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Abstract: As the real common generalisations of both orthodox transversals and adequate transversals in the
abundant case, the concept of refined generalised quasi-adequate transversal, for short, RGQA transversal was
introduced by Kong and Wang. In this paper, an interesting characterization for a generalised quasi-adequate
transversal to be refined is acquired. It is shown that the product of every two quasi-ideal RGQA transversals of
the abundant semigroup S satisfying the regularity condition is a quasi-ideal RGQA transversal of S and that
all quasi-ideal RGQA transversals of S compose a rectangular band. The related results concerning adequate
transversals are generalised and enriched.
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1 Introduction

Suppose that S is a regular semigroup with a subsemigroup S°. We denote the intersection of V(a) and S° by
Vso(a) and thatI = {aa® : a € S,a® € Vso(a)} and A = {a®a : a € S, a® € Vsi(a)}. An inverse transversal
of the semigroup S is a subsemigroup S° that contains exactly one inverse of every element of S, that is, S
is regular and S° inverse with |Vs.(a)| = 1. This important concept was introduced by Blyth and McFadden
[1]. Thereafter, this class of regular semigroups excited many semigroup researchers’ attention and a good
many important results were obtained (see [1-4] and their references). Tang [4] showed that for S a regular
semigroup with an inverse transversal S°, then I and A are both bands with I left regular and A right regular.
These two bands play an important role in the study of regular semigroups with inverse transversals. Other
important subsetsof Sare R = {x € S : x°x = x°x°°}and L = {x € S : xx° = x°°x°}. They are subsemigroups
with R and L left and right inverse respectively. The concept of an orthodox transversal was introduced by
Chen [5] as an interesting generalisation of inverse transversals, and a structure for a regular semigroup with
a quasi-ideal orthodox transversal was established. Chen and Guo [6] further considered the general case of
an orthodox transversal and acquired many properties focused on the sets I and A. In [7,8], Kong and Zhao
introduced two interesting sets R and L and established the structure for a regular semigroup with quasi-ideal
orthodox transversals. In 2014, Kong [9] introduced the concept of a generalised orthodox transversal and
Kong and Meng [10] acquired the characterization for a generalised orthodox transversal to be an orthodox
transversal and obtain a concrete characterization of the maximum idempotent-separating congruence on
a regular semigroup with an orthodox transversal. If the concept of transversals could be introduced in the
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range of E-inversive semigroups, then the congruences [11,12] on them will be characterized more neatly.
More recently, Kong [13] investigated the weakly simplistic orthodox transversal and obtained the sufficient
and necessary condition for the orthodox transversal S° to be weakly simplistic.

The concept of an adequate transversal, was introduced in the range of abundant semigroups by El-
Qallali [14] as the generalisation of the concept of an inverse transversal. Chen, Guo and Shum [15,16] obtained
some important results about a quasi-ideal adequate transversal. Kong [17] explored some properties about
adequate transversals. Kong and Wang [18] considered the product of quasi-ideal adequate transversals and
proposed the open problem of the isomorphism of adequate transversals. The concept of a quasi-adequate
transversal was introduced by Ni [19] and followed by Luo, Kong and Wang [20,21], their work mainly focused
on the properties and the structure of multiplicative quasi-adequate transversals. Unfortunately, quasi-
adequate transversals are neither the generalisation of an orthodox transversal nor adequate transversals. In-
spired by the characterization of orthodox transversals [10], the concept of a RGQA transversal was introduced
by Kong and Wang [22]. It was demonstrated that RGQA transversals are the real common generalisations of
both orthodox transversals and adequate transversals in the abundant case.

In the present paper, we continue along the lines of [3, 18, 22] by exploring the relationship between the
quasi-ideal RGQA transversals of the abundant semigroup. The main result of this paper is that the product of
two quasi-ideal RGQA transversals of an abundant semigroup S satisfying the regularity condition is a quasi-
ideal RGQA transversal of S and that all quasi-ideal RGQA transversals of S compose a rectangular band. The
related results concerning adequate transversals are generalised and enriched.

2 Preliminaries

The Miller-Clifford theorem is crucial in the study of semigroups.

Lemma 2.1. [23] (1) Suppose that e and f are idempotents of a semigroup S. For every a in Re N Ly, there exists
aunique b in Ry N Le such that ab = e and ba = f;

(2) Suppose that a, b ars elements of a semigroup S. Then ab € R, N Ly, if and only if there exists an idempotent
inLa N Ry,.

Definition 2.2. [5] Let S° be an orthodox subsemigroup of the regular semigroup S. S° is called be an orthodox
transversal of S, if the following two conditions are satisfied:

(1) (Vaes) Vsla)#0;

(2) Foranya,b € S,if {a,b} N S° # 0, then Vg (a)Vso(b) C Vso(ba).

Lemma 2.3. [10] Let S° be an orthodox subsemigroup of the regular semigroup S with Vs.(a) # 0 for every
a c S. Then the sufficient and necessary condition for S° to be an orthodox transversal of S is

(Va, be S) [VSD (a) n Vso(b) # 0= Vsu (a) = VSG (b)]

A subsemigroup T of a semigroup S is called a quasi-ideal of S, if it satisfies TST C T.

Let S and S° be semigroups. In this paper, the set of idempotents of S and S° are denoted by E and E°
respectively to avoid confusion. If the product of any two elements of E is regular, then S is called satisfying
the regularity condition.

On any semigroup S the relation £” is defined by a£”b if and only if {vx,y € S!, ax = ay < bx = by}.
The relation R" is dually defined. Certainly, £* and R are right and left congruences respectively with £ C £*
and R C R*.If a, b are regular in S, then a£"b (aR"b) if and only if alb (aRb). A semigroup is said to be
abundant [24] if every £"- class and each R”- class contains an idempotent. An abundant semigroup S is said
to be quasi-adequate [25] (adequate semigroup) if its idempotents constituate a band (semilattice). A band is
said to be a rectangular band if it satisfies abc = ac. Suppose that S is an abundant semigroup with U an
abundant subsemigroup, U is a *-subsemigroup of S iff £(U) = £*(S) N (U x U) and R*(U) = R*(S) n (U x U).
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Let S° be a *-adequate subsemigroup of the abundant semigroup S. S° is said to be an adequate
transversal of S, if for every x € S there exist two idempotents e, f in S and a unique element X in S° such that
x = exf, with e£x" and fRX . (see [14] for detail).

Suppose that S is an abundant semigroup having the set of idempotents E and S° a quasi-adequate
*—subsemigroup of S having the set of idempotents E°. S° is said to be a generalised quasi-adequate
transversal of S if Cgo(x) = {x° € S° | x = ex°f, eLx°*, fRx°" for some x°*, x°" € E°} # (. Let

Iy={e € E|(3X° € Cs(x)) x = ex°f, eLx"", fRx°" for some x°*, x°" € E°},

Ax = {f € E|(3X° € Cso(x)) x = ex°f, eLx°", fRx°" for some x°*, x°" € E°},
I= UIX, A= UAX.
X€ES XeS

By Nil'?), the generalised quasi-adequate transversal S° is said to be a quasi-adequate transversal of S if it
satisfies (Ve € E) (Vg € E°), Cs0(e)Cso(g) C Cso(ge) and Cso(g)Cso(e) C Cso(eg).

Definition 2.4. [22] Suppose that S° is a generalised quasi-adequate transversal of the abundant semigroup
S.Ifforall a, b € RegS, Vso(a) N Vso(b) # 0 implies that Vso(a) = Vso(b), then S° is said to be a a RGQA
transversal of S.

Lemma 2.5. [22] Suppose that S is an abundant semigroup having a generalised quasi-adequate transversal
S°. Then S° is refined if and only if IE°, E°A C Eand foralle c I, A € A, f € E°, if fe, Af are regular, then they
are idempotent.

Lemma 2.6. [22] Let S° be a refined generalised quasi-adequate transversal of the abundant semigroup S.
Then

(i) S° is an orthodox transversal of S if and only if S is a regular semigroup.

(i) S° is an adequate transversal of S if and only if S° is an adequate semigroup.

Therefore, by Lemma 2.6 we can say that RGQA transversals are the real common generalisation of an
orthodox transversal and adequate transversals in the abundant case.

3 Acharacterization for a generalised quasi-adequate transversal
to be refined
Lemma 2.5 gives the important equivalent conditions for a generalised quasi-adequate transversal to be

refined. Now we supplement Lemma 2.5 with another characterization of RGQA transversals within the class
of abundant semigroups. It is analogous to the definition of an orthodox transversal in an interesting manner.

Theorem 3.1. Suppose that S is an abundant semigroup having a generalised quasi-adequate transversal S°.
Then S° is refined if and only if for any regular elements a € S, b € S°, if ba is regular, then Vg (a)Vs(b) C
Vso(ba); and if ab is regular, then Vgo(b)Vso(a) C Vso(ab).

Proof. (Necessity) For any regular elements a € S, b € S°, we may take a® € Vso(a), b° € Vso(b), if the
generalised quasi-adequate transversal S is refined, then by Lemma 2.5, aa®b°b < IE° C E. If ba is regular,
take (ba)° € Vgo(ba), then

(b°baa®)(a(ba)®°b)(b°baa®) = b°(baa’a)(ba)°(bb°ba)a’® = b°(ba)(ba)’(ba)a® = b°(ba)a® = b°baa’.
Thus b°baa® is regular and so b°baa® € E°I C E. Therefore

ab®-ba-a’b® = a®(aa®b°b)(aa’b’b)b° = a° - aa’b°h - b° = a®°b°



46 — X.Kongetal. DE GRUYTER

ba-a’b®-ba=b(b°baa®)(b’baa®)a=>b-b°baa’-a=ba

and so Vso(a)Vso(b) C Vso(ba). Similarly, if ab is regular, then Vg (b)Vso(a) C Vso(ab).

(Sufficiency) For any regular elements s1, s, € S, if V(s1) N V(s,) # 0, take s € V(s1) N V(sz) and s €
Vso(s1). From s,5Ls15Rs15%, by Lemma 2.1, s,Rs,55159£s9 and (s255159)? = 55(5515952551)s% = 5555159
since by the assumption s3s, € Vso(ss1). Similarly, s, £s9s15s,Rs$ with s{s1ss, € E. Thus

595,87 = 595555155759 = 59(5,55159)5155259 = (s{51557)s] = 59

and
o (o) o (o) o
525752 = 52(5525751)571(5157525)S2 = $25515151SS2 = §25515S) = 58S = S».

Hence s9 € Vso(s3), that is, Vso(s1) N Vso(s5) # 0. Therefore Vso(s1) = Vso(s,) since the regular elements of
S° form an orthodox subsemigroup of S.

Foranye € S, if Vs (e) NE° # 0, take f € Vgo(e) N E°. Then for any e® € Vg.(e), we have e € V(f) N V(e?)
and so by the above result, Vs (f) = Vso(e®). Consequently, e° is an inverse of f in S° and e® € E° since S° is
quasi-adequate. That is, if Vso(e) N E® # (), then Vso(e) C E°.

Lete, f € I with eLf. Let h € E° be such that h{eLf, then h € Vgso(e) N Vso(f). For any g € Vso(e), by
the result above we have g € E°. It is clear that ghg € Vs.(gfg) and ghg € Vs.(geg) = Vso(g). Then gfgand g
have a common inverse ghg and so ghg - gfg - ghg = ghg. Thus gfg = g. Since geLeLf, by Lemma 2.1, fgRf
and so fgf = f. Thus g € Vso(f) and so Vso(e) C Vso(f). Similarly, the reverse inclusion is hold and hence
Vso(e) = Vso(f). Dually, if e, f € A with eRf, then Vg (e) = Vso(f).

It is a routine matter to show that for any regular element a € S with a® € Vg (a), then Vg(a) =
Vso(a®a)a®Vgo(aa®).

If regular elements a, b € S with Vso(a) N Vso(b) # 0, we can take x° € Vgo(a) N Vso(b). It follows that

Vso(a) = Vso(x°a)x° Vgo(ax®) and Vgo(b) = Vso(x°b)x° Vo (bx°).

Since ax®, bx° € I with ax°Lbx°, we have Vg (ax®) = Vg (bx®). Dually, Vso(x°a) = Vs (x°b). Therefore
Vso(a) = Vgo(b) and so S° is refined. O

4 The main result

In 1986, Saito [3] had acquired the result that the product of two quasi-ideal inverse transversals of the regular
semigroup S is again a quasi-ideal inverse transversal of S. This important result was generalised to adequate
transversals by Kong and Wang [18]. In this section we obtain the main result that the product of any two
quasi-ideal RGQA transversals of the abundant semigroup S satisfying the regularity condition is a quasi-
ideal RGQA transversal of S. And that, if S has quasi-ideal RGQA transversals, then all quasi-ideal RGQA
transversals of S compose a rectangular band.

Let A and B be subsets of a semigroup S and AB for {ab : a € A, b € B}. Itis obvious that (vA, B, C C
S) (AB)C = A(BC), and we denote it by ABC.

Lemma 4.1. Suppose that S° is a quasi-ideal RGQA transversal of the abundant semigroup S and A a subset
of S. Then

(1) ASS° = AS° and S°SA = S°A;

(2) AS° and S°A are both subsemigroups and quasi-ideals of S;

(3) For any regular element x € S, if |V(x)(A| = 1, then |V(x)(AS°| = 1and

|[V(x) S°A| = 1.

Proof. (1) Suppose that a € A, x € Sand s € S°. Then a = eqaf, with f,Ra@ and so axs = aa faxs €
AS°SS° C AS°. Ttis obvious that as = afgzs € ASS° and thus ASS® = AS°. Similarly, S°SA = S°A.
(2) Obviously, AS® - AS® C A - S°SS° C AS°, thus AS° is closed and a subsemigroup of S. Similarly,
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AS®-S-AS° C A-S5°SS° C AS° and so AS° isa quasi-ideal of S. There is a dual result for S°A
(3) For any regular element x € S, take x’ € V(x)( A4, then for any x° € Vo (x), x'xx° € V(x) (N ASS° =
V(x)NAS?, thatis |V(x)(AS°| = 1. Similarly, |V(x)(S°A| = 1. O

Lemma 4.2. Let $°, S™ be quasi-ideal RGQA transversals of an abundant semigroup S. For every regular
elementa € S, Viog(a) = Vgo(a) - a - Vso(a).

Proof. Take a” ¢ Via(a), a® € Vso(a), then aZaa® € SU5S° = SUS° and a“aa® € V(a), thus Veo(a)-a-
Vso(a) C Viog(a). For any ny" € Vios(a), we have

a=ax"y°a, x7y° =x"y° - a-xy°.
Thus
xFy° = xFy° . aaaa’a - xPy° = xPy°aat - a - a®axPy°.
and
x7y°aat € SUssY ¢ sP, a®axPy° € $°8s° € $°,
Meanwhile
a-x"y°aa®-a=a-x"y°-a=a,

xYy°aa® - a-xPy°aa® = xPy°axPy°ad” = xPy°aa®.

Hence ny"aaD € Va(a), Similarly, a"any" € Vso(a). Therefore Ving,(a) C Vin(a)-a- Vs.(a) and hence
VSDSO (a) = VsD (@-a- Vso(a). 0

Lemma 4.3. Suppose that S° is a quasi-ideal RGQA transversal of the abundant semigroup S. For any
X,y € S, there exist X € Cso(x),y € Cso(y) such that x = exXfx, exLX", fxRX for some x*,X € E° and
y = ey¥fy, ey Ly*, fy Ry for some y*,y" € E°. Then

(1) Xfxeyy € Cso(xy);

2 ex(ffxey)Jr € Iyy;

3) (fxeyy)'fy € Axy.

Proof. Certainly

xy = exxfxeyVfy = ex(Xfxey) (xXfxeyV)(fxeyy) fy,
where ex(Xfxey)* € IE° C E, (freyy)'fy € E°A C E and Xfxe,y € S since S° is a quasi-ideal. Since R", R are
left congruences and £*, £ are right congruences, it is easy to see

ex(Xfrey)" L X' (Xfrey)" R X (Xfrey) = Xfxeyy* R Xfreyy®,

(fxeyy)*fy R (fxeyy)*y* o (fxeyy)y* = Y*fxeyy L Xfxeyy.

Thus the needed results are proved. O

Theorem 4.1. Let S° be a quasi-ideal RGQA transversal of the abundant semigroup S satisfying the regularity
condition. Then both I and A are bands.

Proof. Since S° is a RGQA transversal of S and S satisfying the regularity condition, then by Lemma 2.5
IE° C Eand E°I C E. Lete, f € I with eL e” € E°. Obviously, e'f = "ff € S°SS° (" E°I C S° (I = E° since
S°is a quasi-ideal. Thus ef = ee”f € IE° C Eand ef Le'f € E° and so ef € I. Therefore I is a band and there
is a dual result for A. O
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In the following S° and S” denote a pair of RGQA transversals of the abundant semigroup S and Eg. and
E o denote the idempotents of them respectively to avoid confusion, and similar as Es, Esng., Io, Ig, Ao and
A speaking for themselves. For simplicity, in sH, a typical idempotent which £"-related and R”-related to
a € SY are denoted by a” and a* respectively. For every x € S, we denote x = exXfx in S° and x = ixXAx
in S as the decompositions and of x respectively. Then X € S™ has the same sense as in the definition of
generalised quasi-adequate transversals, that is ix, Ax € Es and X', X" € Ego with X £'XR'X" and ix£X",
MR, and also iy R xL* Ax.
Let S” and S° be RGQA transversals of the abundant semigroup S. Write

1(s”, s°) = {aa’: ac Reg(S™), a° ¢ Vso(a)},

A(S°, SP) = {aDa : a € Reg(8°),a" ¢ Vsn(a)}.

Theorem 4.2. Let S” and S° be a pair of quasi-ideal RGQA transversals of the abundant semigroup S satisfying
the regularity condition. Then I(S5, $°) = A(S°, SP) = I, NAg.

Proof. For any aa® € I(S7, S°), where a € Reg(S"), a® € Vs (a), certainly, a € V4o(a®) and so aa® =
a“a® € A(S°, SV). Thus I(SV, §°) C A(S°, SP) and dually A(S°, SP) C 1(S7, $°). Therefore,

1S, 8% = A(S°, SP) = =, say

It is clear from the above definitions that & C I, () Ag.

For the reverse part, let x € I,()Ag. Since x € Ap, we have x = xUx for some x" ¢ Veo (x)
with X2 € E(SY) and so x© = xxU. Similarly, x € I, implied that x = xx° for some x° € Vg (x)
with x° € E(S°) and so x° = x°x. Let x7° € Vg (x"). From x° £ x R x© R xPx7°, by Lemma 2.1, we
deduce that x° R x°xHxH° £ xHxHo £ xHo with x°xHxH° ¢ E°I, C E° since S° is a quasi-ideal and S
satisfies the regularity condition. Thus x° £ x7°x° R x7°. Certainly, x° R x°x" £ x" and so by Lemma 2.1,
xF0 R xHoxoxH £ x0xH and xPox°xP 3" xFoxH e 1, () Ag. Consequently, xFxH0x° Fx and so xxP0x° = x
since x € Eand x2x5° . x° ¢ [,E® C E. Also (x"°x°xH)? = xHox0 (xHxHox0)xE = xHoxoxxD = xHoxoxU and
xH°x°xH ¢ E. Therefore

O

o 0o O Oo,o 0O O

X2 xPox0 x5 = xxP = xP and xP0x - X xFox® = xP

0% = XDoXo

and so x7°x° ¢ VSO(XD). Hence x = x5 - xHox° ¢ 1(SH, 5°) = 5. O

Theorem 4.3. Suppose that S© and S° are quasi-ideal RGQA transversals of the abundant semigroup S
satisfying the regularity condition. Then S U is a quasi-ideal RGQA transversal of S.

Proof. ltis easy to see that S”'S° is a quasi-ideal and a subsemigroup of S.

For any x € SHS®, there exist s© € S5, t° € S° such that x = s2t°. We deduce from S° is a quasi-ideal
of S that e, (sPf,0ew)” € I;o, = Ix and we denote it by ey. It is obvious that i.n € Eqo since (s7) € S
and so from e o R"i;n € Eqo we deduce that e, € Io () Ap. It follows from Theorem 4.2 that there exists
a € Reg(S") such that e,0 = aa’ and so

ex = esg(sﬁfsg ep) = aa"(sﬁfsg ew)" € SUS°.

Dually, Ax € SHS°. Thus ex,Ax € E¢qng,, and it follows from exR*xL* A that SES° is abundant. Through
simple calculation we way show that exR"*(S)x£"(S)Ax, hence SHS° is a abundant *-subsemigroup of S.
Suppose that e is an idempotent of S7S°. Then e can decompose into as for some a € SY, s € S°.
Since (sas)(asa)(sas) = sas, (asa)(sas)(asa) = asa and sas € S°, we have sas € Vs (asa), and so e =
asasas = asa(asa)®. By asa € S5, every idempotent of S7S° is of the form bb° for some b in Reg(S").
Suppose that e and f are idempotents of S©S°. Then e = bb® and f = cc® for some b, ¢ € Reg(S") with
b° € Vgo(b) and c® € Vso(c). For any I € Ego, by the regularity condition, Icc® is regular and so lcc® € Eg
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since S° is a RGQA transversal of S. Thus lcc® € Es()S° = Es. since S° is also a quasi-ideal of S. Therefore
ef = bb°cc® = bb°(b° cc®) € I, Es. C Eg and SUS° is a quasi-adequate semigroup.
For every x € S, there exist a, b € Reg(S) with ex = aa®, Ax = b=b, where a® € Vg (a), b™ € Vo (b).
Then
x = exxAx = aa®xb"b = aa®(@®"a’xb" =) b,

where a°" ¢ Via(a®), pHe ¢ Vso(bD), and so
ex = aa’£a’”a’ € Egng,, Ax = b"bRDD™ € Eqr,.

Since a®~a°xb=bp0A, = a®“a®xAy = a®Za’x, hence a®~a®xb=b°R* a®Za’x. Since xR ex with R” a left
congruence, it follows that
a®Ja’x®R a’Paex = a®Pa’ € Egn,.

Similarly,

a®Ja®xb b0 £ xbpP0 £ P € Egrg, .
Therefore, x = ex(a®“a®xbPb7)A,, where ex,Ax € Eg, exL(a®Za®xbPb=0)t = q°Uq® € E¢og and
AR(@Pa®xbPpHo)* = pHpte ¢ Egng,. Consequently, SHS° is a generalised quasi-adequate transversal
of S.

If a €S, b e SUS are regular, take a’ ¢ Vingo(a), b’ € Vg (b), it follows from Lemma 4.2 that
there exist a- ¢ Vin(a), a® € Vso(a), b € Vsa(b), b° € Vso(b), such that a’ = a“aa®, b’ = bHbb°. Since
b € SUS°, b° € Vg (b), wehave b € Vsog(b°). By Lemma 4.2, there exist )Y € Vsn(b°), (b°)° € Vs (D),
such that b = (b°)“b°(b°)°. Thus

a'abb’ = a®aa®abb®bb° = aZabb® = a®a(®®)"b°(b°)°b° = a“a(b®)"b° € AnAg € Ap,
and a’abb’ is idempotent. Meanwhile

bb'd'a = bb°bb°a"aa’a = bb°a"a = b°)°b°(b°)°b°a"a = (b°)"b°a"a € AnAL C Ap,
and bb’a’a € E(S). Therefore

ab(b’'aYab = a(a’abb’)(a'abb’)b = (aa’a)(bb’'b) = ab,
b'a (ab)b'a’ = b'(bb'a’a)(bb’a’a)a’ = (b'bb’)(aad’a) = b'd,
that is,
VsDSo(b)Vsto(a) Cc Vsto(ab)-

Similarly,
VSDSo(a) Vsto(b) c Vsto (ba)

Therefore by Theorem 3.1 SUS° is refined. Combining with S©S° a quasi-ideal implied that SYS° is a
quasi-ideal RGQA transversal of S. O

Theorem 4.4. Suppose that S is an abundant semigroup satisfying the regularity condition. If S has quasi-ideal
RGQA transversals, then all quasi-ideal RGQA transversals of S compose a rectangular band.

Proof. Suppose that S° is a quasi-ideal RGQA transversal of S, then S°S° = S°. In fact, for any s° € S°, s° =
s°(s°)" € §°S°, hence S° C S$°S° and it is clear that the reverse inclusion valids. By Theorem 4.3, all quasi-
ideal RGQA transversals of S compose a semigroup and so compose a band.

Let S°, S5, S° be quasi-ideal RGQA transversals of S. For any s’ € S° x € S, t ¢ SU, we have

s°xt™ = s°xe, o ()¢ € 5°558°SH € §°5", s°¢7 = 5°(s°)"t7 € §°5°s7 € s°ssH,
where thR*etg € Esand etgL(tﬁ)+ € Ego. Thus $°SSH = s°sH and so

5°5°sH ¢ s°ssH = sosH,
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For any s° € S°, tY ¢ SY, we have
s°tY = $%F o (o) fso t € $°55°SSH = 5°5°8H,

where (fs0)° denotes an inverse of fs in S°. Hence $°S°S™ = $°SH and so all quasi-ideal RGQA transversals
of S compose a rectangular band. O

5 An Example

In [18], Kong and Wang gave an example to show that S satisfy the regularity condition cannot be removed in
Theorem 3.3 of [18]. In fact this example also demonstrates that S satisfying the regularity condition cannot
be removed in Theorem 4.3. We only need to notice that Example 1 in [18]

sosH = {i,], 0, w} is not a quasi-adequate subsemigroup of S as ji = w ¢ E¢, o and therefore not a RGQA
transversal of S.
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