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Abstract:As the real common generalisations of both orthodox transversals and adequate transversals in the
abundant case, the concept of re�ned generalised quasi-adequate transversal, for short,RGQA transversalwas
introduced by Kong andWang. In this paper, an interesting characterization for a generalised quasi-adequate
transversal to be re�ned is acquired. It is shown that the product of every twoquasi-ideal RGQA transversals of
the abundant semigroup S satisfying the regularity condition is a quasi-ideal RGQA transversal of S and that
all quasi-ideal RGQA transversals of S compose a rectangular band. The related results concerning adequate
transversals are generalised and enriched.
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1 Introduction
Suppose that S is a regular semigroup with a subsemigroup So. We denote the intersection of V(a) and So by
VSo (a) and that I = {aao : a ∈ S, ao ∈ VSo (a)} and Λ = {aoa : a ∈ S, ao ∈ VSo (a)}. An inverse transversal
of the semigroup S is a subsemigroup So that contains exactly one inverse of every element of S, that is, S
is regular and So inverse with |VSo (a)| = 1. This important concept was introduced by Blyth and McFadden
[1]. Thereafter, this class of regular semigroups excited many semigroup researchers’ attention and a good
many important results were obtained (see [1-4] and their references). Tang [4] showed that for S a regular
semigroup with an inverse transversal So, then I and Λ are both bands with I left regular and Λ right regular.
These two bands play an important role in the study of regular semigroups with inverse transversals. Other
important subsets of S are R = {x ∈ S : xox = xoxoo} and L = {x ∈ S : xxo = xooxo}. They are subsemigroups
with R and L left and right inverse respectively. The concept of an orthodox transversal was introduced by
Chen [5] as an interesting generalisation of inverse transversals, and a structure for a regular semigroup with
a quasi-ideal orthodox transversal was established. Chen and Guo [6] further considered the general case of
an orthodox transversal and acquired many properties focused on the sets I and Λ. In [7,8], Kong and Zhao
introduced two interesting sets R and L and established the structure for a regular semigroupwith quasi-ideal
orthodox transversals. In 2014, Kong [9] introduced the concept of a generalised orthodox transversal and
Kong and Meng [10] acquired the characterization for a generalised orthodox transversal to be an orthodox
transversal and obtain a concrete characterization of the maximum idempotent-separating congruence on
a regular semigroup with an orthodox transversal. If the concept of transversals could be introduced in the
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range of E-inversive semigroups, then the congruences [11,12] on them will be characterized more neatly.
More recently, Kong [13] investigated the weakly simplistic orthodox transversal and obtained the su�cient
and necessary condition for the orthodox transversal So to be weakly simplistic.

The concept of an adequate transversal, was introduced in the range of abundant semigroups by El-
Qallali [14] as the generalisation of the concept of an inverse transversal. Chen, Guo and Shum [15,16] obtained
some important results about a quasi-ideal adequate transversal. Kong [17] explored some properties about
adequate transversals. Kong and Wang [18] considered the product of quasi-ideal adequate transversals and
proposed the open problem of the isomorphism of adequate transversals. The concept of a quasi-adequate
transversalwas introduced by Ni [19] and followed by Luo, Kong andWang [20,21], their workmainly focused
on the properties and the structure of multiplicative quasi-adequate transversals. Unfortunately, quasi-
adequate transversals are neither the generalisation of an orthodox transversal nor adequate transversals. In-
spiredby the characterization of orthodox transversals [10], the concept ofaRGQA transversalwas introduced
by Kong and Wang [22]. It was demonstrated that RGQA transversals are the real common generalisations of
both orthodox transversals and adequate transversals in the abundant case.

In the present paper, we continue along the lines of [3, 18, 22] by exploring the relationship between the
quasi-ideal RGQA transversals of the abundant semigroup. Themain result of this paper is that the product of
two quasi-ideal RGQA transversals of an abundant semigroup S satisfying the regularity condition is a quasi-
ideal RGQA transversal of S and that all quasi-ideal RGQA transversals of S compose a rectangular band. The
related results concerning adequate transversals are generalised and enriched.

2 Preliminaries
The Miller-Cli�ord theorem is crucial in the study of semigroups.
Lemma 2.1. [23] (1) Suppose that e and f are idempotents of a semigroup S. For every a in Re ∩ Lf , there exists
a unique b in Rf ∩ Le such that ab = e and ba = f ;
(2) Suppose that a, b ars elements of a semigroup S. Then ab ∈ Ra ∩ Lb if and only if there exists an idempotent
in La ∩ Rb.

De�nition 2.2. [5] Let So be anorthodox subsemigroupof the regular semigroup S. So is called be an orthodox
transversal of S, if the following two conditions are satis�ed:
(1) (∀ a ∈ S) VSo (a) ≠ ∅;
(2) For any a, b ∈ S, if {a, b} ∩ So ≠ ∅, then VSo (a)VSo (b) ⊆ VSo (ba).

Lemma 2.3. [10] Let So be an orthodox subsemigroup of the regular semigroup S with VSo (a) ≠ ∅ for every
a ∈ S. Then the su�cient and necessary condition for So to be an orthodox transversal of S is

(∀a, b ∈ S) [VSo (a) ∩ VSo (b) ≠ ∅ ⇒ VSo (a) = VSo (b)].

A subsemigroup T of a semigroup S is called a quasi-ideal of S, if it satis�es TST ⊆ T.
Let S and So be semigroups. In this paper, the set of idempotents of S and So are denoted by E and Eo

respectively to avoid confusion. If the product of any two elements of E is regular, then S is called satisfying
the regularity condition.

On any semigroup S the relation L* is de�ned by aL*b if and only if {∀x, y ∈ S1, ax = ay ⇔ bx = by}.
The relationR* is dually de�ned. Certainly,L* andR* are right and left congruences respectively withL ⊆ L*

and R ⊆ R*. If a, b are regular in S, then aL*b (aR*b) if and only if aLb (aRb). A semigroup is said to be
abundant [24] if everyL*- class and eachR*- class contains an idempotent. An abundant semigroup S is said
to be quasi-adequate [25] (adequate semigroup) if its idempotents constituate a band (semilattice). A band is
said to be a rectangular band if it satis�es abc = ac. Suppose that S is an abundant semigroup with U an
abundant subsemigroup, U is a *-subsemigroup of S i�L*(U) = L*(S)∩ (U × U) andR*(U) = R*(S)∩ (U × U).
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Let So be a *-adequate subsemigroup of the abundant semigroup S. So is said to be an adequate
transversal of S, if for every x ∈ S there exist two idempotents e, f in S and a unique element x in So such that
x = exf , with eLx+ and fRx*. (see [14] for detail).

Suppose that S is an abundant semigroup having the set of idempotents E and So a quasi-adequate
*−subsemigroup of S having the set of idempotents Eo. So is said to be a generalised quasi-adequate
transversal of S if CSo (x) = {xo ∈ So | x = exo f , eLxo+, fRxo* for some xo+, xo* ∈ Eo} ≠ ∅. Let

Ix = {e ∈ E | (∃xo ∈ CSo (x)) x = exo f , eLxo+, fRxo* for some xo+, xo* ∈ Eo},

Λx = {f ∈ E | (∃xo ∈ CSo (x)) x = exo f , eLxo+, fRxo* for some xo+, xo* ∈ Eo},

I =
⋃
x∈S

Ix , Λ =
⋃
x∈S

Λx .

By Ni[19], the generalised quasi-adequate transversal So is said to be a quasi-adequate transversal of S if it
satis�es (∀e ∈ E) (∀g ∈ Eo), CSo (e)CSo (g) ⊆ CSo (ge) and CSo (g)CSo (e) ⊆ CSo (eg).

De�nition 2.4. [22] Suppose that So is a generalised quasi-adequate transversal of the abundant semigroup
S. If for all a, b ∈ RegS, VSo (a) ∩ VSo (b) ≠ ∅ implies that VSo (a) = VSo (b), then So is said to be a a RGQA
transversal of S.

Lemma 2.5. [22] Suppose that S is an abundant semigroup having a generalised quasi-adequate transversal
So. Then So is re�ned if and only if IEo , EoΛ ⊆ E and for all e ∈ I, λ ∈ Λ, f ∈ Eo, if fe, λf are regular, then they
are idempotent.

Lemma 2.6. [22] Let So be a re�ned generalised quasi-adequate transversal of the abundant semigroup S.
Then
(i) So is an orthodox transversal of S if and only if S is a regular semigroup.
(ii) So is an adequate transversal of S if and only if So is an adequate semigroup.

Therefore, by Lemma 2.6 we can say that RGQA transversals are the real common generalisation of an
orthodox transversal and adequate transversals in the abundant case.

3 A characterization for a generalised quasi-adequate transversal
to be re�ned

Lemma 2.5 gives the important equivalent conditions for a generalised quasi-adequate transversal to be
re�ned. Now we supplement Lemma 2.5 with another characterization of RGQA transversals within the class
of abundant semigroups. It is analogous to the de�nition of an orthodox transversal in an interestingmanner.

Theorem 3.1. Suppose that S is an abundant semigroup having a generalised quasi-adequate transversal So.
Then So is re�ned if and only if for any regular elements a ∈ S, b ∈ So, if ba is regular, then VSo (a)VSo (b) ⊆
VSo (ba); and if ab is regular, then VSo (b)VSo (a) ⊆ VSo (ab).

Proof. (Necessity) For any regular elements a ∈ S, b ∈ So, we may take ao ∈ VSo (a), bo ∈ VSo (b), if the
generalised quasi-adequate transversal So is re�ned, then by Lemma 2.5, aaobob ∈ IEo ⊆ E. If ba is regular,
take (ba)o ∈ VSo (ba), then

(bobaao)(a(ba)ob)(bobaao) = bo(baaoa)(ba)o(bboba)ao = bo(ba)(ba)o(ba)ao = bo(ba)ao = bobaao .

Thus bobaao is regular and so bobaao ∈ Eo I ⊆ E. Therefore

aobo · ba · aobo = ao(aaobob)(aaobob)bo = ao · aaobob · bo = aobo
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ba · aobo · ba = b(bobaao)(bobaao)a = b · bobaao · a = ba

and so VSo (a)VSo (b) ⊆ VSo (ba). Similarly, if ab is regular, then VSo (b)VSo (a) ⊆ VSo (ab).
(Su�ciency) For any regular elements s1, s2 ∈ So, if V(s1) ∩ V(s2) ≠ ∅, take s ∈ V(s1) ∩ V(s2) and so1 ∈

VSo (s1). From s2sLs1sRs1so1, by Lemma 2.1, s2Rs2ss1so1Lso1 and (s2ss1so1)2 = s2(ss1so1s2ss1)so1 = s2ss1so1
since by the assumption so1s2 ∈ VSo (ss1). Similarly, s2Lso1s1ss2Rso1 with so1s1ss2 ∈ E. Thus

so1s2so1 = so1s2ss1ss2so1 = so1(s2ss1so1)s1ss2so1 = (so1s1ss2)so1 = so1

and
s2so1s2 = s2(ss2so1s1)so1(s1so1s2s)s2 = s2ss1so1s1ss2 = s2ss1ss2 = s2ss2 = s2.

Hence so1 ∈ VSo (s2), that is, VSo (s1) ∩ VSo (s2) ≠ ∅. Therefore VSo (s1) = VSo (s2) since the regular elements of
So form an orthodox subsemigroup of S.

For any e ∈ S, if VSo (e)∩ Eo ≠ ∅, take f ∈ VSo (e)∩ Eo. Then for any eo ∈ VSo (e), we have e ∈ V(f )∩V(eo)
and so by the above result, VSo (f ) = VSo (eo). Consequently, eo is an inverse of f in So and eo ∈ Eo since So is
quasi-adequate. That is, if VSo (e) ∩ Eo ≠ ∅, then VSo (e) ⊆ Eo.

Let e, f ∈ I with eLf . Let h ∈ Eo be such that hLeLf , then h ∈ VSo (e) ∩ VSo (f ). For any g ∈ VSo (e), by
the result above we have g ∈ Eo. It is clear that ghg ∈ VSo (gfg) and ghg ∈ VSo (geg) = VSo (g). Then gfg and g
have a common inverse ghg and so ghg · gfg · ghg = ghg. Thus gfg = g. Since geLeLf , by Lemma 2.1, fgRf
and so fgf = f . Thus g ∈ VSo (f ) and so VSo (e) ⊆ VSo (f ). Similarly, the reverse inclusion is hold and hence
VSo (e) = VSo (f ). Dually, if e, f ∈ Λ with eRf , then VSo (e) = VSo (f ).

It is a routine matter to show that for any regular element a ∈ S with ao ∈ VSo (a), then VSo (a) =
VSo (aoa)aoVSo (aao).

If regular elements a, b ∈ S with VSo (a) ∩ VSo (b) ≠ ∅, we can take xo ∈ VSo (a) ∩ VSo (b). It follows that

VSo (a) = VSo (xoa)xoVSo (axo) and VSo (b) = VSo (xob)xoVSo (bxo).

Since axo , bxo ∈ I with axoLbxo, we have VSo (axo) = VSo (bxo). Dually, VSo (xoa) = VSo (xob). Therefore
VSo (a) = VSo (b) and so So is re�ned.

4 The main result
In 1986, Saito [3] had acquired the result that the product of two quasi-ideal inverse transversals of the regular
semigroup S is again a quasi-ideal inverse transversal of S. This important result was generalised to adequate
transversals by Kong and Wang [18]. In this section we obtain the main result that the product of any two
quasi-ideal RGQA transversals of the abundant semigroup S satisfying the regularity condition is a quasi-
ideal RGQA transversal of S. And that, if S has quasi-ideal RGQA transversals, then all quasi-ideal RGQA
transversals of S compose a rectangular band.

Let A and B be subsets of a semigroup S and AB for {ab : a ∈ A, b ∈ B}. It is obvious that (∀A, B, C ⊆
S) (AB)C = A(BC), and we denote it by ABC.

Lemma 4.1. Suppose that So is a quasi-ideal RGQA transversal of the abundant semigroup S and A a subset
of S. Then

(1) ASSo = ASo and SoSA = SoA;
(2) ASo and SoA are both subsemigroups and quasi-ideals of S;
(3) For any regular element x ∈ S, if |V(x)

⋂
A| ≥ 1, then |V(x)

⋂
ASo| ≥ 1 and

|V(x)
⋂
SoA| ≥ 1.

Proof. (1) Suppose that a ∈ A, x ∈ S and s ∈ So. Then a = eaafa with faRa* and so axs = aa*faxs ∈
ASoSSo ⊆ ASo. It is obvious that as = afas ∈ ASSo and thus ASSo = ASo. Similarly, SoSA = SoA.

(2) Obviously, ASo · ASo ⊆ A · SoSSo ⊆ ASo, thus ASo is closed and a subsemigroup of S. Similarly,
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ASo · S · ASo ⊆ A · SoSSo ⊆ ASo and so ASo is a quasi-ideal of S. There is a dual result for SoA
(3) For any regular element x ∈ S, take x′ ∈ V(x)

⋂
A, then for any xo ∈ VSo (x), x′xxo ∈ V(x)

⋂
ASSo =

V(x)
⋂
ASo, that is |V(x)

⋂
ASo| ≥ 1. Similarly, |V(x)

⋂
SoA| ≥ 1.

Lemma 4.2. Let So, S� be quasi-ideal RGQA transversals of an abundant semigroup S. For every regular
element a ∈ S, VS�So (a) = VS� (a) · a · VSo (a).

Proof. Take a� ∈ VS� (a), a
o ∈ VSo (a), then a�aao ∈ S�SSo = S�So and a�aao ∈ V(a), thus VS� (a) · a ·

VSo (a) ⊆ VS�So (a). For any x
�yo ∈ VS�So (a), we have

a = ax�yoa, x�yo = x�yo · a · x�yo .

Thus
x�yo = x�yo · aa�aaoa · x�yo = x�yoaa� · a · aoax�yo .

and
x�yoaa� ∈ S�SS� ⊆ S�, aoax�yo ∈ SoSSo ⊆ So ,

Meanwhile
a · x�yoaa� · a = a · x�yo · a = a,

x�yoaa� · a · x�yoaa� = x�yoax�yoaa� = x�yoaa�.

Hence x�yoaa� ∈ VS� (a), Similarly, aoax�yo ∈ VSo (a). Therefore VS�So (a) ⊆ VS� (a) ·a ·VSo (a) and hence
VS�So (a) = VS� (a) · a · VSo (a).

Lemma 4.3. Suppose that So is a quasi-ideal RGQA transversal of the abundant semigroup S. For any
x, y ∈ S, there exist x ∈ CSo (x), y ∈ CSo (y) such that x = exxfx , exLx+, fxRx* for some x+, x* ∈ Eo and
y = eyyfy , eyLy+, fyRy* for some y+, y* ∈ Eo . Then

(1) xfxeyy ∈ CSo (xy);
(2) ex(xfxey)+ ∈ Ixy;
(3) (fxeyy)*fy ∈ Λxy.

Proof. Certainly
xy = exxfxeyyfy = ex(xfxey)+(xfxeyy)(fxeyy)*fy ,

where ex(xfxey)+ ∈ IEo ⊆ E, (fxeyy)*fy ∈ EoΛ ⊆ E and xfxeyy ∈ So since So is a quasi-ideal. Since R*,R are
left congruences and L*,L are right congruences, it is easy to see

ex(xfxey)+ L x+(xfxey)+ R* x+(xfxey) = xfxeyy+ R* xfxeyyo ,

(fxeyy)*fy R (fxeyy)*y* L* (fxeyy)y* = x*fxeyy L* xfxeyy.

Thus the needed results are proved.

Theorem 4.1. Let So be a quasi-ideal RGQA transversal of the abundant semigroup S satisfying the regularity
condition. Then both I and Λ are bands.

Proof. Since So is a RGQA transversal of S and S satisfying the regularity condition, then by Lemma 2.5
IEo ⊆ E and Eo I ⊆ E. Let e, f ∈ I with eL e* ∈ Eo. Obviously, e*f = e*� * ∈ SoSSo

⋂
Eo I ⊆ So

⋂
I = Eo since

So is a quasi-ideal. Thus ef = ee*f ∈ IEo ⊆ E and ef Le*f ∈ Eo and so ef ∈ I. Therefore I is a band and there
is a dual result for Λ.
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In the following So and S� denote a pair of RGQA transversals of the abundant semigroup S and ESo and
ES� denote the idempotents of them respectively to avoid confusion, and similar as ES, ES�So , Io , I�, Λo and
Λ� speaking for themselves. For simplicity, in S�, a typical idempotent which L*-related and R*-related to
a ∈ S� are denoted by a* and a+ respectively. For every x ∈ S, we denote x = exxfx in So and x = ix x̃λx
in S� as the decompositions and of x respectively. Then x̃ ∈ S� has the same sense as in the de�nition of
generalised quasi-adequate transversals, that is ix , λx ∈ ES and x̃*, x̃+ ∈ ES� with x̃*L* x̃R* x̃+ and ixLx̃+,
λxRx̃*, and also ixR*xL*λx.

Let S� and So be RGQA transversals of the abundant semigroup S. Write

I(S�, So) = {aao : a ∈ Reg(S�), ao ∈ VSo (a)},

Λ(So , S�) = {a�a : a ∈ Reg(So), a� ∈ VS� (a)}.

Theorem4.2. Let S� and So be a pair of quasi-ideal RGQA transversals of the abundant semigroup S satisfying
the regularity condition. Then I(S�, So) = Λ(So , S�) = Io

⋂
Λ�.

Proof. For any aao ∈ I(S�, So), where a ∈ Reg(S�), ao ∈ VSo (a), certainly, a ∈ VS� (a
o) and so aao =

ao�ao ∈ Λ(So , S�). Thus I(S�, So) ⊆ Λ(So , S�) and dually Λ(So , S�) ⊆ I(S�, So). Therefore,

I(S�, So) = Λ(So , S�) = Σ, say

It is clear from the above de�nitions that Σ ⊆ Io
⋂
Λ�.

For the reverse part, let x ∈ Io
⋂
Λ�. Since x ∈ Λ�, we have x = x�x for some x� ∈ VS� (x)

with x� ∈ E(S�) and so x� = xx�. Similarly, x ∈ Io implied that x = xxo for some xo ∈ VSo (x)
with xo ∈ E(So) and so xo = xox. Let x�o ∈ VSo (x�). From xo L x R x� R x�x�o, by Lemma 2.1, we
deduce that xo R xox�x�o L x�x�o L x�o with xox�x�o ∈ Eo Io ⊆ Eo since So is a quasi-ideal and S
satis�es the regularity condition. Thus xo L x�oxo R x�o . Certainly, xo R xox� L x� and so by Lemma 2.1,
x�o R x�oxox� L xox� and x�oxox� H*x�ox� ∈ Io

⋂
Λ�. Consequently, x�x�oxo Hx and so x�x�oxo = x

since x ∈ E and x�x�o · xo ∈ IoEo ⊆ E. Also (x�oxox�)2 = x�oxo(x�x�oxo)x� = x�oxoxx� = x�oxox� and
x�oxox� ∈ E. Therefore

x� · x�oxo · x� = xx� = x� and x�oxo · x� · x�oxo = x�oxox = x�oxo

and so x�oxo ∈ VSo (x�). Hence x = x� · x�oxo ∈ I(S�, So) = Σ.

Theorem 4.3. Suppose that S� and So are quasi-ideal RGQA transversals of the abundant semigroup S
satisfying the regularity condition. Then S�So is a quasi-ideal RGQA transversal of S.

Proof. It is easy to see that S�So is a quasi-ideal and a subsemigroup of S.
For any x ∈ S�So, there exist s� ∈ S�, to ∈ So such that x = s�to. We deduce from So is a quasi-ideal

of S that es� (s�fs�eto )
+ ∈ Is� to = Ix and we denote it by ex. It is obvious that is� ∈ ES� since (s�) ∈ S�

and so from es�R*is� ∈ ES� we deduce that es� ∈ Io
⋂
Λ�. It follows from Theorem 4.2 that there exists

a ∈ Reg(S�) such that es� = aao and so

ex = es� (s�fs�eto )
+ = aao(s�fs�eto )

+ ∈ S�So .

Dually, λx ∈ S�So. Thus ex , λx ∈ ES�So , and it follows from exR*xL*λx that S�So is abundant. Through
simple calculation we way show that exR*(S)xL*(S)λx, hence S�So is a abundant *-subsemigroup of S.

Suppose that e is an idempotent of S�So. Then e can decompose into as for some a ∈ S�, s ∈ So.
Since (sas)(asa)(sas) = sas, (asa)(sas)(asa) = asa and sas ∈ So, we have sas ∈ VSo (asa), and so e =
asasas = asa(asa)o. By asa ∈ S�, every idempotent of S�So is of the form bbo for some b in Reg(S�).
Suppose that e and f are idempotents of S�So. Then e = bbo and f = cco for some b, c ∈ Reg(S�) with
bo ∈ VSo (b) and co ∈ VSo (c). For any l ∈ ESo , by the regularity condition, lcco is regular and so lcco ∈ ES
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since So is a RGQA transversal of S. Thus lcco ∈ ES
⋂
So = ESo since So is also a quasi-ideal of S. Therefore

ef = bbocco = bbo(bo*cco) ∈ IoESo ⊆ ES and S�So is a quasi-adequate semigroup.
For every x ∈ S, there exist a, b ∈ Reg(S) with ex = aao , λx = b�b, where ao ∈ VSo (a), b� ∈ VS� (b).

Then
x = exxλx = aaoxb�b = aao(ao�aoxb�b�o)b�b,

where ao� ∈ VS� (a
o), b�o ∈ VSo (b�), and so

ex = aaoLao�ao ∈ ES�So , λx = b
�bRb�b�o ∈ ES�So .

Since ao�aoxb�b�oλx = ao�aoxλx = ao�aox, hence ao�aoxb�b�oR*ao�aox. Since xR*ex with R* a left
congruence, it follows that

ao�aoxR*ao�aoex = ao�ao ∈ ES�So .

Similarly,
ao�aoxb�b�oL*xb�b�oL*b�b�o ∈ ES�So .

Therefore, x = ex(ao�aoxb�b�o)λx, where ex , λx ∈ ES , exL(ao�aoxb�b�o)+ = ao�ao ∈ ES�So and
λxR(ao�aoxb�b�o)* = b�b�o ∈ ES�So . Consequently, S

�So is a generalised quasi-adequate transversal
of S.

If a ∈ S, b ∈ S�So are regular, take a′ ∈ VS�So (a), b
′ ∈ VS�So (b), it follows from Lemma 4.2 that

there exist a� ∈ VS� (a), a
o ∈ VSo (a), b� ∈ VS� (b), b

o ∈ VSo (b), such that a′ = a�aao, b′ = b�bbo. Since
b ∈ S�So, bo ∈ VSo (b), we have b ∈ VS�So (b

o). By Lemma 4.2, there exist (bo)� ∈ VS� (b
o), (bo)o ∈ VSo (bo),

such that b = (bo)�bo(bo)o. Thus

a′abb′ = a�aaoabb�bbo = a�abbo = a�a(bo)�bo(bo)obo = a�a(bo)�bo ∈ Λ�Λ� ⊆ Λ�,

and a′abb′ is idempotent. Meanwhile

bb′a′a = bb�bboa�aaoa = bboa�a = (bo)�bo(bo)oboa�a = (bo)�boa�a ∈ Λ�Λ� ⊆ Λ�,

and bb′a′a ∈ E(S). Therefore

ab(b′a′)ab = a(a′abb′)(a′abb′)b = (aa′a)(bb′b) = ab,

b′a′(ab)b′a′ = b′(bb′a′a)(bb′a′a)a′ = (b′bb′)(aa′a) = b′a′,

that is,
VS�So (b)VS�So (a) ⊆ VS�So (ab).

Similarly,
VS�So (a)VS�So (b) ⊆ VS�So (ba).

Therefore by Theorem 3.1 S�So is re�ned. Combining with S�So a quasi-ideal implied that S�So is a
quasi-ideal RGQA transversal of S.

Theorem4.4. Suppose that S is an abundant semigroup satisfying the regularity condition. If S has quasi-ideal
RGQA transversals, then all quasi-ideal RGQA transversals of S compose a rectangular band.

Proof. Suppose that So is a quasi-ideal RGQA transversal of S, then SoSo = So. In fact, for any so ∈ So , so =
so(so)* ∈ SoSo, hence So ⊆ SoSo and it is clear that the reverse inclusion valids. By Theorem 4.3, all quasi-
ideal RGQA transversals of S compose a semigroup and so compose a band.

Let So , S�, S� be quasi-ideal RGQA transversals of S. For any so ∈ So , x ∈ S, t� ∈ S�, we have

soxt� = soxet� (t�)
+t� ∈ SoSSSoS� ⊆ SoS�, so t� = so(so)*t� ∈ SoSoS� ⊆ SoSS�,

where t�R*et� ∈ ES and et�L(t�)
+ ∈ ESo . Thus SoSS� = SoS� and so

SoS�S� ⊆ SoSS� = SoS�.
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For any so ∈ So , t� ∈ S�, we have

so t� = so fso (fso )�fso t� ∈ SoSS�SS� = SoS�S�,

where (fso )� denotes an inverse of fso in S�. Hence SoS�S� = SoS� and so all quasi-ideal RGQA transversals
of S compose a rectangular band.

5 An Example
In [18], Kong andWang gave an example to show that S satisfy the regularity condition cannot be removed in
Theorem 3.3 of [18]. In fact this example also demonstrates that S satisfying the regularity condition cannot
be removed in Theorem 4.3. We only need to notice that Example 1 in [18]
SoS� = {i, j, o, w} is not a quasi-adequate subsemigroup of S as ji = w ∈ ̸ ESoS� and therefore not a RGQA
transversal of S.
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