ be a bar unit in D and let (v, ¢') € D¢ and
(u,u)in D xy D', then

w,u)e (v, &)y, u)l’;{,) = (w,u)> (v, &) < (93! ), (W), ,)
= (uk @uW),u' F &) < ((pyr (u)),£1 @)
= (@) 4 Qure (@i W), (W W &) @y,

Let
w, u',v) = (b uw ) + g (@ ), @' H &) W)

It is clear that w(u, u’, v) € D. On the other hand, since
WA Wy, =u'H A Wy = Wy, =4,

then (u, u") > (v, &) < (u, u)l_(em e DY,
For the last part we consider Proposition 9. Let £, n € E, due to the fact that

Eu)s(EV)=EFoum,u V)= (M), u' V) e ExD'

and
Eu)a(mv)=EHoum,u 4 V)= u 4 V)eExD,

we conclude that E x D’ is a generalized subdigroup of D xy D’. O
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Definition 10. The digroup defined is the generalized semidirect product of D and D’ with respect to ¢.

We end this section with the construction of D ® D, for the case in which (D, -, -) is a generalized digroup.
We just need to consider the binary operations

WMRUWEFVI@V=WruFv)ewn (10)

and
UL QU 4vi @ vy =ur @ (U 4vq 4va). (€5))

It is not hard to prove that the halo of D ® D is the set
E(D ® D) = E(D) ® E(D).
Besides, if & ®E € E(D®D)andvi ® vi € D® D, then
viev)l =mrv))ed

and
1 1
- Hvy)it.
(v1® Vz)1£®2 & (vq Vz)z2
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