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Abstract: This paper provides some new characterizations of the solution sets for non-differentiable general-
ized convex fuzzy optimization problem. Firstly, we introduce some new generalized convex fuzzy functions
and discuss the relationships among them. Secondly, some properties of these new generalized convex fuzzy
functions are given. Finally, as applications, some characterizations of the solution sets for non-differentiable
generalized convex fuzzy optimization problem are obtained.
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1 Introduction

As we all know, convexity and generalized convexity play a crucial role in many aspects of mathematical
programming including, for example, optimality conditions, duality theorems, saddle points, variational
inequalities and characterizations of the solution sets, one can refer to [1-18]. In terms of some properties
and characterizations of the solution sets, they are very useful for understanding the behavior of solution
methods for optimization problems that have multiple optimal solutions. Mangasarian, [8], initially gave the
characterizations of the solution sets for differentiable convex programming problems and obtained some
equivalent representations of the solution sets. From then on, the characterizations of the solution sets have
been widely studied under convexity or generalized convexity by many scholars. For instance, Jeyakumar
and Yang [9] gave the solution sets of multi-objective optimization problems with convexity and extended
the results in [8] to pseudolinear programming problems. By means of sub-differentiable and Gateaux
differentiable, Wu and Wu, [12], characterized the solution sets for a general convex optimization problem in
normed vector spaces. Yang [13] investigated the solution sets for differentiable extremum problems under
the assumption of pseudoinvexity. Liu et al., [15], extended the results in [13] to the non-differentiable
pseudoinvex programs and gave the characterizations of the solution sets involving the non-differentiable
pseudoinvex functions.

On the other hand, in [19], Chang and Zadeh introduced the concept of fuzzy mapping. Since then,
many researchers conducted in-depth investigations into fuzzy mapping and obtained a series of important
conclusions in the problems of integrability, differentiability and measurability of fuzzy mappings [20-
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25]. At the same time, convexity and generalized convexity of fuzzy mappings and their applications have
been deeply and widely studied. For instance, Nanda and Kar, [26], proposed a concept of convex fuzzy
mapping and verified that a fuzzy mapping is convex if and only if its epigraph is a convex set. Yan and
Xu, [20], introduced a new class of convexity and quasiconvexity of fuzzy mapping by considering the order
relation proposed by Goestschel and Voxman [27]. Panigrahi et al., [28], solved the minimization of fuzzy
mapping and modified the definition of quasiinvex fuzzy mapping, which is different from the one proposed
by Nanda and Kar [26]. Syau, [29], introduced B-preinvexity, pseudo-B-vexity, B-invexity and pseudo-B-
invexity of fuzzy mappings and obtained sufficient optimality conditions for B-invex and B-preinvex fuzzy
mappings. In [30], Wu and Xu defined the concepts of some generalized convex fuzzy mappings including
fuzzy pseudoconvexity, fuzzy invexity, fuzzy concavity, fuzzy preinvexity, fuzzy prequasiinvexity and fuzzy
pseudoinvexity. Moreover, under the assumptions of these generalized convex fuzzy mappings, Wu and Xu
in [30] established the relations between the fuzzy variational-like inequality and the fuzzy optimization
problems. By using parameterized representation of fuzzy numbers, Syau and Lee in [31] gave the criteria
for a lower semicontinuous fuzzy mapping defined on a non-empty convex subset of R" to be a convex fuzzy
mapping. Li and Noor, [32], generalized the work of Syau and Lee in [31] and proved that a fuzzy mapping
is preinvex if and only if the endpoint functions are preinvex. Li et al., [33], introduced a kind of fuzzy
weakly uninvex mapping and obtained the optimality conditions and duality results for constrained fuzzy
minimization problem under the assumption of weak fuzzy uninvexity. Based on Wu and Xu in [30], Rufian-
Lizanaa et al. in [34] presented more general notions of invex and concave fuzzy mappings involving strongly
generalized differentiable fuzzy mapping. In [35], Osuna-Gomez et al. discussed necessary and sufficient
conditions for fuzzy optimality problems under the assumption of the new fuzzy generalized convexity. Arana-
Jiménez et al. in [25] studied efficiency and weak efficiency in fuzzy vector optimization through a linear
ordering. Motivated by these works in [21, 26, 28, 30-34, 36—38], our first idea is to introduce some new classes
of generalized fuzzy convex mappings, namely, a-preinvexity, a-prequasiinvexity and a-pseudoinvexity of
fuzzy mappings and discuss the relationships and several basic properties among them.

Convexity and generalized convexity of fuzzy functions play an important role in optimization theory
including the fuzzy variational inequality [30, 34, 38—40], the sufficient and necessary optimality conditions
[28, 33, 35, 37, 41], the saddle point [42, 43] and duality [33]. Recently, some scholars have begun to study
the characterization of the solution sets for fuzzy programming. Yang and Wu in [41] used the concept of
sub-differential to define the quasiconvex fuzzy mapping and obtained some properties of the solution sets
in the fuzzy settings. Mishra et al., [44], introduced the pseudolinear and n-pseudolinear fuzzy mappings by
relaxing the definitions of the pseudoconvex and pseudoinvex fuzzy mappings and derived the characteriza-
tions of the solution sets of the pseudolinear and n-pseudolinear fuzzy programs. However, to the best of our
knowledge, the property and characterization of the solution sets, as an important part of fuzzy optimization
theory, have not been extensively studied by scholars. Therefore, it is very significant to explore the theory
in this respect. The second aim of this paper is to obtain some characterizations of the solution sets for fuzzy
optimization problem by virtue of fuzzy a-preinvexity, fuzzy a-prequasiinvexity and fuzzy a-pseudoinvexity.

This paper is organized as follows. In Section 2, some definitions and basic results about fuzzy numbers
are recalled. In Section 3, we introduce some new classes of generalized fuzzy convex mappings, namely,
a-preinvexity, a-prequasiinvexity and a-pseudoinvexity of fuzzy mappings and define the an-directional
differentiability of a fuzzy mapping before discussing the several relationships. In Section 4, we obtain some
properties with respect to a-preinvexity, a-prequasiinvexity and an-directional differentiability of a fuzzy
mapping under a series of assumptions. In Section 5, by applying some results obtained in Section 4, we
present some equivalent characterizations of the solution sets of the fuzzy optimization problem involving
the fuzzy a-pseudoinvexity.
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2 Preliminaries

Throughout the paper, R", R and R, represent the n-dimensional Euclidean space, the set of real numbers
and the set of nonnegative real numbers, respectively. Now, we recall some definitions and known results
about fuzzy numbers which will be used throughout the paper.

A fuzzy set on R" is a mapping &t : R" — [0, 1]. The r-level set of a fuzzy set it on R" is denoted by
[i]" = {x € R"|ii(x) > r} forany r € (0, 1]. We use supp it = {x € R"|{i(x) > 0} to represent the support of ii.
The closure of supp i is written as [#]°.

Definition 2.1. [21] A fuzzy number il is a fuzzy set with the following properties:
(i) it is normal, i.e., there exists xo € R" such that ii(xg) = 1;

(ii) @t is upper semi-continuous (u.s.c);

(i) 4(Ax + (1 - A)y) > min{i(x), (y)} forallx,y € R", A € [0, 1];

(iv) [11]° is compact.

The family of fuzzy numbers is denoted by E. Clearly, it € E is a fuzzy number if and only if [i]" can be
represented by [it«(r), it"(r)] which is a nonempty compact convex subset for any r € [0, 1], where ii«(r)
denotes the left-hand endpoint of [i1]” and ii" (r) denotes the right-hand endpoint of [it]". Thus, a fuzzy number
is determined by the endpoints of the interval [ii«(r), &t"(r)]. A precise number a € R is a special case of fuzzy
number encoded as

- 1, if t=a,
f) =
a® {O, if t#a.

In particular, the fuzzy number 0 is defined as 0(t) = 1if t = 0, and O(¢) = 0 if ¢ # 0. Thus, a fuzzy number i
can be identified by a parameterized triple {(ii+(r), it"(r), )|r € [0, 1]}.
The following lemma makes the connection between fuzzy numbers and their endpoint functions.

Lemma 2.1. [27] Assume thatI = [0, 1], @i« : I — Rand ii" : I — R satisfy the following conditions:

(i) it : I — R is a bounded increasing function;

(ii) " : I — R is a bounded decreasing function;

(i) (1) < " (1);

(iv) lim,_, ;- it+(r) = 1= (k) and lim,_, - i1"(r) = i1"(k) for 0 < k < 1;

(v) lim,_, o+ it+(r) = {1x(0) and lim,_,q- it"(r) = &7 (0).

Then, it : R — I defined by fi(x) = sup{r|i«(r) < x < @' (r)} is a fuzzy number with parameterization
given by {(it=(r), " (r), r)|r € [0, 1]}. Moreover, if it : R — I is a fuzzy number with parametrization given
by {(it«(r), &’ (r), r)|r € [0, 1]}, then the functions ii«(r) and ii" (r) satisfy the above conditions (i)-(v).

Triangular fuzzy numbers are a special type of fuzzy numbers which are defined by three real numbers a, b
and c with a < b < c and we write ii := (a, b, ¢) and [&1]" = [a + (b - a)r, c - (c — b)r], Vr € [0, 1]. For given
fuzzy numbers i1, # € E denoted by intervals [ii«(r), &t (r)] and [#+(r), 7" ()] for any r € [0, 1], respectively, and

for any real number A € R, we define the fuzzy addition #1+V and scalar multiplication Ai as follows:

a(), if 1#0,

(@37 (x) = ysfifx min[i(y), ¥(2)], (AW = { 0, if A=o0.

Forii,?V e E,A € R, r € [0, 1], we have [5¥]" = [&1]"*[V]" and [A@l]" = A[&1]", i.e.,

(@5 0)=(r) = ite(r) + ¥=(r), @) @) =" )+ (),

Ait*(r), A>=0,
Aii'(r), A<oO.

/‘ﬂ*(r)a A = 0:

(Ai)-(r) = {/\ﬂ*(r), A<0,

()’ (r) = {
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Definition 2.2. [45] Let i1,V € E. If there exists @ € E such that it = V¥@, then @ is called the Hukuhara
difference (H-difference, for short and denoted by it ©y V) of it and 7.

Remark 2.1. Clearly, if the H-difference @ = @t oy V exists, then for any r € [0, 1], @«(r) = (it ©g V)«(r) =
iix(r) = ¥+(r) and @"(r) = (1 ©g ¥)"(r) = &"(r) - ¥"(r). Moreover, we also have k(it ©g V) = kit ©y kv for any
ke Rs:.

Definition 2.3. [21] Let i1, V € E.

(1) it < Viffitx(r) < ¥=(r) and it"(r) < 7 (r) for eachr € [0, 1];

({)IfixvandV < i1, thenii = ¥;

(iii) &t < viffit < ¥ and there exists ro € [0, 1] such that ii«(ro) < ¥«(ro) or it (ro) < ¥"(ro);
(iv) it and V are comparable iff either i < V or v < ii; otherwise they are non-comparable.

Note that < is a partial order relation on E. It is sometimes convenient to write 7 5= ii (respectively, ¥ > i) in
place of it < ¥ (respectively, it < 7).

Remark 2.2. (i) Let [i1]" = [it«(r), it"(r)] for any r € [0, 1]. Then, k[i1]" = 0 iff kii«(r) > 0 and kii"(r) > O for any
r € [0, 1], where k € Ry and 0 = [0, 0). (i) &t < ¥ iff V«(r) — &t=(r) > 0 and V" (r) — it"(r) = O forany r € [0, 1].
(iii) Let it < V. If A > 0, then Al < AV. Accordingly, if A < 0O, then Al 3= AV.

Let f : K(C R") — E be a fuzzy mapping. The r-cut of f at x € K, which is a closed and bounded interval, can
be denoted by [f(X)]" = f(x, 1) := [f-(x, 1), f (x, r)] for any r € [0, 1], where f(x, r) and f~(x, r) are functions
from K x [0, 1] to the set of real numbers R. fx(x, r) is a bounded increasing function of r and f*(x, r) is a
bounded decreasing function of r. Moreover, fx(x, r) < f~(x, r).

Definition 2.4. [36] Let f : K — E be a fuzzy mapping.

(i) f is called u.s.c at xo € K iff both f«(x, r) and f~(x, r) are u.s.c at xo uniformly inr € [0, 1. f is called u.s.c.
on K iff it is u.s.c. at each point of K.

(i) f is called lower semicontinuous (1.s.c) at xo € K iff both f«(x, r) and f*(x, r) are Ls.c at x, uniformly in
r € [0, 1). f is called Ls.c on K iff it is L.s.c at each point of K.

Lemma 2.2. [46] Let K be a nonempty closed and bounded subset of R". A real-valued function f : R — R
which is u.s.c (respectively, l.s.c) on K attains its maximum (respectively, minimum) on K.

3 Generalized convexity of fuzzy mappings

Let K be a nonempty subset of R". Let a(-, -) : KxK — R\{0} be areal-valued functionand n(-, -) : KxK — R"
be a vector-valued mapping.

Definition 3.1. [47] Let y € K. Then the set K is called an a-invex at y with respect to (w.r.t., shortly) a and n
iffforeach x € K, A € [0, 1], y + Aa(x, y)n(x,y) € K. K is called an a-invex set w.r.t. « and n iff K is a-invex at
eachy € K.

Remark 3.1. Obviously, K is a convex set with a(x,y) = 1, n(x,y) = x — y and is an invex set in [48] with
a(x,y) =1 forall x,y € K. However, the following example shows that the converse is not true.
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Example 3.1. LetK =[-3,-2] U[2, 5],

1, if x>0,y>0, x-y,if x>0,y>0,
1, if x<0,y<0, x-y,if x<0,y<0,
alx, = X s X, = .
0 y) -1,if x>0,y<0, nte, y) y+3,if x>0,y<0,
-1,if x<0,y>0, y-2,if x<0,y>0,

where x,y € K. Obviously, K is an a-invex set w.r.t. @ and n for each x,y € K and A € [0, 1]. Indeed,

Ax+(1-A)yeK, if x>0,y>0,
Ax+(1-A)yeK, if x<0,y<0,
-3A+(1-A)yekK,if x>0,y<0,
2A+(1-AyeK, if x<0,y>0.

y+ Aa(x, y)n(x,y) =

However, letX = -2,y = 5,A = 3. We have y + An(x,y) =y + A(y - 2) = 3 ¢ K, which implies that K is not an
invex set w.r.t. the same .

Definition 3.2. [26] Let K be a nonempty convex subset of R". A fuzzy mapping f : K — E is called convex on
Kiff
fx+ (1= Dy) < H0F(1 - Vf ), vx,y € K, A € [0, 1].

Lemma 3.1. [31] Let K be a nonempty convex subset of R". f is convex on K iff the endpoint functions f-(x, r)
and f*(x, r) are convex on K, i.e.,

FAx+ @ -y, ) < ARG, ) + 1@ -Df(y, 1), vx,y €K, A, r €0, 1],
FAx+@ -y, <A (x,+Q-NDf (y,1), ¥x,y € K, A, € [0, 1].

Based on Definition 3.2, Noor [49] introduced the preinvex fuzzy mapping which is a proper generalization of
the convex fuzzy mapping.

Definition 3.3. [49] Let K be a nonempty invex set of R" w.r.t. 11. A fuzzy mapping f : K — E is called preinvex
on Kw.rt. niff
fliy+An(x, y) S Af(OF1 - Df (), vx,y € K, A € [0, 1].

Lemma 3.2. [33] Let K be a nonempty invex set of R™ w.r.t. n.f is preinvex on K w.r.t. n iff the endpoint functions
fex, ) and f*(x, r) are preinvex on K w.r.t. n, i.e.,

f*(y +An(x,y), 1) < Af(x, ) +(1 - /\)f*(y, n, vx,y e K,A,re[0,1],
Foy+An0,y),n <AF )+ @ -0fF (v, 1), vx,y € K,A,r € [0, 1].

Remark 3.2. When n(x,y) = x -y, Lemma 3.2 reduces to Lemma 3.1. It is clear that if the invex set K is not a
convex set, then the fuzzy preinvexity of f does not imply the fuzzy convexity of f. The following example shows
that, even if K is convex, the fuzzy preinvexity of f cannot imply the fuzzy convexity of f.

Example 3.2. Let K = R and f : K — E be a fuzzy mapping defined by f(x) = (0, 1, 2)(~|x|). Let

(x,y) = x-y, if x20,y>0 or x<0,y<0,
ey y-x, if x<0,y>0 or x>0,y<0.

It is easy to check that f is preinvex on K w.r.t. . However, there exist X = 2,y = -1,A = Landr € (0, 1) such
that f«(Ax + (1 = D)), r0) = 310 £ =310 = Af+(x, 10) + (1 = VF"(y, ro). It follows from Lemma 3.1 that f is not
convex on K.



DE GRUYTER Characterizations of the Solution Sets of Generalized Convex Fuzzy Optimization Problem = 57

Definition 3.4. Let K be a nonempty a-invex set of R" w.r.t. a and n. A fuzzy mapping f : K — E is called
a-preinvex on K w.r.t. a and n iff

Fy + Aalx, y)n(x, y) < AF)F(1 - DF(Y), vx,y € K, A € [0, 1].
Similar to Lemma 3.1 and 3.2, we have the following property.

Proposition 3.1. Let K be a nonempty a-invex set of R" w.r.t. « and n.f is a-preinvex on K w.r.t. a and n iff the
endpoint functions f+(x, r) and f*(x, r) are a-preinvex on K w.r.t. « and 1, i.e.,

F(y + Aa(x, y)n(x, y), 1) < Af(x, 1) + (1 = Dfu(y, 1), ¥x,y € K, A, 7 € [0, 1],
f*(y +Aa(x, y)n(x,y), r) < A+ - /\)f*(y, n, vx,y € K,A,r [0, 1].

Remark 3.3. When a(x,y) = 1, Proposition 3.1 becomes Lemma 3.2. Furthermore, Proposition 3.1 becomes
Lemma 3.1 when a(x, y) = 1 and n(x, y) = x — y. However, The following example shows that a-preinvexity of f
does not imply preinvexity of f. Thus, Definition 3.4 is a proper generalization of Definition 3.3.

Example 3.3. Letf : K — E be a fuzzy mapping defined by f(x) = (0, 1, 2)x, x € K = [0, +o0). Forany x, y € K,
let

1 .
_) i x>y, 11
a(x,y) {2’ if x<y, nx,y) 3X- 5V

(i) Clearly, K is an a-invex set w.r.t. « and n. Moreover, K is an invex set w.r.t. the same n since y + An(x,y) =
TAx+(1-3M0y e K.
(ii) It is easy to verify that f is a-preinvex on K w.r.t. « and n. However, there exist ro € (0,1),X = 3,7 = 5 and

A = L such that f(y + Afj(%, 9), 10) = Y10 > 4ro = Afe(%, 1o) + (1 = Df+(7, 10). It follows from Lemma 3.2 that f
is not a preinvex fuzzy function on K w.r.t. the same 1.

Nanda and Kar, [26], introduced the notion of a quasiconvex fuzzy mapping. Panigrahi in [28] pointed out
that, however, the notion for finding the maximum of two fuzzy numbers has not been discussed in their
paper. It may happen that two fuzzy numbers are not comparable. Therefore, Panigrahi defined a class
of comparable and non-comparable fuzzy functions (see the following Definition 3.6) and furnished some
reasonable examples (see Examples 3.9 and 3.10 in [28]). Furthermore, Panigrahi modified the definition of
quasiconvex fuzzy mappings (see Definition 4.8 in [28]). Motivated by Panigrahi, [28], and Noor, [38], we now
define the a-prequasiinvex fuzzy mapping.

Definition 3.5. [28] A fuzzy mapping f : K — E is called comparable iff f(x1) and f(x,) are comparable for
every pair x; # x, € K. Otherwise, f is called non-comparable. Let F denote the set of all comparable fuzzy
functions.

Definition 3.6. Let K be a nonempty a-invex set of R" w.r.t. a and n. A fuzzy mapping f: K > Eis called
a-prequasiinvex on K w.r.t. a and n iff

Fly + Aa(x, y)n(x, y)) < max{f(x), f(y)}, vx,y € K, A € [0, 1],

where f(x) and f(y) are comparable.

Remark 3.4. If a(x,y) = 1, then Definition 3.6 reduces to the prequasiinvex fuzzy mapping introduced by
Wu and Xu in [30]. Obviously, if the a-invex set K is not an invex set, then the fuzzy a-prequasiinvexity of f
cannot imply the fuzzy prequasiinvexity of f. The following example shows that, even if K is an invex set w.r.t.
the same n, the a-prequasiinvexity of f does not imply the prequasiinvexity of f, either. Therefore, the fuzzy
a-prequasiinvexity is a proper generalization of the fuzzy prequasiinvexity.
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Example 3.4. Let K = [0, +o0). Forany x,y € K, let

2=, if x>y, EN S
U(X,y)—{_g’ i ox<y. alx,y) = S0 x<y

and f(x) = (0, 1, 2)x. Indeed, it follows from Definition 3.5 that f is a comparable fuzzy function. Moreover, it is
easy to verify that K is an a-invex set and f is a-prequasiinvex fuzzy function on K w.r.t. & and n. On the other
hand, K is also an invex set w.r.t. the same 1. But there exist ro € (0,1),x = 2,7 = 1 and A= % such that
@G+ An(x, ), ro) = %ro > 2rg = Xrg = max{f*()?, ro), f<(7, 10)}. Hence, f is not prequasiinvex on K w.r.t. the
same 1.

Remark 3.5. It is not hard to see that the fuzzy a-preinvexity of f implies that the fuzzy a-prequasiinvexity of
f. However, the example shows that the fuzzy a-prequasiinvexity of f does not imply the fuzzy a-preinvexity of
f. Hence, the fuzzy a-prequasiinvexity is also a proper generalization of the fuzzy a-preinvexity.

Example 3.5. Let K = R. Forany x,y € K, let

0 -1,if x>0,y<0 or x<0,y>0

~ 0,1, 2)(—x), if x>0, 1, if x>0,y>0 or x<0,y<0,
foo = 12000 atx,y) -4 b Tx 20 Y
o, if x<O0,

and n(x,y) = x - y. Then, we obtain, for all r € [0, 1],

T [_(2 - r)X’ —rX], l X > O’
flx, 1) = f
[0, 0], if x<O.
Clearly, K is an a-invex set w.r.t. a and n. Moreover, it is easy to check that f is a-prequasiinvex on K w.r.t. « and
1. However, there exist ro € (0,1),X =2,y =-1and A = % such that

F @+ AaG P, ), r0) = 210> -2 70 = A (&%, 70) + (1 = DF 7, 7o),

It follows from Proposition 3.1 that f is not a-prequasiinvex on K w.r.t. the same a and n.

Motivated by the fuzzy directional derivative in [30], we introduce the concept of the fuzzy an-directional
derivative by virtue of H-difference.

Definition 3.7. Let f : K — E be a fuzzy mapping, where K is an a-invex set w.r.t. « and n.If forany x,y € K,
there exists 6 > O such that the H-difference f(y +Aalx, y)n(x,y)) o f(y) exists for any real number A € (0, 6),
and there exists h € E such that lim, _,0+((f(y + Aa(x, y)n(x,y)) ey f(y))\/l) = h, then f is called fuzzy an-
directionally differentiable at y and h (denote f (v; alx, yIn(x, y))) is called fuzzy an-directional derivative at y
in the direction a(x, y)n(x, y).

Remark 3.6. It follows from Proposition 3.1 in [21] that if f is fuzzy an-directionally differentiable at y in the
direction a(x, y)n(x, y), then for any fixed r € [0, 1], fe(x, r)and f*(x, r) are an-directionally differentiable at
y in the direction a(x, y)n(x, y), and

F (s alx, yInG, ), 1) = [F (s @, )0, ), 0, F (s alx, y)n(x, y)), ),

where ﬂ/ ((y; alx, y)n(x,y)), r) and f*/ ((y; alx, y)n(x, y)), r) are respectively, the an-directional derivatives of
fx(x,r)and f*(x, r) at y in the direction a(x, y)n(x, y). That is,

F (s alx, y)n(xe, y)), 1) = Ali}rg foly + Aalx, y)’l())lf’)’)’ n-F0. r)’

F' (@ ate pinte, ), ) - fim T0 ARG N0 [ 021),
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The following example is given to illustrate Definition 3.7.

Example3.6. Let K = {(x1,x2) € R?|x; > x; > 0}. Let a(x,y) = p € (0,2), n(x,y) = x - 1y for any x and
y € K. Define f(x1, x5) = (0,1, 2)x3 ¥ (0, 1, 2)x3 ¥ (1, 3, 5) for any (x1, x2) € K. Obviously, K is an a-invex set
w.r.t. a and n. For any r € [0, 1], we have

f(x1, x2), 1) =[r, 2 =rIx3 ¥ [r, 2 = rlx3 [1 + 2r,5 - 21].

Thus, we obtain f+((x1, x2), ) = 3 +rx3+(1+2r) and f ((x1, x2), V) = 2-Nx3+(2-1x3+(5-2r). Takex = (3, 2)
and y = (1, 2). By a direct calculation, we get f*/((y; a(x,y)n(x,y)),r) = 6pr and f*/((y; alx, y)nx,y),r) =
—6pr + 12p. Hence, f'((y; a(x, yin(x, y)), r) = [6pr,—6pr + 12p].

By applying the fuzzy an-directional derivative, the concepts of the fuzzy a-pseudoinvexity and the fuzzy
a-pseudomonotonicity are defined.

Definition 3.8. Let K be a nonempty a-invex set of R" w.r.t. « and 1. A fuzzy mapping f : K — E is called
a-pseudoinvex on K w.r.t. a and n iff, forany x, y € K,

Fsale, ynix, y) = 0 = Fx) = fO).
The above implication is equivalent to the following implication:
F) < Fy) = F'(y; alx, y)n(x, ) < 0.

The following example is used to illustrate Definition 3.8.

Example 3.7. Let K = {(x1,x3) € R?|x5 > x; > O}. The fuzzy mapping f : K — E is defined by f(x1, x,) =
(0,1,2) - ﬁ—f ¥(1,3,5),V(x1,x2) € K. Let a(x,y) = 2 and n(x,y) = x +y for any x,y € K. Clearly, K is an
a-invex set w.r.t. a and n. On the other hand, the endpoint functions of the fuzzy mappingf are

Fel(x1,x2), 1) =71+ i—z +(1+2r),vrelo,1],
1

Fba,x)in=@-n-22+(G-2n,vrelo,1l.
1
It follows from a direct computation that

2(x2y1 — x1y2)

F (v ale, (e, y)), 1) = - SR v, x) €Ky r € (0,1 31
1
7 (v 2l )G ) 1) = 2 - 1) w Vi, x) € Kor e [0, 1], (32)
1
Jeen -Foy,n =7 2RI i, x0) e Kore [0, 1, (33)
1Y1
Fon-Fo,n=@-n- 2252 g ) ek relo, 1. (34)
X1Y1

By Egs. (3.1)-(3.4), f is a fuzzy a-pseudoinvex mapping.

Definition 3.9. Let K be a nonempty a-invex set of R" w.r.t. a and n. A fuzzy mapping f : K — Eis called
an-pseudomonotone on K w.r.t. a and n iff, forany x, y € K,

F' 06 aly, n(y, x)) = 0 = F'(y; alx, y)n(x, y)) < 0.
The above implication is equivalent to the following implication:

F s alx, y)nx, ) = 0 = f'(x; aly, )n(y, x)) < 0.
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The following example will be used to illustrate Definition 3.9.

Example 3.8. In Example 3.7, we have

(03 2y, 0y, ), ) = - 200V220001), (35)
1
F¥ (0 aty, 0n0, ), 1) = (2 - ) 200722020, G6)
1

By Egs. (3.1), (3.2), (3.5) and (3.6), f is an an-pseudomonotone mapping.

Definition 3.10. Let f : R" — E be a fuzzy mapping.
(i) f is called positive homogeneous iff f(0x) = 6f (x) for any x € R" and 6 > 0.
(ii) f is called subodd iff f (x)¥f(-x) 3= O for any x € R™\{0}.

Example 3.9. Letf : X — E be defined by f(x) = (0, 1, 2)|x|. Then, fx, 1) =[rx, (2-r)x] forany r € [0, 1] and
x € X.If X := R, then f(0x) = [r(B1x]), (2 = r)(O]x])] = O[r|x|, (2 - r)|x|]] = 0f(x) for @ > 0. If X := R™\{0}, then
FOORF(=x) = [2r]x|, 2(2 - 1)|x|] = O for any r € [0, 1] and x € R™\{0}.

Remark 3.7. The fuzzy an-directional derivative is positive homogeneous w.r.t. the direction a(x, y)n(x, y).

Definition 3.11. Let f : K — E be a fuzzy mapping. f is called fuzzy radially upper semicontinuous (r.u.s.c) iff
the function p(A) := f(y +Aa(x, y)n(x, y)) isu.s.c forany x,y € Kand A € [0, 1].

To obtain some results in Section 4 and 5, we will give the following assumption regarding the fuzzy function
f. This assumption plays an important part in studying the properties of generalized convex fuzzy functions.
Assumption A. Let f : K C R" — E satisfy the assumption

Fly + alx, yn(x, y) < F(), vx,y € K.

To understand the Assumption A, we consider the following example.

Example 3.10. In Example 3.3. Let x >y, in this case, we have f(y + a(x, y)n(x, ), 1) = [r(1x+ 3y), @ - (Ex+
Nl < f(x, r), since

oy +alx, y)nx,y), ) = r(%x + %y) < r<%x + %x) =rx=f(x,1),

f*(y +a,ynix,y),n=02-r) (%x + %y) <(@2- r)(%x + %x) =Q2-nNx=f(x,7),

for any r € [0, 1]. A similar result holds, if x < y.

We also need the following assumption regarding the functions a(-, -) and n(:, -).

Assumption B. [50] Let a(-,-) : Kx K — R\ {0} and n(-, -) : K x K — R" satisfy the assumptions:
n(y,y +Aalx, y)n(x, y)) = -An(x, y),
nx,y +Aalx, y)n(x, y)) = (1 - n(x, y),vx,y € K, A € [0, 1].

Remark 3.8. Clearly, n(y, y) = 0. If Assumption B holds and a(x, y) = a(y, y + Aa(x, y)n(x, y)) forany x,y € K,
then we have n(y + Aa(x, y)n(x, y), y) = An(x, y). Indeed,
n(y +Aa(x, y)n(x, ), y)
=1y + Aalx, y)n(x, y), y + Aalx, yn(x, y) + a(x, y)n(y, y + Aa(x, y)n(x, y))
=1y + Aalx, y)n(x, y), y + Aalx, y)n(x, y) + aly, y + Aa(x, y)nG, yn(y, y + Aa(x, yIn(x, y)))
=-n(y,y +Aa(x, y)n(x, y))
= An(x,y).
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Lemma 3.3. [51] Let K be a nonempty a-invex set of R" w.r.t. @ and n. For any x,y € Kand A € [0, 1], if
n,y + Aalx, y)n(x,y)) = -An(x,y) and a(x,y) = a(y,y + Aa(x, y)n(x, y)), then for any A1, A, € [0, 1] and
A1 > Ay, the following equalities hold,

alx,y) = ay + Aralx, y)n(x, y), y + La(x, y)n(x, y)),
Ny + Aalx, y)n(x, y), y + Lalx, y)nx, y)) = A1 - A2)n(x, y).

4 Some properties of generalized convex fuzzy mapping

In this section, we turn our attention to investigating some basic properties of the generalized convex fuzzy
mapping.

Theorem 4.1. Let K be a nonempty a-invex set of R™ w.r.t. a and 1. Suppose that the following conditions hold:
(i) assumptions A and B are satisfied;
(ii) a satisfies

a(x,y) = aly,y + da(x, y)n(x,y), vx,y € K, A € [0, 1].
Then, the fuzzy mapping f is a-preinvex on K w.r.t. a and n iff the fuzzy mapping »(A) := f(y + Aa(x, y)n(x, y))
is convex on [0, 1].

Proof. Necessity. Suppose that the fuzzy mapping f is a-preinvex on K w.r.t. a and n. In order to verify that
the fuzzy mapping @(A) is convex on [0, 1], we need to show

P(A2 + k(A1 - A2)) < k@A)F(1 - K)P(A2), VA1, Az, k € [0, 1]. (4.1)
From Eq. (4.1) and Lemma 3.1, we only need to prove that

¢*(A2 + k(Al - AZ): r) < k(p*(Ala r) + (1 - k)(b*(AZ’ r)’ VA]_; AZ; k’ re [0’ 1]1 (4'2)

P A+ k(A = 23), 1) < k@ (A1, 1) + (1 - 0@ (A2, 1), VA1, Ay, k, 7 € [0, 1] (4.3)
By Lemma 3.3 and the a-preinvexity of f, we get

@Az + k(A1 - A3), 1)
= [y + haalx, y)n(x, y) + k(A1 - Aalx, y)n(x, y), 1)
= [y + Aaa(x, y)n(x, y) + ka(x, y)n(y + Ara(x, y)n(x, y), y + alx, y)n(x, y)), 1)
= fuly + Aaa(x, y)n(x, y) + ka(y + Aya(x, y)n(x, y), y + Lalx, y)n(e y)n(y + Aralx, yn(x, y),
y +Aalx, y)n(x, y)), 1)
< kfu(y + A1 alx, yinlx,y),nN+(1- Of<(y + A alx, yin(x,y),r)
= k@«(A1, 1)+ (1 - K)P+(A2, 1), VA1, A, k, 1 € [0, 1],

which means Eq. (4.2) holds. Similarly, Eq. (4.3) holds. Hence, (A7) is convex on [0, 1].
Sufficiency. Since Assumptions A and B hold, we have

Fely + Aale, y)n(x, y), 1) = p+(A, 1)
—pA-1+(1-1-0,7)
<A@«(1, 1)+ (1 - D)P«(0, 1)
= Afely + a0, Y0, y), 1) + (1 = Dfuly, 7)
<A, N+ A = Dfly, 1), vx,y € K, A, r € [0, 1]. (4.4)
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Similarly, we have
f*(y +Aa(x, y)n(x, y),r) < Ao+ - /I)f*(y, n,vx,y € K,A, relo,1]. (4.5)

1t follows from Eqgs. (4.4) and (4.5) that f is a-preinvex on K w.r.t. « and n. O

Remark 4.1. When a(x, y) = 1, Theorem 4.1 reduces to Theorem3.1in [32]. When a(x, y) = 1 and n(x, y) = x-y,
Theorem 4.1 reduces to Theorem 4.6 in [31].

Theorem 4.2. Let K be a nonempty a-invex set of R™ w.r.t. « and n. Suppose that the fuzzy mapping f is r.u.s.c
on K and the following conditions hold:

(i) assumptions A and B are satisfied;

(ii) a is a symmetric function such that

alx,y) = aly,y + da(x, y)n(x,y)), vx,y € K, A €0, 1].

Then, for any x, y € K with x # y, there exists a point z € {y + Aa(x, y)n(x, y)|A € [0, 1)} such that
fO) on F) = F' (25 alx, y)n(x, y).

Proof. By contradiction. Suppose that there exist x,y € K with x # y, for any z € {y + Aa(x, y)n(x, y)|A €
[0, 1)} such that f(z; alx, yin(x,y)) = f(x) eg f(y), which implies there exists ro € [0, 1] such that

Fe(@s alx, yne, y)), 10) > Flx, o) = (v, o) (4.6)

or
F (@ ale yn, y)), ro) > F(x, ro) = (v, o). (4.7)
Without loss of generality, we suppose that Eq. (4.6) holds. Let 7 : [0, 1] — E be a fuzzy mapping defined by
() := F(y + Aa(x, y)n(x, y)), A € [0, 1]. (4.8)

Thus, we have

%*(/1 +t, r) - %*(/1, r)
t
_ lim fely + A+ Dalx, y)n(x, ), ) - f(y + Aa(x, y)nix, y), 1)
t—0* t

= ey + Aalx, y)n(x, y); alx, y)n(x, ), 1), VA, r € [0, 1]. (4.9)

(A 1),1) = lim

Next, let 77 : [0, 1] — E be a fuzzy mapping defined by
() := TWFAFY) en Fy + ale, yn(x, y)), VA € [0, 1]. (4.10)
According to Eq. (4.10), we have
A, 1) = T, 1) + A(Fe(y, 1) = fx(y + a(x, Y)n(x, y), 1)), VA, 1 € [0, 1]. (4.11)

Since f is r.u.s.c on K, it follows from Definitions 2.4 and 3.11 that 7z+(A, r) is u.s.c on interval [0, 1]. By Lemma
2.1, there exists A € [0, 1] such that 7+(A, r) attains its maximum at A. Write M := 7«(A, r). It follows from
Eq. (4.8) and (4.11) that 7(0, r) = 7+(1, ) = fx(y, ). Hence, A € [0, 1). Thus, there exists § > 0 such that

A+ 06),r) -7(A, 1) <0, Vt € (0,8),r € [0, 1]. (4.12)

Dividing Eq. (4.12) by t and taking limits for t — 0%, we get

(A +18),1r) -4, 1)

; <0, vrelo,1]. (4.13)

((4;1),1) = lim
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By Eq. (4.11), we obtain
A1), 1) = 2((B 1), ) + Foy, 1) = Fuly + al, Ym0, ), 1), vr € [0, 11, (4.14)
Combining Egs. (4.9) and (4.14), we get
(s 1), 1) =F- (7 + Aax, y)n(x, y)s alx, y)nGe y)), 1)
+fely, 1) = fe(y + alx, y)n(x, y), ), Vr € [0, 1]. (4.15)
It follows from Egs. (4.13) and (4.15) that
F(y + Aalx, y)n(x, y); ale, y)n(x, ), 1) < Fey + ale, y)n(x, y), 1) = Foly, 1), vr € [0, 1] (4.16)
Write z := y + Aa(x, y)n(x, y) € {y + Aa(x, y)n(x, y)|A € [0, 1)}. By Eq. (4.16) and Assumption A, we have
Fo(@ ate, Yo, ), 1) < folx, 1) = Fely, ), vr € [0, 1], (4.17)

Taking r = ro in Eq. (4.17), we obtain f» ((z; a(x, y)n(x, y)), ro) < f+(x, ro) - f+(y, ro), which contradicts Eq. (4.6).
O

Remark 4.2. Ifa(x, y) = 1 and the fuzzy mapping f is replaced by a r.u.s.c real-valued function f, then Theorem
4.2 becomes Theorem 2.1in [15].

Theorem 4.3. Let K be a nonempty a-invex set of R" w.r.t. « and 1. Suppose that the fuzzy mapping fedFis
r.u.s.c on K and the following conditions hold:

(i) assumptions A and B are satisfied;

(ii) a is a symmetric function such that

alx,y) = aly,y + da(x, y)n(x,y)), vx,y € K, A € [0, 1];

(iii) f is an a-pseudoinvex fuzzy mapping on K w.r.t. a and n;
(iv) For any x € K, f'(x; ) is subodd in the second argument.
Then, f is an a-prequasiinvex fuzzy mapping on K w.r.t. the same a and n.

Proof. By contradiction. Suppose that f is not a-prequasiinvex fuzzy mapping on K w.r.t. the same a and n.
Then, there exist x, y € K and A € [0, 1] such that

Fy + AaCx, y)n(x, y)) = max{f(x), f(y)}. (4.18)
Without loss of generality, let
f») = Fo. (4.19)
By (4.18) and (4.19), we have f(y + Aa(x, y)n(x, y)) = f(y). Therefore, there exists ro € [0, 1] such that
F+(y + Aa(x, y)n(x, y), r0) > fely, 10) (4.20)
or
F iy + Aatx, y)n(x, y), r0) > (v, ro). (4.21)

Without loss of generality, suppose that Eq. (4.20) holds. Let
P(A) := Fly + Aa(x, y)n(x, y), ro) - F+(y, 10), VA € [0, 1]. (4.22)

Since the fuzzy mapping f is r.u.s.c on K, it follows from Definition 3.11 that ¢(A) isu.s.con [0, 1]. By Lemma
2.2, there exists A* € [0, 1] such that

P - (1) <0, VA € [0, 1]. (4.23)
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By Eq. (4.22) and Assumption A, we have ¢»(0) = 0 and ¢(1) = f*(y +alx, y)n(x,y), ro) — f+(y, ro) < 0. Hence,
A" €0, 1).Choosea § > 0such that A" + ¢t € [0, 1] for any ¢ € (0, 8). It follows from Eqgs. (4.22) and (4.23) that

f*(y + A"+ Halx, y)in(x, y), ro) —f*(y + A alx, yIn(x,y), ro) <0, vt € (0, 6). (4.24)
Dividing Eq. (4.24) by t and taking limit for t — 0", we get

F (v + X alx, y)n(x, y)s; alx, y)n(x, y), ro)
_ lim PO+ 0abe Yt y), ro) = Fely + Xale, i, ), 1o) ()

Jim, : (4.25)
Multiplying Eq. (4.25) by —A", it follows from Condition (iv) that
F (G + 2 alx, I, y)s =1 alx, y)n(x, y)), ro) > 0. (4.26)
From Assumption B, we have
n(y,y + A alx, yn(x, y)) = -A'nlx, y). (4.27)
By Condition (ii), we obtain
a(x,y) = aly, y + " alx, y)n(x, ). (4.28)
It follows from Eqgs. (4.26)-(4.28) that
F (@ + X ale, y)n(x, v aly, y + A aCx, y)nGe, yn(y, y + A alx, y)nGx, y)), ro) > 0. (4.29)
By the a-pseudoinvexity of f, Eq. (4.29) implies
Fy, 10) = Fely + A ax, y)n(x, ), o). (4.30)

Since A € [0, 1], it follows from (4.30) that f*(y, ro) = f*(y + Aa(x, yIn(x, y), ro), which contradicts Eq. (4.20).
Therefore, f is an a-prequasiinvex fuzzy mapping on K w.r.t. the same a and 1. O

Theorem 4.4. Let K be a nonempty a-invex set of R" w.r.t. a and n. Suppose thatfisa fuzzy ru.s.c function on
K and the following conditions hold:

(i) assumptions A and B are satisfied;

(ii) a is a symmetric function such that

a(x,y) = aly,y + Aa(x, y)n(x, y), vx,y € K, A € 0, 1];

(iii) For any x € K, f'(x; -) is subodd in the second argument.
Then, the following statements are equivalent:

(: a)f is an a-pseudoinvex mapping on K w.r.t. a and n;

(b) f is an an-pseudomonotone function on K w.r.t. a and 1.

Proof. (a) = (b). Suppose that f is an a-pseudoinvex mapping on K w.r.t. « and . For any x, y € K, let
F (6 aly, 0)n(y, x)) = 0. (4.31)

We need to verify that

Fy; alx, y)n(x, ) < 0. (4.32)

Suppose that Eq. (4.32) does not hold. We have

F'ys alx, y)n(x, y) = 0. (4.33)
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It follows from Eq. (4.33) and the a-pseudoinvexity of f that f(x) = f(y). By the a-pseudoinvexity of f,Eq. (4.31)
implies f(y) 3= f(x). Therefore, we have

FO) = F ). (4.34)
By Theorem 4.3, f is a-prequasiinvex mapping on K w.r.t. the same & and n,ie.,
Fy + Aalx, y)n(x, y)) < max{f(x), f{()}, VA € [0, 1]. (4.35)

From Egs. (4.34) and (4.35), we have
Fly +Aalx, yn(x, y) < F(v), VA € [0, 11.

Hence,
F(y + Aa(x, y)n(x, y), 1) - fe(y, 1) < 0,VA, r € [0, 1], (4.36)
Fy+2Aalx, y)n(x,y), ) -f (y,r) <0,VA, r € [0, 1]. (4.37)
Dividing Eq. (4.36) and Eq. (4.37) by A and taking limits A — 0", respectively, we get
(s ale, )G, y), 1) < 0,97 € [0, 11, (438)
(3 ale, ynlx, y), ) < 0,¥r € [0, 1], (439)

It follows from Egs. (4.38) and (4.39) that f'(y; a(x, y)n(x,y)) < 0, which contradicts Eq. (4.33). Hence, fisan
an-pseudomonotone function on K w.r.t. « and .
(b) = (a). Suppose that f is an an-pseudomonotone function on K w.r.t. a and 7. Let x, y € K such that

F'(ys alx, y)n(x, y)) = 0. (4.40)
We assert that
FOO = F). (4.41)

Case 1. If x = y, then Eq. (4.41) holds.
Case 2. If x # y, then Eq. (4.41) holds, too. Otherwise,

FOO < FW). (4.42)
Using Theorem 4.2, we can find A" € [0, 1) such that z := y + A"a(x, y)n(x, y) and
0~ F00) en FO) = (2 alx, yn(x, y)). (4.43)

When A" = 0, Eq. (4.43) is equivalent to 0 = f'(y; a(x, y)n(x, y)), which contradicts Eq. (4.40). Hence, A" €
(0, 1). By positive homogeneity and suboddness of f(x, -), multiplied (4.43) by -1", we get

f'(z; - alx, y)n(x, y) - 0. (4.44)
From Assumption B, we have
n(y,y + A al, ynx, ) = -A'nx, y). (4.45)
By Condition (ii), we get
alx, y) = aly, y + A alx, yn(x, ). (4.46)
It follows from Eqs. (4.44)-(4.46) that
F'zaly,y + A"ale, yn, yin(y, y + A alx, y)n(x, y) = 0. (4.47)
From Eq. (4.47) and the an-pseudomonotonicity of f, we obtain
Fys aly + X al, y)n(x, y), y)nly + A alx, y)n(x, y), y) < 0. (4.48)
By Remark 3.8, Condition (ii), A§sumption B and Eq. (4.48), we obtian f'(y; a(x, yinx,y)) < 0, which
contradicts Eq. (4.40). Therefore, f is a fuzzy a-pseudoinvex function w.r.t. « and 1 on K. O

Remark 4.3. In the non-fuzzy settings, when f is a r.u.s.c real-valued function and a(x, y) = 1, Theorem 4.4
becomes Theorem 3.2 in [15], and furthermore, if n(x, y) = x — y, then Theorem 4.4 becomes Theorem 5.2 in [52].
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5 Characterization of the solution sets

Let K be a nonempty a-invex subset of R" w.r.t. a and 7, and let f : K — E be a non-differentiable fuzzy
a-pseudoinvex mapping. We consider the following fuzzy optimization problem (FOP):

(FOP)  min f(x) s.t. xeK.
Now, we assume from here onwards that the solution set of (FOP) denoted by S := argmin {f x)|x € K}

is nonempty.

Theorem 5.1. Let K be a nonempty a-invex set of R" w.r.t. a and n. Suppose that fisa fuzzy ru.s.c function on
K and the following conditions hold:

(i) assumptions A and B are satisfied;

(ii) a is a symmetric function such that

a(x,y) = aly,y + Aalx, y)n(x, y), vx,y € K, A € [0, 1];

(iii) f is an a-pseudoinvex mapping on K w.r.t. « and n;
(iv) For any x € K, f'(x; -) is subodd in the second argument.
Then, the solution set S of (FOP) is an a-invex set.

Proof. Letx,y € S. Then, for any z € K, we have
FOO =F) < f2). (5.)

It follows from Theorem 4.3 that f is an a-prequasiinvex mapping on K w.r.t. the same a and n. Thus, by
Eq. (5.1), we have
fly +Aalx, yn(x, y) < f(2), VA € [0, 1],

which implies y + Aa(x, y)n(x, y) € S. Hence, the solution set S of (FOP) is an a-invex set. O

Theorem 5.2. Let K be a nonempty a-invex set of R" w.r.t. « and n. Suppose that f is a ru.s.c function on K and
the following conditions hold:

(i) assumptions A and B are satisfied;

(i) a is a symmetric function such that

a(x,y) = aly,y + da(x, y)n(x,y)), vx,y € K, 1 €0, 1];

(iii) f is an a-pseudoinvex fuzzy mapping on K w.r.t. « and n;
(iv) For any x € K, f’ (x; ) is subodd in the second argument.
Then, for any x,y € S, f'(y; a(x, y)n(x, y)) = f' (x; aly, x)n(y, x)).

Proof. Since x,y € S, we havef(y) < f(y +Aa(x, y)n(x, y)) for any A € [0, 1], which implies

Fely + Aalx, y)n(x, y), 1) = fe(y, 1) = 0, YA, r € [0, 1], (5.2)

Fy+Aale, ynx, y), 1) - f (y,1) > 0, vA, r € [0, 11. (5.3)
Dividing Eq. (5.2) and Eq. (5.3) by A and taking limits A — 0", respectively, we get
F (3 alx, y)n(x, y)), 1) > 0, vr € [0, 1],
F (s abe, y)n(x, y)), 1) > 0, vr € [0, 1].

Therefore,

Fy; alx, y)n(x, y)) = 0. (5.4)
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Similarly, we have
F' 0 aly, In(y, ) = 0. (5.5)

By Theorem 4.4, f is an-pseudomonotone. Hence, Egs. (5.4) and (5.5) imply, respectively,

'O aly, dn(y, ) < 0, (5.6)
F'(ys alx, y)n(x, y)) < 0. (5.7)
It follows from Eqs. (5.4)-(5.7) that f'(y; a(x, y)n(x, y)) = f(x; a(y, )n(y, x)). O]

Theorem 5.3. Let K be a nonempty a-invex set of R" w.r.t. a and n. Suppose that f is a ru.s.c. function on K
and the following conditions hold:

(i) assumptions A and B are satisfied;

(ii) a is a symmetric function such that

alx,y) = aly,y +dalx, y)n(x,y)), vx,y € K, A € [0, 1];

(iii) f is an a-pseudoinvex mapping on K w.r.t. a and n;

(iv) For each x € K, f'(x; -) is subodd in the second argument.

Foranygivenx" €S,5=S,=5, =53 =S, =S5, where
S1 = {x € KIf' (x; a(x", ¥)n(x", x)) = 0},
Sy = {x e KIf'(x; a(x", x)n(x", x)) 3= 0},
S5 = {x € KIf'("; alx, X In(x, x)) = ' (s alx”, )n(x", )},
Sy = {x € KIf ("3 alx, x In0x, ")) < /(s alx”, )n(x", )},
Ss = {x € K|f'(x"; alx, X )n(x, x")) = O}.

Proof. Step1. S C S;.Let x € S, we have f(x) = f(x"). It follows from Theorem 5.1 that S is an a-invex set.
Therefore, x + Aa(x", x)n(x",x) € S forany A € [0, 1]. Then, f(x + Aa(x", x)n(x", x)) = f(x), i.e., for every
r € [0, 1], we have

7 (G @l 00 ), 1) = AILH& frlx + Aa(x”, X)n(/{(*, X), 1) = fx,1) _ o,

f*l((x; ax’, O, x0), 1) = A1LH3+ F O+ Aalx, X)'](/{(*, X), 1) - Fx, 1) _o,

ie., f/(x; a(x", )n(x", x)) = 0. Thus, x € S; and hence S C S;.

Step 2. S1 C S, is clear.

Step3.S, C S. Assume that x € S,. Then f'(x; a(x", x)n(x", x)) 3= 0. By the a-pseudoinvexity of f, f(x*) =
f(x). Since x* € S, f(x") < f(x). Therefore, f(x*) = f(x), which shows that x € S. Hence, S, C S.

Step 4. S C S3. Let x € S. Then F(x) = F(x"). 1t follows from Theorem 5.1 that S is an a-invex set. For any
A€ [0,1], x" + Aa(x, xIn(x, x") € Sand x + Aa(x", x)n(x", x) € S. Then, f(x" + Aa(x, x")n(x, x*)) = f(x"), i.e.,
for every r € [0, 1], we have

F O+ Aalx, xIx, x°), 1) - f(, )

J (s @, x e, x)), 1) = lim A -0,
F(OCs alx, xIn(x, x), 1) = Alirg [0+ Aalx, X*)n(}){’ X).1) =) =0.

Therefore,

F( ale, xnx, x7) = 0. (5.8)
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Similarly, we have
F06 ald", )n(x", x) = 0. (59)

It follows from Egs. (5.8) and (5.9) that f* (x"; a(x, x')n(x, x*) = F* (x; a(x", X)n(x", x)). Thus, x € S3, i.e.,
SCSs.

Step 5. It is clear that S3 C S,.

Step 6. S; C S. To show that S, C S, we only need to verify that S, C S,. Let x € S,. Since x™ € S, we get
FOX) < FXF + Aalx, x)n(x, x7)) for any A € [0, 1], i.e., for each r € [0, 1], we have

F (s @b, X X, 1) = lim F0 + Aal, X*)”(}’f’ LD ZFO0T) S g (5.10)

(5.11)

},*/((X*; a(x, X*))’I(X’ X*)), r) _ Allnbk f*(x* + /\(X(X, X*)rl(AX, X*), r) _f*(X*’ r) 2 0.

By Egs. (5.10) and (5.11), we get f'(x"; a(x, x")n(x, x")) = 0. Since x € S4, f'(x; a(x", x)n(x*, x)) = 0. Thus,
x e S,.
Step7.S = S5. By Steps 1-6, S = S1 = S3.50 85 =S1 NS5 =S. O

Remark 5.1. In the non-fuzzy settings, when f is a r.u.s.c differentiable real-valued function and a(x,y) = 1,
Theorem 5.3 becomes Theorem 3.1 in [13]. In addition, when f is a r.u.s.c non-differentiable real-valued function
and a(x, y) = 1, Theorem 5.3 is Theorem 4.2 in [15].

6 Conclusions

In this paper, we introduced some new classes of generalized convex fuzzy mappings called a-preinvex fuzzy
mapping, a-prequasiinvex fuzzy mapping, fuzzy an directional derivative, a-pseudoinvex fuzzy mapping
and fuzzy an-pseudomonotone function, respectively. Moreover, some relationships among several kinds
of generalized convex fuzzy mapping are given. Under some suitable assumptions, some properties of a-
pseudoinvex fuzzy mapping, which play an important role in characterizations of solution sets of a non-
differentiable a-pseudoinvex fuzzy optimization problem, are obtained. As applications of these properties,
five equivalent characterizations of the solution sets are obtained for a class of the generalized convex fuzzy
optimization problem. It is interesting to discuss the relationships between fuzzy variational-like inequalities
and fuzzy optimization problems and give the characterizations of the solution sets of the fuzzy variational-
like inequalities under the assumption of the a-pseudoinvex fuzzy mapping.
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